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Abstract

In this paper, we build an estimator of the Hurst exponent of a fractional Lévy
motion based on its wavelet coefficients. The stochastic process is observed with
random noise errors in the following framework: continuous time and discrete ob-
servation times. In both cases, we prove consistency of our wavelet type estimator.
Moreover we perform some simulations in order to study numerically the asymptotic
behaviour of this estimate.
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1 Introduction

In this paper we present results on an asymptotic analysis of a wavelet-based estimator
of the self-similarity (Hurst) parameter of a Real Harmonizable Fractional Lévy Motion
(RHFLM). In particular, we show consistency of this estimate in a noisy regression frame-
work. This enables to detect RHFLM in noisy data and to use it in a practical settings.

It is well known that standard Brownian Motion fails in explaining certain statistical
time series arising from finance and turbulence theory. Hence Mandelbrot and Van Ness,
in Mandelbrot and Van Ness (1968), introduced a stochastic motion of a quite different
nature, the Fractional Brownian Motion (in short FBM). The FBM of index H is the only
centered Gaussian field, vanishing at zero, with stationary increments and self-similar with
index H. Its Hurst exponent governs its properties. The main difference between both
processes is that, now the increments are not independent and the process can model
short or long range dependent data.

Nevertheless, in image modeling, in finance or in biology, the processes are rarely
Gaussian, which prevents the use of Gaussian fields. Hence, Benassi et al., in Benassi
et al. (2002), introduce Real Harmonizable Fractional Lévy Motions (in short RHFLM)
to model such processes. Let us recall that a RHFLM Xy of index H (0 < H < 1) is
defined as the stochastic integral

—izE 1
Xulw) = [ Cemamlhd9. @ e® )

where || - || is the Euclidean norm and L(d¢) is a Lévy random measure in the sense of
Benassi et al. (2002).



Such processes are non Gaussian, locally asymptotically self-similar with Hurst expo-
nent H and are well fitted to mimic most of the irregular phenomena that can be observed
in turbulence experiments, provided the parameter H is well chosen.

So, estimating the Hurst exponent of a RHFLM is the key issue in order to analyze
data and to model real observations by such a process. More precisely, we want to be
able to estimate the Hurst exponent of a RHFLM observed only at discrete times in a
white noise framework. In their work, Benassi et al. (2002) propose an estimator of Hurst
exponent based on some generalized quadratic variation of the process. This estimator has
first been introduced by Istas and Lang (1997) in a Gaussian framework. Such estimators
have also been studied in Benassi et al. (1998b) in the case of some self-similar gaussians
fields or by Benassi et al. (1998a), Benassi et al. (2000), Ayache and Lévy Véhel (2004),
Ayache et al. (2005) and Lacaux (2004a) in the case of multifractionals fields.

However, such estimation techniques are unable to handle noisy observations and to
estimate this exponent when data are blurred by a Gaussian white noise, as we will see
later in this paper. Our purpose is hence to construct a robust estimator and to detect
RHFLM in noisy data.

For this, we consider wavelet analysis of this stochastic process. Work on properties of
wavelet coefficients of fractional Brownian motion was pioneered in the papers by Flandrin
and Abry (1999) or Flandrin (2000). Statistical properties of wavelet type estimators for
Hurst exponent were studied in Delbeke and Van Assche (1998) or Bardet (2002) in the
case of FBM. Such estimators have also been introduced in the case of linear fractional
stable motion in Delbeke and Abry (2000), Stoev et al. (2002) and Pipiras et al.. In
Abry et al. (2003) are highlighted the properties of wavelet coefficients for self-similar
processes or long-range dependent processes. For multifractal processes, such estimators
are studied in Jaffard (2000), Gamboa and Loubes (2005a) or Gamboa and Loubes (2005b)
for example. They are based on a regression of the log-variance of the wavelet coefficients
versus scale. Other authors study also this issue, for instance in Kurchenko (2002) or Hall
et al. (2000).

The aim of this paper is to introduce an estimator of the Hurst exponent based on the
wavelet coefficients and prove its asymptotic behaviour in the case of RHFLMs. Contrary
to other work, wavelet coefficients of a RHFLM are not Gaussian neither independent.
Hence we are facing a difficult issue since work in this direction either relies on indepen-
dence of the coefficients or its Gaussian properties to prove consistency of the estimator,
see for instance the work by Morales and Kolaczyk. Indeed, in such papers, the authors
often generalize Gaussian type limit theorems to the case of weak dependent random
variables using results in Doukhan (2003) for instance. In Pipiras et al., the asymptotic
normality of the estimator relies on properties of stable moving average sequence.

Unfortunately, in the case of coefficients of a RHFLM, we are not in such cases and do
not have powerfull probabilistic tools at hand. Hence we rely directly on the properties of
RHFLM to get asymptotic results. Nevertheless, we prove almost sure consistency of the
moment type estimator in the presence of Gaussian noise. This enables us to compute
the estimator and analyze its performance for simulated data.

The paper falls into the following parts. Section 2 is devoted to the wavelet repre-
sentation of RHFLM. In Section 3, we construct estimators of the Hurst exponent of a
RHFLM. Section 5 deals with a numerical study of this estimator for simulated data.



2 RHFLM and wavelet bases

RHFLM is one of the canonical example of fractional non Gaussian process, with a large
presence in both the theoretical literature and applications. Wavelets have become a
standard tool for the modeling and analysis of such signals. We recall the properties of
the RHFLM and the wavelets that will be relevant in the rest of the paper.

RHFLM

Benassi et al. Benassi et al. (2002) have defined RHFLMs by substituting in the
harmonizable representation of the FBM to the Wiener measure W (d¢) a Lévy random
measure L(d§). Heuristically, a Lévy random measure is linked with the increments of a
Lévy process. Also, the non-Brownian part of a Lévy random measure is defined thanks to
a Poisson random measure. We first recall the definition of a Lévy random measure L(d§)
in the sense of Benassi et al. (2002).

The non-Brownian part M (d€) of the Lévy random measure L(d€) is represented by
a Poisson random measure N(d¢, dz) on R x C whose mean measure n(d¢, dz) = d€ v(dz)
is such that v({0}) = 0 and

/\z|p v(dz) < +o0.
C
Here, v(dz) is a non vanishing rotationally invariant measure, i.e.
P(u(dz)) = dOv,(dp), @)

where df is the uniform measure on [0, 27) and P(pe?) = (6,p) € [0,27) x R}
The random measure M (d¢) is defined by

/R 7€) M(de) = / L=+ £ (¥ = m)(de, do),

where f € L*RY). If f(&) = f(=£), then [,f(§) M(d€) is a real-valued symmetric
infinitely divisible random variable and for every u € R

E IS0 ME9)|—exp [ / 2RO 1 — 2R (f (€) 2)] dE v(dz)| (3)
RixC

Here, M (d¢) is only the non-Brownian part of the Lévy random measure L(d). Fi-
nally,

L(d§) = aM (dg) + bW (d§),

where (a,b) € R? and W (d€) is a Wiener measure independent of M (d€). Taking L(d€) =
W (d§), the field Xp defined by (1) is a FBM. The Wiener measure W (d§) is a complex
random measure which ensures that Xy is a real-valued field, see Samorodnitsky and
Taqqu (1994); Cohen (1999) for referenoe on complex Gaussian random measure. If
f € LA(R) and f(€) €), Jf(&) L(d€) is a symmetric real-valued random variable,

| b || £1I;
E[emff@)”d@]:exp <_%> [m“ M|, ueR (4)



and
2

E = Al fl72m) (5)

/R £(6) M (de)

with A = a® [.|2|* v(dz) +b%. The isometry property (5) allows us to evaluate the second
order moment of the wavelet coefficients of a RHFLM.
In the following, we assume that L(d€) is a non vanishing measure, i.e. (a,b) # (0,0).
A RHFLM with index H, defined by
efixf —1
Xu(z) = o [ L(d§), z€eR

has stationary increments and the same structure of covariance as a FBM. Note that the
Brownian part of Xy is a FBM with index H independent from its non-Brownian part.

In addition, as in the case of FBM, RHFLMs have locally Holder sample paths and
their pointwise Holder at point x is equal almost surely to H. Whereas a FBM is self-
similar with index H, in general, a RHFLM is only locally self-similar and looks like
locally a FBM with index H. An important difference between RHFLM and FBM is that
as soon the RHFLM is non-Gaussian, it does not have moment of every order. However,
as noticed in the following, the wavelet coefficients of a RHFLM have moments of every
order. This key property allows us to study, in Section 3, moment type estimators based
on the wavelet coefficients of a RHFLM.

Weakness of quadratic variation estimator

Consider the following standard regression model with n observations. We observe at
discrete times k/n, k= 0,...,n a noisy RHFLM

k k
YH (_> :XH <_) + On€k, k= 07"'7n’ (6)
n n

where ¢, are an i.i.d sample of Gaussian random variables N'(0, 1) independent from Xy
and o, is the noise level.

In their work, Benassi et al. (2002) consider for K > 0 and a sequence ay, k =0,..., K
the quadratic variation

2

n—K K

1 k+p
S — X[ —=
V= o | ()
p=0 Lk=0
1 n—K
- - AX, 2.
n—K‘i‘l;[ p,n]

If observed without observation errors, this technique enables to build a weakly consistent
estimate of Hurst exponent. When observed in practice with Gaussian errors, let us apply
such method and define the noisy quadratic variation as

n—k

1 2
= AY,

1 n—k K 2
_ n—K—i-l; AXp,n—l—onkZ_Oakekﬂo



Write &, = Y"1 arcrrp ~ N(0,3 1, a}). Now, if we consider the expectancy of (7), we
get that

B(W,) = B(V,) + 2B(&))
K
=n 20 + o2 Zai,
k=0

where C' > 0 is a constant.
As a result, in order to get consistency of the noisy quadratic variation, we need to
ensure that
oin = O(n' 1),
which implies that o, = O(1/nf'), 0 < H < 1. In a standard regression framework, when
the RHFLM is observed at equispaced times, the noise level is of order o, = O(1/y/n).
Hence the method described in Benassi et al. (2002) does not provide an estimator of the
Hurst exponent when H > 1/2 in the regression framework. Moreover, when estimating
Hurst exponent, we can not consider a method depending on the values of the parameter

of interest. As a result we pay attention in the next section to wavelet type estimators.
Wavelet bases

Let ¢(+) be a wavelet function with compact support include in [0, 1], r vanishing moments
and continuous derivative. We refer to Mallat (1998) and Daubechies (1992) for general
references about wavelet bases and their properties. Define the rescaled wavelet at scale j
and location k as ¥, () = 27/2¢)(27t—k). Then given a process Y (t) observed at continuous
time, the corresponding wavelet coefficients of the process are

wi = [ YOyttt =292 [ v (“; ’“) b(u)du. ®)

The corresponding wavelet coefficients of the discretized process are defined by

. 1 + nk
= g Y (P ) o) )

Some key properties of the wavelet coefficients of RHFLM are given in the following
lemma. As in the case of LFSM (Delbeke and Van Assche (1998)), the wavelet coef-
ficients of a RHFLMs can be rewritten as stochastic integral with respect to the Lévy
random measure L(d¢). The wavelet coefficients of a LFSM are stable random variables
and then do not have a finite second order moment. In our frawemork, wj; is an infinitely
divisible random variable with moments of every order. Since a RHFLM Xy has station-
ary increments, its wavelet coefficients wj;, are stationary in k for each fixed j according to
Abry et al. (2003). We provide here a direct proof of this result. Note that our framework
is not studied in Abry et al. (2003) since Xy is not (in general) a self-similar process.
Then, contrary to Abry et al. (2003), w;, is not a self-similar process in j. However, we
can establish the asymptotics of w;; as j — +oo.

Lemma 2.1 (Wavelet coefficient of RHFLM). Let (Xy(t)),.p be a RHFLM with
Hurst exponent H. Define

wyp = 2112 / Xy ()27t — k), (10)

where the wavelet ¥ has r = 1 vanishing moment. We have the following properties:



1w = i éﬁgkL(dﬁ) a.s. where A(f) = [pexp(it) f(t)dt

2. (Stationarity) wix ~ wjo, for k =0,...,29 — 1, but the coefficients are not indepen-
dent.

3. (Moments) Set Ny ~ N (0, E(w3,)). For all integer p > 0,
E(w?*) =0
and as j — 400, for each fized k
2P HPHE (wF) — B(N?).
4. (Asymptotic Normality) As j — +o0,
Vit Ph (0, B(wd,))

Proof. e In view of the definition of the process Xg,

7zt§_1
= o) (g a9))

Since (+) is a wavelet function,

and then the first statement is immediate provided we can exchange the integral
in £ with the integral in t. However, this exchange is not trivial since the stochastic
integral in ¢ is defined in a L2 framework. We first point out that since 1 is a

function with compact support, v, is a C*°-function which vanishes at infinity.
Define

gjk‘(é.) |€|H+1/2’ 5 € R\{O}

Since 1) satisfies (11), g is a square integrable function and

V(€
o = [, e )

is well defined. Then, using the isometry property (5) and the independence of
the random measures M (d§) and W (d€), one easily proves owing to the Fubini
Theorem that

]E (|U}]k — Oéjk|2> = O,

which leads to the first statement.

e By definition of 9,

, D27 ,
wyy, = 279/ A Tg}”ég exp (277ikE) L(d€)

Recall that the control measure v(dz) is invariant by rotation. Then, (3) and (4)
gives

Wik @) 9=i/2 T@?H-&-lé/QL (d€) =




e Since v has r = 1 vanishing moment, i.e. since

/R F (1) dt =

as & — 0, @(5) = 0(€?) and g;r € LP (R) for every p > 2. The wavelet coef-
ficient w;, has moment of every order in view of Proposition 2.2 in Benassi et al.
(2002). We first point out that by definition of L (df), wjy, is a real-valued symmetric
random variable which implies

Vp N, E (wr™) = 0.

In order to obtain the asymptotic behaviour of E( 2 ) as j — 400, we apply
Proposition 2.2 in Benassi et al. (2002) which links this moment to the deterministic
L*-norms

2 2
gl = / g0 ()2 d = 2702020 | g 120

Let us first assume that L(d§) = M(d€). Then Proposition 2.2 in Benassi et al.
(2002) leads to

P 2lq
E(w?£)2—2pj—2pH Z 2jm Z H |900” l{g :
m=1

Ly q=1

where ), stands for the sum over the set of partitions L,, of {1,...,2p} in m
subsets K, such that the cardinality of K is 2, with [, > 1. Therefore, as j — +o0,

21! gool 50" P v,(dp)

IR () — (2m)P Y H ”; f; AL (12)

Ly q=1

Note that by definition of ZLP, in (12), for each ¢, I, = 1, which leads to

+o00

sssuiy) — eyl ([ puan) e
0
Hence, as j — +o0,
2pj+2pHE(w§£) — card(L,) (E (wgy))” .
Since card(L,) = (2p)!/(2Pp!), as j — +o0,
2PIHPHE (W) — B (Ng?) .

Therefore we have proved the third statement in the case where L(d¢) = M(d€).
Note that this statement is evident when L(d§) = W(d€). Hence, the indepen-
dence between W (d€) and M (d€) gives the conclusion for any Lévy random measure

L(d€) = aM(d€) + bW (de).

e By stationarity (see second statement), we can assume k = 0. Equations (3) and (4)
gives the characteristic function of wjo. A simple change of variable (A = 277¢) and

a dominated convergence argument leads to the conclusion.
O



Hence a RHFLM is indexed by the single parameter H. It controls both the correlation
structure of the process and the smoothness of its sample paths. In the two following
sections, we define a moment-based estimator and present main results concerning its
asymptotic behaviour in both cases where the random process is observed directly or in
a regression framework.

3 Estimation procedure and properties without ob-
servation noise

The moment based estimator derives from the observation that the statistical second
order moment of the wavelet coefficients w;;, of a RHFLM obey a certain scaling property.

Namely, we get '
E(w3,) = 27702007, (13)

where C'y is given by

o (2 42 2 (N
2 <a +b /C|z| V(dz)) [

[

=

d\

If we observe a continous path of the RHFLM, hence it is possible to compute directly
the true wavelet coefficients of the random process. However, as in Bardet (2002), we
also tackle the case where the RHFLM is observed at discrete times, which induces in
the previous estimator, a discretization error. In both cases, we construct a consistent
estimator.

3.1 Continuous time observations without noise

Suppose we observe the wavelet coefficients of a RHFLM with unknown Hurst expo-
nent. The coefficients are defined as a growing array of random variables

wik, k=0,...,2 =1, j=0,...,51(n),
where j;(n) is the maximum number of levels in the wavelet expansion which grows with n.

Theorem 3.1 (Consistency of moments wavelet estimator). Consider the Hurst
exponent estimator of a RHFLM defined as

1 2J1(n) _1
] _ — 2
Hjl(”) - 2j1(n) log, kZ:O Wiy, (14)

Provided the wavelet has at least r = 1 vanishing moment, the following asymptotics holds

- Ji1(n)—+oo

Hjyny~ — H, as.



Proof. Define for all j > 0

Hence,
B(V) =227, B(V;) = Ch = B(uhy)

Applying Formula 20 in Benassi et al. (2002),

Var(V}) —2sz4fH/ WO,

|/\|2+4H
21 pilA 2 2
MV "f;;‘ B
S\
yiainl -1 Qzl/\w
a3 [ WM

=)+ (II) + (I1I).

with A = 4a? f(c|z|2 v(dz) + b* and B = 4a® [.|z|° v(dz). For the second term, we first
pomt out that ¢ is continuously differentiable. Then using that limy— 4o w( ) =0 and
@/J(O) = 0, partial integration yields that

e (N2 -1 zu ()
/ [ A\ = T I\[1F2H dA.
Hence we can conclude that
2
e ()2
| ] <

for ¢ a given finite positive constant and every A € R.

C
14102

Recall that [ty (¢)dt = 0, so that w( ) = (|§| ) as & — 0. The third term is handled
the same way (owing two integrations by parts), which enables us to conclude that

27,l)\ |,¢
/ ’ by | 2+4H

Finally, we obtain that the order of the variance is given by the terms (I) and (1) so

Vi e R.

l2’

VarVj ~ D241,

with

~ oo ; 2
o< Dy —2p [ PO o g S (/ e >PdA>
o R

R |)\’2+4H ‘)\‘1+2H
l=—
~ ~ 2
YN[ 2\ cos (IN)[Y(N)[? 4
= 2B R|/\’2+4Hd>\+4A > RN d\ | +20% < +o0
=1



This implies after renormalization that

+o00
Varf/j e Dy2=7  => Z\/arf/j < 4o00.

j=1
The Borel Cantelli lemma yields that
2%y, T2 E(wg,) #0, a.s .

Finally we obtain the result

—1 j1(n) =00
5 (n) logy(Viy ) " —

. Ha.s
2j1(n

3.2 Discretized version

Suppose we observe Xy (p/N), p = 0...N. The wavelet coefficients w;, can not be
evaluated. However, the wavelet coefficients

n RN p+nky p : . .

2in n
p=1

can be computed, taking n = 277N. Also, we replace w;;, by Wi in (14). We then obtain
a new estimator which can be computed. Next theorem gives its consistency.

Theorem 3.2. Consider the Hurst exponent estimator of a RHFLM defined as

241(n) _1
- -1 n 2
Hji(n) = 500 log, g (w5, i) (15)

with n = 297" Provided the wavelet has at least ¥ = 1 vanishing moment, the following

asymptotics holds .
~ J1(n)——4o0

Hjm — H, as.

J

Before proving Theorem 3.2, we state a result about the difference w;; —wj;, in norm L2,
In particular, a rate of convergence of w7, in norm L? is given for each fixed j and k. More-
over, from the result established, we will deduced a comparison between the estimators
defined by (14) and (15) and how to link n and j;(n) in order to obtain the asymptotic
behaviour of (15).

Lemma 3.3. There exists a constant C > 0 such that for every (j,k,n), 7 € N\{0},
k=0...21 —1,neN\{0},

2jH n\2 1 2%H
2 E[(w]k —wjk) ] S C W + 292 .

10



—ix€ 1
Proof of Lemma 3.5. Let fy(x,§&) = Tf‘HiH/Q and

hn(k,g):/olfH(wkf du——ZfH< +k5> (n)

Since

R
in view of (5),

B (wn —wp)’] = 274 [ |k 276 ag
= 2720 A | |h (kNP dE.
JZERE

Then let us write .

R (K, X) =) hi (ke V),

p=1
with

hmp(k;,)\):/(p/n (fH(u+k:,)\)w() fH( Yk A)¢<n))du.

p—1)/n

By the Minkowski inequality,

2
22jHE[(wjk—w?k)2} <2 JA(Zthp N i > :

Moreover, the Cauchy-Schwarz inequality implies that

) 1/:0/" P DA |2
< = A — =4k A — | du.
b O < 2 [ |l ko Nt) = fu (5 kAo (5] de
Therefore, applying the Minkowski inequality, we obtain:
1 (B M 2y < Anp(k) + Bnp(k)
where
1 p/n 2 12
p 2P
Anplk) = == k- (2 vk 2 4
= ([ Jrwerr s en)[] () o)
and
1 p/n JANE: 1/2
B, (k) = — / Flu+k, % ‘w(u —o(AY )
oK) ﬁ< e kIl - ()

Let us first point out that

2

1tk = (B k) oy = Hf<u_£") L2(R)

p|? 2
= Ju= 21y

11

(16)



As a result, there exists a finite constant M; such that

anath) = e (7))

for every n,p,j and k.
In addition,

B, (k) = \|f(1,.)y@2(R)</p/n ru+k\2H]w<u)—w(%)

, 1/2
du
(p—1)/n
Then owing to a Taylor expansion, one proves that there exists a constant M, such that
for every n,p, 7 and k,

M2 k + 1 H 2jHM2
SMEFT G wel <22 s )
n (p—1)/n<z<p/n n (p—1)/n<z<p/n

Byp(k)

Then, in view of (16),

n ; n 2
PE (1 — ugy)’] < 27 (MH SB[+ LY W(xn) .
p=1

‘= w-1)/n<e<p/n

We then point out that

I ‘ ) du <
lim nz Y= / [ () du < +o00
and
1 ¢ !
fim 2> s Juf(a)l = [ 1) du < b
nee T (p-1)/n<a<p/n 0
which concludes the proof. |

Let us now prove Theorem 3.2.

Proof of Theorem 3.2. Let

27 -1

VJ L= 92iH Z (w;zk)?
k=0

We compare \7]” to Vj defined in proof of Theorem 3.1. Define

Since
271
Dj,n 22JHZ Wik — s
by lemma 3.3,
-~ |2 1 227H
el <o)

12



where C' is a finite constant. Taking n = 2/, the Borel Cantelli lemma yields that as
J — oo,

Do — 0,a.s.

Recall that , as j;(n) — +o0,

Viim) — E(wgo) a.s.

Then,

2
‘/}l(n)’le(n) — E(woo) CLS,

which leads to the convergence of Hj, (n) defined by (15). O

4 Regression framework

Suppose we observe noisy data from a RHFLM Xg

k k
YH<N>IXH(N)-FUN&@,]C:O;---;N’ (17)

where ¢ are an i.i.d sample of Gaussian random variables A(0,1) and oy is the noise
level. We point out that oy = O(N _%). This framework is the usual regression settings
well studied in statistics, which models natural observations of a phenomenom, observed
at discrete times.

The discretized wavelet coefficients wf, of Xy can not be observed. However, the
discretized wavelet coefficients of Yg

n

. 1 p+ nk P ; . .
djk:mZYH( )zp( ) k=0...22—1,j=0...j1(n),

2in n
p=1

can be computed, taking n = 27/ N.
Theorem 4.1. Consider the estimator of the Hurst coefficient of a RHFLM defined as

9i1(n) _1

R 1 e
Hj\ (n) :mlogz kZ_; (5, () (18)

with n = 2'™ (and then N = 21(Mp = 2210 Provided the wavelet has at least r = 1
vanishing moment, the following asymptotics holds

A Ji(n)—+oo

H'l(n) I H, a.s.

j
Proof. We proceed as in the proof of Theorem 3.2. Let us recall that

271

Vi =251 Z (“%)2
k=0

and define

27 -1

Win =293 (d3)"
k=0

13



Then,

By definition of Yy,

?k_w?k:ﬁaNil@b(%)gm-nkNN( " 9in 22¢2< ))
o=

2 i n
Y 251 g% 2(P
5 B[ ) < ZEE S ().
Since hmn—»+oo%ZZ:1 P?(B) = [v*(u)du = 1, there exists a constant C' € (0, +00)
such that for every 7 and n,
( > QQJHCU

Also, taking n = 2/ and N = 2n, the Borel Cantelli Lemma yields that

\/ .29 \/VQJJ_LOOO a.s.,

as soon as oy = O(N~1/2). Then, since (see proof of Theorem 3.2),

Hence,

¥ j1(n)——+oo
le(nmn(m — " E(wg,) as.,

we finally obtain that

~ 1

- J (n
H]l(n) = _—2]1(71) 10g2 (2 2]1 le(n 2]1(n)> !

)00

H as.,

as soon as oy = O(N~V2) with N = 21("p = 2%1("), O

As a result, we obtain consistency of the estimators in the practical case where the
RHFLM is observed at discrete times. This result can be used to build an estimator of
the Hurst exponent when studying the outcome of an experiment though to behave like
a RHFLM. Once this parameter is estimated it becomes possible to try to model the
data by a realization of a RHFLM. Hence, it should be of interest to construct a test
based on the estimator of the Hurst exponent. So the asymptotic distribution of the
estimator is needed. However, such a result is very difficult to obtain. On the one hand,
the observations are not Gaussian preventing the use of Central Limit type theorems. On
the other hand, evaluating the distance between the distribution of the coefficients of a
RHFLM and a Gaussian distribution is also far beyond the scope of this paper due since
the calculations can only be handled using (3), preventing the use of weak dependency

theorems. Nevertheless a consistency result is a first step in a modeling attempt with
RHFLM.
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5 Numerical study

In this section, consider the issue of estimating the Hurst exponent of a RHFLM observed
with a Gaussian white noise. In the simulations we present in Figure 1 and 2 simulated
data in straight lines, obtained using the procedure described in Lacaux (2004b), together
with the noisy paths in dotted lines.

First we aim at studying the rate of convergence of our estimator. For this we construct
the estimator of the Hurst exponent for the two previous RHFLM with the two different
values of the Hurst exponent H = .4 and H = .7. The data are dyadic n = 2/ and we
increase the data from j = 5 to j = 14. We perform 20 replications of the estimation
procedure and plot the mean of the 20 replications for the different values of 7 in Figure
3 and Figure 4. In both cases, we can see that the convergence is achieved with n > 2!
observations. Such study highlights consistency of the estimate. But, due to the relative
slowness of the rate of convergence together with the lack of an asymptotic distribution
law, it is difficult to estimate the efficiency of such an estimation procedure for real data.

)

-2 L L L L L L L L L

Figure 1: Raw and Noisy Data with H = 4

However we can compare the efficiency of our estimator to the estimator given in
Benassi et al. (2002). We compute this estimator and the estimator constructed in Section
3, when H = .7 for two cases, whether or not the RHFLM is observed with a Gaussian
white noise. We take n = 2! observations and consider 20 replications. The estimator
based on the quadratic variation is plotted in crossed lines while our estimator is plotted
in straight lines. We observe in Figure 5 that without noise, the two estimators give the
same kind of results. But, as expected, in a noisy setup, in Figure 6 the first estimate is
not convergent while our estimator still gives good approximation results.
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Figure 2: Raw and Noisy Data with H
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Figure 3: Estimator of H = 4

References
P. Abry, P. Flandrin, M. S. Taqqu and D. Veitch. Self-similarity and long-range depen-
dence through the wavelet lens. In Theory and applications of long-range dependence,

pages 527-556. Birkhduser Boston, Boston, MA (2003).

16



0.8

0.78

0.76

0.741

0.721

0.7
0.68

0.66

0.64

7 8 9 10 11 12 13

Figure 4: Estimator of H = .7

14

0.65

0.6

0.55

0.5

0.45F

0.4}

0.351

0.3

0.25

20

Figure 5: Comparison of Estimators with true observations

A. Ayache, A. Benassi, S. Cohen and J. Lévy Véhel. Regularity and identification of
generalized multifractional Gaussian processes. In Séminaire de Probabilités XXX VIII,

volume 1857 of Lecture Notes in Math., pages 290-312. Springer, Berlin (2005).

A. Ayache and J. Lévy Véhel. On the identification of the pointwise Holder exponent
of the generalized multifractional Brownian motion. Stochastic Process. Appl. 111 (1),

17



0.9
0.8
0.7F
0.6

0.5F +

0.4} =

0.2F

0.1t + + +

Figure 6: Comparison of Estimators with noisy observations

119-156 (2004). ISSN 0304-4149.

J.-M. Bardet. Statistical study of the wavelet analysis of fractional Brownian motion.
IEEFE Trans. Inform. Theory 48 (4), 991-999 (2002). ISSN 0018-9448.

A. Benassi, P. Bertrand, S. Cohen and J. Istas. Identification of the Hurst index of a step
fractional Brownian motion. Stat. Inference Stoch. Process. 3 (1-2), 101-111 (2000).
ISSN 1387-0874. 19th “Rencontres Franco-Belges de Statisticiens” (Marseille, 1998).

A. Benassi, S. Cohen and J. Istas. Identifying the multifractional function of a Gaussian
process. Statistic and Probability Letters 39, 337-345 (1998a).

A. Benassi, S. Cohen and J. Istas. Identification and properties of real harmonizable
fractional Lévy motions. Bernoulli 8 (1), 97-115 (2002). ISSN 1350-7265.

A. Benassi, S. Cohen, J. Istas and S. Jaffard. Identification of Filtered White Noises.
Stoch. Proc. Appl. 75, 31-49 (1998b).

S. Cohen. From self-similarity to local self-similarity : the estimation problem. In
M. Dekking, J. Lévy Véhel, E. Lutton and C. Tricot, editors, Fractals : Theory and
Applications in Engineering, pages 3-16. Springer Verlag (1999).

I. Daubechies. Ten lectures on wavelets. Society for Industrial and Applied Mathematics
(SIAM), Philadelphia, PA (1992). ISBN 0-89871-274-2.

L. Delbeke and P. Abry. Stochastic integral representation and properties of the wavelet
coefficients of linear fractional stable motion. Stochastic Process. Appl. 86 (2), 177-182
(2000). ISSN 0304-4149.

18



L. Delbeke and W. Van Assche. A wavelet based estimator for the parameter of self-
similarity of fractional Brownian motion. In 3rd International Conference on Approzi-
mation and Optimization in the Caribbean (Puebla, 1995), volume 24 of Aportaciones
Mat. Comun., pages 65-76. Soc. Mat. Mexicana, México (1998).

Paul Doukhan. Models, inequalities, and limit theorems for stationary sequences. In
Theory and applications of long-range dependence, pages 43-100. Birkh&user Boston,
Boston, MA (2003).

P. Flandrin. The many roads to time-frequency. In Nonlinear and nonstationary sig-
nal processing (Cambridge, 1998), pages 275-291. Cambridge Univ. Press, Cambridge
(2000).

P. Flandrin and P. Abry. Wavelets for scaling processes. In Fractals: theory and applica-
tions in engineering, pages 47-64. Springer, London (1999).

F. Gamboa and J-M. Loubes. Bayesian estimation of a multifractal function. Bernoull:
pages 241-272 (2005a).

F. Gamboa and J-M. Loubes. Parametric estimation of a multifractal function. TEST
pages 322-357 (2005b).

P. Hall, W. Hérdle, T. Kleinow and P. Schmidt. Semiparametric bootstrap approach to
hypothesis tests and confidence intervals for the Hurst coefficient. Stat. Inference Stoch.

Process. 3 (3), 263-276 (2001) (2000). ISSN 1387-0874.

J. Istas and G. Lang. Quadratic variations and estimation of the local Holder index of
a Gaussian process. Ann. Inst. H. Poincaré Probab. Statist. 33 (4), 407-436 (1997).
ISSN 0246-0203.

S. Jaffard. On lacunary wavelet series. Ann. Appl. Probab. 10 (1), 313-329 (2000). ISSN
1050-5164.

O. O. Kurchenko. Confidence intervals and rate of convergence for the estimates of
Hurst parameter of the FBM. In Proceedings of the Conference Dedicated to the 90th
Anniversary of Boris Vladimirovich Gnedenko (Kyiv, 2002), volume 8, pages 242-248
(2002). ISSN 0321-3900.

C. Lacaux. Real harmonizable multifractional Lévy motions. Ann. Inst. H. Poincaré
Probab. Statist. 40 (3), 259-277 (2004a). ISSN 0246-0203.

C. Lacaux. Series representation and simulation of multifractional Lévy motions. Adwv.
Appl. Probab. 36 (1), 171-197 (2004b).

S. Mallat. A wavelet tour of signal processing. Academic Press Inc., San Diego, CA
(1998). ISBN 0-12-466605-1.

B. Mandelbrot and J. Van Ness. Fractional Brownian motion, fractionnal noises and
applications. Siam Review 10, 422-437 (1968).

C. Morales and E. Kolaczyk. Analysis of wavelet-based estimators of the Hurst parameter
(). Preprint 2004.

19



V. Pipiras, M. S. Taqqu and P. Abry. Asymptotic normality for wavelet-based estimators
of fractional stable motion (). Preprint 2004.

G. Samorodnitsky and M. S. Taqqu. Stable non-Gaussian random processes. Stochastic
Modeling. Chapman & Hall, New York (1994). ISBN 0-412-05171-0. Stochastic models

with infinite variance.

S. Stoev, P. Pipiras and M. S. Taqqu. Estimation of the self-similarity parameter in linear
fractional stable motion. Signal Processing 82, 1873-1901 (2002).

Céline LACAUX.

Address: Ecole des Mines de Nancy (INPL), Parc de Saurupt, CS 14234, 54042 Nancy cedex France.
Institut Elie Cartan, Université Henri Poincaré, BP 239, F-54506 Vandoeuvre-Les-Nancy cedex, France.
E-mail: lacaux@iecn.u-nancy.fr

Web-site: http://www.lsp.ups-tlse.fr/Fp/Lacaux

Jean-Michel LOUBES.

Address: UMR 8628 CNRS, Batiment 9, Département de Mathématiques, Equipe de Probabilités et
Statistique, Université de Montpellier II, Place E. Bataillon, 34000 Montpellier, CEDEX, France.
E-mail: mailto:Jean-Michel.Loubes@nath.univ-montp2.fr

Web-site: http://www.math.univ-montp2.fr/~loubes/

20



