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SUMMARY

Variouspapershavediscussedtheforwardrelationshipsbetweeninternaldensityanoma-

liesof aplanetanditsexternalgravity field.Theinversemodelling,i.e.findingtheinternal

densityanomaliesfrom the externalpotentialis known to behighly nonunique.In this

researchnote,we explain how a 3D basiscanbe built to representthe internaldensity

variationswhich includesa subsetthat explicitly spansthe kernelof the forward grav-

ity operator. This representationclarifiestheorigin of thenon-uniquenessof thegravity

sourcesandimpliestheexistenceof anaturalminimal-norminversefor theinternalden-

sity. We illustratetheseideasby comparinga tomographicmodelof the mantleto the

minimalnormdensity.

1 INTRODUCTION

A problemin geodynamicsis to relatetheinternaldensityof aplanetto its externalgravity field.Clas-

sically, the internaldensity ���������	��
� andtheexternalgravity potential � ����������
�� areboth expanded

in termof orthogonalfunctionson thesphere�����������
������ ��� ��� ��� ������� � � ������
���� (1)

� �������	� 
�!� �"��� � ���$#&%�('
�")+* � ��� ���	��
� � (2)
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where � ��� ���	� 
� aresphericalharmonicfunctionsof colatitude � andlongitude 
 ,
%

is theplanetary

radius, � � � are the sphericalcomponentsof the density at radius � and � ��� the gravity potential

coefficients.

Wecandeducethecoefficients � �"� asa functionof thedensityspectralcomponentsusing

� ��� ����� �% ���� � � ��� � � ��� ����� �
	�� ��� (3)

where
� � ����� areGreen’s functions.TheseGreenfunctionsaresimply

� � ������ ���� ��� � � ������ �
# �% '

� � (4)

if we assumethat the planet is spherical(hencethe superscript’S’). This Greenfunction implies

that shallow massanomaliesare the mostefficient to generategravity potentialanomalies(usually

representedasgeoidundulations).

Of course,aplanetis notspherical.To takeinto accountthesurfaceundulation,thedensityanoma-

lies canbeusefully split into internaldensities��� anda surfacemass� ���&��
� . This surfacemasswith

spectralcomponents� ��� , is theproductof thetopographicheightwith thedensityat theEarth’s sur-

face.Then,at first order, theexternalpotentialverifies

� � � � ��� �% � �� ���� ��� � � � ��� ����� � 	 � � � ��� � %����� � �
� ���

(5)

Internalinterfacescanbetaken into accountin a similar way by introducingequivalentsurfacemass

anomalies,productsof thedensityjumpsat theseinterfacesby their topographies.

At long wavelength,the planetsare close to isostaticequilibrium at least for shallow internal

massanomalies.On the Earth, this equilibrium is reachedafter a time constantof a few thousand

yearsestimatedfrom modellingthepleistocenicglacialunloading(Cathless 1975).A simpleview of

isostasy(seeDahlen (1982)for adetaileddiscussionof theconceptof isostasy)indicatesthat

� ��� ��� � �
� � � � ��� ��� �!����� (6)

where
% � is a radiusbelow whichdeviatoric stressesarenegligible. By replacingthis surfaceloadinto

theequationeq.(5), weseethatwecanformally still useeq.(3) whereonly ’true’ internaldensityare

considered(i.e. � in eq.(3) is now intendedas ��� ) if we usethenew Greenfunction
�#"� ����� where

� "� ��� �!� � �� ��� �$� � �� � % � % 	� 	 %'&
($(*),+�-
�

(7)

This indicatesthat shallow massanomalies(i.e., in the limit
% � �/. % � % � ) do not generategeoid

undulations.It alsopredictsthatadenseanomalyatdepthshouldbeassociatedwith ageoidlow. This

is in totaloppositionto thefindingsobtainedfor asphericalnon-compensatedplanet(i.e.wheneq.(6)

is not verifiedbut oneimposes� � � �10 ).
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Isostasyis a very goodapproximationfor shallow massesbut, of course,compensationdeparts

from isostasyfor deepseatedmasseswhich meansthat eq. (6) mustbe replacedby a moregeneral

rule.Variouspapers(Ricard et al. 1984;Richards and Hager 1984)have shown thata generalization

of the isostaticrule that takes into accountsphericity, self-gravitation and the presenceof internal

interfaces(i.e., the Moho, the Core Mantle Boundary...) can be obtainedfor a viscousplanetwith

radialrheologicalproperties.In thistheory, thetopographiesinvolvedin theexpressionof thepotential

(asin eq.(5)) arecomputedfrom theinternaldensityby solvingfor themantleflow usinganewtonian

viscouslaw with continuitiesof thevelocity, gravity andstressvectorat the interfaces.This enables

to write � ��� in the sameway as in eq. (3) with a new Greenfunction
��� � ��� � wherethe superscript

remindsthat this dynamiccompensationmodelinvolvestheviscosityprofile of themantle � . Using

this approach,a goodfit to the observed Earth’s geoidcanbeenobtainedassumingthat the internal

densityof theEarthis relatedto theobserved3D seismicvelocity structureof themantle(Forte and

Peltier 1987;Hager and Clayton 1989;Ricard et al. 1993).Moreover, thegeoid,at leastat thelowest

degrees2 and3, is not explainedby massanomaliesin theuppermantlesincethesearecompensated

by topographyanomalies.

Figure1 depictsthe viscous,sphericaland isostaticGreenfunctionsfor degrees2 and10. The

viscousGreenfunction
� � � ��� � shareswith the isostaticGreenfunction

��"� ��� � the fact that density

anomaliesinfinitely closeto thesurfacedo not generategeoid.ViscousGreenfunctionsalsovanish

at the CMB asmassanomaliesnearthe corearelocally compensatedby CMB undulationsjust like

shallow massanomaliesarecompensatedby surfacetopography. The viscousGreenfunctionshave

muchsmalleramplitudesthanboth sphericalandisostaticGreenfunctions.For realisticmantlevis-

cosityprofiles,theviscousGreenfunctionat
� � �

is negative in thelower mantleandpositive in the

uppermantle.At
� � � 0 , theviscousGreenfunctionlookslike theisostaticGreenfunctionfor shallow

masses,changesignwith depthwhereit becomessomewhatsimilar to therigid Greenfunctions.

More generalattemptshave used3D viscositystructures(Zhang and Christensen 1993)or even

havetriedto removethenecessityof prescribingarheology(Valette and Chambat 2004).Howeverthe

mostsuccessfulexplanationsof theEarth’s geoidareusingthesimplestmodelwheretherheological

propertiesdo not vary laterally.

2 THE INVERSE PROBLEM

It is well known that the inversegravitational problem,i.e., finding the densitystructure ��������&��
�
from thegravity coefficients � � � is an ill-posedproblem.This meansthat thereis an infinite number

of densitydistributions insidea planetthat canproducea given externalgravity field. In front of an

ill-posedproblemtwo generalphilosophiescanbeused.Ontheonehand,onecanmakeprofit of some
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Figure 1. Viscous(thick), spherical(dotted)andisostatic(dashed)Greenfunctionsfor degrees2 and10. The

viscousGreenfunctionarecomputedfor a modelwherethe lithosphere,the uppermantle,andlower mantle

viscositiesareproportionalto 10,1 and30.

apriori knowledgeof thedensityto stabilizetheinversion.Thiscanbedonefor exampleby assuming

that the densityremainsclosely correlatedwith seismictomography(this hasbeenusedin various

papers,seealsoRicard and Wuming (1991)).On theotherhand,onecandescribepreciselywhat the

null spaceandwhattherangeof theforwardproblemarein a Lanczos-typemethod(Lanczos 1961).

This wasdonefor a purely sphericalplanet,i.e., inverting eq. (3) assumingeq. (4), (Dufour 1977),

but, to our knowledgehasnever beendiscussedwhenthemoreappropriate
� � � ��� Greenfunction is

used.

This Lanczos-typeapproachis to built a3D basis���
� � �������&��
� to representtheinternalstructure

of a planet(thedensity, but alsotheseismicP andS velocities...)in sucha way thata subsetof this

basisis alsoabasisof thenull spaceof theforwardgravity operator.

Let uschoose���
��� �������&��
� ��� �

� ����� � � � ���	��
 � , theortho-normalizationof this basismeansthat�
���

�"� �������	� 
� ����� � � � � �������&� 
�� � � � �
� %
	�� ���� � �"� � � ���
� � (8)

the integral beingperformedover all theplanetarymantlevolume(the
% 	

termof theright handside

insuresthat the ���
���

aredimensionless,the
�

is the Kronecker symbol).The sphericalharmonics

beingalreadyorthogonalon thesurfaceof asphere,weonly needto find � �
� ����� functionssothat� �� � �

� ������� � �� ��� � � 	 � � � %
	��
����

�
(9)

Of course,we can easily take advantageof our understandingof the gravity field of the Earth by
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choosingasoneof the � �
� ��� � function,theGreenfunctionof thegravitational inverseproblem

� � � ��� � .
Let usdefinethenorm

��� � �
� ��� 	 � �% 	 � �� � �

� ����� � �� ����� � 	 � ��� (10)

andchoose

� �� � � �� � � � �����
��� � � � ��� � (11)

Then,theother � �
� ��� � canbeconstructedby a standardortho-normalizationprocedurestartingwith

linearly independentfunctions.An easywayis to useChebychev polynomials� � ��� � anddefine� �
� �����

asa linearcombinationof � ���
* ��� � andof theprevious � � �

� ��� � ( 0��	��
��� ),

� �
� ��� � ��� � ���

* ����� � ���� � ��� � � � � � � �
� ������� (12)

anddeducetheconstants� and
� � � from theequations(orthogonalityandnormalization)� �� � �

� ������� � �� ��� � � 	 � � �10 � if 0��� 
 ��� (13)

��� � �
� ����� ��� � � � (14)

Figure2 depictstheequatorialcross-sectionsof a few empiricalfunctionsfor
� � �

and � � �
. The

geoidviscousGreenfunction is computedfollowing Hager and Clayton (1989)andusinga typical

mantleviscosity profile (a lithosphereof thickness100 km with normalizedviscosity 10, an upper

mantleof referenceviscosity1, anda lower mantleof normalizedviscosity30). The first empirical

function � � � 	 � 	 is proportionalto thisgeoidGreenfunction.By construction� � � 	 � 	 is theonly function

thatinducesa
� � �

and � � �
geoid.Theother � �

� ��� �
(Figure2 depictssomeof themwith � � �

, 4

and6) do not induceany gravity signaloutsidetheplanet.

By construction,we canreplaceeq.(1) by���������	��
�!� �
�
� � � � � � ��� ��� �"� �������	� 
��� (15)

where� � � � arethecomponentsof thedensityontheempiricalbasis.Thisexpansionintroducedin eq.

(3) leadsto � ��� � ��� � % 	 ��� � � � ��� � � � � � (16)

andthesolutionof minimal normfor theinverseproblemis simply� � ��� �������&��
� � ���� � % 	 �"�"� ���� � � � ��� � �"� � � � � �������&��
� � (17)

This minimal normsolutionis of courseindependentof any radial basisandonly dependsuponthe
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Figure 2. Equatorialcrosssectionsof empiricalbasisfunctionsfor ����� and ����� . Only thefirst one( �	��
 ��
 � ,
top left) inducesan externalgravity field. This first function is basedon a gravity The otherempiricalbasis

functions(e.g., ���
 ��
 � , ����
 ��
 ������
 ��
 � ) spanthekernelof thegravity operator, they do not induceany external

gravity field.

Greenfunctions.Wecandefinetheradial resolutionkernel �
� ����� � 
 � associatedwith this estimatorby� � � ��"� �����!� � �� �

� ������� 
 � � � � ��� 
 � ��� 
 � (18)

By combiningthe definitionsof the minimal densityeq. (17) with that of the potential,eq. (5), we

obtain

�
� ����� � 
 �!� �% 	 � �� ������� �� ��� 
 � � 
 	 � ���� � � � ��� 	 % 	 � � � ����� � � � ��� 
 � � 
 	 � (19)

As expectedthis resolutiondoesnotdependof theradialbasis.At agiven � , this resolutionis propor-

tional to
� � � ��� 
 � � 
 	 alreadyplottedin Figure1. A verygoodresolutionwould imply that � � � ����

remains

closeto theactualdensity � � � andthereforethat �
� ����� � 
 � is similar to theDirac function

� ��� � � 
 � .
This is far from beingthecaseastheresolutionof thegravity datais indeedvery low.

All thesolutionsof theinversegravimetric problemcanbeobtainedby addingany componentof

thenull spacewhich hastheform� ��� �"� ����������
�� � �
���� � � ��� ��� �

�"�
���

�"� �������	��
 ��� (20)
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for any coefficients � �
� �

.

3 APPLICATION

Bearingin mind that theseismicglobalheterogeneitiesseenby tomographyaremoreor lesspropor-

tional to thedensityanomalies,weprojectthesevelocityanomaliesontothe � � ��� subsetto emphasize

the heterogeneitiesthat affect Earth’s gravity field. To perform this exercise,we usethe composite

model“Smean”of Becker and Boschi (2002)(anaverageof previousmodels)thathastheadvantage

of providing at thesametime a very goodfit to thegeoid( �
� 0�� of variancereduction)andberich

in shortwavelengthanomalies(up to
� ��� � ). Alternatively, from theobserved geoid,we caneasily

computethesolutionof minimal normfor thedensity. Of courseit doesnot describethetruedensity

within theEarthbut its projectionontothesamesubset� � � � asthevelocity. Theresultsaredepicted

in Figure3.

Thefirst row depictsthevelocity anomaliesat mid uppermantle((a), left) andmid lower mantle

((b), right). Thesecondrow filtersout from thecomponentsinvisible to theexternalgravity field. This

filtering emphasizesthe anomaliesrelatedto slabsin the uppermantle(c). In the lower mantle(d),

only the long wavelengthdensitycomponentsaffect theexternalgravity field. Theseheterogeneities

areverycloseto thosepredictedfrom theobservedexternalgravity field (minimal normdensitymod-

els,bottomrow). To haveroughlysimilarcolor rangesfor thevelocitymaps(topandmiddlerows)and

for theminimalnormdensitymaps(bottomrow), thevelocityscalevariesbetween� 40m s �
*

andthe

densityscalebetween� 12 kg m �
	
. This suggeststhroughoutthemantlea uniform density/velocity

conversionof order0.3kg m
	
/m s�

*
. This conversionfactoris typically whatis predictedfrom labo-

ratoryestimatesandothergeoidmodelling(e.g.Hager and Clayton (1989)).

4 CONCLUSIONS

Therelationshipsbetweenthegravity field andthe internalstructureof theEarththatwe have illus-

tratedin this paper, arenot new. Theforward relationshave beenknown sincetheeighties(thedeep

mantleorigin of the long wavelengthgeoidor degree2-3, thesignatureof slabsat degrees4-10)and

variouspapershaveperformedinversemodelling.Moreprecisely, it is well known thatanappropriate

velocity/densityconversionof thetomographicmodelsprovidesagoodfit of thegeoid.Hereweshow

herethat,at eachdepth,the projectionsof the velocity � � andthe density � onto the orthogonalof

thegravity null spaceareproportional.Thecomparisonof thebottomrows of figure3 shows that the

lateralvariationsat 1800km aremainly dueto the lowestdegreescontribution, which is not thecase

at500km. It givesaconvincing indicationof thedeeporigin of thegeoidat low degrees.
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(a) S velocities
(depth 500 km)

(b) S velocities
(depth 1800 km)

(c) Projected S
(depth 500 km)

(d) Projected S
(depth 1800 km)

(e) Minimal Density
(depth 500 km)

(f) Minimal Density
(depth 1800 km)

Figure 3. (a)and(b) Mid upperandmid lowermantleStomography(Smeanmodel,(Becker andBoschi 2002)).

(c) and(d) S tomographiesfilteredout from heterogeneitiesinvisible to thegravity field. (e) and(f) Minimal

normdensitiespredictedfrom theexternalgravity field. A samescaleis usedfor the4 velocitymaps(between
�

40m s��� ). Thetwo densitymapsvarybetween
�

12kg m ��� .

Moreover our approachcanbeausefulpedagogicalway to explain thenon-uniquenessof gravity

inversionandour radial basiscould be usedin seismictomographicinversionin order to explicitly

identify the velocity spaceconstrainedby the geoid.The descriptionof the internal densityof the

Earth requiresthe knowledgeof the coefficients � � � � . A lateral resolution �
�

is attainedwhen all

the coefficientsup to
� � ��� � �

�
� ��� � � � � %
	 � � areknown. A radial resolution ��� correspondsto
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�
� � � � %�	

��� . From a given modeldeducedfrom seismicmodellingandcompleteup to �
� � � and� � ��� , i.e.having �

� � � � � � � � � � � 	 terms,asubsetof dimension�
� � � couldhavebeendeduceddirectly

from thegravity field (assumingthattherelationshipbetweenvelocitiesanddensitiesareknown, and

that theviscosity is only depthdependent).This shows at thesametime thepotentialityandthe low

resolutionpower of gravity.
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