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SEGAL-BARGMANN TRANSFORMS ASSOCIATED WITH COXETER GROUPS
SALEM BEN SAID AND BENT @RSTED

ABSTRACT. In this paper we present a generalization of the Segal-Bargmann transform as-
sociated with finite reflection groups on R™. We give the integral kernel appearing in the
generalized Segal-Bargmann transform and we prove the unitarity of this transform. To de-
fine the above mentioned transform, we introduce a generalized Fock space Z(CN)onCN
with reproducing kernel the Dunkl-kernel. The definition and properties of .« (CN) extend
naturally those of its classical counterpart .%o (CN ). The Segal-Bargmann transform gives the

analogue of the Dunkl theory in the Fock model.
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SEGAL-BARGMANN TRANSFORMS ASSOCIATED WITH COXETER GROUPS 3
1. INTRODUCTION

The study of several generalizations of the classical Segal-Bargmann transform has a long
and rich history in many different settings [1, 32, 23, 17, 7, 8, 34]. It is well-known that the
classical Segal-Bargmann transform maps unitarily from the Schodinger model to the Fock
model intertwining the action of the Heisenberg groups. There are many ways of computing
the integral kernel appearing in the Segal-Bargmann transform and showing the unitarity
of this transform. One unifying tool is the restriction principle, i.e. polarization of a suitable
restriction map [22, 23]. This idea uses the heat-kernel analysis.

While the theory of Segal-Bargmann transform has been pursued for a long time, the
growing interest in Dunkl theory and special functions related to Coxeter groups is compa-
rably recent. However, there has been a rapid development in this area in the last few years.
Among the broad literature in this area, we refer to [10, 26, 18, 21, 29, 3], and references
therein.

In the present paper, we employ the restriction principle to construct the Segal-Bargmann
transform associated with finite Coxeter groups. This suggests to introduce and study new
Fock-type spaces which generalize the classical Bargmann-Fock model [1]. To realize the in-
tegral representation of the Segal-Bargmann transform, we use Rosler’s results on the heat-
kernel associated with reflection groups [30].

The motivation for studying the Segal-Bargmann transform is to exhibit some relation-
ships between Dunkl’s theory and its applications in the Schrodinger model and in the Fock
model, for instance, the study of the Dunkl operators, the Calogero-Moser systems, and the
Dunkl transform. It turns out that the Dunkl transform in the Fock model, is the dilata-
tion operator on functions by the complex number —i. This assertion gives an alternative
and simple proof of the unitarity of the Dunkl transform, which was investigated earlier
independently in [12, 21].

To be more specific about our results, let G be a finite Coxeter group on RN with root
system R, and let k : R — R™ be a non-negative multiplicity function. The Dunkl operators

are defined by

Te(k)f(x) = 0gf(x (x) —f(rax)),  x,E€RN,

xERT

where RT is a positive subsystem of R, (-,-) is the standard Euclidean scalar product in
RN, and 14 is the reflection on the hyperplane orthogonal to «. If the multiplicity function
k = 0, then Tg (k) coincides with the partial derivative 9;. An important ingredient in the
theory of Dunkl operators is the generalized exponential kernel Ey(-,-) on RN x RN which

can be characterized as the unique solution of a joint eigenfunction problem for the Dunkl
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operators {Tg (k) | § € RN} with the initial condition Ey(-,0) = 1 (cf. [11, 26]). In particular,
Eolx,y) = e,

In the first part of the present paper, we prove that there exists a Hilbert space .7 (CN) of
holomorphic functions on CN with reproducing kernel Ey(z, W), for z,w € CN, holomorphic
in z and anti-holomorphic in w. Further, we show that Z(CN), the algebra of polynomial
functions on CV, is contained in .#,(CN) as a dense subspace. Further, if we denote by

{(-, )k the inner product in % (CN), we obtain the following Fischer-type formula

(p ahe=pMalz)_, pac 2(CN).

We conclude the first part of the paper by proving that the operators Tz(k) and Mg, where
Mg is the multiplication operator M¢f(z) = (z,£)f(z) for z,& € CN and f € .#(CN), are
closed densely defined on .7y (CN), such that

(Te(Of, gk = (f, Megh,  f,g € Z(CN),

whenever the both sides of the equation make sense.

The classical Bargmann-Fock space corresponds to .%o(CN) (cf. [1]).

The second part of the present paper deals with the generalized Segal-Bargmann trans-
form associated with G, and its applications.

Let Z2(RN, wy) be the space of .Z 2_functions on RN with respect to the weighted mea-
sure wi(x)dx = [ crs (, x)|?*«dx. This .#?-space plays an important role in the Dunkl
theory. By taking a Gaussian multiplier into account, we get a bounded injective map
Py : F(CN) = Z2(RN wy) with dense image. Let Z; = /BT B be the polar decom-
position of #;. The map Ay is the so-called generalized Segal-Bargmann transform. Using
the heat-kernel analysis associated with reflection groups [30], we prove that the integral

representation of % is given by
Bif(z) = c(k)e_<z’z>/2J’ f(x)E(V2x, V2z)e M wi(x)dx,  zeCN,
RN

for some explicit constant c(k). The transform %y is a unitary isomorphism from .Z%(RN, wy)
to .Z(CN). Moreover, the following diagram commutes

where 7y is the Dunkl transform (or the generalized Fourier transform), and (—i)*F(z) =
F(—iz) for F € % (CN). The above statement gives an alternative and simple proof for the
unitarity of %, studied earlier by Dunkl [12] and de Jeu [21].
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Finally, we exhibit the relationship between operators on .Z 2(RN wy) and on .%(CN) by
means of the Segal-Bargmann transform %y. For instance, on .7 (CN), the gauge equivalent
version of the Hamiltonian of the Calogero-Moser system with harmonic confinement has

the form

N
A=y +N/2+ > Eide,.
i=1
Here v := ) g+ ko, and {&1,..., &N} is any orthonormal basis of CN. Now, the spectral
properties of .74 are rather easy to describe and it is possible to obtain complete bases of
eigenfunctions.

Our setting includes the case of Segal-Bargmann transform associated with flat symmetric
spaces, where the Coxeter group G becomes the Weyl group related to the symmetric space.
In [34], the author considers such a transformation, associated with the flat symmetric spaces
of type Cny and Dy (N > 3), for an invariant subspace of Fo(CN).

For the rank one case, i.e. N = 1, Cholewinski [5] has investigated the Segal-Bargmann
transform only on the Hilbert space of even entire functions in .%(C), by employing another
approach.

This paper is organized as follows. In Section 2 we give an abbreviated background on the
Dunkl theory. Section 3 is devoted to the study of the Fock space Z(CN). In Section 4 we
turn our attention to the Segal-Bargmann transform and its applications. Section 5 deals
with the Weyl quantization map and the Berezin transform associated with the Coxeter
group G. We establish the integral representation of the Berezin transform and we prove,
abstractly, that the Weyl quantization map is a unitary isomorphism from Z?(RN,wy) ®
L2(RN, wy) to Z(CN) @ Z(CN). It should be interesting to pursue this quantization fur-
ther, as well as the possibility of studying the “field theory” case of N — oo.

2. BACKGROUND
For o € RN\ {0}, denote by 1 the reflection on the hyperplane () orthogonal to «

T(x) :x—2<a’§>oc, x € RN
|l

where (x,y) = Zl\l: 1%y and [x| = \/W . The reflection r4 belongs to the orthogonal
group O(N). We will use the same notation (-, -) for the bilinear extension of the Euclidean
scalar product to CN x CN.

A finite set R ¢ RN\ {0} is called a root system if

RNRx = {+a«}, Yo € R,
r«(R) =R, Vo € R.
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Henceforth, we will assume that the root system R is normalized in the sense that o2 =2
for all « € R. This simplifies formulas, with no loss of generality for our purposes.

A Coxeter group G is a finite subgroup of O(N) generated by the reflections { v« | x € R .
A multiplicity function on R is a G-invariant function k : R — C. Setting ky = k(«) for
ax € R, we have kg« = ky for all g € G. The C-vector space of multiplicity functions on R is
denoted by 7. If m = §{G-orbits in R}, then Z" = C™.

Let R™ be a choice of positive roots in R. For & € RN and k = (ko) aer € 4, the Dunkl
operator Tg (k) is defined by

Te(K)f(x) = 0ef(x) + ) kala, a < (;“X), fe ¢ (RM).
xERT
Here 0 denotes the directional derivative corresponding to &. The definition of Tg(k) is
independent of the choice of R, and it is a homogeneous differential operator of degree —1.

Moreover, by the G-invariance of the multiplicity function k, T¢ (k) satisfies
gooTe(k)ogy' =Tge(k),  Vgo€G.

Further, if f and g in €' (RVN), and at least one of them is G-invariant, then

2.1) Te(k)(fg) = Te(k)(f)g + fTe(k)(g).

The remarkable property of the Dunkl operators is that the family {T¢(k), § € RN} gener-
ates a commutative algebra of linear operators on the C-algebra of polynomial functions on
RN. For more details on the Dunkl operators we refer to [10, 11, 12], and references therein.

For any orthonormal basis {&7, ..., En} of RN set

N
A=) Tg(k)?
i=1
The generalized Laplacian Ay is homogeneous of degree —2. By the normalization (x, ) =
2, we can rewrite Ay as

Akf( +2 Z K { > o f(X) — f(T‘XX)}

aERT > (e, X>2

where A and V denote the usual Laplacian and gradient, respectively. For all i-th basis
vector &;, we will use the abbreviation Tg, (k) = Ti(k).
Denote by Z(RN) = C[RM] the C-algebra of polynomial functions on RN, and by £,

for n € Z, the subspace of homogeneous polynomials of degree n. Next we will use the

following notations: form = (my,..., my) € ZT, write
m!=mql--myl, ml=my e tmy, 20 =2 ezQN, TR =Tk T (™,
where z € CNand T = (Ty(k),..., Tn(k)) is our family of commuting Dunkl operators on

P(RN).
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In [11], Dunkl proved that for k > 0, there exists an intertwining operator relating T (k)
to the usual partial differential operators. This result was generalized later by Dunkl, de Jeu,

and Opdam in [14] to a more general setting.

Theorem 2.1. (cf. [14]) Let #™8 = { k € | Ngegrn Ker(Tg(k)) = C - 1}. The following
assertions are equivalent:
(i) k € xres,

(ii) there exists a unique intertwining operator Vi, on 2 (RN) such that

Vi Pn) € P, Vi = id, T:(k)Vi=Vid: (&eRMN).

P

An explicit formula for Vi is still an open problem; it is only for G = (Z/2Z)N and S;3
where the explicit form of Vi is known (cf. [13, 33]).

Notice that {k € JZ | k > 0} C #7™&. In most parts of the paper we will restrict our
attention to non-negative multiplicity functions.

From Theorem 2.1, it follows that for k € JZ™8, there exists a unique bijective linear map
Vi: Z(RN) = 2(RN) such that

ViVie = ViV =id, V() C Pn, Vk‘% =id, 3V =WTe(k) (§€RM).

In particular, for p € Z(RN) and k € .#™8, one can show that

V) =Y Y X T0mp(0).

n=0 |m|=n

Therefore, for all analytic functions f in a neighborhood of 0 and for k € .Z "8

2.2) fz) =Y Y vk(zlm)T(k)mf(O).

m

n=0 |m|=n

For k € #™8, there exists a generalization of the usual exponential kernel () by means

of the Dunkl system of differential equations.

Theorem 2.2. (cf. [26]) There exists a unique meromorphic function Ey on CN x # x CN charac-
terized by:

(i) Te(K)Exlz, W) = (£, W)Exlz, w); and

(ii) Ex(z,0) = 1.
Moreover, this function satisfies

(iii) Ex is holomorphic on CN x (o \ #e8) x CN: and

(iv) Ex(go - z,90 - W) = Ex(z,w) forall go € G.

The function Ey is the so-called Dunkl-kernel, or the k-exponential function. For k = 0,

we have Eg(z, w) = e{®W) for z,w € CN.
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As Ey is a holomorphic function on CN x CN| by (2.2) one can obtain its Taylor series as

[e¢]

V,
Bzl =Y Y P e ), zwec
n=0 m|=n
with TZ (k) Ex(z, w) = (&, w)™Ex(z, w). Therefore
0 m
2.3) )=y EMzw), with EMizw)= Y Vk(Z' ) m.
n=0 [m|=n m:

We close this section by two Macdonald-type identities for the Dunkl-kernel E;.
For k > 0, let wy be the weight function on RN defined by

— H \(oc,xMZk“.
xeR*T

For all go € G and all A € C, we have wi(gox) = wi(x) and wi(Ax) = AYwy(x), with
Y :=)_4er+ Ko Further, let

Cy = J e_‘xlz/zwk(x)dx,
RN

which is called the Macdonald-Metha-Selberg integral. In [26] Opdam gives a closed form
for cy for finite Coxeter groups.

The following proposition is crucial in Dunkl’s theory and its applications.
Proposition 2.3. (cf. [12]) For non-negative multiplicity function k, and for p € 2(RN)

(2.4) J e*Ak/zp(x)Ek(x,w)e*‘x‘z/zwk(x)dx = e/ 2p(w), weCN,
RN

(2.5) J Ev(x, Z)Ek(x,w)e*‘xlz/zwk(x)dx = e BATWWIZE (7 W), z,we CN
RN

3. FOCK SPACES ASSOCIATED WITH COXETER GROUPS

For the reader’s convenience, let us recall the definition of a reproducing kernel. Let J7’
be a Hilbert space whose elements are complex-valued functions on a set S. A reproducing
kernel for J# is a complex-valued function K on S x S such that, denoting K., (z) = K(z, w),
K,y belongs to 7 for all w, and f(w) = ((f,K,,)) for all functions f in .7 and all win S.

For z,w € CN, define

Ky w(z) = Ki(z,w) := Ex(z,W).
As k will be fixed, we will write K for K.

Theorem 3.1. (i) The kernel K(z, w) is a positive definite kernel, i.e. forall zV, ... zY € CN and
K1y ... Xp € C

4
(3.1) Z (XiyjK(Z(i),Z(j)) > 0.

i,j=1
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(ii) The kernel K is continuous, and K.y, is holomorphic for all w € CN.
(iii) For all z,w € CN, K(z,w) = K(w, ).

Proof. (i) By the integral formula (2.5), we have
e . .
> gk (z,20)
i,j=1

¢ o
— ¢/ Z oq&,-e*z(”»zm)/ze*@( 20 >/2JRN Erlx, z D) Er(x, 200 e 2y, (x) dx
ij—1

z e -
- § i (1) (1) —, ) 5
= Ck] JRN { o‘iEk(X,Z(l))e <Z \Z >/2}{ z OCjEk(X,Z()) < 2z(3) /z}e x| /2 (X)dx

—1
=C
K JRN

(ii) The second statement follows from the fact that Ey has a holomorphic extension to CN x
(CN

(iii) For w € CN, the function Ky, satisfies TE(K)Kw(x) = (£, W)Kn(x), for & € RN and
Ky (0) = 1. Here the superscript x denotes that the operator acts with respect to the x-

¢
. O (i 2
Z ociEk(x,zm)e*<Z( = )>/2‘ e*‘xlz/zwk(x)dx >0.
i=1

variable. By the uniqueness of the solution of the Dunkl system of differential equations, it
follows that Ky, (x) = Ex(x, W), i.e. Kn(x) = Kw(x) for all x € RN. Since x — Ky (%) and
x — Kyy(x) are holomorphic on CNand agree on RN K(z,w) = K(z,W). On the other hand,

since the Dunkl kernel Ey is symmetric [12], then K(z, w) = K(Z,W) = Ex(Z,w) = Ex(w,Z) =
K(w, z). O

One may interpret the condition (3.1) as following: The kernel K : CNxCN — C s positive
definite if and only if for all { € Nand z{V,...,zlY € CN, the matrices (K(z!,z0)))
are positive elements of M({, C).

1<ij<t
The following theorem gives a concrete meaning of the abstract concept of a positive
definite kernel.

Theorem 3.2. There exists a Hilbert space F.(CN) of holomorphic functions, such that K is its

reproducing kernel.

Proof. Let Si(CN) be the set of all finite complex linear combinations
n
f= Z (XiKZ(i)) Ky € (C, Z(i) S (CN.

On Sy (CN), a Hermitian bilinear form can be defined by

0
(figd=)_ Y aifsKwl), zY),

i=1 j=1
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with g = ng B;iK,, i) - Therefore (f,f)x > O for all f € Si(CN). Moreover, (f,Ky)x =
f(w), and therefore

w12 < (F, D)l K = [FIIRK(w, w).

Hence, if ||f|[x = O then f = 0, and the form (-, -))x is positive definite. Let .#,(CN) be the
completion of S(CN) with respect to the norm ||f||2 = (£, f))x.

Let (fim) be a Cauchy sequence for this norm. Then
fp(z) = fa(2)l” < |Ifp — falK(z,2)  VzeCM

Therefore, the sequence is pointwise convergent. Moreover, since w — K(-,w) is continu-

ous, the equality
(f, Ky = f(w)

holds for all f € .%,(CN), and therefore K is the reproducing kernel of the Hilbert space of
functions .Z(CN).

The fact that .#,(CN) is contained in the set of holomorphic functions follows from the fol-
lowing: By Theorem 3.1(ii), K,, is holomorphic for all w € CN. Hence, in the construction
above, each f is holomorphic. Moreover, by Hartogs’s theorem, it follows that K is contin-
uous on CN x CN since K,y is holomorphic and therefore K is a holomorphic function of
(z,w) on CN x CN. Thus, if (fim) converges to f in the norm of Z(CN), then it converges

uniformly on compact subsets of CN by

|fm(z) - f(Z)‘ S ||fm_ fH V K(Z,Z).

From the above proposition, .7 (CN) is defined by
F(CN) = (K, | z e CN),

Here the bar means the completion with respect to the norm || - ||.. The Hilbert space .7 (CN)
is uniquely determined by its reproducing kernel K. Notice that, for k = 0, the space Fo(CN)

reduces to the classical Fock space of holomorphic functions f on CN such that
I1]]3:= ™ J 1f(z)2e 4P dz < oo,
CN

where ||z||2 = 3 I [z4/? (cf. [1]).

Lemma 3.3. For non-negative multiplicity function k

(l) <<f> g>>k = <<g» f»kaT all f) gc yk(CN%
(i) {go - f, 90 - O = (f, o) for all go € G and all f, g € F(CN).
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Proof. (i) Let f, g € Sk(CN) such that (f, gl = Zle Z]T‘:] ociBTK(w(j),z(i)). Using the fact
that K(z,w) = K(w, z), we get

£ n

(frohe=2_ Y BjoK(zb,wh) = (g, .

i=1 j=1

Now the statement holds by density.
(ii) The assertion follows from the fact that K(goz, gow) = K(z,w) by employing the same

argument used in (i). O
The following (standard) lemma will be useful later in several places.

Lemma 3.4. In a normed space X, a sequence (xn)n converges weakly to x € X if and only if:

(i) the sequence (||xn||)n is bounded, and

(ii) for every element f of a total subset M in the dual X* of X, we have (f(xn))n converges to
f(x).

Proof. We sketch the proof. Suppose (i) and (ii) hold. Consider any f € X* and show that
f(xn) converges to f(x), which means weak convergence. By (i) we have ||x| < c¢ for alln
and ||x|| < c, where c is sufficiently large. Since M is total in X*, for every f € X* there is
a sequence (fj); in (M) such that f; — f. Hence for any given € > 0 we can find a j such
that ||[f — f]| < 32. Moreover, since f; € (M), by (ii) there is a ng such that, for all n > ny,

If;(xn) — fj(x)| < 5. Using these two inequalities, we obtain for n > no
[fixn) —f(x) < [flxn) = f5(xn)| + [f(xn) — £5(x)] + [f5(x) — f(x)]
€
< M =Fllenll + 5+ 15 = Flllx]| <.

Therefore, the sequence (xn)n converges weakly to x. The converse direction of the lemma

is rather clear and will be omitted. O

Corollary 3.5. If the above hypotheses (i), (ii) hold, and if in addition limn_, || Xn| = ||X||, then

the sequence (xn)n converges strongly to x in X.

It is worthwhile to mention that if 7 is a Hilbert space, every f € JZ* has a Riesz repre-
sentation f(x) = ((x, h)) with h € JZ.

Proposition 3.6. For k > 0, the Hilbert space #y(CN) contains the C-algebra 2?(CN) of polyno-
mial functions on CN as a dense subspace.

Proof. Recall that Ey(z,W) € #,(CN), since it is its reproducing kernel. In particular 1 =
E(z,0) € Z(CN), and therefore the constants belong to Z(CN). Let us now prove that for
allm e ZT and z € CN, z™ ¢ . (CN).
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Notice that for x, &£ € RNand z € CN

—~

«, &

C

<

(£, 2)Ex(z,x) = 0eEilz,X) + ) ka

xERT

(Ex(z,%) — Ex(z, Tax)).

We may assume || = 1. Since the function

Ex(z,x + t&) — Ex(z,x) (o, &)
t + Z k“(oc,x)

is given in terms of the Dunkl kernels, it belongs to .F(CN). Clearly limoW(t,z,x) =
(&,2)Ex(z,x). On the other hand

z—P(t,z,x) =

(Ek(l, X) - Ek(zv T(XX) )
xeRT

[(t,z,%) —(t',z,%) |2

|| Elz, X+ t8) — Ex(z, %) ||? n Ex(z,x + t'E) — Exlz,x) ||?
- t 5 t/ x
—ZRel << Ek(Z, X + t‘i) - Ek(Z) X) ‘ Ek(Z) X+ t/((-v) - Ek(Z) X) >>
t ! 5
- [Ek(x) x) + Ex(x + t&, x + t&) — 2Ex(x, x + t&)} n [Ek(x) x) + Ex(x +t'E, x +t'E)
- tZ t/Z
_zEk(X) X+ tla):| ) |:Ek(X, X) + Ek(X + ta, X + tla) - Ek(XvX + tE») - Ek(X + tla)
t/Z tt/ :

By the Taylor series (2.3) of Ex(x,y), the asymptotic expansions of the above three terms
between the brackets are

(E,x)%Ex(x,%) + O(t), (&, %)%Ex(x,x) + O(t), (& x)%Ex(x,x) + O(tt') ast,t' — 0,

respectively. Therefore

lim [[W(t,z,x) —p(t’, z,x)[[x = 0.
t,t’]0

Hence 1 (t, z, x) converges in norm and in pointwise topology to (&, z)Ex(z, x), with (o, x) #
0 for all @ € R. In particular, (§,z)Ey(z, x) belongs to F(CN).

Fix zg € CN such that («, zo) # 0 for all € R, and write f,,(z) = (z, &)Ex(z, 2). Next we
will prove that f;(z) converges to (z, &) in Z1(CN) as 1 — oo. From the above discussion,
it follows that {fn}n € Zx(CN). Further {fn(z)}n is convergent for all z € CN. We claim that
[fnl[x < M for some constant M and for all n. Therefore, by Lemma 3.4, we can deduce that

fn(z) converges weakly to (z, &) € F(CN). To prove the claim, notice that

= S (Bl 20/m) = Bl Tazo/m))

Ifnlle < [1ReE( zo/m)ll+ 11 Y kam

aERT

IN

5 1/2
10£Ex(+, zo/n) [l + (2 > kiM(Ek(Zo/n,Zo/n) —Ek(lo/n,Tcho/Tl))> :

xERT %, zo/M)
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Using the fact that

0oEx(x, x —y(a, x)ox)dy,

Ex(x,x) — Ex(x,Tax) !
(o, ) J 0

and [29] for a suitable growth estimate for d4Ey, we can deduce that ||fn|[i < M.

For higher powers of z, one can reproduce the same argument.

To prove the density of 2(CN), we need to introduce some notations. Let Zg(RN) be the
space of real-coefficients polynomials on RN and, for p,q € Z(RN), set [p, qlx = p(T)q(0).
Here p(T) is the operator derived from p(x) by replacing x; by Ti(k). Let {¢pm|/m € ZE} be an
orthonormal basis for Zg(RN) with respect to [, -|i. By [31], the reproducing kernel K can

be written as

K(Z)W) = Z (Pm(z)(Pm(W)) Z)W € CN)

mezZl
where we extend @, to be in 2 (CN). By Proposition 3.8 below, the inner product (-, -))x on
Pr(CN) coincides with the brackets [+, -. Namely, {¢m/m € ZT} now forms an orthonormal
system in 2(CN) C .#(CN) with respect to (-, -)x. Thus, for fixed w € CN, the sum

Z Om(-)om(W)

mezZN

is convergent in .7 (CN), since Zmez';’ lem(W)? = K(w,w) < oo. Its limit will be K,(-),

since ||-||x-convergence implies pointwise convergence. Hence, K,, € Z(CN) and F(CN) =

Z(CN).

O

Note that the argument used in the proof above establishes also that {¢m|/m € Z]}r‘} forms
an orthonormal basis for .Z(CN).
For & € CN, denote by M the operator defined for f € .7 (CN) by M¢(f)(z) = (z, £)f(z).
Further, we set
D(Mg) = {f € Z(CN) | Mg(f) € Z(CV)

D(Te(K)) = { € Fu(CN) | Te(K)() € AlCN)].

Theorem 3.7. The operators Mg and Tg (k) are closed, densely defined operators on . (CN) such
that Tg (k) is the adjoint operator of Mg, and D(Tg(k)) = D(Mg).

Proof. Clearly the operators T (k) and M; are densely defined (the set of polynomials is
contained in each of their domains). Let (fn, Tz(k)fn) be a sequence in the graph of Tg(k),
and assume that (f,,, T¢ (k)fn) — (f,g) € Zx(CN) x Z(CN). Now limy, o ||fn|/x = ||f||x and
limn_ o0 || Te(K)frllk = ||9]|k. Since strong convergence implies pointwise convergence, there-
fore, for all z € CN, f(z) = limp_,00 fn(z) and g(z) = limp 0, Te(k)fn(z). Notice that {f,(z)}
converges locally uniformly to f(z), and therefore g(z) = limn o Te(k)frn(z) = Tg(k)f(2).
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Using Corollary 3.5, we can deduce that T; (k) is closed. The same argument can be used for
the operator M;.

Recall that S (CN) = (K, | z € CN) is dense in .7 (CN) = Sk(CN). By the definition and
properties of K, it follows that

(Te(KKz, Kw)x = Te(K)K(w,z) = (z,§)K(w,z)
= <Zv £>K(Z’W) = <<MEKWv KZ>>k = <<KZ> MEKW»k'

Therefore, (Te(k)f, g)x = (f, Mgg)x for all f,g € Si(CN). Denote by T; (k) and M7 the
adjoint operators of Tg(k) and Mg, respectively. Hence, (f, Tf(k)g) = (f,Mgg) for f,g €
Sk(CMN). Since Si(CN) is total in .Z,(CN), then one can extend the equality for f € F(CN).
We can use the same argument for g € Si(CN) with (T (k)f, g) = (Mif, g). Hence (T{* (k)f, g) =
(Mif, g) for f,g € Z1(CN), whenever the both sides make sense. As T¢ (k) is closed, it fol-
lows that Tg (k) = Tz*(k) = M3.

For the last assertion, let f € .Z(CN). Using the fact that

(1 =1 {(M, 2)f(2)} = (M, 2) (f(z) — f(raz)) + ((M,2) — M, Taz)) f(Ta2),
and

<T]>Z> - <T],TOCZ> = <(X) Z><(X,T]>)

(recall our normalization |«|? = 2), we obtain

Te(k) {(n, 2)f(z)}

= Mof(z) +(m, {aaf —f(Tch))}
oeRT
+ Z koo, £ (o, n)f(Toz)
xeR*
(3.2) = O+ M )T + Y Kalo, E)(an)f(raz).

xEeRT

Thus, for instance if p € 22(CN) (or in the respective domains), and & € CN with [&] =1, we

have

(3.3) IMepllE = lIpll + Tl + D kalo, £)2(Ta- P Pk

xERT

Now, let f € D(Tg(k)), i.e. f € F(CN) such that Te(k)f € Z(CN). Since 22(CN)(c
D(Te(k))) is dense in ., (CN), and the graph of T¢ (k) is closed, assume (pr, Te(k)pn)n, with
(Pn)n € 2(CN), converges to (f, Tg(k)f) as n — oo [27, Proposition VIIL1.1]. By (3.3) it fol-
lows that (M gpn)n is a Cauchy sequence. Therefore (Mgpn)n converges in Z(CN), and, by
the closedness of M;, to M;f. The same argument can be employed to prove the converse
direction. Hence D(Tg(k)) = D(Mg). O
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Due to the commutativity of the Dunkl operators Tg(k), the linear map & — Tz (k) can be
extended in a unique way to an algebra homomorphism from the symmetric algebra S(CV)
to End(CN). The image of p € S(CN) will be denoted by p(T), where p(T) is the operator
formed by replacing z; by Ti(k) for T <i < N.

Proposition 3.8. For p,q € 2 (CN), the inner product {(-,-)x satisfies

{(p, a) =p(T)q(z) s

where q is the polynomial defined by q(z) = q(Zz).

Proof. Recall that, for & € CN, the two operators Mg and Tg (k) are densely defined, and the
set of polynomials is contained in their domains. For p, q € P(CN), set

K p,q>>=p(T)a(z)|—0.
By the commutativity of the Dunkl operators, clearly
K Mgp, @ =< p, Teg(k)g > .

Denote by &2(™(CN) the set of polynomials of total degree less than or equal to n. First,

notice that
(1, e = (Ko, Kohre = K(0,0) = T =< 1,1 > .
Therefore the statement holds for constant polynomials. Moreover

(1, (2, &) e = (Te(k)T, i =0,

where, on the other hand, we have

K 1,(z,&) 3= (2,&),, = 0.

It is now easy to check that the statement holds if p or q is constant. To prove the statement
in general, we will use the induction on max(total deg(p), total deg(q)) forp,q € & m(cN).
Assume the statement holds for n — 1 in place of n. For p € 2= (CN)and q € Z2M(CN),

we have
(Mep, )i = (p, Te(K)a) k.

Since Tg (k) is homogeneous of degree —1 on #2(CN), it follows, by the inductive hypothesis,
that

(p, Te(M)ah = p, Te(k)q >>r=<& Mgp, q >>,

which leads to
<<M5,p> q»k =K MEP» q>x.

This finishes the proof. O
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Below, we collect some fundamental properties of the inner product (-, -))x on Z(CN).

Forn € Z™, let 2,, be the space of homogeneous polynomials in #(CN) of degree n.

Lemma 3.9. For non-negative multiplicity functions k
(i) (Pn, ) =0if n # m;and
(i) (Viep, @) = (p, a)o for p,q € Z2(CN).

Proof. (i) The assertion follows from Proposition 3.8.
(ii) By statement (i), it is enough to consider p, g € &,. Using the fact that Tg(k)o Vi = Vy00;,
and the fact that Vk‘ P id, we obtain

0

Vip, a)x = (a4, Vir)). = alTe)(Vip)(0)
= Vil(q(0:)(P)(0)) = a(3)(P)(0) = ((a, )y = (P, Ao

g

We conclude this section by studying the possibility of seeing the norm in the subspace
F(CN)G of G-invariant functions in .Z(CN), as an .Z?-norm.

Let .Z(CN)C be the Hilbert space of G-invariant functions in .#(CN), and fix an or-
thonormal basis {&7, ..., En)} of CN. The G-equivariance of the Dunkl operators implies that
A=Y N, Te, (k)2 is G-equivariant, ie. goAog ™ = Ay.Set M2 := Y IV | M , and define the
weight function Wy (z) = wi(z)Wi(z). Let pi(x,u), for x,y € RN bea positive real function

which assumed to define the inner product in .7 (CN)© by

(foh= | | feaEonlxypondz)dz,  fg€ FUCYE,

such that
(3.4) (Okf, g = (f,M?gh,  f,g € F(CN)E.

Here dz is the 2N-dimensional volume element | [ dx; [ ] dy;. Notice that condition (3.4)
holds for all elements in .7 (CN), whenever both sides of the equation make sense. The func-
tion py should also satisfy an exponential decay at infinity (recall that 22(CN)¢ c .7 (CN)©).

A short calculation shows that
|, @] glzmziz = - | fa[Tkigt]wuzes
CN CN

for all suitably decaying functions f and g. Therefore

L:N [Akf(l)] g(z)Wi(z)dz = J(CN f(z) [Akg(z)}wk(z)dz‘

Thus (3.4) becomes a condition on py, namely

(35) |, o8 faoz | teidz = | flz)zRamioulzimnz)dz,
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with 22 = ¥ N, 22 for z € CN. Since g is a G-invariant holomorphic function, then we may

rewrite (3.5) as

|, I Aoz wx(z)dz = | fealRodamnzdz, g € AUC™®,

Therefore, the function py satisfies

(3.6) p(T(K)pk(z) = p(=2)pk(z),  Vp € S(CME.

Unfortunately, the natural solution of the differential system (3.6) which is Ey(z, —Z), or even
the Bessel function Jg(z,—z) = _ e
the rank one case shows by looking at the asymptotic growth of Ey(z, —2z) = eIzl 1F1(k; 2k+

Ex(gz,—z), cannot be a candidate for the function py as

1;2||z||?) as ||z|| — oo (here ||z||? = zZ). In [5] Cholewinski studied the case of even functions
in %#(C), where he used py(z) = ||z||]_2kj£/k_1/2(||z||2), with z € C and %, is the Bessel
function of the third kind. See Example 4.14 below, for a complete investigation on the
measure associated with .7y (C) by using Cholewinski’s result.

We conjecture that there exists a Bessel function K(k, -, -) on CN x CN, with exponential

decay at infinity, such that
(3.7) P(TE(k))Ki(z, W) = p(—w)Ki(z, W), vp € S(CM)C.

Here the superscript z denotes that the operators act with respect to the z-variable. The defi-
nition and properties of K(k, -, -) extend naturally those of its classical counterpart K(k, z, w) =
(zw) V2% 8.4 s2(zw) for z,w € C. In the general setting, K(k,-,-) deserves the name of
Bessel function of type three. A closer investigation of such generalized Bessel functions of

type three will appear in a forthcoming paper.

4. THE SEGAL-BARGMANN TRANSFORM ASSOCIATED WITH COXETER GROUPS

In this section we give a generalized Segal-Bargmann transform between .Z(RN, wy)
and the Fock space .#;(CN) via a restriction principle, i.e. polarization of suitable restric-
tion map. This idea of restriction was first applied to the Weyl transform in [22], and later
to the Segal-Bargmann transform associated with weighted Bergman spaces on bounded
symmetric domains (cf. [23, 7, 34]).

Fort > O0and z,w € CN, set

1
(2¢)Y+N/2¢y,

2w,
V2t V2t
The kernel I (t, z, w) was introduced in [29] as a generalized heat kernel. Recall that 2|2 =

SN z22forzeCN.

i=1“1

Ne(t, z,w) = —(\Z\2+IW\2)/4tEk(

Let Z2(RN wy) be the space of & 2_functions on RN with respect to the weight function

wy. The notation || - || will be set for the norm in Z2(RN, wy).
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Let Z#) be the restriction map Zx : F(CN) = 22(RN, wy), given by
Zf(x) = e_lx‘z/zf(x), x € RN,

The map Z\ is a closed, densely defined operator from F1(CN) into Z2(RN wy) with dense
image (see for instance [29, Theorem 3.2]). We should notice here that our normalization of
ZL2RN wy) is slightly different from the one in [29].

Now consider the adjoint Z;; : . 2(RN, wy) — Z(CN) asa densely defined operator.

Proposition 4.1. For f € Z?(RN,wy), the integral

AT = | AR5 x i) dx

converges absolutely for a.e. y € RN. The function %\ %;f thus defined is in £*(RN,wy) and
|2y < cx.

Proof. Since K is the reproducing kernel of .7 (CN), then for f € . 2(RN, wy) and z € CN

I f(z) = (Zif, Kok
= (f,%K.) &2
= | TRz X wlx)dx
]RN
J x)Ex(z,x)e ‘Xlz/zwk(x)dx.
RN

Therefore, fory € RN

I Y) = e MNPz ()

— J . f(x)e*(lx‘zﬂy'z)/zEk(x,y)wk(x)dx
R

= o] NG xuwdxd,

By Holder’s inequality we have

| troorGuruimax < ([ rGaumdxia] ]G cnifotwda
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for a.e. y € RN. Above we used the fact that I (t,x,y) > 0 and IRN Ne(t, %, y)wi(x)dx =1
for all t > 0 (cf. [30]). Hence, by Tonelli’s theorem

- 1 2
| < k| UR [FOAT (5%, y)wi(x)dx | wily)dy

IN

[ 1
| | P I Pwixwidy) dxdy

= 2| F)Pwilx)dx

JRN
201112
cil[fl~

Since f € Z%(RN, wy), 2\Z:f is well defined a.e., and || ZZ;:f|| < ci/f||. O
k k

Using the integral formula (2.5), the following observation holds. For the case of flat
symmetric space of type Cn or Dy (N > 3) and slightly different transformation, this obser-

vation was made in [34].

Theorem 4.2. For x € RN and z € CN, the transform %%;. has Ex(x,z) as an eigenfunction.
More precisely

IR Ex(x,2) = cke‘zlz/zEk(x, z).

By Proposition 4.1, the operator %1%, is well defined and by definition is positive. We
can therefore define \/m Thus there exists an isometry %y so that #Z; = %km.
Since Z\ = /%y By, and Image(Zy) is dense, it follows that % is a unitary isomorphism.
In considering %y f(a + ib), one may interpret a as a position variable and b as a frequency
variable. In the context of quantum mechanics, the frequency variable has the interpretation

of momentum.
Theorem 4.3. The unitary isomorphism By : (RN, wy) — F(CN) is given by

Bif(z) = 2VN2e V212272 | (3B (V2x, V22)e P i (x) dx.
Kk .

The transformation %y is called the generalized Segal-Bargmann transform associated with G.

Proof. Letf € Z%(RN,wy). Since

1
L) =i | TN i,
RN

it follows, using again [30] and mainely the positivity of the heat kernel as an operator, that

) = AR ) = Vx| TN x v wild
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Using the integral representation of %y, given in the proof of Proposition 4.1, we obtain

Hif(z) = JRN £(x)Ex(x, z)e 2wy (x) dx

[ 1
= Ckelz‘z/2 f(x)Tk(=,x, z)wi(x)dx
JRN 2

1

[ 1
= a2 0 || Rz i)y wiax

4

[ 1 1
= a2 [ ] fond x| TG 2y

1
= Ve | N 2wy dy

2
= Sl|%f)(2).

To obtain the above third equality, we used the fact that

1 1 22y+N 7|X‘27‘Z|2 72| |2
| Rz wmdydy = S e MR | B 2u)Edz 2ule P )y
RN Cyx RN

_ C?ef(\XIZHZ\ZJ/ZEk(X,Z)

= rk(i)x)z)~

Remark 4.4. For the special case k = 0

Bof(z) = (Z/n)N/“J e W02 122 /24 () dx.
RN

This compares well with the classical Segal-Bargmann transform (cf. [16, pp. 40]).

For p,q € 2(RN), set [p, qlx = p(T)q(0). Here p(T) is the operator derived from p(x) by
replacing x; by Ti(k). Due to Dunkl [11], the pairing [-, -] is in fact a scalar product on the
R-vector space g (RN) of real valued polynomials on RN,

Recall that {@n | m € ZE} forms an orthonormal basis for Zg(RN) with respect to [+, -]y,
such that @y € P . Here Im| = my + - - - + mp. For instance, if k = 0, the natural choice of
the basis {@m) iS @m(x) = x™/v/m!.

In [30], Rosler defined generalized Hermite polynomials { Hn | m € ZL\L’} and Hermite

functions { hy, | m € ZT}, associated with the basis {¢m}, by
Hm(x) = eiAk/z(Pm(X)a hm(x) = ei‘x‘z/éle(X)» x € RN

Form € ZE, set Wy, = 2N/ zc; 1/ zdz o hm, where d; denotes the dilation operator on
functions by 2, i.e. dxf(x) = f(2x).
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Proposition 4.5. Forz € CN
Br(¥Ym)(z) = om(z).

Since the set {@mlm € ZN} forms an orthonormal basis for #,(CN) (see Section 3), it follows from
Theorem 4.3 that the set {Ymim € ZE} forms an orthonormal basis for (RN, wy).

Proof. It is a well known fact that Ex(Az,w) = Ex(z,Aw) for all A € C. Using the fact that
hm(x) = e~ X /4e—=Ak/ 2m(x), and the integral formula (2.4), we obtain

1

Bdm(z) = Va2 WXy,
RN

= ck1/22V+N/zezz/2J N ‘Pm(x)e*‘x‘zEk(\ﬁx,\fZZ)wk(x)dx
R

X, z)wi(x)dx

_ g2vN e—ZZ/ZJ R (2%)Ex(vV2x, V22)e My (x) dx
RN

= 0[1 e 12 /2 J hm(x) e P /Er(x, Z)wi(x)dx
RN

= ¢ ez'z/zj e /2@ (x)Er(x, z)e X 2wy (x)dx
RN
= ¢m(z).
Since the Segal-Bargmann transform %y is a unitary isomorphism from L2RN wy) to
F(CN), therefore the proposition holds. O
Remark 4.6.
(i) From the above proposition, it follows that

_ —1/2 _xP? _
@k1 :zy—H\I/ZCk / e X dryoe Ac/2.

(ii) Recall that the integral kernel %y is a unitary isomorphism from . 2(RN, wy) to
Z(CN) with kernel ZW’JFN/Zc;Vze_M2 /2e=IXPE, (v/22,v/2x). As an immediate conse-
quence of the above proposition, together with the unitarity of %, the following

generating relation holds

2Y+N/2C]:]/ze—ll\z/le—lx\zEk(\fzz, \fZX Z Om 2Y+N/2 —1/2 M (2X),
mezZN

i.e.

4.1) e 2 2B (2, %) Z Om(z

meZN

This relation was also proved earlier in [30] by using a different approach.



22 SALEM BEN SAID AND BENT @RSTED

The Dunkl transform, which shares many properties with the classical Fourier transform,
was introduced in [12] and further studied in [21]. For our convenience, we will write the
Dunkl transform as

Df(E) = ck1zYN/2J f(x/2)Ex(—iE, x)wi(x)dx, &€ RN
RN
Theorem 4.7. The following diagram commutes

LURN, wy) 2 i (CN)

@kl l(—i)*

LHRN wy) —Zs i (CN)

where (—1)*f(z) := f(—iz) for f € F(CN).

Proof. For abbreviation write ¢ = CEIZ_V_N/Z and ¢ = 0;1/227/”\1/2. For f € Z%(RN, wy), we
have

B Df(z) = ée—'zz/zj Pif(£)e 1 i (V2z, V2E)Wi(£)dE,

RN

— éée""‘z/ZJ U f(x/Z)Ek(iE,x)wk(x)dx] e TP EL (V22 V2E) Wi (£)dE
RN RN

— 66e|22/2J U Ex(—1&, x)Ex(V2z, ﬁé)e‘ilzwk(é)da} f(x/2)wi(x)dx
]RN RN

= ééckelzz/ZZVN/ZJ f(x/z)Ek(—ix,\/iz)e""‘z/“elz‘zwk(x)dx
RN V2

= &8c, 2vN/2e I/ ZJ f (W) Ex(V2y, V2(—iz))e W+, (y)dy
R

= i 2YN2R, f(—iz) = B f(—iz).
]

Remark 4.8. The above theorem gives a simple alternative proof for the unitarity of the trans-

form %y, which was proved earlier by Dunkl [12] using a different approach. See also [21].
For f € .Z%(RN,wy), define the Fourier transform of f by
FUE) = | TOE(E xwilx)dx.
R

The integral transform Fy is also know as the inverse of the Dunkl transform, up to a con-
stant. The following theorem is similar to the main result in [34, Section 9], where the state-
ment was proved! only in a special setting associated with the flat symmetric spaces of type
CN and DN (N > 3)

n [34, Proposition 9.4] the centered formula should not contains the term (—1)~ I and therefore the expan-

—In|

sion in [34, Corollary 9.5 bis] does not contain (—1)
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Theorem 4.9. For x,y € RN

2 2 . —-1/2 —
e XIT/eME/ZE, (x,iy) = ¢ / Z Om(Y)F( B, Om)(x).
mezZl

Proof. On one hand, by the generating relation (4.1), we know that

e 122 /2E (. 2) = Y omlz

mezZl
Hence
e MV P ty) = 3 ™ m(y)ha(x)
mezl
_ 9—y-N/2.1/2 : m| X
(42) 2N Y iMem(y)Wm(5).
mezl
On the other hand, we claim that
X - _
\ym(i) =1 ‘m‘2y+N/ZCk1Fk(Wm)(X)-
Therefore, we may rewrite (4.2) as
e MM LE ) = 6 Y om(y)Fr(Wm) ()
mezZl
71 2
= / Z Pm(y k (Pm)(X).
meZN

To prove the claim, recall that %y o % o B, T — (—1)* (see Theorem 4.7). Therefore

X X
T¥n)(=3) = B om)(—3)
. _ X ) X
= "B (om)(5) = 1™ Wm(5).
Further, one can check that 7y (f)(—3) = 27N/ zc?Fk(f) (x). Thus, the claim holds. O

Recall that M denotes the operator Mg (f)(z) = (z, £)f(z), for & € CN. Define the lowering
and the raising operators on (RN, wy) by

Af = My +Ta(K),  Af = = (My — Te(K).

£ V2 V2

These two operators were introduced by Rosler [31] in connection with Rodrigues-type for-

mulas for the eigenfunctions of the Calogero-Moser systems. Next we will see that these

two operators are also the lowering and raising operators on .#,(CN) but in a more natural
way.

Below, we will exhibit the relationship between operators on .#’ 2(RN wy) and on . % (CN).

For an operator O on . 2(RN, wy), we define the operator O on .Z(CN) by

O=%Bro0o0%B .
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Further, as usual, [A, B] = AB — BA for A, B € End(2(CN)).

Theorem 4.10. The following properties hold:

(i) Te(k) = Te(k) — Mg for £ € CN,

(ii) [Te(k), Ty(k)] = 0 for &,m € CN;

(iil) Mag = Te(k) + Mg for & € CN,

(iv) [Mys, Mzn] =0for £,m € CN,

(v) [Te(k), Mol = 2(E,m) + 23 e Kalex, £) ()70

(vi) /V\g = V2T¢(k), and A‘g = v2Ms.
Notice that, as the Dunkl operators are homogeneous of degree —1 on polynomials, and since Mg,
are the multiplication operators, Ag and A'{ are obviously the lowering and raising operators on
2(CN).

Proof. (i) Write € = c;]/ 2v+N/2, Using (2.1), we obtain

TE(K)Bif(z) = TEHK) {&_'ZZ/ZJ f(x)e X 2E, (2x, z)wi (%) dx
R

= —&{z, é)eilz‘2 /2 J f(x)eilX\2 2B (2%, 2)wi(x)dx
RN

+25€ZZ/ZJ . f(x) (x, £)e 2 (2%, Z)wi(x) dx
R

= —(z, £>93k(f)(z)—|—25ezz/2j f(x)(x, £>e*‘X|Z/ZEk(2x,z)wk(x)dx.
RN

Further, using again (2.1), we prove that
B(Te(K))(2) = —2(z,&)Br(f)(z) + ZEeZZ/ZJ £(x)(x, £)e /2B (2x, Z)wi(x) dx.
RN
Hence
TE(k) P (f)(2) = P Te(K)f)(2) + (z, &) Bx(f)(2),

and statement (i) holds.

(ii) Since the Dunkl operators commute, one can derive directly the statement from the
definition of T¢ (k) = By o Te(k) 0 B, .

(iii) From the proof of (i), it follows that

TZ(K) Bicf(2) = —(z, &) Bu(f)(2) + Zée"ZZ/ZJ f(x)(x, &)X/ 2E (2%, 2)wie(x) dx,
RN
and therefore
Pi(2(E, )1)(2) = TE(K) Bk (2) + (2, E) P (1) (2).
(iv) The statement follows by employing the same argument used in (ii)

(v) Using again the commutativity of Tz(k), we obtain

[Te(k), Mag] = Te(k) o (n, ) — (n, ) Te (k) + Ty(k) 0 (&, ) — (&, ) T (k).
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Now the statement follows from the following (see (3.2))

Te(k) {(n, 2)f(2)} = (, £)F(2) + (M, ) Te(K)F(2) + ) kale, ) (o, n)f(ro2),
xR
by symmetry in £ and 1.

(vi) Follows from the assertions (i) and (iii). 0

The quantum Calogero-Moser (CM) rational model describes quantum mechanical sys-
tems of N particles in one dimension identified by their coordinates and interacting pairwise
through potentials of type 1/AZ.

The generalized CM operator related to a Coxeter group G and a multiplicity function k
was introduced by Olshanetsky and Perelomov [24]. The gauge equivalent version of the

Hamiltonian of such a system with harmonic confinement has the form

- _ o k
A= w P Bt 0 kPP = —A+2 Y 0+ ik, w >0,
(o, %)
xERT
where
- 1
xeRT

If R is of type An_1, the study of % goes back to Calogero [4]. In the original formulation
of the CM model, the interaction among the particles was simply pairwise. It was realized
later that the complete integrability of the model was tied to the root lattice of the Lie algebra
of type An_1. For an arbitrary root system on RN, partial results on the integrability of the
generalized CM system are due to Olshanetsky and Perelomov [24]. See also [25]. A new
approach in the understanding of the algebraic structure and the quantum integrability of
CM models was later discovered by Heckman using the Dunkl operators [18]. We recall
briefly this approach. Let

1
LHB=A—-2 Z Wk(x(kcx_ Ta).
x€RT !

Its gauge equivalent version is given by w, Y Z.kal/ 2 = A (cf. [29]). Let 2(RN)€ be the set
of G-invariant polynomials on RN, For p € #(RN)€ we denote by Res(p(T)) the restriction
of the Dunkl operator p(T) to 2 (RN)€. By [18, Theorem 1.7], the set S = {Res(p(T)) | p €
P (RN)C} is a commuting family of differential operators on #(R™)€ containing the op-

1/2
Kk

erator Res(Ay) = w, 2 Zw)’? and S has N algebraically independent generators. This

implies the integrability of the CM operators /.

Consider the following gauge equivalent version

1
S = i (=B + A Pw? =

7 (—A+41x]?)

I
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of the CM Hamiltonian with harmonic confinement and reflection terms. We choose the
constants 1/4 and 4 in the definition above to simplify formulas. The operator .7 is densely
defined in .Z%(R™, wy). For instance, d, o hy, (here d, denotes the delation operator) is an

eigenfunction for 74, for the eigenvalue [m| +y 4+ N/2 (cf. [30]).

Theorem 4.11. Let {&1,.. ., EN] be any orthonormal basis of CN. On %, (CN), the corresponding
operator to the Hamiltonian 7 is given by

N
M= (v +N/2) + ) &0,
i=1

Proof. By Theorem 4.10 we have

v

Te(k)? = Te(k)? + (&, )2 — (&, ) Te(k) — Te(K) o (&, ),
and
M3e = Te(K)? + (&, )2 + (&, ) Te(k) + Te(k) o (£, ).
Therefore
—Te(k)2+ M3y = 2(&,-)Te(k) +2Te(k) o (&, ).
On the other hand, for & € CN such that || = 1, we have
Te (k) ((&, 2)f(2))

= %)+ Y K

o a; ((&,2)F(2) — (£, Tz} f(roz))

xeR*
<OC, E’> <Z) E’> <OC, E,) <T(XZ) E»>
= f(2)+(52)0:f(2) + ) kawf(z) - > kawf(r“z).
xERT xERT
Hence
T0%(2) + MEef(2) = 20(2) + 4z, £)0ef(2) +4 Y ko B2 E gy
. 2 oTE = )
<(X> (t"> <T(XZ) E’> <(X) (Z—v> <Z) (Z—v>
-2 Z k“WﬂT“l) —2 Z kawf(r“Z).
xeRT xERT
Using the following Parseval identity
N
Z<£i>z><£i>w> = <Z‘W>)
i=1
and the fact that (r4z, ) = —(z, &), we obtain

N N
3 T (0)%(z) + M3, flz) =4 {Z@, £)0s,f(z) + (v + N/Z)f(z)} .
i=1

i=1
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Remark 4.12.
(i) An operator O is called essentially self-adjoint, if it is symmetric and its closure
is self-adjoint. Let O be a symmetric operator on a Hilbert space .7# with domain
D(0), and let {fy}n be a complete orthonormal set in 7. If each f,, € D(O) and
there exists A, € R such that Of,, = Anfy, for every n, then O is essentially self-
adjoint and the spectrum of its closure O, which is a self-adjoint operator, is given by
Spec(0) = {An | n € ZT}. We refer to [6, Chapter 1] for more details on this matter.
Now, using Theorem 3.7, one can see that .77 is densely defined and symmetric in
F(CN) while the set {om |m € ZE} forms an orthonormal basis for % (CN) with
Hoeom = (Y + N/2 + |m|) @m. Therefore, from the above discussion, the operator S

is essentially self-adjoint and

Spec() = { t+y+N/2[teZt }.
Clearly, the study of the Hamiltonian .7 in the Fock model is rather easy.
(ii) Since H4@m(x) = (y + N/2 + |m|)@m(x), then

(—1)*Pm(x) = (—1)™ @ (x) = e 12— (y+N/2))

@m(x).
Using the fact that (—1)* = Bx o Yk o 93];] and S, = By o }‘(—Ak +4[x|?)| o %’{1,

one may write the Dunkl transform % as

Dy = el (VHN/2) 15 (A +H4Ix2).

Remark 4.13.
The generalized Fock space theory presented in this paper occurs also for product
Fock spaces. Fix a Coxeter group G on R™ with root system R. Let { be a positive in-
teger and let k = (kq,...,k¢) be a collection of { non-negative multiplicity functions.
ForzW,...,z0 e CN, letz = (zV,...,z20) e CN*¢, For z, w € CN*t we define

Kz, w) := Ky, (1, w) - Ky, (20, W),

where Ky, (z, wl)) = Ey, (2, wl)). Let S (CN*Y) be the set of all finite complex

linear combinations

n
f= Z (xiKK(‘);(i))) o € C, ;[1) e CNx¢,
i=1
The completion of SK((CNX@) with respect to the norm

n
1% = (f, =D _ louilKae(2, 2Y)

i=1
coincides with the Hilbert space .7y (CN*!) of holomorphic functions on CN*¢ with
reproducing kernel Ky(z,w). Here ﬁK(CNX"') will be the Fock space related to the
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root system R’ and to the reflection group G'. Moreover, on Z2(CN*!) the inner
product (-, -))x is given by
(v ahe=p(T0a),... . Tlkelalz) ,  pae 2(CNY,
where T(ki) = (Ti(ki),..., Tn(ki)), and p(T(kq),...,T(ke)) is the operator derived

from p(z) by replacing z; ; by Ti(k;).
For x = (xV,... x¥) e RNxt put wi(x) = wy, (x“))~--wk@(x(z)), and let

ZL2(RN* wy) be the space of .#-functions on RN*¢ with respect to the measure
wi(x)dx. In particular, if m = m, ... mY) e ZT” with m@ e ZE, then the set
{(Wm|me ZTX‘Z}, where

¢
Yn(x) = HZYHLN/ZC,;]/thm (2x D)
i=1
forms an orthonormal basis for XZ(RN”,WK). Finally, for f € XZ(RNX‘Z,WKJ and
z € CN¥C et
Brf(z) = c(k, t)e = )J f(x)Ex(V2x, v2z)e T vy (x) dx,

RN x¢ -

where ¢(k, £) = 2Zi-1 %“\“3/2(]_[17] ‘;1/ 2), A' stands for the transpose of a matrix
A, and tr(A) denotes its trace. The integral transform % is the Segal-Bargmann
transform associated with the Coxeter group G*.

With these definitions and basic results, one can derive the results detailed in this

paper for the Fock space .%, (CN*Y).

Example 4.14. Assume that R is a rank one root system of type Aj, i.e. R = {+v/2«}. The

Coxeter group G reduces to {+1} ~ Z/27Z, and acts on C by multiplication. For all complex

numbers ¢ we adopt the identification «(c) = c. The Dunkl operator associated with a

multiplicity parameter k € C is given by

T(k)f(x) =f"(x) + g(f(x) —f(—x)), x € R.

The Dunkl-kernel Ey is given by

Er(z,w) = Nk + %) (sz) 1 {ka%(zw) + T (zw)}

where I, (z) = e "™/2], (iz), Jv(z) being the Bessel function of the first kind

00 ( 1({( )ZE—I—V

In this example

1
Ck = Zk_%l“(k + E)’ and  wi(x) = [x|%, k > 0.
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We refer to [28] for a thorough study of the space .Z 2(R, |x|%9).

In this example, we will see that the norm | - || can be written explicitly as an -#?-norm.
Our idea uses a result by EM. Cholewinski [5], where the author considers only the Fock
space .7¢(C) of even entire functions on C. In [5], the author has also investigated the Segal-
Bargmann transform on .%¢(C) from another point of view.

Let .7#£(C) be the set of even entire functions with inner product

(F, O = J@ f(2)9(Z)dni(2),

where

HZHZkJrl

T 21277 (k +1/2)

dug(z) S 2(||z]|%) dz, (|lz][* = 22)

with . .
Hol2) :72; w(z‘)f v(2)
s Tv

is the Bessel function of the third kind. In [5], the author proves that

~\ 7k
K¢(z,w) :=T(k + %) <z;v> ka%(zv"v)

is the reproducing kernel of .#¢(C).
Now, using a similar idea, we consider .#2(C) to be the set of odd entire functions with

inner product

(F, o = L f(2)9(2)dnl(2),

where

||Z||2k+1

T 21277 (k +1/2)

dug(z) Hie2([12])?) dz.

Therefore, we can show that

o\ Kk
1. [zw)?2
K°(z,w) :=T(k + E) <2> Ik+l(zv'v)
is the reproducing kernel of .%2(C).
Set EL%(C) := FE(C) @ #2(C). Using an elementary argument on reproducing kernels,

we can conclude that the reproducing kernel of EL?(C)is given by

:
1 w2 ¥ _ _
Ky(z,w) =T(k + z) <2> {Iki%(zw) + Ik+1j(zw)} ,
which is equal to Ey(z,W). Since the Hilbert space EL%(C) is uniquely determined by its
reproducing kernel Ky(z,w), which coincides with Ey(z, W), it follows that EL?(C) is the
Fock space .7y (C) introduced in this paper.

In conclusion, for N = 1, the measure associated with .#,(C) is given by

{%1/2(”4’2)

HZHZkJﬂ

T 21277 (k +1/2)

@3)  du(z) + S 2(]12l%)

} dz,
odd part

even part
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in the sense that f(z) = [f(z)g(_z)} + [f(z)_zf(_z]} . The set {@m | m € Z*}, where

Lm
%ﬂd:;aaﬁﬁ
with
ve(2m) = 22Mmil(m + k + %)’ Ve2ma ) = 227 M (m 4+ k + %))

Mk + 1) Mk +3)

forms an orthonormal basis for .7y (C). The Segal-Bargmann transform % is given by
(4.4)

Brf(z) = 2k/2+3/4r(k+ ;)1/221/2—ke—12/2J f(x) (Ik_]j (2zx) +
R

k+ 1(22x)) e x|}/ 2qx.

Example 4.15. Denote by {ey,...,en} the standard basis of RN. Let G = (Z/2Z)N be the
Coxeter group generated by the reflection vq,...,rv along e, ..., en,ie. forx € RN 1i(x) =
(X1, e ey X1, = X4, XAk Ty - - 5 XN

Let k = (kq,...,kn) with ki > 0. By Remark 4.13 and Example 4.14, the Fock space
F1.(CN) related to the reflection group (Z/2Z)", is the Hilbert space of holomorphic func-

tions on CN with inner product

(foohi= | fleialziduz),

where z = (z1,...,zn) € CN, and duy(z) = du, (z1) -+ - dpxy (zn) with diy (zi) is the
measure given by (4.3). Moreover, for z,w € CN, the reproducing kernel Ky (z, w) is given

by

N _ l—k,-L
1, (2w 2 _ _
Kalzw) = [P+ ) ( ° ) {Te 1 w0 + I 1 (zow) |

The unitary 1somorphlsm By - ZL%(RN ]_[ S lxq |2ki) — F(CN) is given by B, (f)(z) =
By, @ By, @ -+ Q@ By, (f)(z), where the transforms Hy, are given by (4.4). Further, the set
{@m |m e ZN with

N mi

H 0172 mi € Zy,

forms an orthonormal basis for ﬂk((CN).

Remark 4.16.
(i) Clearly K(k,z,w) = ]_[]1\]: 1(ziwi)1/ Z*I‘i,}i/kiq s2(ziwyi) is a solution of the Bessel
differential system (3.7) for G = (Z/ 27)N | with the required asymptotic behavior at
infinity.

(ii) Define £; to be the set of sequences {z,}%_; of complex numbers which satisfy
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> % i |lznl* < co. In Example 4.15, one may let N — oco. The resulting Fock space is
the Hilbert space % (£2) of “holomorphic” functions on {, such that

I = [ Ife)Pautz) < oo

The measure dpu on C* is defined as the product of the measures dyy, , given by (4.3),
on each component. For z, w € {,, the reproducing kernel of .7, ({,) is given by

1

o0 o
H r <21W1> {Ih—% (Ziwi) + Ikw."']j (ZiV_Vi)} .

i=1

Similarly, other facts proved for QK(CN), with G = (Z/2Z)N, may be “translated”

into corresponding assertions for #, ({2).

5. A BRANCHING DECOMPOSITION OF THE FOCK SPACE AND HECKE’S TYPE FORMULA

This section describes the structure of a representation of the Lie algebra si(2,R) (or the
universal covering S@,/R) of SL(2,R)) on #(CN). This Lie algebra representation, together
with the left regular action of the Coxeter group G, allows to obtain the branching decom-
position of the Fock space under the action of G x sl(2,R). Those readers who are familiar
with the theory of Howe reductive dual pairs [19, 20] will find that our formulation can be
thought of as an instance of this theory. The Hecke’s formula for the Dunkl transform holds

immediately from our s[(2, R)-representation.

Choose z1,2;, ...,zN as a system of coordinates on CN. Let
1 N
2 _ _
|z| zZ F=—5A, H= > 20, +N/2+y.

i=1
Then E (resp. F) acts on .7 (CN) as a creation (resp. annihilation) operator, and H acts
on .7 (CN) as a number operator. If 2(CN) = Do Pm(CN) is the natural grading on
P(CN), it is clear that E raises 22,,(CN) to #2,,,.2(CN), F lowers Z,(CN) to Z,,,_»(CN),
and H multiplies (elementwise) P (CN) by the number (N/2 + v + m). In [18], Heckman

showed the following commutation relations
(6.1) [E,F)=H, [EH] =-2E, [FH]=2F

These are the commutation relations of a standard basis of the Lie algebra s/(2,R). Equation
(??) gives raise to a unitary representation w of sl(2,R). On £(CN), the representation w

can be described as
(5.2) w(sl(2,R)) = sl @ sl @ a2,

where

5[2 = Span{E}, s[g’” = Span{H}, s[éo’z) = Span{F}.
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The decomposition (??) is an instance of the Cartan decomposition

si2R)=pT@tap

where 5[;2,0) ~ w(p™), s[g’” ~ w(t), and 5[20,2) ~ w(p~). Notice that ¢ = u(1), the Lie

algebra of the compact group U(1). The integrated form of the Lie algebra representation
w is the metaplectic representation, or the oscillator representation, of the universal cov-
ering Sm) of the group SL(2,R) (or Sp(2,R)). Notice that if v is an integer, we obtain
the metaplectic representation of the double covering SL/(E,/R) of SL(2,R). By applying the
Segal-Bargmann transform, one obtains the Schrédinger representation of SL/(E,/}R). How-
ever, for our purpose, its infinitesimal action (??) is enough.

Since w is a unitary representation, and the operator H, which is the generator of ¢, has a
positive spectrum, then the representation contains a unique vector vy such that w(p~)vo =
0 and w(t)vo = (m + N/2 + y)vp for some positive integer m. The vector vy is the so-
called lowest weight vector for the representation, and the number (m + N/2 + v) is the
lowest weight. The space of representation then has an orthonormal basis consisting of the
vectors vi = w(pT) . It is easy to check that each vector v;, is an eigenvector for w(¢) with
eigenvalue (m + 2{+ N/2+v). Denote by #4,,,,.n /2 the representation with lowest weight
m+N/2+.

For m € N, set /4, (C 2(CN)) to be the space of harmonic homogeneous polynomials of
degree m, i.e. all functions p € P (CN) such that Ayp = 0. It is clear that p € 4, if and
only if w(¢)p = (m+N/2+vy)pand w(p~)p =0.

Now one of the key features in this formalism is the following branching decomposition.

Theorem 5.1. The space P (CN) of homogeneous polynomials of degree m has a unique decompo-
sition of the form
(m/2]

5]
PmlCN) = Y " 2P A o,
t=0

where 2+ denotes the space of harmonic homogeneous polynomials of degree m — 2t. Moreover,

every homogeneous polynomial p € P (CN) can be written in a unique way as

mz/z PIN/24+m—t+y—T1)
ATt

+ 1IN/ 2+m+v—1)

2
|Z| thm—Zt y

where W2t € Jn—2¢ and is given explicitly by

1)1 N/Z—I—m 2t—j—1+v)

Z]At+]
fm-2e = Z 4rG+1T(N/2+m — 2t+y )H v
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Proof. If m = 0 or 1, the statement is obvious. For the rest of the proof we need the following

equation, that may be found in [15]
(53)  AllTp) =4i(N/2+j =T+ m+y)lP%p + KPAp,  p € Pm(CM).

However, one can also derive this equation directly by using the commutation [Ay, |z|?] =
4,%;1. Next assume that m > 2. Define

(m/2]

Qop = ) ¢jmlzlPALp,

5=0
with com # 0 and

(1) T(N24+m—j—1+y)
4 TG+DTIN2+m+y—1) O™

Cjm =

Here [m/2] denotes the integer part of m/2. Notice that Qop € Z.(CN). Next, we will prove
that Qop € 4. By using (??), we obtain

m/2] o
Ax(Qop) = Z ¢jmAx(lz1PALp)
j=0
m/2] ~ m/2 _
= D Gmd(N/2+i = T4+m =2+ V)P A + 3 cimlzPAL
j=0 j=0
(m/2] /211

= > gaiN2+m—j—1+7)2P0Ap+ Y o mlzlPATp
j=1 j=0
(m/2] [m/2]

= ) Gmd(N2+m—j—T+y)Z7 A+ ) ciaml? AL,
j=1 j=1

Using the expression of the constants c; ., given above , one can check that
45 (N/24+m—j—1 +Y)Cj,m+ Cji1m= 0,

and therefore Ay (Qop) = 0,i.e. Qop € J4n. Now, consider the following sequence of poly-
nomials Afp with t = 0,...,[m/2]. Since p € P, then Alp € P,y and, by the above
discussion, Qo(ALp) € 2y with

[m/2]—t

QolAfp) = Y cimalzPATp = Qup.
j=0
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After multiplying both sides by |z|?!, we obtain

[m/2]—t
27Qw = ) ¢m2zPTTYA
=0
(m/2]
- Z Cs—t,m—Zt‘Z‘zsA]S{p-
s=t
Write a5 ¢ := cs_tmt Witht < s < [m/2]and t =0,...,[m/2]. The above equation can be
, , q
written as
[ apo Qio dazo azo -+ 1r D 7 B Qop 7
0 aip az1 as; 5 20
' ' z|“Axp zI°Q1p
0 0 a2 4z - . = . ,
0 0 0 ag3 - : :
’ 2
L . | [ZPmEAr || 1™ AQum |

where the expressed upper-triangular matrix is invertible. By solving this system in p, we

obtain
(m/2]

(5.4) p= Z O(t\Z|2tQtP
=0

where the constants «; are independent of p. We claim that this decomposition is unique.

Substituting in (??) the polynomial p by 1222 Qep with £ =0, --- , [m/2], we get
[m/2]

(5.5) Z27Qw = ) 2 Qullz*Qep).
t=0

By the uniqueness of the decomposition, as we claimed above, all the terms on the right

hand side of (??) vanish only for t = {. Therefore

(5.6) Qw = oQellz**Qp)
(m/2]—¢ ‘
(5.7) = o Y GmadzPAT(Z7Qw).

j=0
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On the other hand, using (??) and the fact that Qp € .%7,,_2¢, we obtain

ALZ*Qw) = A [Adz2Qew)]
= AU [agN/2 40— +m—ze+y)|z|2(‘f*”er]

= AT [AUN/2 =T m- )P Qu ]

= A7 _4£(N/2—|—m—(7,—1 +9)4L—1(N/24+m—0—T14+v+ 1]z E2Qep

FIN/24+m+vy—1)
(N/24m—{0+v—1)

= 4"fr(e+1)r Qep.

Therefore, (??) becomes

[m/2]—¢

FN/2+m+y—1) ) > ¢m2dzPAL(Qep)
=0

(N24+m—L+v—1

'N/24+m+vy—1)!
(N2+m—L+v—1)

Qp = oce4fr(e+1)r

= od'T(L+ 1)r co,m—20Q¢p.

If Q¢p # 0, then

o — FMN/24+m—0+v—1)
CT AT+ T(N/2+m+ v — eomat’

and the theorem holds. Next, we will prove our claim about the uniqueness of the decom-
P2 e Hm—2j such that

position. Assume that there exist two functions mezj» me2i

(m/2] a (m/2] 2
p=3Y PPV, =Y 12PPY .
j=0 j=0

Therefore

e (0) (0) (1) (2)
25 (0 0 1 2
(5.8) Z 2 ]meZj =0, meZj = IPJmfZJ' B mezi'
=0
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After applying AE“ o (??) and using the fact that ]P’iglzj € Jn—2;, we obtain

(m/2] 5 o
0 = > AP,
j=0
[m/2]
= Z AT HIN2Z+5 =1+ m =2 + )RR 2 PAP
[m/2]
= Y HIN2Z+m—i—1+y)AM T (2R )
j=1
e 2]-2 j 0
= Y AHi-DIN2+m—j+y—1)(N2+m—j+y—2AM2 (2B )
j=2
FNN/24+m+vy—[m/2])
MN/24+m—2[m/2] +y) ™

Therefore IP’ 2 = 0and (??) becomes

= 42 4 my/2)

[m/2]—

> \z\z’]P’m 5 =0.

j=0

[m/2]—

Now, we Apply A, ! to the above equation and we obtain Pig)—Z([m 1) = 0. The same

argument gives IP’m 2 = =0 forall 0 <j < [m/2], and the uniqueness of the decomposition

holds. O

For g € G, denote by 7t(g) the left regular action of G on F(CN)

n(g)f(z) = (g 'z).
The infinitesimal representation d7t commutes with w.

For fixed h € 7, let #h:={|z]*'h, t =0,1,...}. Since g 0 A 0 g~ = Ay, the space .#h
is invariant under the action of G. Also, the representation w leaves .#h invariant. Indeed,
H(|zI?*h) = (m 4 2t + N/2 +v)|z|?th, E(|z]2th) = 1/2/z/**Dh, and by (??)

F(z?h) = —1/2 [4t(m FtHN/2 4y — PR |z|2tAkh}
= 2t(m+t+N/2+y— 1)}z Vh,

We summarize the consequences of all the above computations and dissections in the
light of Theorem ??.

Theorem 5.2. As a G x sl(2,R)-module, the Fock space admits the following multiplicity-free de-

composition

Fi(CN) = P Hn ® W2y

m=0
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where Wi N2+ 18 the representation with lowest weight m+N/2+y. We also have the separation
of variables theorem providing the following G x sl(2,R) decomposition

00 ®[m/2]EB
2(CNy =) ">

m=0 t=0

The following is then immediate.

Corollary 5.3. Under the action of 51(2,R), the Fock space #(CN) decomposes as

Fi(CN) = P dim(An) #2404
m=0
N-—1 N-3
where dim (%) = m+ (™t
N-—1 N—1
N =1, it is zero for m > 2.

) IfN > 1, this is always nonzero, but if

As an application of the above demonstrated s[(2, R)-representation theory, we obtain the
Hecke’s formula for the Dunkl transform as following: Recall that H = %o [}1 (—Ay + 4|x|2)] o
B ! (see Theorem ??), where B ! can be written as (see Corollary ??)

_ —1/2 _|x|? _
‘@k1 :zw—N/ZCk /2 —Ix] dy 0 e Mx/2,

Therefore

Gt )| B 0) = (A N2ZENBI ) e PulC)

Notice that, for all p € 7, we have %, Tp) = 2vtNV/ Zc; 1/ 2e""‘zp, which implies that
e*"dzp is an eigenvector for H(—Ak + 4\x|2)] with eigenvalue (m + N/2 + vy). On the other
hand, [}1 (—Ax + 4|x|2)] is the generator of the Lie algebra ¢ = s0(2), while the Dunkl trans-
form %y can be written as (see Corollary ??)

Dy, = 5 (VHN/2) =5 (—AK+4Ix?)
Hence, for p € 74,
@k(efbdzp) _ ei%(V“LN/Z)e*%E(e*‘X‘Zp)

. . 2
_ el% (v+N/2) 6—1% (MmA4N/2+y) e—lx\ P

iz —Ix|]2
— e ame [x] P,

and the following theorem stands.
Theorem 5.4. The following Hecke's type formula holds

Dle D) =eEme M p pe g
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6. THE WEYL QUANTIZATION MAP AND THE BEREZIN TRANSFORM

In this short section, we will use the restriction principle to set the Berezin transform, and,
abstractly, the Weyl quantization map, for a Coxeter group G.

Consider .7 (CN)®.%(CN) realized as the space of Hilbert-Schmidt operators on .7 (CN).
Each Hilbert-Schmidt operator T on .%,(CN) is given by a kernel F(z, w) holomorphic in z

and anti-holomorphic in w with Tf(z) = (f,F(z,-)))x and ||T|lus = ||F||#..2.. Henceforth,
we will identify the operator with its kernel.

To realize the Weyl quantization map, we define
Ry 1 F(CN) @ F(CN) — € (R*N)
RcF(x,y) = F(x + iy, x + iy)e (X )] x,y € RN,

Clearly %y is injective and closed. Further, since the Gaussian e (2 Hyl) belongs to .1 (RN, wy)®
L1 RN, wy) and Z(CN) @ Z(CN) contains all polynomials, the range of SRy contains the
functions of the form e~ (X +ul? )p(x + iy, x + 1y) where p(z, z) are polynomials of x and y.

Now, consider the formal adjoint fAj; : L2RN wy) @ L2RN, wy) — F(CN) @ Z(CN).
Employing the same argument used in the proof of Proposition 4.1, and the fact that K,®K,,

is the reproducing kernel of .7 (CN) ® %, (CN), we can write R} as
mt(zow) = || Ao uKEx e+ iy, 2K e Yy (w () dxdy.
RN xRN

One can think of %} as the Wick quantization map.
Form the adjoint operator R R} on & 2(RN, wy) @ L2RN wy). Ttis integral representa-
tion is given by
KR fla,b) = ” f(x, y)IK(x + iy, a + ib)2e X Ha g =u2+o) . (v, (y)dxdy.
RN xRN

The transformation 9318}, is the Berezin transform related to G.

Theorem 6.1. (cf. [9, Theorem XIL.7.6.7]) If T is a closed transformation whose domain is dense,
then T can be written in one and only one way as a product T = PA, where P is a partial isometry

and A is a positive self adjoint transformation.

Let
Rf = Bi/RRL

be the polar decomposition of R}. The map By is the Weyl quantization map. The properties
of Ry together with Theorem 5.1 imply the following:

Theorem 6.2. The Weyl quantization map By is a unitary operator from £ (RN, wy ) 2.2 2(RN, wy)

to fk((CN) ® F(CN).
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Remark 6.3. One may define the restriction map Ry by Ry F(x,y) = F(x+iy, x+iy) e—w(ix?+y?)
with w > 1. Therefore, one can show that || Ry|| < ci(4(w —1))~YTN/2) i e 9%y is a bounded
operator. However, from this definition of Ry it is too rough to obtain the transformation By

as the deformation of the classical Weyl transform.
Observe that the Dunkl-kernels in dimension 2N and N are related by
Ek((a) b)) (X,U)) = Ek(a,X)Ek(b)U), (Cl., b)) (X,U) € RN X RN'

For f € Z2(RN, wy) @ Z2(RN, wy), put

getiem) = || | oy Ed i 0Byl wily)dxdy.
RN xRN
Corollary 6.4. The map F — Z2(B}F) is a unitary operator from F(CN) @ F(CN) onto
ZHRN, wi) @ L2HRN, wy).
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