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The Fourier Singular Complement Method
for the Poisson problem. Part II: axisymmetric domains

P. Ciarlet, Jr, ' B. Jung, 2 S. Kaddouri, ®> S. Labrunie, * J. Zou?®

Abstract

This paper is the second part of a threefold article, aimed at solving numerically the Poisson
problem in three-dimensional prismatic or axisymmetric domains. In the first part of this
series, the Fourier Singular Complement Method was introduced and analysed, in prismatic
domains. In this second part, the FSCM is studied in axisymmetric domains with conical
vertices, whereas, in the third part, implementation issues, numerical tests and comparisons
with other methods are carried out. The method is based on a Fourier expansion in the direction
parallel to the reentrant edges of the domain, and on an improved variant of the Singular
Complement Method in the 2D section perpendicular to those edges. Neither refinements
near the reentrant edges or vertices of the domain, nor cut-off functions are required in the
computations to achieve an optimal convergence order in terms of the mesh size and the number

of Fourier modes used.

Date of this version : July 7, 2005

1 Introduction

The Singular Complement Method (SCM) was originally introduced by Assous et al.
[6, fd], for the 2D static or instationary Maxwell equations without charges. It was then
extended [[, fi] to the fully azisymmetric case, i.e. axisymmetric domains and data, with
or without charges. The SCM has been extended in [[L1] to the 2D Poisson problem.
As noted in [[[Z], further extensions to the 2D heat or wave equations, or to similar
problems with piecewise constant coefficients, can be obtained easily. Methodologically
speaking, the SCM consists in adding some singular test functions to the usual P
Lagrange FEM so that it recovers the optimal H'-convergence rate, even in non-convex
domains. In the fully axisymmetric case, one may simply add one singular test function
per reentrant edge, and one per conical vertex of sufficiently large aperture.
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There exist a couple of numerical methods in the literature for accurately solv-
ing 2D Poisson problems in non-convex domains. The SCM is clearly different from
(anisotropic) mesh refinement techniques [RQ, [Lf], and can be applied efficiently to in-
stationary problems (see Remark 4.1 of [[J]), since it does not need the refinements
of the mesh and thus large time steps may be allowed. However the anisotropic mesh
refinement methods have one advantage: they require only a partial knowledge of the
most singular part of the solution.

The numerical solution of 3D singular Poisson problems is quite different from the
2D case, and much more difficult. This is a relatively new field of research: most
approaches rely on anisotropic mesh refinement, see for instance [E, E] and Refs.
therein. To our knowledge, this series of papers is the first attempt to generalize the
SCM for three-dimensional singular Poisson problems.

The rest of the paper is organised as follows. In the next Section, we define the ge-
ometry of the axisymmetric domain §2, and the suitable framework for the study of the
Poisson problem in §2 using a Fourier expansion with respect to the rotational angle 6,
namely, weighted Sobolev spaces over the meridian section w. This suggests a frame-
work for building the Fourier Singular Complement Method (FSCM) for accurately
solving the Poisson problem, using a Fourier expansion in 6, and an improved variant
of the Singular Complement Method [[1] in w. In Section 3, we study theoretically
this variant of the SCM, based on a regular-singular splitting of the solution u* to the
2D problem ([{-f). The main feature of the splitting is that it is chosen independently
of the Fourier index k as soon as |k| > 2; this independence is important, and very
helpful, from the computational point of view. Section 4 presents a few results of finite
element theory in the weighted Sobolev spaces. In Section [, the SCM is considered
from a numerical point of view, to approximate u* accurately, via the discretization
of the splitting. In the Section [, we build the numerical algorithms which define the
FSCM, and we show that it has the optimal convergence of order O(h + N~1), where
h is the 2D mesh size and N is the number of Fourier modes used.

2 Poisson problem in axisymmetric domains

2.1 Geometric setting and notations

In this article, we consider an azxisymmetric domain €2, ggenerated by the rotation of a
polygon w around one of its sides, denoted ,. The boundary of w is hence dw = 7y, U,
where 7, generates the boundary I' of 2. Thus, 2 can be described as:

Q=wx8'U~,. (1)

The natural cylindrical coordinates will be denoted by (7,6, z). The geometrical singu-
larities that may occur on I' are circular edges and conical vertices, which correspond
to off-axis corners of 7, and to its extremities. Figure [l| precises the various notations
associated to these singularities; a more complete description of the geometry of w can
be found in [§, f].
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Figure 1: Notations for the geometrical singularities; e: reentrant edge; c: conical vertex.

The problem under consideration is once more the homogeneous Dirichlet problem:
Find v € HY(Q) such that

—Au=finQ, uwu=0onT, (2)

with f € L?(2). Non-homogeneous Dirichlet boundary conditions, or (non-)homogen-
eous Neumann boundary conditions can be handled in exactly the same manner.

As will appear in the sequel, the problem (B) will be singular, i.e. its solution will
generically not be in H?(Q)—as it would be the case in a regular or convex domain—
iff there are reentrant edges or sharp vertices in I'. Sharp vertices are defined by the
condition (see Figure [I):

1
Ve < 2 where: v¢ ¥ min {1/ >0:P, <cos %) = O} ) (3)

and P, denotes the Legendre function. This is satisfied iff 7/8 > 7/0, ~ 130°48".
From now on, we shall assume that there is exactly one reentrant edge e (of aperture
7/, with 1/2 < a < 1) and one sharp vertex ¢, and we shall omit the superscript ¢
in v°.

Other notations. We denote by ryay the supremum of the coordinate r on w, and
by ag and @y two fixed numbers such that

1/2<ap<a and 1/2 < a; < min(a,v +1/2).

We also introduce 2D neighbourhoods w, and w, of e and c respectively. They stay
away from all sides of Ow except the two ones that meet at the relevant corner. To
them we associate cutoff functions denoted 7(p), which vanish outside we or w. and
depend only on the distance to the corner.



2.2 Fourier expansions

The functions defined on 2 will be characterised through their Fourier series in 6, the
coefficients of which are functions defined on w, viz.

+o0o
f(r,@,z) - % Z fk(n Z) eik07
k=—o00

and the truncated Fourier expansion of f at order N is:

N
f[N](r,G,z) _ \/% Z fk(ﬁ 2) oik0
k=—N

The regularity of the function f in the scale H*(2) can be characterised by that of the
(f®)kez in certain spaces of functions defined over w [0, §8IL.1 to IL.3], namely:

fEeHQ), s>0 <= VkeZ, f*eHj),

where the H fk) (w) are defined in turn with the help of two different types of weighted
Sobolev spaces. We shall now give these definitions for the values of s and k chiefly
needed in this article. The notations for the various spaces are the same as in [[{],
where the interested reader can find the proofs and the most general versions of the
subsequent statements.

First, for any 7 € R we consider the weighted Lebesgue space

L% (w) def {w measurable on w : // lw(r, 2)|* r™drdz < oo} .

This space, as well as all the spaces introduced in this article, is a Hermitian space of
functions with complex values. The scale (H3(w)),~, is the canonical Sobolev scale
built upon L2(w), defined for s € N as:

def

Hi(w) = {w € L2(w): 9000w € LE(w), Vemst. 0<L+m < s} ,

and by interpolation for s ¢ N. We denote by || - ||s- and | - |5 the canonical norm
and semi-norm of H?(w).

A prominent role will be played by L?(w); its scalar product is denoted (:|-), without
any subscript. Upon this space, we build another, dimensionally homogeneous Sobolev
scale (V§(w)),q, defined as:

VS (w) {w € Hi(w) : r'Tm =3 000mw € L3(w), Yo, mst. 0< £ +m < LSJ} ,

where |s| denotes the integral part of s. One can check that the general definition
reduces to ‘
Viw) = {w € Hi(w) : aﬁw‘% =0, for0<j<s— 1},

when s is not an integer; while for the first values of s € N, we have:
Viw) =Liw), Vilw)=Hiw) NLw), ViWw)=Hiw) NH, ().

The canonical norm of V3 (w) is denoted by | - [|s,1; it is equivalent to | - |1 except
for s € N*.



We are now ready to define the most useful spaces of Fourier coefficients.

Lemma 2.1 The spaces ka) (w), for s =0, 1, 2, are characterised as follows.
HYy(w) = B3(w), ¥k, Hby(w) = Hiw), Hiy(w) = Viw), ¥kl > 1;
H?O)(w) ={we Hi(w): 0w e L2 (w)}, Hél)(u)) ={w € Hi(w) : w|y, =0},
Hjy (W) = Vi), VIk| > 2.
The definition for the other values of s will be given when needed.

Remark 2.1 The scales Hj(w), V§(w), and H(Sk)(w) (for any k) can be extended to
negative values of the exponent s, by the usual duality procedure with respect to the
pivot space, which is L?(w) in all cases.

<
In order to handle the Dirichlet condition, we introduce the subspaces H1(w),

ff%(w), H ! (w) of functions which vanish on v,. The difference in the notation is
to remind that the functions of Vi(w) and H';(w) C Vi(w) automatically vanish
on 7, in a weak sense [[[§, Prop. 4.1]. This difference is of course important when it
comes to discretisation by P finite elements.

Similarly to the prismatic case, we introduce the anisotropic Sobolev spaces
Q) € HN(S' L) = {f € LX) : pf € LA} ;
Q) € XS L) = {f € M(Q): 9 € L)} :
they are identical to the H%*(2) of [[Id, Eq. (11.4.16)], for s = 1, 2.

The next Lemma summarises the completeness results whose proofs can be found
in [0, Chapter II] or [17].

Lemma 2.2 The following characterisations hold:

=N =N

+oo
feL’Q) <« VkeZ [feliw), and: Y kaHzl < oo (4)
k=—00 ’

+oo
fen(Q) <« VkeZ fFeli(w), and: Y k*

f’*H;1 <co;  (5)

and the canonical norms of L*(Q) and h*(Q) are equal to the square roots of these

<& & [¢]
sums. Moreover, defining V() = H(lk) (W) N Hi(w), viz. H}(w) for k =0 and Vi(w) for
the other cases, we have:

o =
JEeH\Q) <= VheZ, f£eVyy and [l = 3. kaka) <oo,  (6)
k=—o00

where the norm Hw”?k) = |w|f; + k* [Jwl§ ;.

As we did in the prismatic framework, we define the relation operators < and ~
as follows. a < b means a < Cb, where C' is a constant which depends only on the
geometry of the domain w, and not on the mesh size h, the Fourier order k, or the

data f of the Poisson problem. a ~ b denotes the conjunction of ¢ < b and b < a.



2.3 Singular Poisson problem in 2D

Denoting by u* and f* the Fourier coefficients of u and f in (B), we see [I0, §11.4] that
for any k, u* is solution to the following singular Poisson problem in w:
Find u®* such that

2 2 2
. def % k- ‘ def 0 1 0 0 k
Apu” = —Apu” = [ in w, where: A, = 92 + o + 92 72 (7)

u¥ =0 on 7. (8)
A special role will be played by A, whose values are the traces in a meridian half-plane
of the Laplacian of axisymmetric functions. We remark that the operators Ay have
real coefficients, hence the real and imaginary parts of the solution to (f{-§) correspond

to the real and imaginary parts of the data. So, in practice, it will be sufficient to
consider problems with real data and solutions.

The variational space associated to ([j-§) is the Vix) defined in Lemma B.J. The
variational formulation reads [I0, §I1.4.a]:

ag (uk,v) = (fk | v), Vo e Vi, 9)

where ay, is now the sesquilinear form defined by the norm | - ||, viz.

k‘2
ax(u,v) :// [TVU-VE—F—UE} dw.
w T

(In this text, V will always denote the 2D gradient in the (r, z) plane.)

Like in the prismatic case, we have the following results.

Lemma 2.3 Let f € L?(2), and u be the solution to (4). Then (u[K}) converges to

u in HY(Q), and (Au[K})K converges to —f in L?().

K

Proof:  Similar to [[[J, Corollary 3.1]. o
Lemma 2.4 Let f € L*(Q), and u be the solution to (B). Then dgu € H'(Q).

Proof:  One may follow the lines of [[[J, Corollary 3.2], using the a priori estimates
of [[5, Thm 4.2] to check that (&ﬁgu, r~L 0pOpu, Bzagu) € L*(Q)3. o

Besides the variational space, we shall consider, for each Fourier mode k:

e the natural space, which is the one to which u* belongs, i.e. the domain of the
operator Ay:

D(Ayg) def {w €V = H(lk)(w) N ﬁ[%(w) D Agw € L%(w)} ; (10)

k

e the reqularised space, i.e. the one to which the solution u® would belong if the

<
domain €2 were regular or convex, namely H (Qk) (w) N Hi(w).
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In [0, Thm II1.3.1], it is established that the regularised space no longer depends on k
as soon as |k| > 2; in Theorem B.2, we will show that the same occurs for the natural
space. This suggests that the mode 2 can serve as the “fundamental mode” for the
high-|k| modes, just like the mode 0 does in the prismatic case. In contradistinction to
the latter, the modes 0 and +1 have to be treated separately, with their own singular
functions.

3 Regular-singular decompositions in the 2D do-
main w: theoretical study

We now establish the regular-singular decompositions, for the various Fourier modes k,
of the solution u* to ([§-§), which will be effectively used in the numerical method. This
parallels the work exposed in the companion paper [[4, §4].

We shall need the following integration by parts formulae.
Theorem 3.1 For any u, v € H}(w) such that Agv € L?(w), there holds:
0
/ {quv—{—Vu-Vv}rdw:/ u—vrdy. (11)
w ov

o

For any w € H1 ) such that Aqw € L?(w), there holds:

» // { Aow}rdwz||Vw||%,_1—2uwu3,_3. (12)

Proof: Eq. ([L1) is the expression, in a meridian half-plane, of the usual Green formula
applied to axisymmetric functions. To prove ([[J), we first note that there holds, in the
sense of distributions in w:
w Vw|?> 2w ow
Vw-V (=)= - — =
v <r2> r2 r3 Or

But w € H! | (w) implies w € L? 3(w) [}, Lemma 4.9], i.e. r—2w € L}(w); so the above
function is integrable with respect to the measure r dw, and we can apply ([1]) with

u=r"2wand v = w:

n // { Aow}rdw—/ V- v<_> rdw
[ () ()

def
| Vulf 20

Now, we treat Is by the usual integration by parts formula of order one:

aww 0w w
//[87" 2 87" 2] dw = /ywﬁurdw = 0
ow w w@@ 9 2
552w (-2)]o

2R — 2w _3 = O.

I
o

7



Hence, RI1 = ||[Vw||§ _; — 2[Jw]]§ 3. o

3.1 Modes |k| > 2.

From [[[d, §II.4], we know the following facts. The solution u* to ([}-§) is regular
everywhere except in the neighbourhood of the reentrant edge, and it can be written
as:

uk € H(Qk)(w) N Ig%(w) =V3w)N 10/%(w),
Si(p, ) = n(p) e "7 p* sin(ag).

As a first consequence, we have the following

uk = u]; + A\, S§,  with: { (13)

Theorem 3.2 Let w € D(Ay). Then:

e w has a V3 reqularity near the azis, hence w € H' | (w) C L% 3(w), and both Agw
and r=2w are in L?(w).

e w has an H'T regularity near the reentrant edge, so its global reqularity is w €
Vit (w); and there holds: w1191 < C(k) || Agwllo1-

In close analogy to the orthogonal decomposition of L?(w) introduced by Gris-
vard [[4, p. 45], we have:

o 1
L3(w) = DglHE () N V()] & Na, (14)
where N is a space of singular harmonic functions defined by
Ny = {p € L?(w) : Agp=01inw, p=0 on each side of %}.

Here, as well as in the subsequent definitions of N7 and Ny, the boundary condition
on the sides of v, is understood in the suitable space, which is the trace in a meridian
half-plane of the space H(T;) defined in [§, Definition 5.4]. Following the same line
of proof as in [, §3], it is not difficult to establish that the dimension of Nj is equal
to the number of off-axis re-entrant corners in w, i.e. in our case dim Ny = 1, and
No=span{p?}, where p? can be chosen as:

2 =54 p?,  with: p}ie{}%(w), 15
g P {Se(p, ¢) = n(p) p~* sin(ag). .

Similarly to [[2, §4], we define ? as the element of V}(w) which solves the Poisson
problem
—Agp?=p? in w. (16)

Then by the decomposition ([4), we can split the solution u* to (-f) as

ub =gk + ckgog, (17)



[¢] <
where @¥ € H(22) (w) N Viw) = H(Qk) (w) N Hi(w), and is called the regular part of

uF. How is this decomposition related to ([3) ? Applying ([J) to ¢? itself gives:
02 = @i + 62 .55; observing that all the S}, have the same principal part, we deduce

u’; =aF + ¢ goi, and )\ = ¢, 62. Then, using the orthogonality relation ([[4) we infer:

2112
|13 Ho,l
(—2255 | p3)
Calculating this scalar product is rather tedious but can be done using ([[§) and ([[1)—
modified so as to avoid the singularity. We find:
A
Ck

6% =

o (18)

1
— 62 _ 2
p
where a = r(e) is the distance from the reentrant edge to the axis (see Fig. l).

The following lemma summarises some a priori estimates on u* and cy,.

Lemma 3.1 Let u* be the solution to the Poisson problem ([-1§), then we have the
following a priori estimates:

E2 | l0—1 < Pmax | F* . k¥ < Tmax ek , 19
u*llo,~1 < Tmax [[f*[l01 lu'lip < NG If%llo,1 (19)
K2 —2) [[uF]lo_s < || f* K2 —2) Y2 |k Loigk 20
( ) Nlullo,—3 < 1/ lo,r,  ( )T W < 1£%1o,1 (20)
V2
Ao flox < 2/1f¥los, (21)
ekl < KU oa (22)
<

ey agn ® [0 ra01 S BT o llon (23)

Proof: The variational formulation () with v = u* gives:
P12y + B2 15 1 < 1 o M llor < i [0t e llo,—1

this proves the first estimate in ([[J). Then applying the Young inequality, we further
obtain

k
I3 1 |

T T
R T e e T
max

which leads to the H} semi-norm estimate in ([[g). Similarly, multiplying () by 2%
and using ([[3) yields:

P13 1+ (K = 2) 113 5 < 11" lox 1 flo—

k

and we obtain the two estimates in (RJ) by a similar reasoning. Then (R1l) immediately
follows from Aguf = f* — k2 r=2uF.

The formula ([[§) implies: |cx| ~ |A|; thus, the estimate (R) is clearly equivalent
to: |Ax] < kL. This, in turn, can be obtained by following the lines of [[4, §2.5.2]
or [, §5.1]. As a matter of fact, the latter reference shows that, away from the axis,
the weights in the Sobolev spaces and the exact form of the modified Laplacian under
consideration are of no importance.



Now, setting f’; def A (uk —Ck gog), ie.

R?

k?2
Jr=—Douy + 5, (24)

one concludes, like in the above references, that H f;fH ol S H ka 01 Expanding the
squared norm of the equality (B4) and using ([[J) then yields:

2 2 2 2
Ao 2%2 |uk k < H ’“H . 25
H 0%g o1jL Yr 1,-1 Yr 0,—3 " ! 0,1 (25)

)

+ (K — 4k?) (

<
On the other hand, there holds: u]; € H(QO) (w) N H}(w), and within this space the

canonical norm of H(QO) (w) is equivalent to the norm [|Aowl|y, [, Lemma 4.7]. So, we

have both |u];‘2 1 S kaHO , and ‘u’; 115 k1 kaHo ,; and we obtain by interpolating
in the scale H{(w) that: |u’;‘1+a0 LS kool kaHO 1~ We then derive (B3) by adapting
the proof of Lemma 4.1 of [[L2]. 7 o

Lemma 3.2 The reqular part @* and the singularity coefficient ci in (%) are given
as the unique solution of the coupled system:

ar(@,0) + k(@3 0) = (££10), Yo e Vi), (26)

(2030 + 1 (1928 -1+ 20620 -a) e+ oo (3% 1 02) = (F5192) . (27)

where the symbol C 2 4 And @ and ¢ have the following stability estimates:
1£*]lo,1

Ip3llos
We omit the details of the proof, which is very similar to that of Lemma 4.2 of [[J]. Tt
makes use of the result: (7“_2 @2 ‘ p?) = 023 1 + 211215, _5, which directly follows

1@y S KN llos lew] <2

@My, < 05 llo,r -

from ([[J) and ([L6), as p? and ¢? are real. The representation formula for the singularity
coefficient is:

st )
7212

The scalar product (r—2 A;l f*|p?) in (£]) is defined thanks to Theorem B.J. We shall
see—and this will be of practical relevance—that it can be written as (A/,;1 e r2 pg),
i.e. p2 € L? 4(w). This is a consequence of the following lemma.

(28)

Lemma 3.3 The dual singularity p? is of V3 regularity near the axis. It admits the
following splitting:
_ . ™2 o .
pi=p+pk, PeViw), pi= (1) p 7 sin(ag). (29)

Similarly, the primal singularity ¢* can be represented as:

. - ™2 . .
cpg = p? 4 62 cpi, G’ e V%(w), <p123 = (5) p% sin(ag). (30)

10



Proof: Let 0 < a” < d’ < a; we consider a cut-off function y such that x(r) = 1 for
r <a” and x(r) = 0 for r > d, as well as the domain v’ = {& € w: r(x) < d'}. This
domain has no off-axis reentrant corner (see Figure [IJ), so there are no singularities
of Ay, either primal or dual, in w’.

As we stay away from the reentrant corner, the splitting ([§) shows that p? e
Vi(w'). Thus, xp? € V1(w') and it vanishes on dw’. Moreover:

Ox

5, € Li(),

2
P
Ao (xp3) = X Ao + V- V] + p5 Ax + ==
since the first term is identically zero, and the other three are smooth and vanish near
the axis. We conclude from Theorem B.2, and the absence of primal singularities, that
xp? e V3(W),ie p?is V2 where y = 1.

Now, using (see Figure [l):

a

(T>2 —1= (T_a()z# = %p cos(¢ + ¢g) + h.o.t.,

we remark
S¢—p2 =p" " (g1(¢) + hoot.) € H'(we), 85— =p"T(g2(¢) + hoot.) € H*(we),

since the functions g; 2(¢) as well as the higher-order terms (h.o.t.) are smooth. More-
over, thanks to the factor (r/a)?, pi and goi are of V? regularity near the axis. The
smoothness of these functions in the rest of the domain yields $¢ — p2 € Vi(w),

S5 — ¢ € V3{w). This proves (&) and (BD). °

3.2 Modes k£ = +1.

[¢]
As we can see from Lemma P1], the variational space is still V}(w); but the regularised
space has changed. Once again, the only singularities are located at the reentrant
edges. Hence, the solution u* to ([-B), with k = +1, can be split as:

uF =l 4+ A S%y,  with: {“]13 € Hiyy)(@)NViw) = Hi@) N Vi), (g1
' S¢1(p, ) = n(p)e™? p sin(ag).

As a consequence of Theorem B.9, p? € D(A;), and the decomposition ([[7) is still
valid in this case. However, that singular function belongs to a space which appears
too constrained for the modes £1: it is even better decaying near the axis than the

functions of H? (w)rﬂc}% (w); moreover, this decay is lost in the discretisation by P; finite
elements. So the representation formula (R§), though valid at the continuous level with
= —3, is numerically hardly stable and its use would deteriorate the convergence rate
of the SCM.

11



So, it is better to use singular functions that are adapted for these modes. Let p!
be a basis of the dual singular space

Ny = {p € L}(w) : Aip=0inw, p=0 on each side of %},

and ¢! = Aflp;. These functions were defined and studied in [f], §4.1], and a numerical
method was defined. We will introduce below (§5.4) a slight modification of that
method in order to improve the convergence rate. For the moment, we recall that the
function u* admits the splitting

k

T

+ Ck@;, (32)

< [¢]
where @F € H(21)(w) N Hi(w) = H}(w) N Vi(w). As we are in the “usual” SCM

framework [[[1]], we have the simple representation formula

(f*1ps)
Ccr = , (33)
Ip&115 1
and the regular part satisfies:
ai(@,0) +cean(elv) = (£41v) Vo e Vi), (34)
From the above considerations easily follow the estimates:
P U R T Y i R s PORST i R
‘u ‘1,1” / 017 " flo-1~ / 01’ 0% o1 ~ / 01’ (35)
Divaon S o W < et <]
| S S e <) (36)

3.3 Mode £ =0.

<&
Now, the variational space is V(o) = Hi(w), and the regularised space is H(QO) (w) N Vo),
with Hf,
edge and one per sharp vertex, see [0, §11.4] or [, §4.4]. The splitting of u® with

respect to regularity thus becomes:

)(w) given by Lemma P.]. Moreover, there is one singularity per reentrant

<o
0 0 e qe ¢ qc . u(})?, EH(ZO)(W)QH%(W)’
u =u, + ;50 + A5 Sy, with: SE(p, ®) = n(p) p sin(as), (37)
S§(ps @) = n(p) p* Py(cos ¢).

Once more, there holds: H (20) (w)C H (22) (w); yet, once more, attempting to represent the

singularity at the edge with the help of the function ¢? would imperil the convergence
rate of the numerical method. As a consequence, we shall use the “natural” singular
functions for this mode (see [f], fj] for details). The dual singular space is

Ny = {p € L}(w) : Agp=0inw, p=0 on each side of %} :

12



it is of dimension two, with the basis {pg’e , pg’c} given by

pQ€ =S 4 ple O 0 j_}l( )
0,c . gc’} with: p}g » Pg 1 wﬂ’/71 (38)
ps” =S+ pS, S°(p, @) = n(p) p~ =" Py(cos ¢),

. <
and S is as in ([l§). The primal singular functions o) € HY(w) (j = e, ¢) are of course
defined as: gpg’J = Aal pg’].

Lemma 3.4 The primal singular function cpg’j admits the splitting

0j — 09 4 505 gi -0 e |2 71 .
o7 = @) +675,,  where: ¢ € Hiy(w) N Hy(w), and: (39)
-1

5 /B )

50— Hpg,cuol {(1+2V)/ P,(cos ¢) sin¢d¢} , (40)
’ 0

e e 2
% = |pl Ho,l/(‘m)' (41)

FEquivalently, pg’j and cpg’j can be represented as

0,c —v—1
0J — 507 4 0. S04 ¢ pl pPpe=p P,(cos ¢), 19
i =prArs, P e i), {p?;e = p~ sin(ag), (42)
0,c v
0 — 30 4 §0. 0. 0,7 2 )¢ = p¥ P,(cos ¢),
Ps 2 + 5 QDP ’ 2 € HI(CU), {90}0375 _ pa Sin(a¢). (43)

Proof: Let us examine first the conical singularity: j = c¢. The splitting (B7) applied
to gpg’c yields: 90870 = gpg’c + 52’6 S+ 53’0 SG. Using the definitions of pS’C and gpg’c we
deduce

1602, = 80 (—A0S§ | p0) + 60 (205G | 22°) (44)

Rewriting the first scalar product in ({4) as:
(=205 | p¢) = (—A0SG | 1) + (205G | S9),

we notice that the second term is zero by a support argument. To evaluate the first
term, we remark that —Aop%c = A(S¢ vanishing near the conical point, is smooth

<&
and belongs to L?(w). So, both S§ and pg’c are functions in H3(w) with Laplacian A
in L?(w); and we use ([LT]) twice to obtain:

(=085 | p%°) = (S5 | —A0p%°) = (S§ | AoSY),

which again vanishes by a support argument. Finally, the last scalar product in (f4)
can be computed e.g. as in [[[J] to obtain

/B
(—AOSS | pg’c) =(1+2v) / P,(cos ¢)2 sin ¢ do,
0

and (B9-{tJ) are proven. This immediately yields (E2-f3). Similar computations are
carried out for the edge singularity; 6°¢ is computed like §2 above. o

13



Lemma 3.5 The solution to —Agu® = f° can be represented as

<&
u® = @0 + o 9%+ co e 02, where: @0 € H(ZO) (w) N Hi(w). (45)
The co j are given by the representation formulae:
€05 == o5
s 1131

Proof. As the space of singularities is of dimension two, it is enough to exhibit two
linearly independent functions to have a basis. This is obviously the case of 90876
and cpg’c, which proves (ff). Taking the Laplacian —Ag of this equality and the scalar
product by pS’C yields, thanks to the orthogonality property:

(F2102) = coe (—D092° | PI°) + coc IP2°N5.1-

Then, using the decomposition (Bd), we obtain: (—Aogpg’e ] pg’c) = 50e (—AOSS | p276>,
which is zero as seen in the proof of Lemma B.4. Hence (i) for j = ¢; the case j = e
is treated similarly. o

Let us state without proof the elliptic equation satisfied by @°:

ao (%) + coe ao (2%, v) + cocao (¥26,0) = (fO|v), Vve qu(w), (47)

and the stability estimates on the various terms in ([):
|u0|1’1 S Hfouo,w |u0‘1+o¢1,1 S HfOHO,1’ (48)
|a0|1,1 S HfOHO,w lco 4] S HfOHO,1' (49)

4 Interpolation and projection operators

We consider a regular triangulation of the domain w, with mesh size h. The space
spanned by P; finite elements on this triangulation is denoted V": the subspace of

functions which vanish on the whole of dw is V/* = V' 10/% (w); while V = Vv ﬁ[<->[ Lw)
is the subspace of functions which vanish only on ~,. We introduce the usual Lagrange
interpolation operator Il as well as the weighted Clément operator P,. The latter—
identical to the operator called II9 in [, §4]—is a local projection operator onto Py in
the L? sense, which does not take into account the nodes of the triangulation which

e]
stand on Jw. Hence, it maps V1(w) onto V..

We now prove a few results on these operators, in the framework of weighted Sobolev
spaces of fractional order. We begin by a useful density lemma.

Lemma 4.1 V3(w)NV1(w) is dense within Vit (w)NVi(w) = HIT*(w)NVi(w).
Proof: Let w € V1T (w) N Vi(w) and & > 0. The construction of @ € V3(w) N

[¢]
V1(w) such that ||w — @||14+ae1 < € is decomposed into two steps. The first one will
not be effectively used in this article, since we do not consider arbitrary functions in

V1te(w) N Vi(w), but only those which belong to D(Ay).

14



STEP 1: From H; ™ (w)NV1i(w) To D(Ay). From [0, Thm I1.4.8], we know that
&
A;! is an isomorphism from H(Sk_)l(w) to H("S,:;l(w) N Hi(w) for s < a. Let C(s, k) be

the norm of this operator. Setting g = —Aqw € H(O‘Qo)fl(w) = H !(w), we use the

density of H(w) within H{*"!(w) to construct ¢’ € L?(w) such that ||g — ¢/|l1—ag.1 <
e/(2C(ap,2)). Then w' & Ay'g € D(Ag) and satisfies ||w — w'||1 4001 < /2.

STEP 2: Frowm D(As) TO V%(w)(ﬂo/%(w). There remains to find @ € V%(w)ﬂ‘o/%(w)
such that ||w' — @[/14a01 < €/2. Since D(As) = Vi(w) N Vi(w) & spanS§, this is

~ o ~
obviously equivalent to find S € V3(w) N V}(w) such that [|S§ — S||litae1 < &, for
arbitrary &’.

We claim that S = S5 — Si does the job for k large enough. As a matter of fact,
S5 — 8¢ = pMte sin(ag) + h.o.t. € H*(we) N H'(we); thanks to the cutoff function 7,
this gives S§ — S¢ € V3(w) N V}(w). Then, it is enough to check that

S¢ — 0 strongly in H7(w,) as k — +oo0.

This is done like in [[4, Lemma 5.3.3], by using the Sobolev imbedding H'*®(w,) C
W?2P(we) with p = 2/(2 — ap); indeed, one calculates |[Sg | f1+a0(w,) S IS5 Iw2rw.) S
k2(a0—a)/(2=ao0) o
Lemma 4.2 For any w € V1T (w) N Vi(w), there holds:

lw = Brwla S A% feolhtap, N = Praollgy <50 fwlipagt.  (50)

Proof:  Assume first that w € V#(w) N V}(w). From [§, Thm 4.2], we know
W w = Pawllog + llw = Pawlliy S 5°7H Jwllsy for s =1, 2;

and, from [f, Prop. 1.e.1], that V17 (w) is the interpolate of order ag between V1(w)
and V2(w). Hence the two estimates in (5() by a standard interpolation argument.

Then one generalises to w € V1T (w) N 10/%((4)) by Lemma [.1]. o
Lemma 4.3 For w € H?(w), there holds:
lw —pw|i—o1 ~ Jw —pwly_;q < R iz (51)
for any o € [0,1].
Proof: It stems from [[[§, Prop. 6.1] or [§, Prop. 4.1] that
R lw — Tpwllos + [w — Tpw]i 1 < hlwla.

One concludes by interpolating in the scale Hj(w). o
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5 Discrete formulation, SCM

In §8F.1] to p.3, the superscript 2 in p?, ©2, 82, etc. will generally be omitted.

5.1 Approximation of the dual singular function p?.

We start from the decomposition (RY). p is characterised by the three conditions
PEVIW), Pp=-p,ony, —Ap=ANp, inw.

A direct calculation shows that, denoting ¢’ = ¢ + ¢ (see Figure [l):

5r .
Aopp = =—5 ap™ " sin(ag + ¢).

This function is of H~! regularity near the reentrant edge, and smooth elsewhere, so it

e]
belongs to the dual of V1(w). However, it should be noticed that Asp, never belongs
locally to L?(w,). This phenomenon causes the local regularity of p to be weaker than
in the prismatic case, and dramatically deteriorates the convergence rate of the SCM.

This inconvenience can be overcome by enriching the principal part with the next
term in the expansion of ps near the reentrant corner. To do so, we look for a func-
tion in V}(w), with a V? regularity near the axis, vanishing on dw, N+, and whose
Laplacian A is locally “almost equal” to Agp,,. First, we look for a local variational
solution of

~AQ =ap “tsin(ap+¢) inwe, Q=0ondw.Nr.

By separation of variables, we obtain: Q(p, ¢) = % p' = cos ¢ sin(ag). As the exponent
1—a >0, Q does belong to H'(w.). To obtain the V? regularity near the axis, we
have to multiply it by (r/a)?. A simple calculation shows that:

) 2
(2 d] = - e s
+ 25—;2 p~® [sin(ag) — a cos ¢’ sin(ag + ¢)] .

Hence, the new decomposition:

QO

(1Y’ [1 250 s ¢'] p~< sin(ag), (52)

~ def 5 /r\2
ps = pp+p, where: p, < Pp—— <_> o7

a a

enjoys the following properties. First, p = p + (572/a®) Q € V1(w) and it vanishes on
Owe N 7y. Then, using

(i)tzzuzgpmd,/,
a a

we obtain

] N 35 ,
Up def Aopp = ey [—7 sin(ag) + 5 @ cos ¢ sin(ad + ¢')| € L3 (w). (53)

As —Agp = ¥, we infer by localisation that p € H'*%(w,). Elsewhere, the smoothness
of 9, implies that of p, so p € V%JFO‘“ (w), and is V7 near the axis.

16



Now, we are ready to derive the FE approximation of ps. The variable p solves the
variational problem: Find p € Vi(w) such that

p=sondw, and as(p,v)=(9,|v) YveViw). (54)
Similarly to the prismatic case [[3, §5.1], we introduce

e the boundary function s which is equal to the trace of —p,, hence is zero on the
two sides that meet at the reentrant corner, and smooth elsewhere;

e the smooth extension § € H}(w) of s into w;

e the variable p° = p — 3.

In the variable p°, the problem (54) reads: Find p° € Vi(w) such that
az (p°,0) = (Op [ v) —az (3,0) Vv e Vi(w); (55)

o
and we have p° € V%Jrao (w) N V1(w). Here, too, we approximate p by p* = I1j,5 + Dy,
and ps by pg‘ = pp + 11,5 + py, where pj solves the approximate FE problem

az (pz,?}h) = (79]; ’ Uh> — as (th, ?)h) Yoy, € V;h. (56)

The notation (79’; | vh) stands for an approximation by a quadrature formula of the
integral [| 9p(r, 2) Uy(r, 2) r drdz, with 9,(r, 2) given by (FJ). As ¥, € L?(w), we can
suppose that the error caused by this quadrature is bounded as

‘(vﬂz — Uy | wh>‘ < C{RY lwpll11, Vwp € V", for some C§ >0and g1 > 1. (57)
This can be done e.g. by using a sixth-order Gauss—Hammer formula [21], p. 201], with

seven points inside each triangle, which does not require the unbounded value of ¥,,.
Of course, if wy, vanishes on 7,, one can replace [lwy||1,1 with the stronger norm ||wy, || (2)

in (B7).

Lemma 5.1 Assume q1 > 2; then we have:

Mps —Pgwl,l 5 hOéo ) ‘ps —Pg 0.1 S hzao .
Proof: Subtracting (56) from (F5) yields:
o o _ h ~ ~ h
ag (p° — pp,vn) = <79p — | Uh) —ay (5 —p3,v,) Yo, €V, (58)

With vy, = pp — wy, this implies:

1p° = wnllfy) = Ip° = BRIty + 202 (5 = s, — wn) +2 (9, — 0} | 55, — wn)
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Now, we set wy, = Pyp°. Using (F7), we obtain
o o2 o 0|2 ~ ~ o o o o
1P° = palley < lIp® = Pup®ll(5) + 2 |5 — Has|| ) (th = 2°llg) + Ip° = Prp ||(2)>
+ o (1165 =l + 17 = Pupl ) -
With the Young inequality, the above estimate becomes:

O O O O ~ ~ 1 O O O O
o =Bl < 1l = Pl +5 15 — Wl + 5 ok — 571 + 107 — Pl

C Ip5, = p°I¢
Q 1 2q h 2 o 0|2
+ b |20 +1) K29+ 2 +1p° = Pup®lliyy | -
Thanks to the equivalence of norms || - [[(2) & || - [l1,1, we are left with the estimate:

[l = pill5, < lle* = Pl + 15 = TIasfl, -+ n2e.

By [§, Prop. 6.1], there holds: M§ — Hhémll < hlsl21; by Lemma [£3, we have

H‘po — Phpom1 1 < h?o mpomHao ;- s and p° depend only on the geometry of w so
all their norms can be seen as constants. Hence, as soon as q; > 1, there holds:
[l = 52 ]I% ;< 2200 Finally:

llps = 26l 0 = lp° + 5 = i = Wl < Mlp° = pill, + 115 = s, S A (59)
The obtention of the L% norm estimate also follows the prismatic case closely. Here,
we define w as the variational solution in To/%(w) to
az (w,0) = (0 —pf | v), e Vi)

By elliptic theory [[[(, Thm I1.4.8] we know w € H(lg)'om (W) = VIt W) and Jw]11ag1 <

lp° = pylly - Its FE approximation wy, solves
az (wp,op) = (0° = pj | o), Yo € VT, (60)
50 [[wpll@) S [1p° = phllg 15 by using Céa’s lemma and Lemma [i.3, we infer:
lw = wallgy S W lwllirae S 2 Ip° = phllo,1 -
Then, using successively (B0) and (Bg), we obtain
llp° — pmal = ag (w — wp, p° — pﬁ)—l—(ﬂp - 791}; | wh) +as (§ — IIL8, w — wy)—az (5—11,5, w).

This is bounded by the Cauchy inequality and (57), as well as the duality argument in
the scale V§(w):

2
0 = pill3s S 16" = phlle) o = wnlly + b wnlly
15 = Widll gy [l = wnll gy + 15 = Masliat Fwlsan.

S IP° = prllos {hom R + R + h [3]y x R + piteo |8[5.1 % ho}’

~
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where we have made use of [[[§, Prop. 6.1] and our Lemma [£3d. In order to get the
h%e estimate, we have to suppose q; > 2. Using once more (1)), we obtain:

|

We are also confronted with the task of approximating g, def ps/r?. The scalar
product (z* | ¢s) (see (4) below) is needed to compute the singularity coefficient.

However, since p? is just element-wise linear, it is locally proportional to 7 in the

triangles which have one or two vertices on the axis; so ¢” o2 ph ¢ L2(w). This is

why we cannot hope to control any such thing as Hqs — q?HO 1

ps = 08| < p° = phllog + 115 = Masll, < A (61)

0,1

<&

Yet, thanks to the bounds (F9) and (1)) for p” — ps, we do have the weak estimates:

(=t 1v)] 5 B0 lolo-s, Woe L24(w), (62)

< R |vllo—1, Y € LE(w). (63)

on | (1 i1)

5.2 Approximation of the primal singular function 2.

We start from (B0), which is sufficient for obtaining error estimates similar to those of
the prismatic case. Using ([[), we see that @, satisfying ¢ = —¢p, on dw, solves the
variational problem:

@ (30) = (ps | ©) +8 (1 | 0), Vo e Vi) (64
where: 1, o Aoy, = i—g ap®sinf(a—1)¢ — ¢ (65)

We propose the following finite element approximation of ¢ in V"

@n = —0n ThpP + P9,

where: m,pp is a simple lifting of the boundary condition, cf. [[3, Eq. (40)]; the
1 2

singularity coefficient J;, is computed using ép, = — / / (p’;) rdw; and @2 e Vlis
ar |/,

such that ¢y, is solution to the problem:
~ _ h h h
az (Pn, V) = (ps | vh) + dn <¢P | vh) , Yo, e V' (66)
Like above, we assume that the quadrature formula denoted by (1/1?, | vh) satisfies:

‘(w’; — Y, | wh)‘ < C(% h% w11, Ywp € V", for some C% >0 and qo > 1,
(67)
where one can replace |wp 1,1 with [|wp|(9) if wp|, = 0. Then, we propose to compute
the finite element approximation of ¢y as:

ot = @n + Ohpp -
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Lemma 5.2 The following error estimates hold:

los — eblha Sh, Nles —lllg Skh.

Proof: We follow the lines of the proof of Lemma 5.2 of the companion paper [[[J],
taking care of the extra error generated by the quadrature. Subtracting (B@) from (64),
we obtain

az (& = @nsvn) = (ps = vl | vn ) +(=0n) (o [ vn) +0 (¥ =00 [0n). Vo € VI

So, for any wy, € V" satisfying wy, — @), € V./:

h
DPs — Ds

~ ~ 12 ~ 2
16—l < 15— wally +2{] 1= 0l 9o,

)

+ 160 C& 1% (16— @ll) + 16— walle) }

IN

- ..
2 [lg— whH%z) T3 |6 — SDhH?z)

2
0 (=[], + 1502 ol + 102 12 o)

But |[¢,]l, is a constant of the domain, and the error on the singularity coefficient is
bounded as

1 2
6= 6nl = — |lpeli3s = |22 | S ||ps =22, , S 02 (69)
hence |0;| ~ 1. With Lemma b1, (6g) becomes
16 — Bnlltay S 16 — whllfy + B + B2, (70)

To obtain an h' estimate, it is thus sufficient to assume qo > 1. We then derive
from ([70) that, with wy, = 6,11,5/8

16 = Bl < Wi + 1672416 = 82161 + 1042 16 ~ Tl ). (71)

As ¢ € H?(w), we have from [1§, Prop. 6.1]: ||¢ — 0l 9y ~ m@—Hh@le Shdlag,
which with (B9) gives: mgb — @h‘

|1,1 ~ e - @h”(g) < h, and finally:
o=y < 6= nllyy +15 =8l llewll, S
Finally, the estimate on H(ps — @ZH *) follows from

2 2
)

<{1+4+-=

‘ 0,71_(—’_4

2)

2
h h h 212
Al ©s — P Vs — Py (2)§kh-

2
908_90]; ‘

vul
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5.3 Approximation of @* and ¢; in decomposition ([[7]), for
k| > 2.

Noting that @* and ¢, solve the coupled system (BG-R7), it seems natural to formulate
their finite element approximations as follows:
Find ﬁi e VI and cZ € R! such that:

ar (@, vn) + i ax (ol o) = <fk | Uh) Vo, € V', (72)
(U203 + o [k s+ 200k 03 a] ) e (a1 02) = (£5102) . (73)

However, like any function in V.*, ¢ does not necessarily belong to H*;(w) or L? 5(w).
This is no serious problem: like in the prismatic case [, §5.3], we shall rather discretise
the representation formula (R§), which we rewrite as follows:

o= (7 1p) — i (#105)] (74

sl
where g5 = ps/r? and z;, = A ' fF € V1(w) solves
ag (zk,v> = <flC \ v) , Yo e Vi(w). (75)

So, we state the
SCM Algorithm for finding @} € V* and ¢} € R

Step 1. Find z,’i € V» such that

an(zF,v) = (fk ] v) YveVh. (76)
Compute CZ' as follows:
1 1
h _ k h) _ k h : * —an -
Ck = Hp?”g,l |:<f |ps> K <Zh | QS>:| ) if k<C*h 03 (77)

for some fixed constant C*, and
=0 if k>C'h T, (78)

Step 2. Find @} € V' such that
ay <ﬁﬁ,v> + cf ay, <<p];,v) = (fk | v) Yo e Vi, (79)

Lemma 5.3 For the solution z* to the problem ([73) and its piecewise linear finite
element approrimation zf]f in ([78), we have the following error estimates

| =], = *00a (80)
[ =], s B R R 1 (s1)
sz - ZEHO X g |:h2cm k2(cm—1) + hQ} kaHO,l ’ (82)
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while for the coefficient cx in ([74) and its approzimation i in (7%), we have
ok = | S (h%0 k%0 4 12 K2) | ¥ (83)
Proof: Tt follows from (73) and (fd) that

ag <zk—zlﬁ,zk—zﬁ) = ay <zk zk—zh) (fk|z )

This implies

o k|?

z —Zh k

+k:2 28— F 2F— 2F

< Pmax

s =1,

hence (B(). Then, using Céa’s lemma, Lemma [.3, Thm 7.1 of [I§], and the bounds
(RQ) and (R3), we obtain another estimate:

s

’0,—1’

Z —Z
h ‘01

7

2

2
2F — z,’j < |2 = P2t ‘
(k) (k)
Ik e 2 k k||
= % = Putlly + 2 = 1) ||F = Pt
2 2
S R (e V1l P
1+a0,1 1,1
< |:h2040 k2(a0—1) +h2:| ka”z
~ 0,1

Of course, a similar bound holds for any g € L?(w), w = A; 'g and P,w. Thus, the
estimate (B3) follows from a duality argument like in [[J, Lemma 5.3]. Moreover, we

obtain (B1)) thanks to the bound: || - ||(2)7_1 <k7?|- H?k)

To obtain the estimate (B3), we subtract ([4) from ([7]) to obtain

ho_ {(f"“lps)_(f’“lp’;)}JrM{(ZﬁICJ?) (Zk|QS)}defll+I

Cr — Cp,

Ipsl§r IP2IG IpEl3: sl
We bound I; by Lemma p.1: |I1] < h2a0 kaHOI. As for I, it is zero when p = 0;
otherwise we rewrite it as follows: 7
I 1
B () (o) ¢ (4 0))
© HpsHO,l

<zk |45 ) { : 1 }
HpSHO 1 HpsH%,1
def

= T+ I3+ T3+ T

Then, recalling that ||gs|| is constant, we estimate:
o [5] S =h - ZkHo | S [pPe0 ko) 4 b?] kaHo , by (B2).
o [J1Sheo ||z =2, ) S [P0 keom® 4 hiFeo k71 | fE]lo, by (B) and (BT).
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o |3 S P [|28]] g S hP0 k2 || F*], by (B2) and (RO).
o 12l S [y < A% rma (|25l _y S B0 k72 [|f¥]]g, by €1) and (@D).

Summarising, we obtain

low = ct| < 101+ {3+ 3]+ 1]+ [}

S (h2a0 + h2a0 L0 + h2a0 ]C2a0 + h1+a0 k + h2 k?) ka”o ) )

The estimate (B3) then follows by remarking that the first, second and fourth terms in
the bracket are negligible with respect to the third. o

Now, we observe that the formula (f9) for computing @, as well as the SCM
reconstruction formula for ufl

uy =y, + cp ol = iy, + ot (B + 0npp)- (84)

are formally identical to their prismatic counterparts (cf. the SCM algorithm of [[[d,
§5.3]); and the “building blocks” cﬁ and ! also satisfy estimates similar to those of
1

the prismatic case. Indeed, under the assumption & < C*h 220, both terms within
the bracket in (BJ) are negligible with respect to h k. Hence the following two results,
whose proofs closely parallel that of Lemma 5.4 and Theorem 5.1 in [[12], with the same
kind of adaptations (use of weighted norms, P, and Lemma [L.2) as usual.

)
Theorem 5.1 Let u” be the solution to the equation [1-B8) and u} be its finite element
approzimation given in ([84). Then the following error estimate holds:

L i ®)

Lemma 5.4 The following error estimate holds:

2 2
~k _ ~k <k h2 1 k2h2 H kH ‘ _h
e T GRSl e W R

5.4 Approximation of the singular functions for the modes
k| =0, 1.

The FE approximation of these functions has been exposed in [[, §§4.1 and 4.2]. (In
that work, the Laplacians Ag and A; are respectively called A and A’). We keep
this method, with the following modification. The dual singular functions associated
to the reentrant edge undergo the same inconvenience as p?, namely, the Laplacian of
the principal parts as defined in [ff] do not belong to L?(w). Hence we must enrich
them, just as we did for p123, in order to preserve the convergence rate. Calculating like
in §b.1], we obtain the following decompositions:

P def _o . T 3p R
Pe=pp+D, = psin(ad) [1 ~ 5, cos ¢’] . PPEViW); (30)
P = by e sin(ag) |1- £ cosd'] 5 € Hiw). (87)
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The Laplacians of the principal parts are:

1 dﬁf 1 . 1 —a 9 i 15 . . 2 .
9, = Aip, = ol [—5 sin(ag) + 5 & cos ¢ sin(agp +¢')| € Li(w); (88)
0,e dﬁf O,e __ 1 —« _l . § YA / 2
¢ = Aopy© = P 5 sin(ag) + 5 O cos @ sin(ap + ¢')| € Li(w).  (89)

Then we proceed like in §b.1] to obtain:

e I T o L (90)
1,1 0,1
p(s],e _pts),e;h o 5 B ’ ‘p(s),e _ p(s],e;h ’0 1 5 h2a1 ] (91)

However, for the primal edge singular functions, the method of [f] yields the desired
convergence rate. We just recall the decompositions:

5 . T\F :
o =" +6"pl, e Hi(w)NHjy(w), ¢} = (—) p* sin(ag),  (92)
as well as the Laplacians of the principal parts:

. E+D)(k+2) .y
uh S a = BEDEED et infa - 100 - a0l (93)

The line of proof already exposed in §f.9 then easily leads to the error estimates:
1 L;h 0, 0,e;h
los —@sll,; Sh and i€ — 29" | Sh. (94)

Now, as far as the conical point singularities are concerned, the method appears
very similar to that of [[3, §85.1 and 5.2] since the principal parts p?;c and cp?f have a
vanishing Laplacian Ag. So, mutatis mutandis, we get the error estimates:

0,c;h

0,c 0,c;h
ps - ps

P2 — p?

2 0 0,c;h
‘ Sh a1’ ‘()0576 - ()05767

< h. 95
S Shoo 9)

s

1,1 ‘1,1

Remark 5.1 Thanks to the asympotic expansions [, Eq. 8.7.1] of the Legendre func-
tion, it is possible to compute the function P,(cos ¢) with an arbitrary precision. Thus,
one can compute once and for all the singularity exponent v and the integral in ({4)
with an accuracy equal to the machine precision. All this guarantees that the errors
due to the approzimation of the conical singular functions will be negligible before the
FFE discretisation error.

5.5 Approximation of @* and ¢, for |k| < 1.

As the representation formulae (B3) and ([[4) for the singularity coefficients of these
modes are rather standard, one can use the simple discrete versions:

1;h 0,7;h
X (fﬂ\ps ) <f°!psj )
=~ ST
Ips™ 115 1 !

h
+1 = c

) 0 = (96)

5 .
lIps H3,1

24



Slmllarly, we will approximate the regular parts @*, |k| < 1, by ap, uh € VI and
) € V' such that

k=+1: a (ﬂz,vh> —i—cZ al (wi’h,vh> = (fk | vh) , Yo, € V;h, (97)
F=0: ag (@,0n) + e ao (¢29%, v ) + a0 (0" 0n) = (/| n) . Vo € VI (98)

Of course, we have the SCM reconstruction formulae:

k=+1:  uf=af +cf ol =al+ (@) +0rel); (99)
k=0: uj=af+cl o2+ ch 2"

= Uy + e (B +0,0%0) + ch L (2 +0pp%). (100)

The results of §f.4 then allow to conclude that:

k=t ] snf] -l a ],
e~ < 2 5] (101
TR TR P TN L Y T

|u _uh|1,1 Sh HfOHO,r (102)

6 Fourier Singular Complement Method

Let u be the solution to the 3D problem (f), and u* its Fourier coefficients. From
the previous Sections, we know that u*(r,z) solves the 2D problem (f), the weak
formulation of the elliptic problem ([}-§). And, according to the mode k, one can

decompose u* as ([7), (BY) or ().

The result of Heinrich [I§, Thm 5.2] can be straightforwardly extended to our
domain with a sharp vertex.

Theorem 6.1 Let f € h%(Q), and u € ﬁll(Q) be the solution to (B). Then:
u(r,0,2) = a(r, 0, 2) +7(0) g3 (r, 2) + ¢ 3 (r, 2), (103)

with: @ € H*(Q) N HY(Q), and v € H2(Sl) is given by the formula:
50 e -
~v(0) = o 52 Z cp e + Z cp el
k=1 |k|>2

Like in the prismatic case (cf. [[J], Remark 6.1), the hypothesis f € h%(f2) is crucial:
the lack of its satisfaction would prevent the convergence of v in a regular enough
space, and hence that of the singular part of the solution in the natural space.
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We define the Fourier-SCM (FSCM) solution to (B) as follows:
N

ELN] - Z Ui(’l“, Z) eike,

k=—N

where ulﬁ is the SCM solution to () algorithmically defined in §f. The main result on
this method is the following

Theorem 6.2 Assume f € h?(Q2). Then the following error estimate holds:

2
‘U_ULN}‘Hl(Q) (h+ N7 {‘ HZGJ; L2(g}
Proof: Using the definition of uL and () we have
‘u_uh ‘Hl(fl - Z Hu _uhH Z H H2 = B+ P

[k|<N
Using ([19), we estimate Es as:
2 2 2
—2 2 k 2 ||, k -2 k -2 £112
Boen S (] o ) 530 3 L < vt
|k|>N |k|>N

As for Ej, we cut it into three parts, corresponding to k = 0, |k| = 1, and 2 < |[k| < N,
which we bound respectively by ([[03) and ([L01)) and (BF):

Bog w1+ e )+ 3w
2<|k|<N
0% f
2 —_—
S {||f||m> 0 m)} ,
where we have used Lemma @ to bound the sum. Hence the result. o

7 Conclusion

In this paper, we have proven that the FSCM for the Poisson equation achieves the
optimal convergence rate for P; finite elements and a datum of L2-style regularity in
the meridian directions. The same result also holds for the discretization of the Poisson
problem with a homogeneous Neumann boundary condition, or with non-homogeneous
boundary conditions, provided there exist sufficiently smooth liftings.

This result closely parallels that of the companion paper [[J]. The specificities of
the axisymmetric geometry (namely, that the 2D problems are set in weighted Sobolev
spaces, which moreover vary for the low-order Fourier modes before stabilising, and
involve differential operators with non-constant coefficients) only cause technical dif-
ficulties. As far as the presence of conical vertices is concerned, its effect is no more
than a finite-dimensional perturbation. Furthermore, it is no difficulty to consider the
case of an axisymmetric domain 2 with several reentrant edges (i.e. w with several
off-axis reentrant corners) and/or several sharp vertices.
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As already mentioned, this paper is the second part of a three-part article [@, E]
In i3], the FSCM is analysed from a numerical point of view (complexity, implemen-
tation issues, numerical experiments, etc.), and it is compared to other methods—in
the axisymmetric case, to anisotropic mesh refinement techniques.

One can apply the same theoretical and numerical techniques to the fully axisym-
metric heat or wave equations, with any L?-smooth (in space) right-hand side. For
these PDEs, the singular functions ps and ¢s do not depend on the time-step.
Finally, the results, can also be viewed as the first effort towards the discretization
of electromagnetic fields in axisymmetric domains, with continuous numerical approx-
imations, the importance of which is well-known, cf. [f]. As a matter of fact, the
SCM developed in [B, l, f] for fully axisymmetric electromagnetic computations can
be generalized to arbitrary data, with the help of the results obtained here.
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