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ANALYSIS ON FLAT SYMMETRIC SPACES

SALEM BEN SAID AND BENT QRSTED

ABSTRACT. By taking an appropriate zero-curvature limit, we obtain the spheri-
cal functions on flat symmetric spaces Go/K as limits of Harish-Chandra’s spher-
ical functions. New and explicit formulas for the spherical functions on Go/K
are given. For symmetric spaces with root system of type A,,, we find the Taylor
expansion of the spherical functions on Go/K in a series of Jack polynomials.

RESUME. Dans cet article nous obtenons les fonctions sphériques des espaces
symétriques plats Go/K comme une limite des fonctions sphériques de Harish-
Chandra. Des formules nouvelles et explicites pour les fonctions sphériques sur
Go/K sont données. Dans le cas des espaces symétriques de type A,, nous par-
venons a donner le développement en série de Taylor des fonctions sphériques sur
Go/K, en termes de polyndmes de Jack.

1. INTRODUCTION

In this paper we shall initiate an investigation of the so-called HIZ-type integral
(Harish Chandra-Itzykson-Zuber); these are Fourier transforms of orbits of K in the
tangent space at the origin of a semi-simple non-compact symmetric space G/K,
where G is a connected non-compact semi-simple Lie group with finite center, and
K is a maximal compact subgroup. These integrals play an important role in the
theory of integrable systems in physics, and in connection with the study of random
matrices. It is well-known that they correspond to spherical functions on the tangent
space, viewed as a flat symmetric space. Our point of view is to see the HIZ-type
integrals as limits of spherical functions for G/K, and we are able to obtain new
and explicit formulas by analyzing the deformation (as the curvature goes to zero)
of G/K to its tangent space. At the same time we develop the connection to the
Calogero-Moser system by showing that this is in a simple way conjugate to the limit
of the radial part of the Laplace-Beltrami operator on G/ K. We plan to develop this
point of view further in connection with generalized Bessel functions in a sequel to
this paper [5].

To be more specific about our results, let g be the Lie algebra of G. Fix a Cartan
decomposition g = £ @ p of g, and a maximal abelian subspace a in p. It is well
known that the spherical functions ¢y(g) on G/K are eigenfunctions for the radial
part of the Laplace-Beltrami operator on G/K, with eigenvalue —((/\, A) + (p, p>)
After a contraction process on g, we study the limit behavior of vy (g) as we let the
curvature of G/K tend to zero. In particular, we prove that the following limit

Y(\, X) = lim oy (exp(eX)), X €p,
E— €
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exists, and its integral representation (in the standard notation) is given by

WL X) = / GiB(AVAA(R)X) g1
K

Moreover, we prove that ¥ (A, X) exhausts the class of spherical functions on the
flat symmetric space Go/K =~ p, where Gy = K X p. In particular, (A, X) is an
eigenfunction for the radial part Ag, of the Laplace-Beltrami operator on Gy/K,
with eigenvalue —(A, A). The contraction principle was used earlier in [13], for un-
derstanding the relationship between the representation theories of K xp and G. The
limit approach was also used in [37] to define the Weyl transform on flat symmetric
spaces where G/K is a Hermitian symmetric space.

The spherical functions (), X) are also called generalized Bessel functions. The
literature is rich by its applications to analysis on symmetric spaces. For instance,
in [23] and [24], Helgason proved Paley-Wiener type theorems for the spherical
transform and for the generalized Bessel transform on Go/K. In [38] Opdam studied
these spherical functions from another point of view.

It is remarkable that in spite of many results about the analysis of spherical
functions on G/ K, their Fourier analysis and asymptotic properties, it is only for very
few cases that explicit formulas exist for these functions. For flat symmetric spaces
we shall see that one may derive at least the same amount of explicit information by
a limit analysis, when the curvature goes to zero, as for spherical functions; and in
some cases even more information. For instance, when G /K admits a root system of
type A,, we obtain the Taylor expansion of (A, X) in a series of Jack polynomials.

In the case when G is complex, (A, X) is the so-called Harish-Chandra integral.
Note that our approach of defining ¥(\, X) gives an alternative and simple proof
for the Harish-Chandra integral.

Explicit formulas, or Taylor expansions, of ¥(\, X) have significant applications
in random matrices theories. We refer to [3, 4] for discussion on this issue. Explicit
formulas are also very useful in the study of the Radon transform on flat symmetric
spaces [44].

In connection with the radial part Ag of the Laplace-Beltrami operator on the flat
symmetric space Go/ K, we discus a class of integrable model named Calogero-Moser
model. We prove that the following Hamiltonian

H =L+ i;)ma@ — Mgy — 2m2a)<0;12a>

(in the standard notation) is conjugate to the radial part Ag. As a natural conse-
quence we obtain the eigenfunction for 5 with eigenvalue —(\, A). (After the paper
was completed, Rosler pointed out for us the reference [41] were she has also proved
the same statement.)

This paper is organized as follows: In section two we introduce some notation
and preliminary results on spherical functions for symmetric spaces of the non-
compact type. In the third section we establish the deformation principle and use
it to identify the HIZ-type integrals with limits of spherical functions on G/K; and
in section four we show the connection to the Calogero-Moser system. In section
five we give explicit HIZ-type integral generalizing previous formulas in the physics
literature. In the sixth section we use results of Hoogenboom to get the HIZ-type
integral for the case of G = SU(p, q). In the last sections, we treat in detail the rank
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one case, the rank two case, the complex case, and we develop a Taylor formula for
the HIZ-type integrals for the case of symmetric spaces with root system of type A,

2. NOTATION AND PRELIMINARY RESULTS

Let G be a connected semisimple Lie group with finite center, and let K be
a maximal compact subgroup of G. The symmetric space G/K is a Riemannian
symmetric space of non-compact type.

Let g = £®p be the corresponding Cartan decomposition of the Lie algebra g of G,
£ being the Lie algebra of K, and p the orthogonal complement of £ in g with respect
to the Killing form B(-,-) of g. Set € to be the corresponding Cartan involution.

Let a be a maximal abelian subspace in p, and W be the Weyl group acting on a.
This action extends to the dual a* of a, and to the complexification ac and ag. Let
¥ denote the set of roots of g with respect to a. Fix a Weyl positive chamber a™ C a,
and let ¥ be the corresponding set of positive roots. We denote by p the half-sum
of positive roots o € X1 with multiplicities m, counted. Let n be the sum of the
root spaces g(® corresponding to the positive roots. The connected subgroups of G
associated with the subalgebras a and n are denoted by the corresponding capital
letters. We have the Iwasawa decomposition G = KAN. For g € G, define H(g) € a
by g € K exp(H(g))N.

Let 2(G/K) be the algebra of G-invariant differential operators on G/K.

Suppose the smooth complex-valued function ¢, is an eigenfunction of each D €

2(G/K)
Dpy =vp(N)ea, A€ at

Here the eigenfunction is labeled by the parameters A, and yp(\) is the eigenvalue.
If in addition @) satisfies @) (e) = 1, where e is the identity element, and ) (kgk') =
oa(g) for k k' € K, then ¢, is called a spherical function. Because of the bi-
invariance under K, these functions are completely determined on the radial part
A.

Let A be the radial part of the Laplace-Beltrami operator on G/K. Then

A= L+ Z me(coth a) Aq,

aext

where m,, is the multiplicity of the root «a, Z4 is the Laplacian on A, and A, € a
is determined by B(As, H) = o(H) (H € a). In particular

Apx = —((MA) + (p, p))a-

In [19], Harish-Chandra proves the following integral representation of the spher-
ical functions.

Theorem 2.1. As A\ runs through ag., the functions

oa(g) = / (APHR gL e G,
K

ezhaust the class of spherical functions on G. Moreover, two such functions ¢y and
@y are identical if and only if X = wp for some w in the Weyl group W.
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3. DEFORMATION OF THE LIE ALGEBRA g
For € > 0, set g, := £ @ p with Lie bracket [-, ], such that
(X, X', = [X, X'], X, X' et
VY. =YY", Y, Y ep;
[X,Y]. = [X,Y], Xet Yep.
Here [+, -] denotes the Lie bracket associated with g.

Lemma 3.1. (i) For e > 0, the Lie algebra g, is isomorphic to g. If e = 0, gy is a
non-semisimple Lie algebra.
(ii) If « € X(g,a), then ea € X(g,, a).

(iii) The root space ggm) associated with the root eav is given by
ggm) = { eXp+ X, | Xp+X,¢€ g(o‘) where X, € ¢, X, €p }

Proof. (i) For ¢ > 0, let ®. : g. — g be defined by

P(X)=X, if Xect and D (Y)=c1Y, if Y €p.
For X1, X, € ¢

[@c(X1), Pe(X2)]e = [X1, Xo] = D ([X1, Xo).

For Y1,Yo €p

[@:(Y1), @=(Y2)) = 7' Y1, 7' Y2le = [V1, Vo] = @([V3, Y2).
Finally, for X e tand Y € p

[©.(X), @ (V). = [X,=7V]. = =X, V] = 8. (X, V]).

Therefore the first statement holds.
(ii) Recall that each X € g(® can be written as
1+6 1-0

5 (X)+T(X)eé@p.

Also, recall that for a € ¥(g,a) and H € a, we have [H, X] = o(H)X. Applying 0,
we obtain [—H,0(X)] = a(H)§(X). Hence

[H, X, = o(H)Xy,  [H, Xy = a(H)X,. (3.1)
Using (3.1) we can see that for e >0 and H € a
[H,eXy, + Xple = [H,e Xy + [H, X, = [H,eXg] + *[H, X,)]
= ca(H)X, + ?a(H) Xy = ca(H){X, + X3}

X=X+ X, :=

Hence ca € (g, a).
(iii) The third claim follows from the proof of statement (ii). O

Let G¢ be the analytic Lie group with Lie algebra g, via the Baker-Campbell-
Hausdorff formula, and set A, to be the radial part of the Laplace-Beltrami operator
on G./K. Therefore

A, = iﬂ/(f) + Z me coth(ea) Az,

aext
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where ff(f) is the Laplacian on A associated with an orthonormal basis {H i(a) } for
ain g., and A, € a is determined by B:(A.q, H) = ca(H) for H € a. Here B.(-,")
is the Killing form for g..

Lemma 3.2. The following identities hold
Ao = 6_1Aa, HZ-(s) = H;
where {H;} is an orthonormal basis for a in g.

Proof. Using Lemma 3.1, one can see that B.(Acq, H) = 2B(Azq, H). On the other-
hand

B.(Aco, H) = ea(H) =eB(Aq, H).
Therefore A.o = ¢ 'A,. In the same way, the second part of the lemma holds. O

From Lemma 3.2 it follows that A, = (%)™ o A o ¢*, where £*f(X) = f(eX).
Another consequence of Lemma 3.2 is the following theorem.

Theorem 3.3. Set m
Ay = —2A,.
0=+ Z{: " Aq
aeXt
The following limit holds
lir% 52Ag = Ao.
E—>

It is known that the symmetric spaces fall into three different categories: the
compact-type, the noncompact-type, and the Euclidean-type (or flat symmetric
space). The three cases can be distinguished by means of their curvature. In the class
of compact-type, the symmetric space has sectional curvature everywhere positive.
In the class of noncompact-type, the symmetric space has sectional curvature every-
where negative, and in the class of flat symmetric spaces, the sectional curvature is
Zero.

Actually, if g is the Lie algebra of a Lie group G with the Cartan decomposition
g = £+ p, then, if Gy = K x p, the flat symmetric space Go/K can be identified
with p. The elements gy = (k,p) act on Gy/K in the following way

go()=Ad(k)p +p, k€K, pp €Go/K.

An example of a zero curvature symmetric space is the flat Euclidean space in four
dimensions. It is known that this space can be realized as the coset of the Euclidean
Poincaré group P with respect to SO(4), p ~ P/SO(4). The translations of the
Poincaré group play the role of p, and they are isomorphic to Euclidean space and
have all the characteristics of a zero curvature symmetric space. The fact that the
zero curvature spaces can be obtained as limit of positive curvature spaces can be
exemplified as follows. We can realize the Euclidean Poincaré group as a suitable
limit of the SO(5) group. In this limit, the coset SO(5)/SO(4), which is the four
dimensional unit sphere, becomes the Euclidean four-dimensional space.

For the spherical functions on the three categories of symmetric spaces, it is well
known that the spherical functions on symmetric spaces of the noncompact-type can
be obtained from the spherical functions on symmetric spaces of the compact-type,
and vice versa, via some analytic continuation. Next we prove that the spherical
functions associated with flat symmetric spaces can also be obtained from the spher-
ical functions on symmetric spaces of the noncompact-type, or the compact-type,
by letting the curvature tend to zero from the left, or from the right, respectively.
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For € > 0, write g. = kexp(eX), with k£ € K and X € p. Denote by
YO X) = T o (92).

The key ingredient involved in the proof of the following theorem was used earlier
by Dooley and Rice [13] to investigate the relationship between the principal series
of G and K x p. See also [9].

Theorem 3.4. The limit (X, X), and its derivatives exist. Its integral representa-
tion is given by

w()\’X) :/ eiB(Ad(k)X,AA)dk.
K

Moreover, (X, X) satisfies
AOW)\,X) = _<)‘7)‘>¢(A>X)

The limit (X, X) is the so-called HIZ-type integral, and it is well known that it
corresponds to spherical functions on the flat symmetric space p.

Proof. Denote by P : p — a the orthogonal projection on a for the scalar product
associated with the Killing form. Since g — ¢, (g) is K-invariant, it is enough to
prove the statement for g. = exp(¢X) with X € p.

Note that H(exp(eX)k) = H(exp(ek™! - X)), where k=1 - X := Ad(k)X. Write
E71- X =Pk - X)+Y € a®at, where at is the orthogonal complement of a
in p. Since each Y € a' can be written as Y = Y, +Y,, € €@ n (cf. [22]), then
k71 X =P(k~!: X) + Y; + Y,. Using the fact that

exp(eYy) exp (5[[”(1{:_1 X)) exp(eY,) = exp (5[?’(1{:_1 X))+ eV +Y,) + 6’(52))
= exp (k™ X + 0(?)),

one can deduce that both functions, e — H (exp(eYy) exp(eP(k™! - X)) exp(eY,))
and € — H (exp(ek™! - X)), have the same derivative at ¢ = 0. Using the definition
of H(-) for the first function, we can see that

d -1 _ -1
d—EH(eXp(ek -X))‘EZO_IP’(/{ - X),

uniformly for £k € K and X in a bounded set, and therefore

lim 3H(exp(sk*1 X)) = APk X).

e—0 €

Hence the integral representation of 1(\, X ) holds. The same idea can be employed
to prove that the derivatives of @) also converge to the derivatives of ¥ (A, -).
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Next, using the fact that ¢, it is an eigenfunction for the radial part (of the
Laplace-Beltrami operator) A with eigenvalue — ((\, \) + {(p, p)) , we obtain

Aggog(ga) = {572LA+ Z macoth(sa)sflAa}cp%(ga)

aeXt
= (Lags) (9:) + D macoth(ea) (Aaps ) (g2)
€ QGEJF €
A A
= —({Z2)tr)|ealee) - > mqcoth(ea) (Aawg) (9e)
aeXt
+ Z mq coth(ea) (Aagpg) (ge)
aext :
A A
= —((23)+ 0 2000
Therefore, the last claim of the theorem holds. O

Remark 3.5. (i) Using the fact that for all g and h in G
or(gh) = / (=P H(GR) N+ H (b R) g
K
we can see that the limit of
v (gexp(eX)) ~ / ei(2 TP H(gk) ¢iB(Ax.Ad(R)X) g ase — 0,
: K

does not exist.
(ii) Since ¢y = ¢, if and only if A = wp for w € W, the same statement holds for
(iii) The spherical functions (A, X) are symmetric with respect to A and X, while
Ag is not symmetric under interchange of A and X.

Remark 3.6. (i) The same approach can be used to derive the Plancherel formula
for the Bessel transform on Gy/K by means of the Plancherel formula for G/K.

(ii) In [38] Opdam also studied these spherical functions from another point of
view. In connection with this approach see [28] and [40].

4. CONNECTION TO THE CALOGERO-MOSER SYSTEM

In this section we develop the connection to the Calogero-Moser system on Go/K
by showing that this is in a simple way conjugate to the radial part Ag. For details
on Calogero-Moser systems we refer to [6, 16, 39]. These models describe n particles
in one dimension, identified by their coordinates g1, ..., ¢,. The Hamiltonian of such
a system is given by

—~ 0> 1
%:Za—qZ—l—ZZma@—ma—%nga)
i=1

(a,q)
q,0)?

Q

V

o
—~

Here the coordinates are ¢ = (¢1,. .-, qn), and the particle mass is set to unity.

The goal of this section is to find a connection between the radial part Ag, of
the Laplace-Beltrami operator on p, and the Calogero-Moser system. Also, we will
investigate the solution of the following Schrédinger equation

A Px(q) = — (AN Pa(g),
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such that
/ @ (q)[*dq < o0, with at ={gea|{g,a) >0 Vae Tt },
a+

®)(q) =0 if(g,a) =0, and Py(wq) = Py(q) forw e W.
For ¢ € R" and a € ©%, denote by r, the reflection on the hyperplane (a)=*
orthogonal to «

2{g, ) |

ra(q) :=q— )

Proposition 4.1. (cf. [10]) Let w € W be a plane rotation, i.e. w is a product of
two reflections and w # e. Then as a rational function in q

(@p)
2 e ey =

Corollary 4.2. As a rational function in q

E mam/gM =0.

52 (g, ) (g, B)

a#p
Proof. The terms in the above series can be grouped together by the value of r,rg,
where r,73 # e. By Proposition 4.1, each group of terms is equal to zero. O

The following theorem is presumably well-known when X is reduced, see for in-
stance [16, 41], but since here X is possibly a non-reduced root system, for complete-
ness we shall give the proof.

Theorem 4.3. The Hamiltonian J€ is in a simple way conjugate to the radial part
A
1
H = ()% 0 Do C(g) 72,

where

aeXt

Here we choose the square oot of ((q) by a fized choice of \/—1.
Proof. For q € a

a3 080 C(a)t = 0, + 50,108 C(a))
and therefore

C(q) "7 002 0((q)? = 02 + Dy(log C(q)) © By + C(q) "2 02(¢(q)?).

Moreover

j=1 a>0
and
CINT 92 (3] = § M (e ) () @ B)
@) P o, (C@)?) ;;0 2 (2 1) (g.0)2 " 4 ;ﬁ;)m a){a.8)
a#f
(4.1)

If 3 is a reduced root system, then Corollary 4.2 finishes the proof in this case.
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If ¥ is an unreduced root system, then ¥ is of type BC), and the root systems
B, and C,, are contained in X. Since B,, and C,, are reduced root systems, using
Corollary 4.2 we can write the second term of the right-hand side of (4.1) as

s
1 mema
L= " ) By

where ¥t = {a € * | 2a € £} . On the other-hand (a, 3) = 8,5 for a, 8 € ©F, and
then the rational function R(q) can be written as

(o, )
Z Mat2at oy
7
(]

As a natural consequence of Theorem 3.4 and Theorem 4.3, we obtain the following
corollary.

Corollary 4.4. For A € af and g € p, ®»(q) := ((q )%¢( q) is an eigenfunction
for the Hamiltonian € with eigenvalue —(\, \).

Example 4.5. In this example we consider one particle in the n-dimensional Eu-
clidean space R". In this example, the Hamiltonian .77 is given by

& (n—1)(n-3)
%—@‘4—&’

It is clear that %ﬂq 7 = 0. Set ®,(q) :=¢q — (A, q) to be an eigenfunction for
J¢ with eigenvalue —k:2, where k € R. Therefore, and after substituting @, the
operator 7 becomes the desired operator

@ m-nd

dg? g dgq’

Ay =

where 1(), q) is an eigenfunction for A¢ with eigenvalue —k2. The explicit formula
of (), q) is given below by Theorem 7.1 (when G = SOq(n,1)).

It is well known that the spherical functions play a fundamental role in Harmonic
analysis, where the literature is very rich by its applications to analysis on semi-
simple Lie groups. Except for the case of complex Lie groups, only in few examples
we know an explicit formula of the spherical functions. In some interesting cases, for
instance SU*(2n)/Sp(n) and SU(p,q)/S(U(p)xU(q)), we are able to give an explicit
formula for the spherical function (A, X). In particular, these explicit formulas give
concrete solutions for n-body problems, which are related to quantum mechanics.
Other interesting cases are also investigated.

In the case of complex Lie groups, the integral representation of 1(\, X) appears
in Harish-Chandra’s paper [20], where its explicit formula is given. Another proof
can be found in Berline-Getzler-Vergne’s book [2]. Our method for defining 9 (A, X)
as a limit gives an alternative simple proof of the Harish-Chandra integral.

For symmetric spaces with root system of type A,—1 (n = 2,3,...), we use the
generalized binomial formula proved in [35] in order to find the Taylor series of

(A, X).
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5. EXPLICIT FORMULA WHEN p = su*(2n) Niu(2n)
Let G = SU*(2n) be given by
SU*(2n) = {gGSL2n(C)|g— Ingd,, }

where J,, = [ _(} % } . Let su*(2n) be the Lie algebra of G = SU*(2n). With
respect to the Cartan involution 6(X) = —J,X'J, ! (X € su*(2n)), we have

su*(2n) = €@ p, where
t=sp(n,C)Nu(2n) = sp(n), and p = su™(2n) Niu(2n).
The symmetric space SU*(2n)/Sp(n) is a semisimple symmetric space of type II in
Cartan notation, and its curvature is negative.
For two vectors k,x € R"™, and for an integer s > 2, define
Ds(kl, ceey ks—l;a:la e ,$S)

s—1

2
= exp ZQcoth - azs)ai Z 2sh™2(z; — xj)@lcaw H k.
t1<i<<s—1 YU ) i=1
Forlgigs—l,putai—aszzé—a(z . Set

Ds(O1 — Osy ..., 0s—1 — Os; T1y- -+, Ts)

to be the differential operator obtained after replacing k; by' 8; — 0, in the operator
Ds(kla R ks—l;xla s >$s)'

Let X = diag(z1,...,2n;21,...,%y) be a diagonal matrix such that )" ; z; =0,
and let A\ = (\,...,\,) € C™ The spherical function ¢)(g) for the semisimple
symmetric space SU*(2n)/Sp(n) is given in [7] by

erexp(X)) =[5 -1t ] ((mj —ide)® — AN — m,g) o
7j=1 1<j<k<n

I sh 2@ —=0) > (—1)“Tliw)iz1,. .., 20),

1<j<k<n wESnh

where, for two vectors k,x € R", the function ¥(k, ) is given by

n
U(k,z) =DpoDy_10---0Dyexp (Zh%)
i=1

For k,z € R™, define the following polynomial differential operator on k

Ds(k].)' . 'aks—l;xly' . "IS)
s—1

2 0 2
- 72(@-—%)81{:- Z (x4 —33]28k:8k‘ Hk

i=1 tI<i<j<s—1

Also, define D, to be the differential operator obtained by substitution of 0; — 0, for
ki in DS.

IThis is a small correction to [7], where the authors replace k; by 9;.
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Using Theorem 3.4, explicit formula for the spherical function ¥ (A, X), for the
flat symmetric space p = su*(2n) Niu(2n), holds.

Theorem 5.1. Let X = diag(x1,...,Tp;21,...,2Tn) € p, and A = diag(A1, ..., Ap;
Aly ...y A\n) € ac. The spherical function 1) is given by

where

\Tl(k,x) =D, oD, ; o-.-o®26xp (Zn:k,@)
i=1

In [3, 4] the authors were able to give an explicit formula for the spherical func-
tion (A, X) only for n = 2,3 and 4. Their strategy is to consider ¥(A, X) as an
eigenfunction for the Laplacian operator. In order to check that our formula for
(A, X) agrees with [3, 4], we shall write Theorem 5.1 for n = 3. The case n = 2 is
easy to check, and we leave the case n = 4 for the reader to verify.

Fix n = 3. In this case

0 0

Do(01 — D2, 1, x2) = <83:1 — 6@) — 2coth(zy — x9).

The differential operator

D3(01 — 03,02 — 63,16171‘2756‘3 =

o 0 -
81’1 81’3 81’2 8%3
0 0 0
—2coth(z; — x3) (8:1:2 — 6:33) — 2coth(xg — x3) <6$1 — an3>

+2 Sh_2(l‘1 — .’Eg) + 4C0th(l‘1 — .’L’g) COth(CCQ — 1?3).

Hence, the spherical function on the symmetric space SU*(6)/Sp(3) is given by

palexp(X) =35 [ sh™2(xj—ze) [ (A —ixe)® —4(id —ix)) ™

1<j<k<3 1<j<k<3

D (D)W (i (1), () D(3)s 71, T2, T3),

wES3
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where

\P(iAlviA27i)\3; LE‘]_,IEQ,IE:;) - 61()\121+)\2!B2+)\3$3)

{4 ch(x; — x2) coth(zy — x3)

sh3(z1 — x) sh?(zy — x)
_coth(zg —x3)  coth(zq — )
sh?(zy — ) sh?(xy — )

—2(iA2 — iA3)(iA1 — iA3) coth(z1 — x2)
—Q(i)\l — i)\g)(i)\Q — i)\3) COth(l’l — xg)
—2(iA1 — iA3)(1A1 — iX2) coth(xg — x3)
+4(i)\1 - i/\g) COth(iUl — mg) COth(JJQ — xg)
+4(iA2 — iA3) coth(xy — x3) coth(xy — x9)
+4(iA1 — iA3) coth(x; — z2) coth(xy — x3)
—8coth(zy — x2) coth(xy — x3) coth(ze — x3)
LV(idr, ide, i)\3)}.
Here V(a, b, c) denotes the Vandermonde determinant. Defining
Tiw = (iAj — iAe) () — @),
one obtains
P\ X) = limpa(exp(eX))
315!
H1§j</-c§3(xj —x)2(INj — iAg)?

D (DX A1) Ph(2) PAu(z); 1, T2, )€ X
wES3

where
) ) ) 1 1 1
X(iA1, 02,9735 21, T2, 03) = 1 — 2{— o 7}
71,2 71,3 72,3
1 1 1 12
+4[ n + ] . .
T127T1,3 T1,2723  T1,3723 T1,271,372,3

It is remarkable that the series of ¥)(\, X) stops at the order of the inverse of the
Vandermonde determinant, which agrees with [3, 4].

Remark 5.2. (i) From the above computation, it follows that when n = 3, the
spherical function (A, X) is a polynomial in 1/7;,, with 1 < j < k£ < 3. Indeed
this fact holds for all n, where the last term is given by H1§j</i§n 1/7jx, up to a
constant. This follows from [5, Theorem 3.12], where we were able to prove a unified
general formula for the spherical functions (A, X), when the root system (g, a)
is reduced and the multiplicities of the roots are even. Our formula is expressed in
terms of a differential shift operator in Clac] ® S(ac). In particular, when G/K =
SU*(2n)/Sp(n), where m, = 4 for all «, it is easy to check the claim above from
our general formula. However, in [5] we investigate a more general class of spherical
functions, or Bessel functions, in the setting of special functions related to root
systems.
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(i) In [8], the authors give also a general formula for ¥ (A, X), which they called
the Baker-Akhiezer function. Their formula, which is presented in a different way
than ours in [5, Theorem 3.12], is expressed in terms of the Calogero-Moser operator
applied (D, Ma)-times to the function [] .5+ (a, X)yma XD,

Next, we shall write the Calogero-Moser system in the quaternionic case. This re-
sult leads to other differential equations where the solution can be obtained explicitly
from Theorem 5.1.

Let X = (X, ) be a n x n quaternionic matrix, and let . be the Laplacian

2
operator . = -3 X2 . Its eigenfunctions are plane waves

fei tr(AX) _ tr()\Q)ei tr(AX)

)

for a hermitian matrix A € Herm(n,H). A Sp(n)-invariant eigenfunction of .Z, for
the same energy tr(A?), can be constructed by the superposition

Sp(n)

This integral is a function of the n eigenvalues \; of A and the n eigenvalues z; of
X. The Laplacian .Z can be written in terms of the eigenvalues x; as a Schrédinger
differential operator

(B2 M-S0 o
i#j i=1

Note that the equation (5.1) is not symmetric under interchange of the matrices
A and X, but the solution (A, X) satisfies this symmetry as we can see from its
integral representation (see also Remark 3.5(iii)).

Set
oA X)= [ @i—2)*w(0X).
1<i<j<n

Thus, & satisfies the following Hamiltonian
{ ~ 3y ¥}q>(x X) = —i:A?@(A X). (5.2)
£~ Qg2 ' (x;—xj)? ’ ; ! ’
i=1 ¢ 1<i<j<n i=1

This Schrodinger equation is a simple Calogero-Moser system. It is a n-body problem
with a rational potential.
The solution of (5.2) is of the form

B\, X) = ! = NTIY (N, X),

where Y is a solution of

{282+2ZZAJB——4 > e }T:o.

1<i<j<n
= 02 1
Since { oy = g 72}(% — )~ = 0, the solution of (5.2) can be
- oz Iy (Q?Z - .%'j)
j=1 J 1<i<j<n
written as

(I)(A,X) = H (xi_fbj)_lf(AvX)v

1<i<j<n
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where f is a polynomial of degree n(n — 1)/2 in the variables z1,. .., z,, such that
8 o°f 0
+2Z(—+m f)(H(i 2)5 [ [ (i = )) >+212)\]8x
1<j J 1<J

As an immediate application of Theorem 5.1, one can obtain explicitly the solution
f of the above differential equation. For n = 2,3 and 4, the solution can also be
found in [3, 4].

The investigation detailed above holds also for real and complex Hermitian ma-
trices, where the Taylor series of the corresponding spherical functions (A, X) will
be given later in Section 10.

6. EXPLICIT FORMULA WHEN p ~ M (p, q; C)

For ¢ > p, let G = SU(p, q) be the group of all complex (p+ q) x (p+ ¢) matrices
with determinant 1, which leave invariant the hermitian form

TITY + o+ TpTp — Tp1Tp+1 — *° — TpiqTpq-

Let g = Lie(G) be the Lie algebra of G. Then g = su(p, q) is a real semisimple Lie
algebra. With respect to the Cartan involution 6(X) = I, X1, 4, the Lie algebra g
can be written as g = £ @ p, where

ez{[A 0 ] | Acul), Beu), tr(A+B):0}

p—{{cﬂl S| | eembao ).
)

Let a be a maximal abelian subalgebra in p. We may

a=¢ X=| X 0,.p p.g—p X = diag(z1,...,2p), z; €R
Og—pp Og—pp Og—pg—p

=iy =]

For A = (A1,...,p) € af and X € a, the spherical function ¢y(g) on the symmetric
space SU(p,q)/S(U(p) x U(q)) is given in [25] by

o
palexp(X)) = (6.1)
II 07=2) [ (ch(2w) - ch(2z)))
1<i<j<p 1<i<y<p
144\ —p 1—i\ -
det |:2F1( +Zj+q pa ! J+q paq_p+1a_8h2$k>:| )
2 2 2 2 1<j.k<p

where

p
p(p—1) 3p(p—1) NpP—7] +
="z 27 [[la-p+i)7i,
j=1

and oF] is the Gaussian hypergeometric function.
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Theorem 6.1. Let A € ag, and X € p. The corresponding spherical function to the
flat symmetric space M (p,q;C), is given by

YA, X) = / ¢ X e gy
U(p)xU(q)

p det | Jy—p(xAs)
=y [ [(ajn)P rrto)

j=1

1<4,6<p
H1§i<j§p()\7,2 - A?)(azf - %2)7

where cjy = 29tPP~DT (g —p+1)P H?;%(q —p+7)P773!, and J, is the Bessel function
of the first kind.

Proof. For € > 0, write pa (exp(eX)) as

22T D)

va(exp(eX)) = X
c H (N2 — )\jz) H (sh?(ex;) — sh?(exy))
1<i<j<p 1<i<j<p
P 1+ (/6 q—0p 11— '/8 —
e 7 w(5) w(j) q—Pp . 1:— h2 . .
w;( ) ]._1_[12 1( 9 + 9 2 + 9 ,q—p+1li—s (Exj)

Using the fact that

I'(z+a) o 1 - '
m:z b{l—i-g(a—b)(a—i-b—l)—i-ﬁ(z 2)}, if 2z — oo,

one can prove that

. L+idygy/e | q—p 1=/ | q—p >
il_{r(l)zFl( 5 + 5 5 + 5 ,¢q—p+1;—sh (5$j)>
il )
=T(g—p+1) g JQ*P(xj)‘w(j))'
Thus, the theorem holds. O

(After the work on this paper was completed, we learned that the explicit formula,
presented above in Theorem 6.1, was proved earlier by Meaney [33] in connection
with the inverse of the Abel transform for G = SU(p, q). We thank M. Résler for
bringing the paper [33] to our attention.)

Recall that 2(Go/K), where Gy = K x p, denotes the algebra of all Gp-invariant
differential operators on Go/K. Let §(Z(Gy/K)) be the algebra of all radial parts
of invariant differential operators.

Using [1] and Theorem 3.3, the following proposition holds.

Proposition 6.2. For 0 < j <p—1, define
A]’ = w_lSj_H (.,gl, ce ,gp) ow,
where

gi:32+<2(q—p)+1) 0 =2 [ (-4,

1<i<j<p
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and Sk (A, ..., %) is the k-th elementary symmetric polynomial in A, ..., %,.
The operators Aj, with 0 < j < p—1, form a system of generators for 6(2(Go/K)).
Moreover, for A= (A1,...,\p) € CP, we have

Ajp(A, X) = T(AP(A, X)
for all0 < j <p—1, where
Ti(A) =Sj1(A, ..., A2).

Proof. For 0 < j <p—1,let Aj = &_ISJ-H(.,??I, .:?Z, .. ,a@;)o@, where w(exp(X)) =
p(p—1)

277 [li<icj<p(ch2zj — ch2z;), for X € a, and Z = 88—;2 + 2((¢ — p) cothz; +
coth 2:):1')3%1,. By the second theorem of Berezin—Karpeleviéz[l], we know that the
spherical functions ¢, (exp(X)) are eigenfunctions for Kj, (j=0,...,p—1), with re-
spect to the eigenvalues a;(\) given by [T_; (C—(/\?+(q—p+1)2)) =>" 0 aj—1(A)¢P.
Using Theorem 3.3 and the fact that every differential operator D € §(Z(G/K))
has @y (exp(X)) as eigenfunctions if and only if D can be written as a polynomial

in the Aj;, the proof is complete. O

7. THE REAL RANK ONE CASE

Let G be a Lie group of real rank one. There are only four type of groups G with
real rank one namely

SOO(”? 1)7 SU(na 1)7 Sp(nv 1)7 and F4(720)'

For the first three groups we will use the standard notation SU(n,1;F) where F is
either R, C or H.

Let K = S(U(n,F) x U(1,F)) be a maximal compact subgroup in SU(n,1;F),
where F = R, C, or H, and let K = SO(9) be a maximal abelian subgroup in
Fy(—20)-

Fix a “normalized” element L € p, and let a = RL be a maximal abelian subspace
of p. Set @ = 1. The nonzero eigenvalues of ad L are +« if G = SOqy(n,1), and
ta, F2aif G = SU(n,1), Sp(n,1), Fy_a). Set d = 1if G = SOy(n,1), d = 2 if
G =5SU(n,1),d=41if G = Sp(n,1), and d = 8 if G = Fy_z). The multiplicity of
a is equal to mg = d(n — 1) for G = SU(n, 1;F), and mq = d = 8 for G = Fy(_q).
The multiplicity of the root 2« is equal to mg, = d — 1.

For Lie groups of real rank one, the algebra Z(G/K) of G-invariant differential
operators on G/K is generated by the Laplace-Beltrami operator, where its radial
part defines the differential equation

d? d
{dt2 + (mq coth t 4+ 2ma, coth 2t)dt} y=—(\4p?y (t e R), (7.1)

where A € C and p = £ (mq + 2ma,). The spherical function
i\ —iA 1
) —|—p7 ) +p;ma+m2a+ ;_Sth
2 2 2
is the unique solution of (7.1) that satisfies p)(€) = 1 in the unit e of G.
Since the spherical function is given in terms of the Gaussian hypergeometric

function, one can reproduce the same argument used in the proof of Theorem 6.1 to
obtain the following explicit formula.

oa(exp(tL)) = o F1 (
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Theorem 7.1. For A\ € ac, and X =tL € p witht € R (insert a ”,”)

ma+m2a71
a o +1 AN 2
»(\X)=T <m+212+> <2) Tmatmog—1(AL),
2

where Jy, is the Bessel function of the first kind.

Remark 7.2. The above theorem is known, see de Jeu’s thesis [29], but the present
approach is different.

8. THE CASE OF SYMMETRIC SPACES OF TYPE By, Cy, AND BCH

We shall consider below only rank two symmetric spaces G/ K of type Bs, C and
BCs.

Let g be the Lie algebra of G, and recall that ¥ C ¥ denotes the set of all positive
restricted roots associated with (g, a). In the case where g has the root system By,
we have

E+ = {041 + a9, (1, OéQ}.
In the case where g has the root system C5, we have
E+ = {041 + a9, 2041, 2042}.
Finally, when g has the root system BCs, we have
E+ = {Oél + 9, 1,09, 20&1, 20&2}.

Let m1 = mq,, ma2 = Mmaq,;, and m3 = Mq,+q,. Bellow, we give the list of sym-
metric spaces with root systems of type Bs, Co, and BCs.

G/K )Y mi mz M3
S0y(2,2)/50(2) x SO(2) Special Bs 0 0 1
S00(2,q)/SO(2) x SO(q), (24 q = 2¢) By 2(¢ —2) 0 1
S00(2,q)/SO(2) x SO(q), 24+q=2(+1) Bs 20-2)+1 0 1
SU(2,q)/S(U(2) x U(q)) BCy 20¢—-2) 1 2
SU(2,2)/S(U(2) x U(2)) Cy 0 1 2
SO*(8)/U(4) Cy 0 1 4
SO*(10)/U(5) BCy 4 1 4
Sp(2,R)/U(2) Cy 0 1 1
Sp(2,2)/Sp(2) x Sp(2) Cy 0 3 4
Sp(2,q)/Sp(2) x Sp(q), (2+q=1) BCy a0-4) 3 4
Es/spin(10) x T BCy 6 1 8

Set
o A — Ay
" coth2a; — coth 2an
where

A = Ogi + (mg coth a; + 2mg coth 2cr;) Dy, 1=1,2.
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For (t1,t3) € R?, every element H € a will be represented as H, t,). For A =
(A1, A2) € C?, write
[m3/2]-1

goA(eXp H(tl,tg)) = H {<<i/\, o1 + 042>2 + 4(]2) ((i)\, o] — a2)2 + 4q2> }_ X
q=0
(8.1)
D[m3/2]< PzEu( 1))( 1)Pz(w(ﬂ))(t1)) (1nserta” 77)
WES2
where
1 mi + 2m 1 mi + 2m
(a,3) o = 1 2 L 1 2 | a2
P, (t)—2F1<2(1/—|—2 ),a—l—ﬁ—|—1 2(1/—%72 ),a—l—l, sh t>

is the normalized Legendre polynomial, and [z] denotes the integral part of z. The
function @) is the spherical function associated with the following groups

G=SU(2,q), with a=q¢—-2,=0;
G=15U(2,2), with a=0, =0;
G=Sp(2,2), with a=1, g=1;
G = Sp(2,q), with a=2(¢—2)+1, g=1;
G=1S50*(8), with a=0, 3=0;
G = Es, with a=2, §=0.
Remark 8.1. (i) For the above list of groups, we expressed the spherical functions

in a unified new way.
() Note that

{ Z Pzw(/\l P, ( ))(tQ)} ~(AT - )\2)det< Py 76)< k)>1§j,k§2'

wES2
In particular, we obtain formula (8.1), for G = SU(2, q), as a special case of (6.1).
For the symmetric space SO*(10)/U(5), the spherical function is given by

ox(exp Hy, 1)) = ﬁ(/\? +1)72 ﬁ {((z’)\, a1 + ag)? + 4q2) ((i)\, ) — ag)? + 4q2)} X

2 (0 0) (0,0)
DD, D* (3 PO ) POL, ()
wESH
where D and D5 are the well known Dunkl-Opdam type shifted differential opera-
tors
1

Dl - 16 sh 2001 sh 209 {a2a182a2 +8 ( COth(al + a2)8a1+a2 - COth(Oﬂ - 042)30417&2) }

and
D, = 16{82a182a2 +8( coth(ay + a2)0u, a; — coth(ar — 02)0a; s ) }-
For Sp(2,R)/U(2), we can use [14, (1.4)] in order to write the spherical function
as
, (o, i\)
= d H, k
gp,\(exp H(tl,t2)) c H (ar,iA) coth ( (a0l ) /GL(2,<C) 2,\(k exp Hy 72))d

aext
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where @) is the spherical function on Sp(2,C).

Now, for the spherical functions associated to symmetric spaces with restricted
root system of type Bo, we will adopt the same exchange between Bs and Cs root
systems used by Debiard and Gaveau in [12].

Let g; be the Lie algebra of a Lie group G} with restricted root system ¥ of type
By, and let g. be the Lie algebra of a Lie group G. with restricted root system X,
of type C5. Then

Sf={e1teser,e0l, T ={2f1.2fo, it fo }.

We will identify an element H; € aj, where t = (t1,t3) € R?, with an element
Hr € a., where T = (T}, T2) € R2. Then we have an isomorphism ¥ : a5 — a. such
that 1 + t9 = 217, and t; — t9 = 275. The isomorphism ¥ transforms the By root
system into the C5 root system, where

mflifQ = mei? mei = mel:l:eg-

Moreover, if A = (A1,A2) € af and A = (Aq,A2) € a, we have an isomorphism
U* . ay — af such that Ay = A\ + Ay and Ay = A\; — A\2. The mapping ¥ and ¥*
induces an isomorphism ® : C*°(K; \ Gp/Kp) — C*° (K, \ G./K.) such that

q’(soli(exp(Ht))) = ¢ (exp(Hr)).

Here gpg’\ (resp. ¢} ) denotes the spherical function on the symmetric space Gy/Kj,
(resp. G¢/K.).

For the symmetric space Gy/Kp = SO(2,2 + 2k)/SO(2) x SO(2 + 2k), which
is of type By, we have E; = { e1,ez,e1 £ ez } with m., = 2k and me,4e, = 1.
Let G./K. be the associated symmetric space with restricted root system X1 =
{2f1,2f2, fi £ fo }. Hence mo = maoy, = 1 and mg = my,+5, = 2k. Therefore, the
spherical function on G./K, is given by

[m3/2]-1

en(epn) = [T {(6A s+ 102 +42) (GA 1= 1202 +44%) |

q=0

-1

Dl 3/21( Piw(Al)(Tl)Piw(AQ)(TQ)),

wESy

and
ex(exp(Hy)) = 7" (pa(exp(Hr)) ),

is the spherical function on SO(2,2 + 2k)/SO(2) x SO(2 + 2k).

Since the restricted root system associated with SO0y (2,2)/SO(2) x SO(2) can be
seen as a special Bs type, we reproduce the same argument used above to prove that
the spherical function on SOy(2,2)/S0(2) x SO(2) is given by

(0,0 t1 +t2\ 5(0,0) t1 —t2
SOA(eXp(H(tlyt2))) - P7;(>\1+)\2) ( 2 )Pi()\l—)\Q) ( 2 )

For the symmetric space G,/ K, = SO(2,3 + 2k)/SO(2) x SO(3 + 2k) we have

me, = 2k + 1 and me, 4., = 1. The associated symmetric space G./K. has the

following root system X} = {2f1,2f2, f1 £ fo }, where my = myy, = 1 and mg =
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my, +f, = 2k + 1. Therefore, the spherical function on G./K. is given by

[ms3/2]— )
et = qrj[o 1{(%’ fr+ 2+ 20+ 12) (GA i = 202+ (20 +1)) } 1
ﬁgj (iA, B) coth (W)D[ms/ﬂ (/GL(Z(C) o (K eXP(HT/g))dk),

where @, is the spherical function on the complex symmetric space Sp(2, C)/U Sp(2).

Remark 8.2. By [14], up to a constant

. m(iA, )
Bgﬁm,@ coth< (3, ) )/GL(Q,(C) Pop (k exp(Hrs))dk,

is the spherical function on Sp(2,R)/U(2).

Define the following differential operators

~ 2 )
A@' _ 821 I (ma1:|:a2 + m2az)aa“ i= 1’2

(673 2041'
and set
~ A — A
D= L7222
2@1 — 20(2

Theorem 8.3. Let A = (A1, \2) € C2, and (t1,t2) € R2.

(i) When G/K is a symmetric space with root system of type Co or BCy, except
the cases SO*(10)/U(5) and Sp(2,R)/U(2), the spherical function ¥(\, X) on the
flat symmetric space p is given by

—[ms/2]
w()q, )\2; tl, tQ) = 22°‘F(a + 1)2 <<)\, o1 + a2)2<)\, o] — a2>2> ’

Dlms/ [ > (tl)‘w(l))_a(tQ)‘w(Q))_aJa(tl)‘w(l))Ja(t2)‘w(2))]7
wES2

where J, is the Bessel function of the first kind.
(ii) For the flat symmetric space p associated with SO*(10)/U(5), the spherical
function (X, X) is given by

2 —
(A1, Ao;t1,t2) = <H /\;4> (()\, o1 + a2>2<)\, o1 — a2)2> 2
j=1

515252[ > JO(tl)‘w(l))JO(tZ)‘w(Z))}y
wES2

where
~ 1 Oay + Opr —
Di — —(a 9 8{ aitaz  Yaj—as })7
LT 1602an) (2az) \ 2 e T UG T as T ar — as

and

B = (s, + 5 Dores  Deacea )
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(iii) For the symmetric space Sp(2,R)/U(2),
. A
7/)()\1,)\%751,?52) = clim H <aa>/ (I)QA(k;eXp(H(Etl/Q,EtQ/Q)))dkv
e—0 aest g GL(2,(C) €

where @y is the spherical function on Sp(2,C).
(iv) For G/K = 50¢(2,2)/S0(2) x SO(2),

(A1, Ao b, 1) = J0<(t1 * t2)§1 + A2))(10((751 — tg)gm — /\2)>‘

(v) For the symmetric space G/K = SO(2,2 + 2k)/SO(2) x SO(2 + 2k), the
spherical function ¥(\, X) is given by

1/}()\17 )\25 t17 t2) = (p_l(dJE(Alv A?a Tlv T2))7

where
Ye(A1,Ag; T, 1) = (<A3f1+f2>2<A7 fi —f2>2>7k1~7k[ Z Jo(T1Au 1)) Jo(ToAu(2)) |
wES>

with t1 +to = 2717, t1 — to = 2T, A\ + Aoy = A1, and A\ — Ao = As.
(vi) For the symmetric space SO(2,3 + 2k)/SO(2) x SO(3 + 2k), the spherical
function (X, X) is given by

V(A1 Ao tr, t2) = ©H(o(Ar, Ag; T1, T)),

where

2 2\ =k
Yo(A1, Ao; T, 1) = ((A7f1 + f2)° (A f1 = f2) ) D [¢Sp(2,R)/U(2)(A;T1,T2)]

and Ygpar)/U(2) 5 the spherical function given in (iii).

9. THE COMPLEX CASE

In the case when G is complex, the spherical function ¢), and consequently
(A, X) has an explicit formula.

As before, let a be a maximal abelian subspace in p. Fix a Weyl positive chamber
at C a, and let W be the Weyl group associated with this choice. Recall that p
denotes the half-sum of positive roots with multiplicity counted. For X € a, the
spherical function on the complex group G is given in [18] by

H (o, p) Z (det w)elAX)

_ acxt wew
@A(exP(X)) = H Y Z (det w)e<wP’X> .
aeXt wew

Note that
5 (Gerwlelr ) = o) T (1200
weWw aext

Using theorem 3.4 we obtain an explicit formula for the spherical functions on the
tangent space of G/K at the origin, when G is complex.



22 SALEM BEN SAID AND BENT @GRSTED

Theorem 9.1. For A€ ag and X € p

[T (n)
YA X) = acx? (det w)el XD
IT (@in I] 2<a,X>w;V

aeXt aext

Recall that the integral representation of (A, X) is given by

1/1()\,X) _ / eiB(A/\’Ad(k)X)dk.
K

When G is complex, this integral is the so-called Harish-Chandra integral. The

above theorem is also proved by Harish-Chandra in [20] using other techniques.

10. SYMMETRIC SPACE WITH ROOT SYSTEM OF THE TYPE Ayx_1

In this section we will consider the following noncompact symmetric spaces with
root system of the type Ay_1 (N =2,3,...)

GL(N,R)/O(N), GL(N,C)/U(N), GL(N,H)/Sp(N),
E6(—26)/F47 O(l, N)/O<N)

Let p be a strictly positive parameter. Let Py = Clxq,...,zxN] be the polynomial
algebra in N independent variables, and Ay C Py be the algebra of symmetric
polynomials. A partition is any sequence A = (A1,...,An,...) of nonnegative inte-
gers in decreasing order \; > --- > Ay > --- containing only finitely many nonzero
terms. The number of nonzero terms in A is the length of A denoted by I(\). The
sum [A| = A\ + -+ Ay + -+ is called the weight of A\. The set of partitions of
weight N is denoted by &x. On this set there is a natural involution which, in the
standard diagrammatic representation, corresponds to the transposition (reflection
in the main diagonal). The image of a partition A under this involution is called the
conjugate of A\, and is denoted by \.

An important example of symmetric functions are the Jack polynomials. We give

here their definition. Recall that on the set of partitions &y there is the following
dominance partial ordering: we write y < X if for all ¢ > 1

At po s S A Ao A

Consider the following Calogero-Moser-Sutherland operator

N 9 \2 vt/ O 9 Ny
Ag:;(miax) oD J(‘””ia;ci_z”jmj)_p(]v_l);“axi

i— 1<icj<n Y1 T
N
0 \2 r;xi O
= : 2 L
; (%8:6@) + pzaﬁi—xj ox;

If p is not a negative rational number or zero, then for any partition A, such that
[(A) > N, there is a unique polynomial Py(z, p) € Ay, called the Jack polynomial,
such that

(i) P\(z, p) is an eigenfunction of the Ag operator.

(i) Pa(z,0) = mr + 32, <\ Urpumy, where vy, € C and my, is the elementary
symmetric polynomial.
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Now we discuss the so-called shifted Jack polynomials investigated recently by
Knop, Sahi, Okounkov and Olshanski (cf. [30] [35]). Let us denote by A, n the
algebra of polynomials f(z1,...,xy) which are symmetric in the shifted variables
x;p(1 — 7). Let us introduce the following function on the set of partition

H\,p) = [[(co(@) +1),
Oex
where
co(0) = Ni — j + p(X; — ).
Here we identify a partition A with its diagram
A={0=(4,7):1<i<IN),1<j< N}

Let A be a partition with Ayy; = 0. There exists a unique shifted symmet-
ric polynomial Py (z,p) € Ap,,, called the shifted Jack polynomial, such that
degree(P5) < |A|, and

. H(A p), p=A
P , — ) )
i) ={ o Wl <AL A e =0
Knop and Sahi proved that the shifted Jack polynomial P5(z, o) satisfies the extra
vanishing property P5(u, ) = 0 unless the diagram of y is a subset of the diagram
of A\, ie. p; < A for all ¢ > 1, and that P}(x,g) is the usual Jack polynomial
Py (z, ) plus lower order terms. We shall write 1 C A to mean that the diagram of

A contains the diagram of pu.
By [32] and [43], we have the following branching rule for the Jack polynomials

A
Py(z1,22, v, 0) = 3 o) M Pua, - ansp),  (10.0)
H=A
where i < A stands for the inequalities of interlacing

AL > 1> A2 > g > 2> UN—1 2> AN,

the coefficient gy, () is given by

H (i — My + p(j —1i) + @),uj—)\j-u (Ai — Hj + p(j —1) + 1)Mj—>\j+1

ox/u(p) = — — ,
u r<icien—1 Wi = 1 07 = 1)+ Dpsonjin Vi = 15+ 90 = 9) + )25

and |A/u| denotes the weight of the skew diagram A/ which is equal to |A| — |pl.
For the shifted Jack polynomial P5, Okounkov proved in [34] the following formula

Pz, oni0) =D ovule) [ (@1 — (@) Pi(za,.. . zni0),  (10.2)
H=A OeX/p

where 0, /,(p) is the same as for Py, and

O =(-1)—pli-1),  forO= ().

Let
H(\ ) =[]0 +p).
Oex
The following was conjectured by Macdonald and proved by Stanley [43]
N
Pl i) = o

T H (M)
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where
(Vo) = [T (Vo + ¢, (0).
Oex

Next, we review the spherical functions on symmetric cones. For details, we refer
to Faraut-Koranyi’s book [15, Chapter XI].

Let © be an open and convex cone associated with an Euclidean Jordan algebra
V. The cone Q) can be identified with one of the Riemannian symmetric spaces G /K
listed in the beginning of this section.

Assume that V is a simple Euclidean Jordan algebra, i.e. V does not contain
non-trivial ideals. Let N be the rank of V, and let {c1,...,cn} be a complete
system of orthogonal idempotent elements. Each element x in V can be written as
x = k:z;v:l xjcj, with k € K and z; € R.

Form = (mq,...,my) and z = Z;V:]L xjcj, the spherical functions on 2 are given
by

() = / AT (k) - AT ™ (k) A (),
K

where Aj(y) is the principal minor of order j of y, and dk denotes the normalized
Haar measure on K. This formula corresponds to the classical Harish-Chandra for-

mula for the spherical functions on G/K with m = % where p = (p1,...,pN),
pj:%(Zj—N—l), and A € CV.
Ifm=(my,...,myn) € NV such that mq > -+ > my > 0, the spherical function

©m 1s a polynomial, and can be written in terms of the Jack polynomials. If x =
DDA

Pu(z1,...,zN;0) . 2
= th ==
(pm(aj) Pm(1’7]-ap) ’ s v d’

where d = 1 for GL(N,R)/O(N),d = 2 for GL(N,C)/U(N),d = 4 for GL(N,H)/Sp(N),
d = 8 for Eg(_g6)/Fy, and d = N for O(1, N)/O(N).
By [35, (2.6)], we have the following binomial formula
Pun(l4 a1, 1 +anip) _ > Py(m, p)Py(z, )
Pn(l,..., 1 p) P(l,.~-,1;p)H(u,p)

(10.3)
pCm K

o Pu(l, 7@)H(u,p)
For p =1, i.e. d =2, formula (10. 3) reduces to the usual binomial formula

Sm(l, ,LLCmHD Zj (N+]_Z)

where S, is the Schur function
det( fij+N— J)

H1§i<j§N(95i — )

1<i,j<N

Su(a:h . ,HZN) =

and

d ( ; — ) — i — )
) et ((x; + N —d)---(x;—i+j—pj+1) .
Sp(@) = 7 |
[icicjen(@i—i—xj+j)




ANALYSIS ON FLAT SYMMETRIC SPACES 25

See for instance [31].
Henceforth, ¢ denotes a very large integer. By using formula (10.2) N-times, we
obtain

Py(mis,...,mnG; p)
- Z Ou/m H (mis — cp (0 Z O /n2 H (mas — ¢,(00))
m=p Oeu/m N2=n1 Ueni/n2
Z Onn—2/nn—1 H (my-15 — C@(D))P;NA (mns, )
NN_1=<7TN—_2 Oenn—_a/nn-1
= ¢lu Z Ou/m H (m1 — <" lep(0)) Z Ony /n2 H (m2 = <ep ()
m=<p Uep/m N2=M Uen /n2
Yo s LI (v =Tl (@) B (m,p)
NN—1=<7TN—-2 Oenn—_a/nn-1
~g|“|PM(m1,...,mN;p), when ¢ — oo.

For the Jack polynomial P,, we use formula (10.1) N-times to write
Pl — e 1)
=D Oum (L= WmEY T gy, (1= e )/

m-=p 72="M
—1 —1
_ S "SN-1)\IIN-2/TN-1 _ S SN
Z QWN72/"IN71(1 € )‘ / ‘PUN—l(l € )
NN—1="n-2
—|p |#/771| |771/772|
~S Ou/m 31 Ony /28
m=u n2=<M
[N —2/nN-1]
§ : Onn_o/an-15N—-1 P77N 1(3N7K9) when ¢ — 00
NN-1=<NN-2
zg_‘“lPM(sl,...jsN;p).

Thus, the following theorem holds

Theorem 10.1. Let X = Z;VZI zjcj, s €N, and m = (my,ma,...,my) € NV such
that my > -+ > mpy. The following Taylor series holds

P(mlv"'amN;g)P,u(ml? ,.’IJN,Q)
lim ‘Pmc(eXp( 1X)) = . d 2 2 d
e MEZQ;N Pl 15 9)H (s g)
Remark 10.2. (i) For a real vector v = (v1,...,vN) such that v; > -+ > vy, write

Ye(v, X) := / eB(Av,Ad(R)X) g7
K
As in Theorem 3.4, one can prove that
wC(IA X) = <ll>120 Sokl/] ( eXp(g_lX))

= Z B, v d)PH(Il’ o TN %) (by Theorem 10.1)
P (1 VL 2)H (13 3) ’

where [cv] = ([sv1], ..., [svn]) is the N-vector of integral parts.

HEPN
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(ii) Using [42], one can prove that for m = (mq,mg) (insert a ”,”)

d _
(pm(l'l,ﬂﬁg) = 6m1$16m2122F1 <m2 — ma, 57 da I —e27" ).

In particular, we deduce that

Ye(vi, vo; 1, 22) = 1712 1 <;l,d; (1 —ve)(z1 — iBz)) :
where 1 F} is the confluent hypergeometric function of the first kind.

(iii) The various Bessel functions ¥ (A, X) and 9.(v, X) coming from symmetric
spaces of negative and positive curvature, respectively, are related to each other by
the transformation ¥(\, X) = 9.(v, X) |,=:n - This statement holds for every flat
symmetric space.

Remark 10.3. (i) For GL(N,R)/O(N), in [27] James obtains the expansion of ¢.(v, X)
in a series of Jack polynomials, with a view towards statistical applications.

(ii) In [11, Section 8.9], the authors derive (in principle) a similar result to the
one in Theorem 10.1 for the so-called Dunkl-kernel. Their method relies on Dunkl-
Cherednik operators theory and Macdonald-type identity. To obtain our expansion,
one needs to prove that the average over the Weyl group of the Dunkl-kernels can be
expressed in terms of the Jack polynomials, with the appropriate explicit coefficients.

Connection to some of Hua’s results. For d = 2, Theorem 10.1 can be written
as
-1 -1

lim Smc(es T, ..., €S TN _ Z Su(xl,...,wN)Sﬂ(ml,’....,mN).
¢—00 Smg(1,71) HD:(Z,])E;L(N+] —Z)

HEPN
This limit contains all the results that can be found in [36, §5]. In fact, the above

limit, i.e. for d = 2, is implicitly contained in Hua’s book [17, §1.2]. By [17, Theorem
1.2.1], we know that if the power series

fi(z) = Z alV 2"
k=0

converges for |z| < ¢, then for |z1] < ¢, -+ ,|zn| < ¢ we have

det(fi(z))i<ijen = »  det(ay)) det(z”). (10.4)
€1>f2>“-€]\720
i (eXj+N—j)

Using (10.4) for the power series of the exponential function e , and

the fact that

- Vand(A\1 + N —1,...,Anv—1 + 1, An)

1,...,1
S)\( ; ) ) Vand(N—l,..-,lyo) ’

one can deduce the limit formula. Here Vand(---) denotes the Vandermonde de-
terminant. Thus one can see that Theorem 10.1 is a generalization of Hua’s limit
formula for all p > 0.
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