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A PALEY-WIENER THEOREM FOR THE BESSEL-LAPLACE
TRANSFORM (I): THE CASE SU(n,n)/SL(n,C) x R*,

SALEM BEN SAID

ABSTRACT. Let  be the tangent space to the noncompact causal symmetric space
SU(n,n)/SL(n,C) x R} at the origin. In this paper we give an explicit formula for
the Bessel functions on ¢, and we then use it to prove a Paley-Wiener theorem for
the Bessel-Laplace transform on . Further, an Abel transform for ¢ is defined and
inverted.

1. INTRODUCTION

In [33] Paley and Wiener proved that the image of the space £2([~R, R]) by the
Fuclidean Fourier transform is the space of holomorphic functions F' on C such that
Fir € L2(iR) and supycc e RV F(N)] < 0.

This kind of theorem has been generalized to several different settings. We may cite
the following situations: For the spherical Fourier transform on Riemannian symmetric
spaces of the noncompact type, a Paley-Wiener type theorem was investigated by Helga-
son in [18] and Gangolli in [16]. Lately, the case of Riemannian symmetric spaces of the
compact type was done by Branson, Olafsson, and Pasquale in [9]. Helgason-Gangolli’s
Paley-Wiener theorem was generalized later by Opdam in [30] for the so-called Cherednik
transform. Another direction has been attempted to extend the theory of Paley-Wiener
type theorems to the setting of noncompact causal symmetric spaces. This was done first
by Andersen and Olafsson in [3] for the rank-one case. The extension to noncompact
causal symmetric spaces of Cayley type was given in [4, 5]. Later, Andersen, Olafsson,
and Schlichtkrull in [2] and Olafsson and Pasquale in [32] established a Paley-Wiener
theorem for the spherical Laplace transform on noncompact causal symmetric spaces
with even multiplicities. See [2] (or [32]) for the complete list of the so-called causal
symmetric spaces with even multiplicities.

Another important setting is that of integral transforms on flat symmetric spaces.
In [19] Helgason considered the tangent space to a noncompact Riemannian symmetric
space at the origin, and he proved a Paley-Wiener theorem for the Bessel-Fourier trans-
form on the tangent space. This result was generalized later by de Jeu in [26] to the
so-called Dunkl transform.

Of course the above list of situations where the Paley-Wiener theorem was generalized
is far from being complete. See also [1, 6, 7].

In the present paper we consider the tangent space, say ¢, to the causal symmetric
space SU(n,n)/SL(n,C) x R at the origin, and we characterize the image of a certain
class of smooth functions on q by what we shall call the Bessel-Laplace transform (The-
orem A). As tools for this study we prove an explicit formula for the Bessel functions
on ¢, and we investigate some properties of the Bessel-Laplace transform. To estab-

lish the first tool, our approach uses the explicit formula of the spherical functions on
1



2 SALEM BEN SAID

SU(n,n)/SL(n,C) x R proved in [4], by taking an appropriate zero-curvature limit.
We mention that the contraction process has been carried out by several authors in
different settings. See for instance [25, 12, 34, 14, 35, 10, 11].

In the last section we introduce an Abel transform for q, and we obtain explicitly
its inversion formula (Theorem B). The study of the Abel transform and its inversion
formula for the tangent spaces to Riemannian symmetric spaces at the origin is the
subject of several papers. See for instance [20, 28, 39].

2. NOTATION AND BACKGROUND

Let G = SU(n,n) be the group of complex matrices with determinant 1 which preserve
the Hermitian form

Ziw1 + -+ Z2pWh — Zpng1Wng1 — *° — 22p,W2p,

for z,w € C?". The group G is a connected noncompact semi-simple Lie group with
finite center. Its Lie algebra g = su(n,n) is given by

a b o _
g—{[b* c} |a——a,c— c,tr(a—i—c)—O},

where a,b,c € M(n,C). It is well known that g is isomorphic to the Lie algebra
. « ﬁ _ ox ¥ s o
o= {0 O] 18- 0= st —of.
Denote by G the analytic subgroup of GL(2n,C) with Lie algebra g.

Let g = € @ p be the decomposition of g into the (+1)-eigenspaces of the Cartan
involution #(X) := —X* with X € g. More precisely

e:{[_‘)‘ﬁ 5] | ata*=0, §=4 %(tr(a)):()},

(07

o * *
The analytic subgroup K of G with Lie algebra ¢ is isomorphic to S(U(n) x U(n)). The

quotient M? := G/K is a Riemannian symmetric space of the non-compact type.

Set h :=sl(n,C)dR = {a € gl(n,C) | S(tr(a)) = 0} . We may embed b in g as follows
[a 0 c
0 —of g.

In particular, the subalgebra h corresponds to the (+1)-eigenspace of the involution
o : g — g defined by )
([5 D[22
v —ar | -y —«
The (—1)-eigenspace q of o is given by
. 0 18 ] _ *k _ *
Thus g = h @ q is the o-eigenspace decomposition of g. Denote by H the analytic

subgroup of G with Lie algebra h. The quotient M := G/H = SU(n,n)/SL(n,C) x R%.
is a noncompact causal symmetric space of Cayley type. We refer the reader to [22,

and

hoa—
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Chap. 3] for more details on the theory of causal symmetric spaces of Cayley type. The
symmetric space M? is (isomorphic to) the so-called Riemannian dual of M.
Let a C p N q be the Cartan subspace given by

a:= {at = |: S 8 :| |t = dlag(t1/2,7tn/2), tl,...7tn GR}

Note that a is also a Cartan subspace of p. From now on we will identify a with R" via
the map
R*">t— at € a.

For 1 <i < n,let oy; € a* be defined by «;(t) = —t;. Thus, the roots of (g, a) are given
by the long ones +a; (1 < i < n) and the short ones +(a; £ ;)/2 (1 <@ < j < n), with
multiplicities mq, = 1 and Mm(q,+aq,)/2 = 2. The root system X := (g, a) is of type Cy,.
Choose an ordering on X such that the set X1 of positive roots is given by

<wi%>ﬂ§i<j§m},

E+:{o¢i(1§i§n),( 5

Then the negative Weyl chamber is given by
a-={teR"|0<t; < ---<t,}.
Denote by
zmz{i@G‘%)ugi<jsm},
and let
st ::2+mzoz{(o‘j;a")(1gz‘<g’§n)}.

The Weyl groups of ¥ and X, are respectively W = §,, x {£1}" and W, = S,,
where S,, is the permutation group of n elements. More precisely, VW acts on a by
t — (Tite(1),--+>Tnlom)) With 7, = £1 and ¢ € S,, while W, acts on a by t —
(tU(l), . 7to(n))'

For all A € C", denote by ¢» the Harish-Chandra spherical functions on M9 with
spectral A (cf. [17], [21, Chap. IV]). In particular, if we use the identification of functions
on MY with right K-invariant functions on G, then px(kgk') = @a(g) for all k, k' € K
and g € G. Thus, the spherical functions are completely determined on the radial part
exp(a_). Furthermore, they are W-invariant on the spectral parameter A. In [8] Berezin
and Karpelevi¢ gave (without proof) an explicit formula for the Harish-Chandra spherical
functions on SU(n,n)/S(U(n) x U(n)). A complete proof can be found in [23].

Theorem 2.1. (cf. [8, 23]) There exists a constant that depends only on n such that the
spherical functions px on SU(n,n)/S(U(n) x U(n)) are given by

1 1.1 1
det <2F1(§(—)\i + 5), 5()% + 5), 1; —sh? tj))

ealexp(t)) = const. — H ()\3 _ )\12) H (cht; —cht;)

1<i<j<n 1<i<j<n

for all X € C" such that [] cx+ (o, X) #0, and for all t € a_.

Remark 2.2. For fixed t, the function A — @y (exp(t)) has a holomorphic extension to
cr.
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For A € C", the spherical Fourier transform .#4 on MY can be written for every
fece(a)V as

FUNHN) = . f(®)p-x(exp(t)) A(t)dt,

where .
A(t) =2""D]]sht; [[ (cht; —cht;) (2.1)
j=1 1<i<j<n
The inversion formula for .#4 is given by
dX
fO) =comst. [ FUODerenO) g5y LeRL (@2)
where
o T(=N) -
d i 2 _ y2)-1
_ 2 _ 3\2)-1 2.
ACORECN | Sraswrysy il | GO RED (2:3)
=1 1<i<j<n
The constant “const.” is positive and depends only on the normalization of the measures,
and ¢(d) is a positive constant which can be determined from c¢¥(p) = 1, where p =

(1/2,3/2,1/2 4 n — 1). For more details on the theory of spherical Fourier transforms,
we refer to [21, Chap. IV].
Let cpax be the maximal closed cone in a (=2 R™) defined by

Cmax ={teR"|t; >0(1<i<n)}.

The subset Cpax := Ad(H)cmax C q is a maximal H-invariant regular cone in . De-
note by I'(Cax) := exp(Cmax)H the semi-group in SU(n,n) with interior I'(C},,«) =
exp(Coax ) H = H exp(cpax) H.

For A € C™, set 1 to be the spherical function on M with spectral X (cf. [15]). Note
that ¢ are only defined on I'(CY,,), and H-bi-invariant functions. We mention that
for an arbitrary noncompact causal symmetric space, the spherical functions are defined
in [15] by an integral formula over H. In [27], the authors determine the exact set & of
A for which the integral is finite. Further, a Harish-Chandra expansion type formula for
¥ can be found in [31]. We also note that ¥, = ¥y for all w € W.

In view of the Berezin-Karpelevi¢ formula for ¢y, and Olafsson’s expansion for ¢y, in
[4] the authors proved the following statement.

Theorem 2.3. (cf. [4]) There exists a constant that depends only on n such that the
spherical functions 1x on SU(n,n)/SL(n,C) x R% are given by

det (QAi_l/Q(ch tj))

1<i,j<n
IT 2= JJ (cht;—chty)
1<i<j<n 1<i<j<n

for all X € C" such that R(\;) >0 (1 <i<n) and for allt € a_. Here Q, denotes the
Legendre function of the second kind.

Remark 2.4. Recall the set £ from [27]. In the SU(n,n)/SL(n,C) x R* -case, we have
E={AeC"|RWN)>-1/2(1<i<n), RA+X)>0(1<i#j<n)}.

Thus, the statement of Theorem 2.3 remains valid for every A in £. On the other
hand, using [24, Theorem 1.2.4] and the fact that v — @, (z) is a meromorphic function

¥ (exp(t)) = const.
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on C with poles at the points v € —N*, one can see that for fixed t, the function
A — ¥ (exp(t)) has a meromorphic extension to C" with simple poles at A € C" such
that \; € -N*+1/2 (1 <i<mn)and \;+ X; =0 (1 <i#j<n).

We may identify the space C°(H \T'(Cy.x)/H) with C°(cS

max
Laplace transform of all f € C2°(c%,..)""° can be written as

YWe . Thus, the spherical

Z(NHA) = . f(t)a(expt)A(t)dt,

where A(t) is given by (2.1). The inverse spherical Laplace transform is given by

dA

f(t) = const. -~ Z(f)(/\)go,\(exp(t))m, t € Cpax (2.4)

d

where ¢® is given by (2.3), and

C(A)ZC(Q)HW T 02— (2.5)

1<i<j<n

Here ¢(f?) is a positive constant, see [27, Theorem III.5]. We refer to [15] and [22, Chap.
8] for more details on the theory of spherical Laplace transforms.

3. THE BESSEL-LAPLACE TRANSFORM

Recall that M4 = SU(n,n)/S(U(n) x U(n)) and M = SU(n,n)/SL(n,C) x R%.
For € > 0, write g¢ = kexp(eX) with £ € K and X € p. Denote by ®(\, X) :=
lime—0 ¢x/c(ge). In [28] the author proved that the limit ®(A, X) exists and is a smooth
function. The limiting functions are the so-called Bessel functions on the flat symmetric
space p. In [14, 10] this result was generalized to arbitrary noncompact Riemannian
symmetric space. Even more, in [11] a similar result (for arbitrary noncompact causal
symmetric space) was proved when ¢y is replaced by the spherical function ¥. More
precisely, if 7. = exp(eX)h with X € C},,, and h € H, then, for certain A € af, the
limit W(A, X) := lime 0 ¥y/c(7e) and its derivatives exist. We refer to [14, 10, 11] for
more details.

Theorem 3.1. (i) (cf. [28]) For all A € C" such that [[,cxt (A @) # 0, and for all

t € a_, there exists a constant which depends only on n such that

det (Io(\it;))

1<i,5<n

I @-x I @-&

1<i<j<n 1<i<j<n

O (A, t) = const.

where I,(z) == e~ *™/2],(iz) and J, the Bessel function of the first kind

o > (2/2)284—1/
Jy(z) = ;(—NW.

The Bessel function ® extends to a holomorphic function on C™ x C™.
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(ii) For all A € C™ such that R(N;) >0 (1 <i<n), and for all t € a_, there exists a
constant which depends only on n such that

det (Kg()\itj))

1<i,5<n
U(A,t) = const. ,
[T -2 II & -
1<i<j<n 1<i<j<n
where
I_,(2)—1,
Ky(z) := lim E—(Z) (2)

v—0 2 sin v

denotes the Bessel function of the third kind. For fized t, the function A +— WU(A,t) has
a meromorphic extension to

D={AeC" |\ eC\| —00,0]},
with simple poles at A € © such that A\; + \j =0 for some 1 <i# j <n.

Proof. (ii) For € > 0, write ¥y /.(exp(et)) as

6n(n—l)
c(exp(et = t.
77D>\/ (exp(et)) cons H ()\? - )\22) H (sh2(etj/2) —sh2(etl-/2)) X
1<i<j<n 1<i<j<n
S (=17 @, e1y2(chlets)).

0ES, i=1
By [36, p.259], we have

P =p+1/2)
DA+ p+1/2) “A=1/2

i ((— 1 1. 1 1
_€ { ( “)2F1<2()\+,u+),(—>\+M+)31+“3_Sh2t)+

(sht) (cht)

2 24 2772 2

1 1, 1 1
2F1(2(A—M+2),2(—A—u+2);1—N5—Sh2t)}‘

!

(1) o T(A—p+1/2)
5 (h?) 2“1“(A+#+ 1/2)

Using the well known formula

I'(z 4+ a)

m = Za_b(l + O(Z_l)) as z — 0Q, (31)
together with the hypergeometric series of o F}, we obtain:

) 1.\ 1, 1 A 1 9 At Fu
1%2F1(§(; +p+ 5)7 5( T +p+ 5)7 14 p; —sh (ft)> =T(fp+ 1)(5) Ly (M),
and

L2 —p+1
tim DU T 2) gy vy,
—OD(S+p+3)
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Here I,, denotes the modified Bessel function given in the statement (i) above. Thus

IL'(\/e—
hm(sh 6t)uFE>\§E T Z 1 1;;; l)f/e_l/g (Ch(ﬁt))

e—0

e D (—p)D(1 + ) A\ —#
T2 { oM (? L) + 2= oM L“(M)}
— Tl —p EI*H()‘t)_IM()‘t)
e A) {2 sin(mp) }’
and therefore
. oI, () — L(\t
lig Qc1a(ebet) = lim 7 00 =0 g

sin(7u)

To prove that, for fixed t, the function A — W(A,t) is meromorphic on ® with simple

poles at A\; + A; = 0 for i # j, one can proceed as follows: It is well known that K, (z)
is an analytic function of z for all z € C\Joo, 0]. Further, it is clear that \;, + \j, = 0,

with ig # jo, is a simple pole for W(A,-). Further, write

KQ()\ltl) KO()\ltn)

Ko(Nigt1) Ko(Nigtn)

det (K()()\ﬂfj)) :()‘jo_Aio) KO()\jO—ltl) KO()\jo—ltn)
1<ij<n Ko(Ajgt1)—Ko(Nigt1) Ko(Ajgtn)=Ko(Aigtn)

No—Ng Ajg = Aig

Ko(Ajo+1t1) Ko(Ajo+1tn)

K[)()\ntl) KO()\ntn)

Thus,
() 1

)‘J'ol_’ni‘io H ()\]2—/\12) B 2\ )\2 )\2 “ /\2 )\2 :

e @%o) [T 0F =2 IT 045 =A%)

1<i<j<n
i#i0
K()()\ltl)

K()()\,‘Oh)

Ko(Xjo—1t1)
—t1 K1 (Nigt1)
Ko(Ajo+1t1)

Ko(Ant1)

j=ig+1
J#jo
Ko(Aity)

Ko(Nigtn)

Ko(Ajo—1tn)
_tnKl ()\iotn)
Ko(Njo+1tn)

KO(Antn)
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Moreover, if a = (a,a,...,a) € D, then
det (Ko()\itj)> (1)
. 1<i,j<n _ —n(n— j_l (]—1) A )
o I *2-» (o) 5 det (67K at).
1<i<j<n

O

Remark 3.2. (i) The Bessel function ® is symmetric in its arguments. Further, since
Iy(z) is an even function, clearly we have ®(wA,t) = ®(A,wt) = ®(At) for all w €
W =S, x {£1}". For general results in the theory of Bessel functions on Cartan motion
groups, we refer to [21, 29, 38, 10, 11].

(ii) The Bessel function ¥ is symmetric in A and t, with U(wo,t) = U(A, wot) =
U (A, t) for all wy € W, = S,,.

Following [20], the Bessel-Fourier transform 74 on the flat symmetric space p is given
for any function f € C°(a)"V by

FUNHA) = [ FER t)w(t)dt,

a_

where
n

wt)=[]t: ] &-t)?° tea (3.2)
i=1  1<i<j<n
Further, there exists a positive constant depending only on the normalization of the
measures such that

IRn

F(t) = const. / FULND, t)w(A)dA, (3.3)

where
n

w) =TT T X =A% (3.4)

i=1 1<i<j<n

Observe that one may recover the definition of Z9 and its inversion formula via & d by
applying the limit transition approach. Indeed, for € > 0, set f.(t) := f(e~'t). Thus

FUf)(A/e)
_ /a )¢ aelexpt) [[sht) [ (2eh(t;) — 2¢h(t:))?dt
- =1

1<i<j<n

~e@ Y [ o[ [T B-@ra s e—o

i=1 1<i<j<n

Hence
lim e "D Zd(£)(N/e) = FYUL)(N). (3.5)

e—0
By virtue of (3.1), one can also use the inversion formula (2.2) for .Z4 to obtain (3.3).
We should mention that the Bessel-Fourier transform has been carried out by several
authors in different settings (see for instance [19, 20, 28, 39]).



A PALEY-WIENER THEOREM FOR THE BESSEL-LAPLACE TRANSFORM 9

Remark 3.3. In [13] Dunkl introduced an integral transformation on the space £2(a, dpu)
(where p is some suitable measure) in terms of the eigenfunctions of the so-called Dunkl
operators. This class of Dunkl transforms encloses the Bessel-Fourier transforms on flat
symmetric spaces.

Define the Bessel-Laplace transform on the flat symmetric space q of an element
€ C(cha)™ by

Z(HA) = . FOTN Dw(t)dt, Ve CX(chu)™,

whenever this integral converges. Again, one may obtain the above natural definition of

Z via the spherical Laplace transform .Z.
By [31, Lemma 4.16], we know that if f € C.(c5,,.)""°, then there exists a unique
function f4 € C.(a)"” such that f|a, = fja_- Thus, we may obtain a relation between

4 and .Z as follows: For t € a_, we know that

o cA(TA)
erlen-0) = 3 ) (3.6)
Te{£l}n

for almost every A € C™ (cf. [22, Theorem 8.4.4]). Further, in the light of (3.1), we have

n

A~ @ [I(-M) T JT AF-2A) as e—0,

i=1 1<i<j<n
and
Ae) ~ t(n=1/2) ¢ )\_1/2 A2 — At as € — 0.
c(A/e) oA
1<i<j<n
Thus

s ) = <D 3 H{ SN V2 (A2 (e t) Vtea,  (3.7)
C<Q) T=(13); €{£1}" =1

for almost every A € C®. When n = 1, we have c¢(d)e(Q2)™! = 771, and the equality
(3.7) coincides with the well known formula Ko(z) — Ko(—z) = inlo(z) (cf. [36, p. 428]).
Now the following is clear.

Corollary 3.4. For almost every A € C™, we have
Zdy ed _ c(d) 1/2 1/2 oo 0 \Wo
PN =Gy )Ze{il}nﬂ{ —rd) 2 EA) L2 D),V € O ()

In particular, the right hand side extends to an analytic function on C".

The inversion formula for the transform . is now immediate.
Theorem 3.5. If f € C°(cS,.)"°, then there erists a positive constant such that
—~ o\
f(t) = const. Z(HN2A oM ]] mdx
iR™ o 1A

forallt € a_. Here w(A) is as in (3.4).
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Proof. For t € a_ we have

F(t) = const. / FUEHNBO, (NN

_ const./i"{ 3 (ﬁn)gf(ﬁ\)}cb()\,t)w()\)ﬁ’i;d)\.

re{£1}n i=1

The statement is now due to the W-invariance of ® and w(X)dA. O

4. THE PALEY-WIENER THEOREM

For R > 0, let Br := {t € R" | ||t|| < R}. Denote by Cg (a) the space of smooth func-
tions on a with support contained in the closed ball B r. Define the Paley-Wiener space
HI(C™) as the space of W-invariant holomorphic functions on C" with the property
that for each M € N there exists a constant ¢p; > 0 such that

9] < ear(1+ A~ R,

for all A € C". By Hy(C") we will denote the union of the spaces H{i,(C") over all
R>0.

Theorem 4.1. (cf. [19]) The Bessel-Fourier transform f w— F4(f) is a bijection of
C*(a)™ onto Hy(C™). The function f has support in the ball B if and only if FI(f) €
HE(C™), for all R > 0.

Next we will discuss a Paley-Wiener theorem for .. For 0 < r < R < oo, denote
by PWZ;’R((C") the space of W,-invariant meromorphic functions g on ® with at most
simple poles at A; + A\; = 0 for some 1 <14 # j < n, such that:

(P1) The map

Ao av(g)N) = 30 T[22 Y2 g(rA)

re{x1}ni=1

extends to a function in H{,(CM).
(Py) For all M € N, there exists a constant cps such that for A € © with ®(\;) >0
(1 <i<mn) we have

[T TT 2 = A2 19N < ear(L + [IA])~Me ROt
=1

1<i<j<n
where to := (1,...,1).
Denote by PW,(C™) the union of the spaces PW5(C™) over all 0 < r < R < oo.

Claim 1. For all A € © such that (\;) >0 (1 <i <n), and for all t € R" such that
t; >r>0(1<i<n), we have

et T B =2TLINY2 T 1A = A3 < nlepe R0,
i=1

1<i<j<n 1<i<j<n

where to = (1,...,1) and ¢, is a constant which depends only on r.
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For all t € R™ we have

wOITT N2 T 168 =81 =23 = TTIn?
i=1

i=1 1<i<j<n

det (Kg()\itj)) ‘

1<i,j<n

< Z H\)\i\l/z | Ko(Aitoi))| -

c€Sy i=1

It is well known that for z € C\] — 00,0] we have Ko(z) = /5 Wo,0(22), where Wy
denotes the Whittaker function. Using the expression (4), p. 317 of [36], and the
asymptotic expression (1), p. 202 of [37], we get

|2|/2| Ko(2)| < const. e %), z € C\Joo,0].
Thus, if t,; > 7> 0 and \; € C\] — 00, 0], then
il Ko (Nitoi))| < cpem RO,
If in addition R(A;) > 0, we obtain
Nl Ko (Nitoy)] < epe™ M.

The desired claim is now clear.
Recall that Brp = {teR"||[[t|| <R} with R > 0, and, for 0 < r < o0, set
¢ = {teR"|[t;>r (1 <i<n)}. Denote by CﬁOR(cfnaX)W" the space of functions

[ € C(ct,a)"Y with support contained in €, N Br. Note that C2%(c5,,, )Y = {0}

if R < r. The union of the spaces C7?7°R(c° We over all 0 < r < R < oo coincides with

max)
CE(Chnax)”

Claim 2. For all 0 < r < R < 0o, the transformation .Z maps CfR(cfnaX)WO injectively
into PWLH(Cm).

Since the function A — W(A,t) is meromorphic on © with simple poles at \; +

Aj =0for 1 < i # j < mn,it follows that A — Z(f)(\) extends to a meromorphic
function on ® with simple poles at A\; + A; = 0 for 7 # j. Further, the W,-invariance

of the Bessel functions ¥ implies that A — Z(f)(A) is a Ws-invariant map for all
f€C2(c,..)"V°. Moreover, by means of Corollary 3.4, the Bessel-Laplace transform £

satisfies the property (IP1). One can also check that 7z obeys the property (P2). Indeed,
for f € C2%(cq, YWe we have

e (MITINY2 T 12— a2
i=1 1<i<j<n
< / PO I TN T 102 - A2l)at
a_Nsupp(f) i=1 1<i<j<n
SCT‘ R €7T<§R(A)7t0> .

Above we used Claim 1. To reach the conclusion, it is enough to recall that W(A,t)
satisfies a Bessel system of differential equations (cf. [11, (4.8)]).

The injectivity of # follows from the inversion formula in Theorem 3.5.
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Claim 3. If av(Z(f))(A) = 0 with f € C°(c2,,, )"V, then f = 0.
The statement of Corollary 3.4 can also be written as j/d(fd)( A) = ((g)) av(é?(f))()\)
where f‘%_ = fja_. Thus, the claim is an easy consequence of the injectivity of the

Bessel-Fourier transform .#4.

The following property can be proved in a similar way as Lemma 9.1 in [2]. The
function g in the statement bellow plays the same role as g; in the proof of [2, Lemma
9.1].

Claim 4. Let g be a meromorphic function on ® which satisfies the condition (Ps) for
some 1 > 0. If av(g) = 0, then g = 0.

Now we can state and prove the first main result of the paper, i.e. a Paley-Wiener
theorem for .. Our approach is similar to the one used in [2] for the spherical Laplace
transform .Z.

Theorem A. The Bessel-Laplace transform Z s a bijection of C2%(ch YWV onto

PWLIE(C™) for every 0 < 7 < R < 00, and of C° (¢S, )" onto PW,(C™).

max)
Proof. By virtue of Claim 2 we only need to prove the surjectivity of £ from C?j’R(cﬁlax)Wo
to PW5H(C™). From Theorem 3.1(i) we have

det (Io(Aitj))

(I)()"t) - IS;JSZ 2 2
H (A7 =A7) H (t; —t7)
1<i<j<n 1<i<j<n
| REIEEOD
- Z(_l)a ;:1 2 2 _ ;2
o€Sy, H (A7 = A7) H (t5 —t7)
1<i<j<n 1<i<j<n
Ig z75
e Tt
= | G H Aoy = Aoiy)
1<i<j<n 1<i<j<n
= Y E(@(N),1),
O‘ESn
where
n
[Nt
2N t) = =1

[IT @& I 02-x%

1<i<j<n 1<i<j<n
with ti 7& :ttj and )\i 7é ﬂ:)\j for 4 7& j
For fixed r and R, we define the wave packet of g € PWg’R(C”) by

Tg(t) = / ng()\)@(A,t)w()\)H &Z dX

i=1 17
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when t € a_. The function .# g is well defined and it belongs to C°( Wo  This follows

from the growth behavior of g € PWy’ R(C”), and the fact that
071 ... 07 ®(X, t)| < const. || A[|*r e,

max)

with A € iR” and t € R™. Here the constant “const.” depends on aq, ..., a,. Bellow we
will prove that the support of .#g is contained in €, N By, i.e. Sg € CT?’OR(cfnaX)WO
By the W,-invariance of g and w(\), we have

n

ﬂg(t):n!/ IJA)EA t)w H A, tea_.

i n

On the other hand, using the expression of Iy in [37, p. 77] and the asymptotic
expression (2), p. 203 of [37], it follows that there exist two positive constants such that

[1o(2)| < const. , 0<|z <1,
[Io(2)| < const. |z|~1/2e%(2) 1< |zl

Thus, for fixed t € a_,

1
IZ(A, t)|w(N)Y2 < const. — (4.1)
1/2
Ht I &-t
1<i<j<n
if [\;] <t;* for all i, and
(R(A)8)
IZ(A, £)|w(A)Y2 < const. ——© (4.2)
Ht” I &-
1<i<j<n

if [\;] > t;! for all 4.
Now let t € a_\C,. By [2, p. T721], there exists an element A° € R’ such that
¢ :=(A°t —rto) <0, where t, = (1,...,1). Hence, for arbitrary o >> 0, we have

T+ ot T (00 + axt )

EA+aX t)wA+ar?): = = =
I &-
1<i<j<n
(?R(A-l—ozA"),t)
~ as o — OQ.
Ht1/2 I @
1<i<j<n

Above we used the fact that
Io(z) ~ 2712 as z — 00.

In particular, if A € iR™ and t € a_\C,, then there exists a constant not depending on
A such that [Z(A + aX®, t)|w(X + aA®)Y/2 is bounded by ce®*"t) as a goes to infinity.
That is

IZ(A + aX°, )| w(A 4+ aX®)Y/2 < ceCerairte) as a — 00. (4.3)
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By virtue of (4.1), (4.2), (4.3), and the growth behavior of g € PW5(C™), Cauchy’s
theorem and a contour shift imply that

- Ai

Fgt) = nl / gNEN wN] md)\
R i=11""

Ai + )

= nl A A)E(A A%t w(A+ aX®)
n/ng( + aX’)EA + « + H‘)\ +a)\°

—0 as «a — 00.

Thus #g vanishes on a_\ &,, and, by the continuity and the Ws-invariance of .#g,
this is equivalent to .£¢g = 0 on ¢}, \ €. Furthermore, the wave packet vanishes also
on Coax \Br. One can see this as follows: Recall that W, \ W = {£1}". Using the
W-invariance of ® and w(\), we have (for t € a_)

Fgt) = /ng(A)cb(A,t)w(A)H i dX

- / S TTHmh) 200 2 g (AR, oA

Te{x1}ni=1

_ ;i((g)) / av(g) NP, (A

Comparing this integral formula with (3.3), we get (up to a positive constant which does
not depend on A)

t;@vd(ﬂg)()\) = const. av(g)(A). (4.4)

Since g € PWS’R((C”), the property (P1) implies that ﬁ(ﬂg) belongs to the Paley-
Wiener space HW((C”) Hence, by Theorem 4.1, we conclude that Supp(.#g) C Br, i.e.
SFg(t) =0 for all t € cp,, \ Br. Thus we draw the conclusion that g € C%( ).
Moreover, by Corollary 3.4, equation (4.4) yields

T ZINN) = FUSN) = const.av(a) ).
for all g € PWST(C™). Now, Claim 4 implies that (up to a constant) Z(.#(g)) = g for
all g € PWQR(C") This finishes the proof of Theorem A. O

5. THE INVERSE FLAT ABEL TRANSFORM FOR SU(n,n)/SL(n,C) x R

Replacing the Cartan involution by the involution o in the proof of [21, Theorem

1.5.17], one can prove that for f € C.(C2.x)
f(Y)dY = const. / FAAmX) I Ke, X)[™dhdX,
Cr?nax a- aEXT

where “const.” is some positive constant depending only on the normalization of the
measures. Thus, for A € af such that R()\;) > 0 (1 < i < n), the Bessel-Laplace
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transform of all f € C(c2,,. )"V =2 €°(C2,..) ) can be written as
2N = | FXOPX X)w(X)dX

a_

- / ) f(X)( /H e*MAd(h)X)dh)w(X)dX

= const. / f(X)e X ax.

max

Above we used the following integral representation

T(A, X) = / e MAAMX) gp
H

We refer to [11, Theorem 4.12] for more details on the integral representation of W(A, X).
Denote by a' the orthogonal complement of a in q. Thus, for A € a* such that \; > 0
(1 <i<n), we have

Z(fYA) = const. /C mae*MX)( /C o f(X+Y)dY)dX

o
max max

= const. / e M g7 (£)(X)dX, (5.1)

(o]
max
where

AP = [ vy

max

denotes the “flat Abel” transform of f € C3°(C%,, )24H) = (2, Ve at X € 5,
The expression (5.1) is an analogue to the one proved by Helgason in [19] for the Bessel-

Fourier transform on p. It follows that

Z(f)(A) = const. / e X)o7 (£)(X)dX = const. . F (< (f))(N), (5.2)
Cﬁ‘lax

where .# stands for the Euclidean-Laplace transform associated with ¢} .. In particu-

lar, if we set V(z1,...,z,) = ngkjgn(a}? — x2), then there are two ways of writing

VA1, M) Z(f)(N). First, by (5.2), we have

VAL A)Z(H)A) = const. VA, ..., M) Z (A (f))(N)
— const. y[wal, )t ( f)] (). (5.3)



16 SALEM BEN SAID

Second, for every f € C°(c2,.)""°, we have
ey t
Vs M) Z(F)(A) = const. [ f(t) det (Ko(Mit))) w(t) dt
a_ " isigsn I &-t
1<i<j<n

n

= const. f (t) det (Ko(\it)) th H (t§ — t7)dt

1<z ,J<n

= const. FE)V(tq,.. Ht HKO (Niti) (5.4)

max =1 =1

Moreover, for z,v € C such that £(z) > 0 and R(v) > —1/2, we have
vz’ /Oo —zch
K, _ zch(u) h2v du.
(2) T +1/2) Jy 2 sh™ (u)du
A change of variable implies that
VT 1 /OO 252 2\w—1/2
Ky (zt — (2t )" =8 — 7)Y d
with ¢ > 0. In particular, for R(z) > 0 and t > 0,

o0 e S
K()(Zt) = /t' \/ﬁds

Substituting the above integral representation of K(A;t;) in (5.4), we get
VO A)Z (N

00 n —)xls,
= const. / fltr, .o tn)V(ty, ...ty / / dsl}
?nax t1 t A /S — t2

n 7/_
n
= const./ *’\Sl / / fltr, . tn)V(t, ...ty )Hildtz}ds
[o2 _ 42
maxz 1 =1 Si _tl

— const..Z (A®"(fV))( ), (5.5)

where A?" denotes the n-fold tensor product of the one dimensional integral transfor-
mation

8 t
A (F)(s) ;:/0 F(t)gyidt,  FCX(RY), 5 >0

The later transform satisfies

Pt N AT S 5.6
(t) = cons T, 1( )(8)1527_52 s. (5.6)
Comparing (5.3) with (5.5), and using the injectivity of the Euclidean-Laplace transform
Z, we obtain

V(@y, ..., 0)9 (f)(t) = const. AZ"(fV)(t).



A PALEY-WIENER THEOREM FOR THE BESSEL-LAPLACE TRANSFORM 17

In view of (5.6), we obtain the second main result of the paper.

Theorem B. Assume that f € C°(
form is expressed as

2 a)VYe. For every t € a_, the inverse Abel trans-

tn n

n t
V(t1,...,tn)f(t) = const. H o / V(or,...,0 H \/7
i=1 " — 5

i=1

where V(x1,...,x,) = ngiqgn(x? —z?).

Remark 5.1. (Another way of computing the Bessel function W(A,t) via the rank one
case) Denote by MW the rank one symmetric space SOp(1,2)/SO0(1,1). The associ-

(1,0)
ated restricted root system is given by {f+a}, where a(t) = —t defines the positive root.
Here a @ R, and m, = 1. By [11, Example 4.13], the Bessel functions associated with
/\/18)0) are given by

T ) = Ko(M), RN >0, ¢ >0,

Let M™ be the product of n-copies of MW and define on M™ the pseudo-Bessel

(1,0) (1,0)° (1,0)
function
1 0) Z H Ko(A
€Sy =1

On the other hand, recall that the restricted root system (g, a) associated with M =
SU(n,n)/SL(n,C) x R} consists of long roots with multiplicities 1 and short roots with
multiplicities 2. By [30] we can prove that we may obtain the Bessel function W(A,t)

associated with M via \Ilgl)o)()\, t) as followsing:

const.

T &F-x?

1<i<j<n

U(A,,t) =

D02V {11y (A b), (5.7)

where 7 2) denotes the shift operator

H (t? - t?)_l H ("g(tﬁ 8tj) - 'iﬂ(tiv ati))7

1<i<j<n 1<i<j<n
with
2 1d
L=y
dt? + tdt

Using the fact that K, (z) is a solution to

1 2
" + ~u - <1+V—2)u:0,
z

z
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we deduce that

const. L
YAt = > [Tt TT O5) = 25)
H (t3 o tf)()\? - /\12)2 o€Sy i=1 1<i<j<n ’
1<i<j<n

const.
= (=17 | | Ko(Asqiyti)
I @& -H5-x) % 131

1<i<j<n
Set, (Kot
= const. 5 5 5 o
H (t; —t7) H (A7 = A7)
1<i<j<n 1<i<j<n

which coincides with Theorem 3.1(ii). Notice that one may use formula (5.7) to give
another proof for Theorem A. In a forthcoming paper we shall develop this approach fur-
ther to prove a Paley-Wiener theorem for a larger class of noncompact causal symmetric
spaces.
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