N
N

N

HAL

open science

Mathematical and Numerical Analysis of a Class of
Non-linear Elliptic Equations in the Two Dimensional

Case

Noureddine Alaa, Jean Rodolphe Roche, A. Cheggour

» To cite this version:

Noureddine Alaa, Jean Rodolphe Roche, A. Cheggour. Mathematical and Numerical Analysis of a

Class of Non-linear Elliptic Equations in the Two Dimensional Case. Jul 2006, pp.926-936.

00095264

HAL Id: hal-00095264
https://hal.science/hal-00095264
Submitted on 15 Sep 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00095264
https://hal.archives-ouvertes.fr

Mathematical and Numerical Analysis of a
Class of Non-linear Elliptic Equations in the
Two Dimensional Case.

Nour Eddine Alaa!, Abderrahim Cheggour! and Jean R. Roche?

! Département de Mathématiques et Informatique, Université des Sciences et
Techniques Cadi Ayyad, B.P. 618, Guéliz, Marrakech, Maroc
alaa@fstg-marrakech.ac.ma
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Summary. The aim of this paper is to show the existence and present a numerical
analysis of weak solutions for a quasi-linear elliptic problem with Dirichlet boundary
conditions in a domain {2 and data belonging to L'(§2). A numerical algorithm to
compute a numerical approximation of the weak solution is described and analyzed.
Numerical examples are presented and commented.

1 Introduction

The principal objective of this work is to give a result of existence and present
a numerical analysis of weak solutions for the following quasi-linear elliptic
problem:

{ —Au(z) + G(z, Vu(z)) = F(z,u(z)) + f(z) in 2, (1)
u(z) =0 on 912
where G, F' are Caratheodory non negative functions. The function f € L(£2)
is given finite non negative. The domain 2 C R¥ is open and bounded. Such
problems arise from biological, chemical and physical systems.

The two essential ingredients to the analysis of this problem are the con-
vexity of s — G(z, s) and that G(z, s) is sub-quadratic w.r.t. s namely:

G(z,s) < C(k(z) + ||s|?), where k(z) e LY(2)and C >0. (2)

Then the problem (1) has a solution in Wy*?(£2) where 1 < ¢ < N/(N — 1),
N > 2, provided that (1) has a super-solution in W, " (£2).

In previous work [4] the authors show the existence of a weak solution in
the one-dimensional case and with arbitrary growth of the non linearity and
data measure.
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We study a numerical method to compute the solution of the problem
(1). In the first step we compute a super solution using a domain decompo-
sition method. In the second step we compute a sequence of solutions of an
intermediate problem obtained by using the Yosida approximation of G. This
sequence converges to the weak solution of the problem (1).

2 Statement of the Main Result
Throughout this paper we suppose

fell(), f>o0. (3)
The functions G : 2 x RY — [0, +oc[ and F : 2 x R — [0, +-00[ are such that:

G, F are measurable, r — G(z,r) and v — F(z,u) are continuous.  (4)

G is convex in r and F' is nondecreasing in u , (5)
G(z,0) =min {G(z,r), re RV} =0, and F(z,0) =0, (6)
G(z,r) < O(Ir]* + K(x)), (7)

F(x,u) € L*(2) for every u € R (8)

with a constant C' > 0 and K € L'(£2).
We introduce now the notion of weak solutions of problem (1).

Definition 1. A function u is said to be a weak solution of the problem (1),
if
ue Wy (), Gz, Vu) and F(z,u) € L'(£2), )
—Au+ G(x,Vu) = F(z,u) + f in D'(£2).

We will be interested in proving the existence of weak positive solutions
of problem (1).

Theorem 1. Under hypotheses (3)—(7), and assuming that there exists w
such that
{w e Wy (), F(z,w) e L'(£2),

—Aw = F(x,w)+ f 1in D'(02), (10)

the problem (1) has a positive weak solution.
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3 Proof of Theorem 1

3.1 Approximation Scheme

We consider the sequence defined by ug = w and for n > 0, u,y1 is the
solution of the problem

{ —Atps1 + Gos1 (2, Vupg1) = F(z,uy) + f in D'(2),

11
Up+1 S Wol’l(g), Gn+1($, Vun.H) S Ll(Q), ( )

where G, (z,r) denotes the Yosida approximation of G(z,r). The function
Gr(z,r) is convex in r, increases pointwise to G(x,r) as ntends to oo and
satisfies

Gn < Gny1 <G, G2, 7)o <7, (12)

where G, denotes a section of subdifferential of G,, with respect to r.
The classical works ([3], [6], [9]) combined with an induction argument can
be applied to prove that (11) has a solution such that

0<tupi1 <up, <w. (13)

3.2 Estimates and Convergence

Let {up}» be a sequence defined as above. By integrating (11) in {2 and using
(13) we obtain

/QGnH(x,VunH)dxS/{)F(m,w)d:ﬂ—i—/ﬂf(ac)dm. (14)

Therefore || Aupi1l|f1 () is bounded. Then there exists a subsequence still
denoted by wu,, for simplicity, such that u, converges strongly to some u in
Wy l(2),1 < ¢ < N/(N —1), and (un, Vu,) converges to (u, Vu) almost
everywhere in {2 (see [8]).

Let us prove that u is in fact a solution of problem (1). According to the
definition 2.1, we only have to show that

—Au+ G(z,Vu) = F(z,u) + f in D'(02). (15)

We know that F(x,u,) — F(x,u) strongly in L'(£2) and, for almost every
xin 2, there holds Gy y1(x, Vup41(z)) — G(x, Vu(x)).
Then there exists a non-negative measure u (see [7]) such that

— Aty +Gry1(Vups1)—F(up) — f — —Au+G(Vu)— F(u)— f+p in D' (),

as n goes to oo.

On the other hand

—Atp i1+ G (2, V1) = F(2,u,) + f—F(z,u) + f in L'(2). (16)



4 Nour Eddine Alaa, Abderrahim Cheggour and Jean R. Roche

Consequently
—Au+ G(x,Vu) < F(x,u) + f in D'(02). (17)

Therefore to conclude the proof of theorem 1, we must establish the opposite
inequality. To this end we introduce the following test function

Un
Y exp(—Cun11)H( k/,H)v (18)
where H € CY(R), 0 < H(s) <1, H(s) =0 if |s| > 1 and H(s) = 1if |s| <
1, C is given by relation (7) and ¢ < 0,9 € Hj(£2) N L>(£2). We multiply
the equation satisfied by w41 in (11) by this test function and we integrate
in {2, to obtain

/(fn + F(@,un)) exp(—Cuner ) H(Z2 ) do = Iy + Iy + I,

k
2
where
1= [ Vot Vi expl(~Cun H(5) d.
o = 3 [ [Vtnia*  exp(~Cunpn) H'(*52) da, (19)

Iy = J(Grt (2, Vitnan) = € [Vt ") exp(~Coun 1) H(“5) do.
2

By investigating separately each term, we get
lim I} = /vuvw eXp(—Cu)H(%) dx
Q
and lim I = 0 uniformly on n.

k—o0

Now we investigate the remaining term I3. Since G, satisfies the inequality
(7), ¥ <0, and by applying Fatou’s lemma, we obtain

lim Iy > / (C(e, V) — C[Vul* ) exp(~Cu) H (3 ). (20)
(9]

Finally we have shown

2

+w(%) < /(F(z,u) + ybexp(~Cu)H()dr,
(93

/vuw exp(fC’u)H(%)der/w(G(:c,Vu) - C|Vu|2)exp(70u)H(%)dz
(P
(,

where w(e) denotes a quantity that tends to 0 when e tends to 0. Now we
choose 1) = —pexp(Cu)H (), where ¢ > 0, € D(§2) and we replace 1) by
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this value in the previous inequality to get after appropriate calculations and

using that the third term is equivalent to w(%)

—/VchpH(%)de—/ch(z,Vu)H(%)deﬁLw(%)

2 2
u

< — [ (F(z,u) + flpH(;)d.
e

We finally pass to the limit as k tends to infinity and we use the fact that
klim H(#) =1, to conclude for every ¢ > 0, € D(§2) that

/Vchpdz + /ch(z,Vu)dz > /(F(x,u) + f)edz.
0 Q2 0
This finishes the proof of the theorem 1.

4 Numerical Method

4.1 Introduction

In this section we present the numerical method to solve the equation (1) in
R2. Formally the algorithm can be formulated in the following way:
1) Find w € Hg(£2) such that:

—Aw(z) > F(z,w) + f in 2. (21)

2) Given ug = W we compute a sequence, {u, },, solution in H}(£2) of the
non linear equation:

— Aupy1(x) + Gpi1 (2, Vupy1) = F(z,u,) + f in 2. (22)

Both problems (21) and (22) are non-linear, and if (21) has a solution, in
theorem 1 we have shown that (22) then also has a solution.

4.2 Numerical Algorithm

This subsection summarizes the algorithm introduced in the previous subsec-
tion.

1) First step: given w" = 0, iteratively for & = 1 until convergence we

compute WY = W* + § where at each iteration ¢ is the solution of the

linear problem:

(23)

—Ad(w) — T 50y = Awh(z) + Fa, @) + fin 2,
5(z) =0 on 012

To solve at each iteration the linear problem (23) we consider the domain
decomposition method which will be introduced as follows:
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OF (w")

a) We compute coo = HTH . Determine an overlapping subdomain
o0
decomposition §2;, i = 1,...,m such that 2 = U2, (2; and satisfies:
. . cm? o
max{mes(§2),i=1,...,m} < min(——, ——). (24)

Coo  2+/Coo

We denote by m the number of subdomains {2; and 042; is the boundary

of .Qz
b) Iteratively:
for [ = 1,..until convergence and for i = 1,...,m we solve the following

subdomain problems:

— Adl(z) — LT 51(2) = AT () + F(a, @) + f in 2,
8l(x) =65 (z), on 812, N 12, (25)
St(z) =0, on 9NN AL;.

On each subdomain {2; we consider a finite element approximation method
with N; elements. At the end of the I-th loop we have computed an ap-
proximate discrete solution of the linear indefinite problem (23).

2) At this step for ug = w, iteratively for n = 1, until convergence we solve
the following non-linear problem

{Aun(:c) + Gp(z,Vuy) = F(z,up—1) + f in £2, (26)

un(x) = 0 on Of2.

At each n-th step the problem (26) is solved by using a Newton method.
The discrete approximation of the solution of (1) is obtained at the end of
the n-th loop.

4.3 Convergence of the Domain Decomposition Method

To simplify, without lost of generality, we assume that we can consider a
two-domain decomposition 2 = 4 | 22 such that:

2

. . ,CoT m

maxq{mes(£2;),i =1,2} < min(—,

{ ( 1) } ( Coo 2\/@

Now to prove the convergence of the Schwarz overlapping domain decom-
position algorithm applied to problem (23), we consider two problems:

)- (27)

{ —Avy (z) + c(x) vy () = h(x) in 2, (28)
vi(z) =0 on 9N2NAN; vi(x) = va(x) on A2 N2

and

{—Avg(x) + c(z)v2(x) = h(z) in £, (29)

c
va(x) =vi(x) on AN y; va(x) = 0 on N2 N 2.
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Let v be

(% in Ql,
o={ 30)
v1 = v in 1 N 2.

With the restriction (27) we can suppose the existence of a solution of (28)
in W, ?(£2,) and a solution of (29) in W9 (12,).

Then, if 0¥ is an initialization function defined in {2 and vanishing in 92,
we define for k£ > 0 two sequences v¥, i = 1,2 solving the following problems:

i

—Av]f"'l (x) + c(z)v]f"'l () = h(z) in (X, (31)
vyt (z) =00on 0NN vt (z) = vE(z) on 821 N 2y
and
— vyt (@) + c(x)vs T () = h(z) in £, (32)
v§+1(x) =of(z) on 02N (2 v§+1(z) =0 on 92N .

Theorem 2. Assume 21 and (25 with the restriction (27). Then the sequence
vk converges to v in Wy (1) and Wy 9(82y).

Proof. We give here an idea of the proof.

Let d* = v¥ — v in £ and e = v§ — v in 2 then d* € L*°(2;) and
ek S LOO(QQ)

Thanks to the maximum principle we prove the following inequalities:

14" 2]loe < 7[ld*[lso and [le"*?|loc < v |l€"]|c (33)

where v < 1.
But to be able to apply the maximum principle it will be necessary that
the subdomains £2; and 2, verify the restriction (27).

4.4 Numerical Results

The algorithm introduced in the previous section has been implemented nu-
merically for the model problem (1) where:

G(z,r)=|r|" = (r? +r3)% and r = (r1,72) € R? for 1 < p < oc.

F(x,s) =ns? where s € RT and 1 < ¢ < cc.

flz) = 2% + 28 where z = (z1,22) € 2 and —1 < o, § < o0.

The number of subdomains is not fixed, it changes at each iteration ac-
cording to the criterion (27). In figure 1 we can see the solution shape when
the algorithm converges with m = 36 subdomains.

To study the convergence history of the numerical simulation plotted in
figure 1 we consider two steps. In the first step, where we compute a super-
solution, we observe the evolution of the number of subdomains: it goes from
m = 4 subdomains to m = 36 subdomains in seven iterations according to
criterion (27). Simulation stops after 34 iterations when the residual is less
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Fig.1.n=45 p=q=3, a=8=2, m=36

than 107%. In the second step, starting with the super-solution computed in
the previous step we perform nine iterations of the Yosida approximation
described in section 3 and the simulation stops when the correction computed
is in uniform norm less than 1076.
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