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Résumé

In this paper, we provide a scheme for simulating one-dimensional processes generated by divergence
or non-divergence form operators with discontinuous coefficients. We use a space bijection to
transform such a process in another one that behaves locally like a Skew Brownian motion. Indeed
the behavior of the Skew Brownian motion can easily be approached by an asymmetric random walk.
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1 Introduction

In this paper we provide a random walk based scheme for simulating one-dimensional processes generated
by operators of type

L= gV(aV) + bV (1.1)

These operators appear in the modelisation of a wide variety of diffusion phenomena, for instance in fluid
mechanics, in ecology, in finance (see [DDGO05]). If a, p, and b are measurable and bounded and if a and
p are uniformly elliptic it can be shown that L is the infinitesimal generator of a Markov process X. Note
that these operators contain the case of operators of type L = A + bV whose interpretation in terms of
Stochastic Differential Equation is well known. In the general case there is still such an interpretation.
Indeed if we assume for simplicity that b = 0 it can be shown (see Section 4) that X solves

Xt:Xo+/0 \/a(XS)p(XS)dWS—k/O Mds—FZ%Lf(X), (1.2)

2 = a(z+) + a(x

where 7 is the set of the points of discontinuity of @ and L7 (X) is the symmetric local time of X in x.

For the coefficients a, p, and b may be discontinuous, providing a scheme to simulate trajectories of X
is challenging: we cannot use the panel of Monte-Carlo methods available for smooth coefficients (see
[KP92]). However, some authors have recently provided schemes to simulate X in the case of coefficients
having some discontinuities.

In [Mar04] (see also [MTO06]) M. Martinez treated the case of a coefficient ¢ having one point of
discontinuity. He applied an Euler scheme after a space transformation that allows to get rid of the
local time in (1.2). To estimate the speed of convergence of his method he needs a to be C% outside
the point of discontinuity. The initial condition has to be C* almost everywhere and to satisfy other
restrictive conditions.

In [LMO6] (see also [Mar04]) A. Lejay and M. Martinez proposed a different scheme. After a piecewise
constant approximation of the coefficients and a different space transformation, they propose to use an
exact simulation method of the Skew Brownian Motion (SBM). This one is based on the simulation of
the exit times of a Brownian motion. In general the whole algorithm is slow and costly but allows to
treat the case of coefficients a, p and b being right continuous with left limits, and of class C! except on
countable set of points, without cluster point. Besides the initial condition can be taken in H', and the
algorithm is well adapted to the case of coefficients being flat on large intervals outside their points of
discontinuity.

Here, under the same hypotheses on a, p and b, but with the initial condition in W N H! N Cy we
propose a new scheme based mostly on random walks.

Roughly the idea is the following: assume for simplicity that b = 0. First, like in [LMO06], we replace a
and p by piecewise constant a™ and p™ in order to obtain X" that is a good weak approximation of X
and that solves

t
XP=Xp 4 / Ja (X (X2)dW, +
0

a(zi+) —a(@i—) Lt o
Z n n Lt ‘ (X )a
zneIn a’(xi +) + a’(‘ri _)

where Z"™ is the set of the points of discontinuity of a™. Second by a proper change of scale we transform
X™ into Y™ that solves

Y=Y AWt Y ALy (v,

Tp€EI"
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where the 3}’s are explicitely known. Thus Y behaves around each k/n like a SBM of parameter 5}
(see Subsection 5.2 for a brief presentation of the SBM). That is, heuristically, Y when in k/n moves up
with probability (8] +1)/2 and down with probability (57 —1)/2, and behaves like a standard Brownian
motion elsewhere. Thus a random walk on the grid {k/n : k € Z} can reflect the behaviour of Y™ as was
shown in [Leg85]. We use this to finally construct an approximation Y of Y™

We obtain a very easy to implement algorithm that only requires simulations of Bernoulli random
variables. We estimate the speed of weak convergence of our algorithm by mixing an estimate of a weak
error and an estimate of a strong error. Indeed computing the strong error of the algorithm presents
difficulties we were not able to overcome. On the other hand computing directly the weak error without
using a strong error estimate would lead to more complicated computations without any improvement
of the speed of convergence: basically our approach relies on the Donsker theorem and we cannot get
better than an error in O(n~'/?). Moreover to make such computations we should require additionnal
smoothness on the data (see [Mar04]).

We finally make numerical experiments: the proposed scheme appears to be satisfying compared to the
ones proposed in [Mar04] or [LMO6].

Hypothesis. We make some assumptions from now till the end of the paper, for the sake of simplicity
but without loss of generality.

(A1) b=0.

Indeed, as explained in [LMO6] Section 2, if we can treat the case

L= gV(aV), (1.3)

we can treat the case (1.1) for any measurable bounded b by defining the coefficients p and a in (1.3) in
the following manner:

If ay:=aexp? andpy := pexp ¥,

with U (z) = /O-T h(y)dy and h(z) =2————

then %v(abv) - gV(aV) A

(A2) Let be G = (I,r) an open bounded interval of R. We will assume the process X starts from z € G
and is killed when reaching {l,7}. >From a PDEs point of view this means the parabolic PDEs involving
L we will study are submitted to uniform Dirichlet boundary conditions. We could treat Neumann
boundary conditions (thanks to the results of [BCO05] for instance) and, by localization arguments, the
case of an unbounded domain G (see [LMO06]). But this assumption will make the material of the paper
simpler and clearer.

Outline of the paper. In Section 2 we define precisely Divergence Form Operators (DFO) and recall
some of their properties. In Section 3 we speak of Stochastic Differential Equations involving Local Time
(SDELT): we state a general change of scale formula and recall some convergence results established
by J.F. Le Gall in [Leg85]. In Section 4 we link DFO and SDELT: a process generated by a DFO of
coefficients a and p having countable discontinuities without cluster points is solution of a SDELT with
coefficients determined by a and p. In Section 5 we present our scheme. In Section 6 we estimate the
speed of convergence of this scheme. Section 7 is devoted to numerical experiments.
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Some notations. For 1 < p < co we denote by LP(G) the set of measurable functions f on G such that

1= ([ @lPan)'” <.

Let be 0 < T < oo fixed. For 1 < p,q < oo we denote by L4(0,7; LP(G)) the set of measurable functions
fon (0,7) x G such that

T
I, o= ( / 1£12 )7 < oo.

For u € LP(G) we denote by % the first derivative of u in the distributional sense. It is standard to
denote by W'?(G) the space of functions u € L?(G) such that ¢ € L?(G), and by W,?(G) the closure of
C2°(G) in WH?(G) equipped with the norm ([ull) + || 4% z)l/”. We denote by H!(G) the space W!2(G),
and by H}(G) the space W32 (G).

For v € L2(0,T;L%*G)) we denote by d,u the distribution such that for all p € C°((0,T) x G), we

have, (Qyu, ) = — fOT Jo udip. We still denote by ¢ the first derivative of u with respect to z in the
distributional sense.

We will classicaly denote by |||, and [[|.|]|, ., the supremum norms.

For the use of probability we will denote by Co(G) the set of continuous bounded functions on G. The
symbol = will denote equality in law.

2  On divergence form operators

For 0 < A < A < oo let us denote by ElI(A, A) the set of functions f on G that are measurable and such
that

Ve e G, A< f(x) <A

For p € €lI(\, A) let us define the measure m,(dz) := p~!(z)dx.

For any measure m with a bounded density with respect to the Lebesgue measure we then denote by
L2(G,m) the Hilbert space of functions in L?(G) equipped with the scalar product

(r.9)— [ f@glaym(d).
This is done in order that the operator we define below is symmetric on L%(G,m,,).

Definition 2.1 Let a and p be in El(A\, A) for some 0 < A < A < co. We call Divergence form operator
of coefficients a and p, and we note £(a, p), the operator (L, D(L)) on L?(G,m,) defined by

and

D(L) = {u e H}(G), LucL*G)}.

Actually if a, p € EIl()\, A) the operator £(a, p) has sufficient properties to generate a continuous Markov
process. We sum up these properties in the next theorem.
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Theorem 2.1 Let a and p be in EU(A, A) for some 0 < A < A < oco. Then we have:
i) The operator £(a, p) on L?(G,m,) is closed and self-adjoint, with dense domain.

it) This operator is the infinitesimal generator of a strongly continuous semigroup of contraction (Si)i>o
on L2(G,m,).

iti) Moreover (Si)i>0 is a Feller semigroup. Thus £(a,p) is the infinitesimal generator of a Markov
process (X¢,t > 0).

i) The process (X¢,t > 0) has continuous trajectories.

Proof. We give the great lines of the proof and refer the reader to [Lej00] and [Str82] for details.

We set (L, D(L)) = £(a, p). First it is possible to build a symmetric bilinear form € on L?(G,m,,) defined
by

_ [ adudv —
E(u,v) _~/Gde dxdx, Y(u,v) € D(E) x D(E), and D(€) = Hy(G),

that verifies,

E(u,v) = — (Lu,v)2( y» V(u,v) € D(L) x D(€).

G,m,
Thus the resolvent of (L, D(L)) can be built and we get i). An application of the Hille-Yosida theorem
then leads to ii).

Further it is a classical result of PDEs that the semigroup (P;):>0 has a density p(¢, z,y) with respect to
the measure m, such that

ult, z) = /G Pt 2. 9) f (0)p (4)dy (2.1)

is a continuous version of P;f(x). Then for f in Co(G), P f belongs to Co(G). By the use of the maximum
principle it can be shown that (P;);>o is semi-markovian and we get iii).

Finally Aronson estimates on the density p(¢,x,y) can be used to show for example that
1 _1
Ve >0, Vx € G, lim- p(t,z,y)p~ (y)dy =0,
HO T Jy—a|>e

and thus we get iv) (see Proposition 2.9 in chapter 4 of [EK86]).

We have a consistency theorem.

Theorem 2.2 Let be 0 < A < A < co. Let a and p be in EUN\A) and (a™,p™) be a sequence of
EII(\, A) x €I\, A).

Let us denote by S and X respectively the semigroup and the process generated by £(a,p) and by (S™)
and (X™) the sequences of semigroups and processes generated by the sequence of operators £(a™, p™).

Assume that

1 12 1 L2 1
— ——> — and — —> —.
a” n—oo @ pr n—oo p

Then for any T > 0 and any f € L2(G) we have :
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i) The function S} f(z) converges weakly in L2(0,T; H{(G)) to S.f(x).

i1) The continuous version of SI'f(x) given by (2.1) with p replaced by p™ converges uniformly on each
compact of (0,T) x G to the continuous version of Sif(x) given by (2.1).

i)

(X", t>0) —=— (X, t > 0).

n—oo

Proof. See in [LMO6] the proofs of Propositions 3 and 4.

3 On SDE involving local time

First we introduce a new class of coefficients. For 0 < A < A < oo we denote by €oeff(\, A) the set of
the elements f of EIlI(A, A) that verify:

i) [ is right continuous with left limits (r.c.1.l.).
ii)  f belongs to C}(G \ Z), where Z is a countable set without cluster point.

Let us also denote by 2t the space of all bounded measures v on G such that |[v({z})| < 1 for all z in G.

Definition 3.1 Let o be in Coeff(A, A) for some 0 < A < A < o0, and v be in M. We call Stochastic
Differential Equation with Local Time of coefficients o and v, and we note S0e(o,v), the following SDE

t
X :X0+/ o(Xs)dWs +/1/(dx)Lf(X),
0 R
where LT (X)) is the symmetric local time of the unknown process X .

In [Leg85] J.F. Le Gall studied some properties of SDEs of the type &de(o, ). We will recall here some
results of this work we will use in the sequel.

We will see below that o € €oeff(\,A) and v € N is a sufficient condition to have a unique strong
solution to &Sve(o, ). We first fix some additionnal notations.

For f in €oeff(A, A) we denote by f’(dz) the bounded measure corresponding to the first derivative of f
in the generalized sense. We denote by f(z+) and f(x—) respectively the right and left limits of f in x.
We will also denote by f’(x) the r.c.l.l. density of the absolutely continuous part of f'(dx) (that it is to
say we take for f’(x) the right derivative of f in x).

For v in 9t we denote by v° the absolutely continuous part of v.

3.1 A change of scale formula

Let us define the class of bijections we will use in our change of scale.

For 0 < A < A < 0o we denote by T()\, A) the set of all functions ® on G that have a first derivative &’
that belongs to €oeff(A, A). The assumption made on the bijection is minimal and we can then state a
very general change of scale formula.
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Proposition 3.1 Let o be in Coeff(\, A) for some 0 < A < A < oo. Let

v(dz) = b(z)dx + Z Cz,; 0z, (dx),

z; €L

be in M (i.e., b is measurable and bounded, and each |c;,| < 1).
Let @ be in T(N,A\) for some 0 < XN < A’ < 0o and let J be the set of the points of discontinuity of ®’.

Then the next statements are equivalent:

i) The process X solves Soe(o,v).
ii) The process Y := ®(X) solves Sve(y, u) with

Y(y) = (0®) 0 @ (),

and

@Ib + (@I)/

(<I>/) Ty Y Bubo(dy),

z; ETUT

w(dy) =

where,

' (z4+)(1 4+ cz) — @' (z—)(1 — ¢x)
& (z+)(1 4+ cz) + ' (x—)(1 — cz)’

ﬁa::

with ¢, =0 ifx € T\ Z.

Remark 3.1 Note that v obviously belongs to €oeff(\”’, A”) for some 0 < \” < A” < oo, and that p is
in 901, so it makes sense to speak of Sve(y, p).

We can say that the class of SDE of type &0e(o, v) is stable by transformation by a bijection belonging
to (A, A) for some 0 < A < A < 0.

Proof of Proposition 3.1. We prove i) = ii). The converse can be proven in the same manner quite
being technically more cumbersome.

By the symmetric Ito6-Tanaka formula we first get:
Y, = (X)) = ®(Xo)+ [1(0®) (X)W, + [ (02b®')(X,)ds

q>, [ <I>/ XTi— T
+ Zm,;EI %Cwilﬁt (X)

1 (@) (X )ds + 3, 0 TP pri (X

B(Xo) + fJ(a@') 0 dH(Y,)dW,

+ 0@+ 5(@))] 0 (Y )ds + X, cquy K, LE (X),

with K, = ¢ (®'(z+) + @' (z—))/2 + (D' (z+) — D' (x—))/2.
We have then to express L7 (X) in function of Lq)(T)( Y)forzeZUJ.
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Using Corollary VI.1.9 of [RY91] it can be shown that

o(z)*
t

L (V) = &' (z+)LIE(X). (3.1)

Besides theorem VI.1.7 of [RY91] leads to (L{"(X) — LY (X))/2 = c,L¥(X) and combining with
(Li"(X) + L™ (X))/2 = L (X) we get

LIT(X) = (14 c,)L¥(X). (3.2)
In a similar manner we have (Lf (V) — LT~ (Y))/2 = K,L#(X) and we can get
Ko Li(X) + L (V) = LN (1),
Then using (3.1) and (3.2) we get

LY(Y) = (' (24) (1 + ¢z) — Ki) LX),

and the formula is proved.
O

To prove the proposition below, Le Gall used in [Leg85] a space bijection that enters in the general setting
of Proposition 3.1.

Proposition 3.2 (Le Gall 1985) Let o be in €oeff(\,A) for some 0 < A < A < 00 and v be in .
There is a unique strong solution to Sve(o,v).

We need two lemmas.

Lemma 3.1 (Le Gall 1985) Let o be in €oeff(A\, A) for some 0 < A < A < oo. There is a unique
strong solution to &Soe(o,0).

Proof. See [Leg85]. O
The next lemma will play a great role for calculations in the sequel.

Lemma 3.2 Let v be in M. There exists a function f, in Coeff(\,A) (for some 0 < X\ < A < ),
unique up to a multiplicative constant, such that:

fL(dx) + (fu(z+) + fo(x=))v(dz) = 0. (3.3)

Proof of Proposition 3.2. It suffices to set

P, (z) = /OI fu(y)dy.

By Lemma 3.2 ®,, obviously belongs to T(A, A) for some 0 < A < A < co. By Proposition 3.1 and Lemma
3.2 we get that X solves &de(o,v) if and only if Y := ®,(X) solves &de((cf,) o ®,*,0). By Lemma
3.1 the proof is completed.

O
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3.2 Convergence results

Le Gall proved the next consistency result for equations of the type S0e(o,v).

Theorem 3.1 (Le Gall 1985) Let be two sequences (™) and (V™) for which there exist 0 < X\ < A < oo,
0 <M < oo andd >0 such that

(H1) o" € Coeff(\,A), VneN,
(H2) |v"({z})|<1-6, ¥YneN,Vzed.

(H3) |v"|(G) < M, Vn €N,

so that each v™ is in 9. Assume that there exist two functions o and [ in Coeff(N,A") (for some
0< XN <A <o0) such that

Li,.(R)
Op 2% o and fun

n—oo n—oo

Li,e(R)
—_—

f)

and set:

f'(dz)
fla+) + fla=)
Let (0, F, (Fi)i>0,P") be a filtered probability space carrying an adapted Brownian motion W. On this

space, for each n € N let be X™ the strong solution of Sve(c™,v"™), and let be X the strong solution of
Soe(o,v). Then:

v(de) = — (3.4)

E[ sup [ X" — Xi|]] —— 0 and (X],t>0) —=— (X3, t > 0).

OSSSt n—oo n—oo

Remark 3.2 In this theorem ™ approaches v in the sense that f,» tends to f, for the L] . convergence.
Note we can have v — vy, but f,» — f,, for the L}, convergence, with vy # v> (See [Leg85] p 65 for

an example). The theorem asserts that X tends to X that solves &0e(o,v2) and not Sve(o,vy) !

Le Gall also proved a Donsker theorem for solution to SDEs of the type &S0e(o,v) for o = 1. Let be u
in 9t and Y be the solution to &S0e(1, u).

We define some coefficients ;! for all k € Z, and all n € N*, by:

1-6y o enk EA1 1—p({yh)y _ fu5)
1+6£_exp( 2p (]na " ])) _<U];[k+1(1+”({y}))_ fu(%) : (3.5)
We define a sequence (u™) of measures in 9T by
= BRow, (3.6)

and a sequence (Y") of processes such that each Y solves &S0e(1, u™).

Finally we define for all n € N* a sequence (7;'),en of stopping times by,
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=0
(3.7)
Ty = inf{t > 7 [V — Y’E}| =11

We have the next theorem.

Theorem 3.2 (Le Gall 1985) In the previous context S) := nYo, defines a sequence of random walks
on the integers such that:

i)
Sg =0, Vn € N*¥,
PSP, =k +1|SP =kl = 3(1+B2), Vn,pe N*Vke€Z,
PlSp =k —1]Sy = k] = %(1 - B7), Vn,peN*VEkeclZ.
ii)

The sequence of processes defined by Y;" = (1/n)Sﬁl2t], where |.| stands for the integer part of a non
negative real number, verifies for all 0 < T < oo:

ElY)" — Y, —— 0, ¥t € [0,T] and (Y, t >0) —=— (Y}, t > 0).

n—oo

4 Link between DFO and SDELT

This link is stated by the following proposition.

Proposition 4.1 Let a and p be in Coeff(\, A) for some 0 < X\ < A < co. Let us denote by T the set of
the points of discontinuity of a. Then £(a, p) is the infinitesimal generator of the unique strong solution

of &ve(,/ap,v) with,

v(de) = (5 )do D)) S, (). (1)

In [LMO6] the authors proved the proposition above by the use of Dirichlet forms and Revuz measures.
We give here a more simple proof, based on smoothing the coefficients and using the consistency theorems
of the two preceeding sections.

Proof of Proposition 4.1. As a and p are in €oeff(\, A) the function ,/pa is in Coeff(A, A). Besides,
as |a —b|/la+b| < 1 for any a,b in R* , the measure v defined by (4.1) is in 2. The existence of a unique
strong solution X to &0e(,/ap,v) follows from Proposition 3.2.

We then identify the infinitesimal generator of X. We can build two sequences (a™) and (p™) of functions
in Coeff(A\, A) NC>(G), such that

a" ——a ae. and p" —— p ae.
n—oo n—oo

For any n in N we denote by X" the process generated by £(a™, p").

On one hand, by dominated convergence the hypotheses of Theorem 2.2 are fulfilled, and we have,
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(X', t>0) —=— (X, t > 0), (4.2)

n—oo

where the process X is generated by £(a, p).
On the other hand we will show by Theorem 3.1 that

(X", t>0) —=— (X, t > 0). (4.3)

Thus taking in care (4.2) and (4.3) we will conclude that the infinitesimal generator of X is £(a, p).
As a” and p" are C*°, (L™, D(L")) = £(a™, p™) can be written,

n 2
O
2 T

so it is standard to say that X" solves

t t n xn n’ Xn
Xt":x—k/ \/p"(XQ)a”(XQ)dWS—k/ %d& (4.4)
0 0

As d(X™)s = p"(XI)a™(X)ds, by the occupation time density formula we can rewrite (4.4) and assert
that X solves,

XP=a+t / Vo (X (X5)dW, + / v (dx) LE(X™),
0 R

where v, (dz) = (a" (z)/2a™ (x))\(dz).

Then elementary calculations show that the function f, associated to v, by Lemma 3.2 is of the form
fu. () = K/a™(x) with K a real number. This obviously tends to K/a(z) =: f(x) for the L] (R)-

loc
convergence. We then determine the measure v associated to f by (3.4). First we check that v°(dz) =

(' (z)/2(a(x))A(dx). Second, the set {x € G : v({x}) # 0} is equal to Z, and we have for all z € 7,

(e — @D ) alat) —aleo)
fla+)+ f@o) ~ ala+) +ale-)

So the measure v is equal to the one defined by (4.1). As it is obvious that

1
\/W Lloc(R) pa7

n—oo

and that the hypotheses (H1) — (H3) of Theorem 3.1 are fulfilled, we can say that (4.3) holds. The proof
is completed. O

5 Random walk approximation

5.1 Monte Carlo Approximation

From now the horizon 0 < 7' < oo is fixed. For any a,p € €oeff(A, A) and any initial condition f we
denote by (P)(a, p, f) the parabolic PDE
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9ubr) — Lu(t,z),  for (t,z) € [0,T] x G,
(P)(a,p, f){ wu(t,l)=u(t,r)=0 forte[0,T],
u(0,z) = f(x) for z € G,

with (L, D(L)) = £(a, p).

Let be 0 < A < A < o0. From now till the end of this paper we assume that a and p are in Coeff(\, A).
We denote by Z = {x;};cs the set of the points of discontinuity of a (I = {0 <4 < k1} C Z is finite). We
set X to be the process generated by £(a, p).

We seek for a probabilistic numerical method to approximate the solution of (P)(a, p, f). By Theorem
2.1 and some standard PDEs refinements we know that for all f € L?(G), (P)(a, p, f) has a unique weak
solution u(t, z) in C([0, T],L?(G, m,)) NL?(0,T; H}(G)). We know that E*[f(X,)] is a continuous version
of u(t, ).

Our goal is to build a process Xn easy to simulate and such that

(X, t>0) === (X;, £ > 0). (5.1)

n—oo

Thus E*[f(X]")] — E*[f(X,)] for any ¢ € [0,T], and the strong law of large numbers asserts that,

N

1 on, (e n— oo

5 2 SE) Tt ), (5:2)
i=1

where for each i, X is a realisation of the random variable X™.

5.2 Skew Brownian Motion

The Skew Brownian Motion (SBM) of parameter 3 € (—1,1) starting from y, which we denote by Y#¥
is known to solve:

Y =y + W + BLY(YPY), (5.3)

i.e. Y solves &oe(1, 36) (see [HSS81]).

It was first constructed by Itdo and McKean in [IM74] (Problem 1 p115) by flipping the excursions of a
reflected Brownian motion with probability o = (5 + 1)/2. On SBM see also [Wal78] . It behaves like a
Brownian motion except in y where its behaviour is pertubated, so that

P(Y Y >y)=a, Vt>O0. (5.4)

We denote by 7 (A) the law of the stopping time 7 = inf{¢t > 0, |W;| = A} where W is a standard
Brownian motion starting at zero. For the SBM Y”¥ and A in R* we define the stopping time 7o =

inf{t >0, ¥”° € {A, —=A}}. Our approach relies on the following lemma.

Lemma 5.1 Let y and x be in R, A in R} and 3 in (—1,1). Set o = (5 +1)/2. Then
i) YPV 4 g 2 yPute and i) (7a, Y20) 2 T(A) @ Ber(a).

Proof. This follows from the construction of the SBM by It6 and McKean in [IM74]. |
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5.3 Some possible approaches

Recently two methods have been proposed to build X" satisfying (5.1).

In [Mar04] M. Martinez proposed to use an Euler scheme. We know by Proposition 4.1 that X solves
Soe(\/ap,v) with v defined by (4.1). We have seen in the proof of Proposition 3.2 that if we define
®(z) = [ fu(y) then Y = ®(X) solves Sde(y,0) with ~ in some €oeff(m, M). Thus an Euler scheme
approximation Y™ of Y can be built and by setting Xn = @)‘1(?”) we get an approximation of X.
Because the coefficient v is not Lipschitz if ¢ and p are not, evaluating the speed of convergence of such
a scheme is not easy.

In [LMO6], A. Lejay and M. Martinez proposed to use the SBM. They first build a piecewise
constant approximation (a”, p") of (a,p) in order that the process X™ generated by £(a™, p™) solves
Soe(y/amp™, v™) with v™ satisfying (v™)¢ = 0. Second by a proper bijection ®" € F(m, M), they get
that Y = ®"(X") solves &0e(1, u") with " = > Bidy,, i.e. Y™ behaves locally like a SBM. Third
they proposed a scheme yn for Y™ based on Lemma 5.1 and simulations of exit times of the SBM and
they finally set X" = (")~ 1(Y™).

Our method can be seen as a variation of this last approach because it also deeply relies on getting such
a Y™ and using Lemma 5.1. But we then use random walks instead of the scheme proposed in [LMO06].
5.4 The basic idea of our approach

We focus on weak convergence and propose a three-step approximation scheme differing slightly from the
one proposed by Theorem 3.2.

We fix n € N*, and 1/n will be the spatial discretization step size.
STEP 1. We build (a”, p") in €oeff(A, A) X Coeff(A, A) such that:

i) The functions a™ and p™ are piecewise constant. The points of discontinuity of either a™ and p"
are included in some set Z". We assume ZI" = {z}}rern for I" = {0 < k < k}} C Z finite and
xp <xpy, Vkelm.

ii) For each z}! € " we have a"(z}) = a(z}) and p™(z}) = p(a}).

iii) Consider the function

nr -1 n

r—
Z Tpiy — TR + ks , (5.5)
Va(z)p \/a(xﬁm)p(xfm)

. . n n
where the integer ky . verifies z; <z <y ;.

The set I™ satisfies @™ (Z") = {k/n, k € Z} N ®"(G). From now we assume x} is the point of 7" such
that ®"(z}) = k/n.

Remark 5.1 In fact the first thing to do is to construct the grid Z™ satisfying iii). It is very easy and
only requires to know the coefficients ¢ and p (see point 1 of the algorithm in Subsection 5.5). Then o™
and p™ can be constructed.

Remark 5.2 The sets Z and Z" may have no common points.

We take X™ to be the process generated by £(a", p™).
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Remark 5.3 It can be shown by Theorem 2.2 that X™ converges in law to X.

STEP 2. By Proposition 4.1 the process X" solves Sve( /a"p", v™) with

oy e —ateo),

) Z—
a (i +) + a (@)

-
k
n n
R €L

The function ®" defined by (5.5) belongs to T(1/A,1/)). The points of discontinuity of " are those in
I, and (<I>”')’ = 0, so by Proposition 3.1 the process Y = ®"™(X") solves
n n nrk/n n
Y =YS W Y L), (5.6)
TpEI™

where

g YD) - Velai)/elai) -

a(ep)/p@) + \Jalai_,)/p(ap_,)

To write these coefficients we have used the fact that a™ and p™ arer.c.L.l. and that for instance a” (z} +) =
a(ey) and a"(zy—) = a(ry_,).

Remark 5.4 We have got Y that solves G0oe(1, ) 3}/0x/,) in a different way than the one used by Le
Gall in Theorem 3.2. We now use his method to get Y™ that verifies

E|Y;" — Y| ——0, vt € [0,T]. (5.8)
STEP 3. Like in (3.7) we define a sequence (7,/),en of stopping times by,
5 =0, and 7, =inf{t>7': |V~ YT’EL| =1/n}.
Thanks to the uniformity of the grid {k/n, k € I"} we have the following lemma.

Lemma 5.2 i) For allk € Z and allp € N, (YT’;,)Uru —YT’;,:,
has the same law as (Yt’@’?’o,O St i)

i)

0 <u <7}, —1)) knowing that {YTE =k/n}

VpeN, o :=n’(r) — 70 ,) = T(1),

and the o, ’s are independent.
Proof. The statement i) follows simply from point i) of Lemma 5.1 and the comparison between (5.3) and
(5.6). From i), the strong Markov property, and point ii) of Lemma 5.1, we get that (7)) —7" ;) = T (1/n?),

and the statement ii) follows by scaling. Using again the Markov property we get the independence of
the o7'’s. O
P

Le Gall used this lemma in his proof of Theorem 3.2. Indeed it is obvious by the i) of Lemma 5.2 and
the ii) of Lemma 5.1 that S} := nYon satisfies
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P[Sy,, = k+ 1Sy = k] = $(1+ 8}) =: af, Vp € N*,Vk € I, (5.9)
PSr, =k—1Sp =kl =3(1-8)=1—0ap, VpeN Vkel

Moreover the ii) of Lemma 5.2 allows to show that Y, := (1/ n)Si2y = Y/n  satisfies (5.8).

Tn24

Thus the idea is to take
A’n, ny—1 An
X ((1) ) (nS["2t])’ (5.10)

where S™ is a random walk on the integers defined by (5.9). The process X" is a random walk on the
grid Z". In fact this grid is made in order that Xn spends the same average time in each of its cells.
Combining remark 5.3 and theorem 3.2 we should have (5.1). To sum up this section we write our scheme
in the algorithm form. In the next section we will estimate the approximation error of our scheme.

5.5 The algorithm

Note that by construction (®")~*(k/n) =z} for all k € I".

We define a function ALGO in the next manner:

INPUT DATA: the coefficients a and p, the starting point z, the precision order n and the final time t.
OUTPUT DATA: an approximation in law X" of X at time ¢.

1. Set zy — L.

while z}! <r

set 2 — Ja(@@)p(zp)(1/n) + o} and k — k + 1.

endwhile
2. Compute the af = (14 8y)/2 with 3} defined by (5.7).
3. Set y «— " (x).
if (ny—|ny]) <05
set so — |ny.
else
set so «— |ny| + 1.
endif

4. for i =0toi= [n?*t] =N

if 27 e R\ (I,7)
Return z¢,.
endif

We have s; = k for some k € I*. Simulate a realization B of Ber(a}).
Then set s; <+ s; + B.
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endfor

5. Return x¢ .

6 Speed of convergence

In this section we will prove the following theorem.

Theorem 6.1 Assume that a,p € Coeff(A\,A) for some 0 < A< A < oco. Let be 0 <T < 0o and X the
process generated by £(a, p). For n € N consider the process X™ starting from x defined by,

vt €[0,T), X' = ALGO(a, p,x,n,1).

For all f € W(l)’oo(G) NCo(G), alle >0, and all v € (0,1/2) there exists a constant C' depending on ¢, +y,
T, \ A, G, ld]l o 101 1 fllaos Nldf /delly, ||df /dx|| ., sup;e; 1/(zix1 — 25), and the two first moments
of T(1) such that, for n large enough,

sup E*f(X;) — B f(X)| < Cn™.
(t,x)€[e,T|xG

We have,

[Ef(Xe) —E7f(XP)| < [E°f(Xy) — B2 f(XP)| + B2 f(X]) — B f(X])] 6
=: ei(t,xz,n) +ea(t,z,n). ‘

We will estimate e (¢, x,n) by PDEs techniques and ey (¢, z,n) by very simple probabilistic techniques.

6.1 Estimate of a weak error
In this subsection we prove the following proposition.

Proposition 6.1 Assume f belongs to H}(G)NCo(G). Let be u(t,x) and u™(t,z) respectively the solutions
of (P)(a,p, f) and (P)(a™, p"™, [), with a™ and p™ like in Subsection 5.4, Step 1. Then for all £ > 0 there
is a constant Cy depending on e, T, \, A, G, || fll.o, lldf/dz|l5, [|&'|| o, 1|2l o> and sup;c; 1/ (zig1 — i)
such that for n large enough,

1
sup lu(t,z) —u"(t,2)] < C1—.
(t,x)€le,T|xG \/ﬁ

As we will see in Proposition 6.2, if we had Z C 7" we could obtain an upper bound for |[ju —u"[||

of the form K (|la — a"||c2>O + ||p — p"|l)- But this is not necessary the case (see Remark 5.2). However
it is possible to modify a and p in order to refind us in a situation close to this one, and we will do that
to prove Proposition 6.1.

Proposition 6.2 Let be f € H}(G)NCo(G). Let be ay, p1,az, p2 € €oeff(\,A), and I, and I, respectively
the set of points of discontinuity of a1 and p1 and az and py. Assume Ty C Io. Let be uy(t,x) the weak
solution of (P)(a1,p1, f) and us(t,x) the weak solution of (P)(az,ps,f). There exists a constant Cy
depending on T, X\, A, G, || f||.., and ||df /dx||,, such that,

o]

~ 2
et = uzlllog o < C1((llar = a2lZ + llor = 2l ).
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We need a lemma asserting some standard estimates.

Lemma 6.1 i) Let be f € H{(G). Let be u(t,x) the weak solution of (P)(a,p,f). Then du is in
L2(0,T;L2(G)) and more precisely,

df

oeullys < 5 \M

(6.2)

i) Let be f € L?(G). Let be u(t,x) the weak solution of (P)(a,p, f). Then % is in L*(0,T;L*(G)) and
more precisely,

Proof. i)Step 1. Assume first that a and p are C°°(G) and that f is C°(G) so that u(t,x) is itself
C>®((0,T) x G). As u(t,z) is a weak solution of (P)(a,p, f), and u, Lu and d;u are C*, using dyu as a
test function and integrating by parts with respect to =, we get

r du d(Opu)
) B _ 1 ¢
/0 /G|8tu| my(dx)dt —/ /8tu Lum,(dz)dt = / / a = ———~dx dt.

Then using Fubini’s theorem, interverting the partial derivatives, integrating by parts with respect to ¢
and then again with respect to x, we get
1
dr — = / a
2 Ja

1
/ / |Byu)? my,(dz)dt = /
which leads to (6.2).

Step 2. In the general case, with a and p in €oeff(\,A), and f in H{(G), we use a regularization
argument, Theorem 2.2, Step 1, a compactness argument and an integration by parts with respect to ¢,
to exhibit a function w € L2(0, T;L?(G)) satifying:

T T Al df
Yo € C°((0,T) x G), / / wp = —/ / ulsp, and |||w|||,, < = H—H .
o Ja o Ja ’ 2 ||dz|y

That is d;u is in L2(0,T; L%(G)) and verifies (6.2).

du

1
=l < I (6:3)

2,2

du(0, z) z)|?
dz

du(T, z) |

d
dz N

ii) Thanks to point i) and because Lu(t,.) € L?(G) we can write

T T
/5 (vt W = /5 (Lt ) 2 (6.4)

for all 6 > 0. As u is in C!([6, T],L?(G,m,))dt and we have (see [Bre83]),

d
2 (0w, u)r2iGm,) = ulfa(Gm,y s V€T, (6.5)

using an integration by part with respect to = in the right hand side of (6.4), and making § tend to 0 we
get,

du

1 9 2
< 5 (102 myy = 10T, )

A
2

2,2

which leads to (6.3). O
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Proof of Proposition 6.2. Step 1. We introduce the following norm on
C(0,T;L%(G)) NL2(0, T; Hy(G)):

dv || \1/2
ol = (s pote 13+ | 2| )
te[0,T) dx 2,2
We have the following estimate:
oIl 00 < Klvla,r, (6.6)

where the constant K depends only on T" and G (see [LSU68|, I1.§.3 inequality (3) p 74 with » = co and
q = 00).
We set v := ug — uq. Our goal is now to estimate |v|g 7.

Step 2. Set (Lo, D(L3)) = £(as, p2). Elementary computations show that, v(¢, z) is a weak solution to

duq (t, x)

dx ) + (p2(x) - 1)atu1(tvx)v

p1()

atv(tvx) = LQU(t’ LU) + p2;x) % ((a’2(x) - al(x))

that is to say for all ¢ € C2°((0,T") x G) we have,

— [T [ vdepm, (da)dt = — [ [ az% 92 da dt

(6.7)
S 22 (a2 — 1) B2) + (2 — 1)yur]pm,y, (da)dt.

We take v as a test function in (6.7). Using (6.5) with v, integration by parts, ab < (A\/2)a? + (2/\)b?
and a1, p2 € Coeff(A, A) we finally get,

lvla,T <= / / ay — az)? d dt+/ / — - — atulvdxdt) (6.8)
P P2

where k = min(1/A, A/4) and ' = max(1/A,1).
Step 3. As f € Co(G) and the semigroup (S});>0 and (S7);>0 generated respectively by (L1, D(L1)) =
£(a1,p1) and (L2, D(L2)) are Feller, we can consider that

vt e [0,T], vt e < lualt, o + lua(t; )l < 210

Thus [[[v]|[ o, 00 < 2| fllo; besides f € H}(G) thus using point i) of Lemma 6.1 and Holder inequality we
get,

Iy otk = ownvdzat < 2| L = L|| fll ol
< ZVTICo — p2lloo 11l 1Beunll s - (6.9)

IN

A VTIGT|If]

d
% 9 le - p2||oo

To finish we have,

2
d'LL1

dx

)
2,2

T
d
/ / (a1 — a2)? (52 2dvdt < [lay — az®.
o JG du
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and point ii) of Lemma 6.1 completes the proof because f € L(G).
Note that the fact that Z; C 7, allows to consider the quantities ||p1 — p2||,, and [la1 — az|| .-

We are then ready to prove Proposition 6.1.

Proof of Proposition 6.1. The idea is to build a bijection ¢,, such that the points of discontinuity of
a o ¢, and p o ¢, are included in Z".

Step 1. We build a piecewise linear bijection ¢,, such that ¢, !(Z) C Z" in the following manner:
We first define a projection m, : G — I" by,

- if (v ==y, )/(@k, 0 — 2%, ) <1/2
Tn(x) =
" ap a1 A (@—ay )@, -, ) =2 1/2
Then we set
@ -0+ if & € [1, 7 (20)],
bn(z) = m(m —mp(z:)) + ;i x € [mp(xs), Tn(ziz1)]s

forO0 <i<ky—1,

T—Tg,

r—-rrn(mk.l)

(x — mp(xg,)) + xp, if © € [mn(2g,), 7]
Note that we then have for all i € I, ¢, (m,(7;)) = ;.

Step 2. We set " (t,z) := u(t, pp(x)). If a and p are smooth simple computations show that @" (¢, )
solves (P)(a™, p", f o ¢,,) with,

a"(x)z%(jj’), and  "(z) = po du(a).

It can be shown that this is still the case for a and p in €oeff(\, A), using a regularization argument and
again Theorem 2.2.

We also define @" (¢, x) to be the solution of (P)(a™, 5", f).
Step 3. For all (t,x) € [¢,T] x G, we have,
lu(t, z) — u"(t,2)| < |u(t, z) —u(t, on(@))| + || — @"(|| g oo + 12" = 0"l 0 o -

The points of discontinuity of a™ and p™ belong to Z". So by Proposition 6.2 there is a constant C1 not
depending on n such that

—n n ~ ~n n|| 2 ~Nn 3
lla" =l oo < o (" = a2 + 115" = o7l ). (6.10)
Besides, as for each n the semigroup (§{‘)t20 generated by £(a", p") is Feller, we have

lid = énll- (6.11)
2

2" = @l <1 = S 0nl < | &
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Finally, we know that u(t,z) is continuous on [0, 7] x G and of class C! on each [¢,T] x (x;, z;+1) (see in
[LRU68] Theorems 6 and 7). So if = and ¢, (z) belong to the same interval (z;,x;+1) we have,

[u(t, z) — u(t, gn(z))] < sup o (12|l = dn(2)].
(t,ZE)E[E,T]X(ZL’i,$¢+1) x
Let us set
d
M = sup sup |—u(t,x)|
i€l (t,x)€[e, T)X (zi,Ti41) du

If for instance = € (z;—1,x;) and ¢, (z) € (zi,z;41) we have,

lu(t, 2) — u(t, ¢n(@))] < |ult, x) = ult, 2:)] + [ult, zi) — u(t, on ()] < 2M [lid — Pnl|, - (6.12)

We will see below that ||id — ¢n|,, — 0 as n — oo, so for n large enough we are always at least in the
last situation.

Step 4. By construction (see point 1 of the algorithm) the grid Z" satisfies |z}, , — 2| < A/n, for all
kel

So elementary computations show that

‘ 3A 1
||Zd_¢n||oo§7 and Hl——/

n

1
< 2A sup —.
. iel Ti+l — T3 T

As we have said above, for n large enough (6.12) is valid and we then have,

lult, ) — ut, dn(2))] < 6MA%. (6.13)

It remains to evaluate [|a” — a”|| and |p" — p"||.- On each (z;,z;4+1), a is of class C* and o’ is r.c.11,
so it makes sense to speak of [la’|| .. Moreover each ¢,([z},z},)) is included in some [z;, ;1] that
contains z}}, so we have,

[a" —a™|c < SUPrern SUPLeper oy ) la(Pn())/ @) (x) — a™ (2)]
kP41

IA

| @l

||al||oo Supme[m |¢n(x) - $Z| + ASpre[z - ¢! (x) I

n n n n
Ti1) Ti1)

In addition [¢,(z) — 27| < |¢n(x) — 2| + |z — 2} | < 4A/n, for all x € [}, 2}, ), and we can get a similar
bound for |1 — W;(a:ﬂ so finally there exists K3 such that

1
||a’n _ anHOO S Kl_' (6.14)
n
In a similar manner we get K5 such that,
~N T 1
15" = "l < Ko (6.15)

Thus, combining (6.10), (6.11), (6.13), (6.14) and (6.15), we complete the proof.
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6.2 Estimate of a strong error

Proposition 6.3 In the context of Subsection 5.4, for all v € (0,1/2) there exist a constant Cy depending
on T, v and the two first moments of T (1) such that,

VneN', Vte0.T], BN, ~Y[<Cn.

Note that in all this subsection we drop any reference to the starting point z in the notation of the
expectation. Indeed the calculations we make are uniform with respect to this variable.

The proof of Proposition 6.3 will follow from two simple lemmas.

For all v € (0,1/2), all T > 0, and for any process Y let us introduce the notation

Y: — Y
ML(Y) = sup M
s#t, s,pef0,1] |t — 8|7

Lemma 6.2 Let (u™) be a sequence in M and let be (Y™) the sequence of processes such that each Y™
solves &S0e(1, u™). Assume there erist two positive constants m and M such that,

Vn € N, fun S Q:oeff(m, M) (616)

Then for all v € (0,1/2), all k € N* such that 0 < v < 1/2—1/(2k), and all T > 0, there exists a positive
constant C,Z’T, not depending on n, which verifies,

1/2

Vn € N, (E[(M;(Y"))%]) Lo < (6.17)

Proof. We have to use the Kolmogorov-Centsov theorem. Let be v € (0,1/2) and k € N* such that
0<~vy<1/2—1/(2k). For all n € N let us define

Fo(x) = / fy (9)dy,
and

A" i= fun o F !

Let us evaluate E|Y;” — Y*|?* for n € N and ¢,s > 0. We have

ElY," - Y =E|F, '(Z]) - E, (2P, (6.18)

where Z™ := F,,(Y™) is solution of &de(h,,0) by the virtue of Proposition 3.1.

By (6.16) we have that |[(F,,;!)||cc < 1/m, so a simple use of the mean value theorem leads from (6.18)
to,

1 1 k
n n |2k n n|2k __ n 2k
BIYY — VP < —BIZ7 = 2P = —Bl [ (P

Using now the Burkholder-Davis-Gundy inequality and the majoration part of (6.16) we get
1 t k M 2k
n n|2k 2 n _ 1+(k—1
EY;" - Y7 < Wcm(/s REs) = (1) Cult =)D,
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2%k
where C}, is a constant not depending on n. The constant (%) C}, does not depend on n and we have

2k > 1. Thus, having a look at the proof of the Kolmogorov-Centsov theorem (see [RY91] for instance),
and identifying each Y with its y-Holder modification we can say that there is a positive constant C,Z’T,
such that (6.17) holds.

O
Lemma 6.3 There exists a constant K depending on T and the two first moments of T (1) such that:
1
Vn e N*, Vt € [0,T], Elrfpzy—t]> < K—. (6.19)
Proof. First we notice that if ¢ < 1/n? then (6.19) holds with K = 1. We then assume now that

t>1/n?. For all t € [0,T] and with the 07’ defined in Lemma 5.2 we set 07" := to}. Let T = 7(1).
Using,

(v 4 ... +vp)? < k(W4 ...+ 03), (6.20)
we get
[n2t] [n2t]
E|T[n2t] - t|2 < 2E|T[n2t] — M Z O'p’ O'p’t —t|. (621)
p=1 =
We have (7)) — 77" 1) = T (1/n?) so we get,
n n2 7TL2 2
E|T[n2t - 2t] Zp I]O' _]E’Z ’T —Tp 1)([[1;]721‘]16)
n n .22
< i hnl B — )? (622)

< E(T7)-L.

For the second term of (6.21), as ET7 = 1 (see [Bre68| for instance) and the o,’s are independent, we
have

E| T Z[n t] n t|2 _ IE| Z[n t] )|2
_ 2t . E n’t] Ty (om) (6.23)
< 2TV(T1)#.

Taking in account (6.22), (6.23) and (6.21) we complete the proof.
o

Proof of Proposition 6.3. Let be v € (0,1/2), k € N* such that 0 < v < 1/2 —1/(2k), and n € N*.
By the Holder inequality we have for p and ¢ conjugate

vte 0.7, B, -Y'< [EB(ME(Y™))P1P [Blrfhay — t79]9. (6.24)
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Let us fix ¢ = 2/v. We have 1 < p < 4/3. Each Y™ solves &de(1, ") with pu" = >, ;. 301/, With the
By defined by (5.7). The function f,,, is unique up to a multiplicative constant. If we impose f,, (1) =1
then simple calculations show that

1— 3" p(xﬁw)
fw@ =TI ng;: .

k <z kern

Thus each f,, is in €oeff(\/A/\, \/A/A) and by Lemma 6.2, there exists C;"” verifying (6.17).
As p < 2k by Jensen inequality there exists K, uniform in n such that
Vn e N, [E(ML(Y™P)VP < K, < co. (6.25)

By Lemma 6.3 there exists K such that

Vi€ NVt € 0T, [Elrfhay — P10 = [Blrfiay — 1249 < K02/t = K n. (6.26)

Combining (6.24), (6.25) and (6.26) we can complete the proof.
(]

6.3 Proof of Theorem 6.1

Combining the two preceeding subsections we can finally prove Theorem 6.1.

Proof of Theorem 6.1. We have e;(t,z,n) = |u(t,z) — u™(t,x)| where u(t, z) and u™ (¢, z) are those of
Proposition 6.1.

Moreover, by construction, X" of Theorem 6.1 is distributed as X" := (®")~1(Y™) with the Y™ of
Subsection 5.4 and Proposition 6.3, that lives in the same probality space as Y. So, as ||V(<I>”)‘1 ||OO <
1/A, we have,

daf
dx

T v n df T | Yn n 0T |V n
ealtav) =B (RP) - g0 < | | 1% - xpy < D leme i v,

Thus using Propositions 6.1 and 6.3 we complete the proof.

7 Numerical experiments

Example 1. We take a and p to be

{1 if x <0, 1 ifz <0,
a(z) =

5 x>0, °nd ”(f”):{1/5 if 2 > 0.

Then by Proposition 4.1, the process X generated by £(a, p) solves
&0e(1,2/30), i.e. X is distributed as the simple SBM Y of parameter 3 = 2/3.

We know the exact density p(t,x,y) of the transition probability of Y2 (see [Wal78]). For z = 0 we
have:
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Fi1Gc. 1 — Approximated density p(¢,z,y) for X with ¢t = 1 and z = 0 (with 50000 particles), together
with the exact density (represented by the *-line).

(8 +1)exp{—y?/2t} ify>0,
Vartp(t,0,y) =
(1 - B)exp{—y?/2t} ify<O.

We simulate N = 50000 random variables )?f = ALGO(a, p,z,n,t) with z = 0, ¢ = 1 and the precision
order n = 20. We plot on the same graph (Figure 1) the histogram we get and the exact p(1,0,y).

Example 2. We take p = 1 and the coefficient a represented by Figure 2. We plot a histogram
approximating p(t, z,y) for x = 0 at three successive times, t = 1, t = 2 and ¢ = 3.5. We used N = 10000
particules and took n = 20 (Figure 3).

Example 3. We take the same n, a and p as in example 2. For f € Wy™(G) N Cy(G), we know

200

L L L L L
60 -40 -20 0 20 40 60

F1G. 2 — Graph of a.
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F1G. 3 — Approximation of p(t, z,y) for x = 0 at times ¢t = 1, ¢ = 2 and ¢ = 3.5 (with N=10000 particules).

(Subsection 5.1) that if each X™ (9 is a realisation of X" starting at x, the quantity (1/N) vazl f[)?”v(i)]
approaches u(t, x), the solution of (P)(a, p, f).

We then consider that G = (—100, 100) and take f(z) = sin(w (z + 100)/200). We take z = —10. We
compute g, (t, ) = (1/N) XN, FIXY), with N = 10000, for ¢ belonging to a time grid that is a
discretisation of [0, 4]. We use a deterministic algorithm to compute an approximation uget (¢, ) of u(t, x)
for ¢ € [0,4]. We plot usio(t, ) and uget(t, ) on the same graph (Figure 4).

Example 4. We wish to compare our scheme with the one proposed by Lejay and Martinez in [LMO06].
In order to do that we take p = 1 and a defined by

() = 2 + sin(x) if x <0,
nr) = 5+sin(x +m) ifz>0.

We take t =1, x = 0.5, n = 10 and N = 10000. We plot a histogram of the values of )?{’ approximating
p(1,0.5,y) on Figure 5. We plot on the same figure the histogram obtained in [LMO06] for the same
parameters. Note that in [LMO6] the authors also compared their histogram with the one obtained by
the Euler Scheme of M. Martinez in [Mar04].

Acknowledgement: The author would like to thank Antoine Lejay for his encouragements and
constructive remarks.
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F1G. 4 — Graphs of wus(t, ) and wuget(t, ) (represented by the *-line) for x = —10 and ¢ € [0, 4].

0.35

F1G. 5 — Approximation of p(t,z,y) in example 4 by our algorithm together with the one by Lejay and
Martinez (represented by the dashed line).
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