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SUMMARY

Variouspapershave discussedheforwardrelationshipdetweennternaldensityanoma-
liesof aplanetandits externalgravity field. Theinversemodelling,i.e.findingtheinternal
densityanomaliedrom the externalpotentialis known to be highly nonunique.In this

researchmote, we explain how a 3D basiscanbe built to representhe internaldensity
variationswhich includesa subsetthat explicitly spansthe kernelof the forward grav-

ity operator This representatioglarifiesthe origin of the non-uniquenessf the gravity

sourcesaandimpliesthe existenceof a naturalminimal-norminversefor theinternalden-
sity. We illustrate theseideasby comparinga tomographicmodel of the mantleto the

minimal normdensity

1 INTRODUCTION

A problemin geodynamicss to relatetheinternaldensityof aplanetto its externalgravity field. Clas-
sically, theinternaldensityp(r, 6, ¢) andthe external gravity potentialV (r, 8, ¢) areboth expanded

in termof orthogonalfunctionson the sphere
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whereY;,,, (0, ¢) aresphericalharmonicfunctionsof colatitudef andlongitude¢, a is the planetary
radius, p;,,, arethe sphericalcomponentf the density at radiusr and V;,,, the gravity potential
coeficients.

We candeducehe coeficients V},,, asafunction of the densityspectralcomponentsising

drG [*
Vin =222 [ Gulr) punr)r? 3
0
whereG|(r) areGreens functions.TheseGreenfunctionsaresimply
1 \!
=G6%(r)=—— (=
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if we assumethat the planetis spherical(hencethe superscriptS’). This Greenfunction implies
that shallov massanomaliesare the most efficient to generategravity potentialanomalies(usually
represente@sgeoidundulations).

Of courseaplanetis notspherical To take into accounthesurfaceundulation thedensityanoma-
lies canbe usefully split into internaldensitiesp’ anda surfacemasss (8, ¢). This surfacemasswith
spectralcomponentsr,,,,, is the productof the topographicheightwith the densityat the Earths sur
face.Then,atfirst order the externalpotentialverifies

47rGa

2+17 ®)

Vi = TG / GS(r) piyn(r)r? dr + 120

Internalinterfacescanbetakeninto accountin a similar way by introducingequialentsurfacemass
anomaliesproductsof the densityjumpsat theseinterfacesby their topographies.

At long wavelength,the planetsare closeto isostaticequilibrium at leastfor shallov internal
massanomalies On the Earth, this equilibrium is reachedafter a time constantof a few thousand
yearsestimatedrom modellingthe pleistocenioglacial unloading(Cathless 1975).A simpleview of

isostasy(seeDahlen (1982)for a detaileddiscussiorof the conceptof isostasy)ndicatesthat

O = — / pion(r) dr, 6)

whereq; is aradiusbelon which deviatoric stressesrenggligible. By replacingthis surfaceloadinto
theequationeq.(5), we seethatwe canformally still useeq.(3) whereonly 'true’ internaldensityare

consideredi.e. p in eq.(3) is now intendedasp’) if we usethe new Greenfunction ﬂ%) where
2
Gl(r) = Gf(r) - G;g(cz)Z—2 forr > a;. @

This indicatesthat shallav massanomalieqi.e., in thelimit a — r < a — a;) do not generategeoid
undulationslt alsopredictsthata denseanomalyat depthshouldbeassociatedvith a geoidlow. This
is in total oppositionto thefindingsobtainedfor a sphericahon-compensateplanet(i.e. wheneq.(6)

is not verified but oneimposessy,,, = 0).
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Isostasyis a very good approximationfor shallov massesut, of course,compensatiordeparts
from isostasyfor deepseatednassesvhich meansthat eq. (6) mustbe replacedby a more general
rule. VariouspapergRicard et al. 1984;Richards and Hager 1984)have shavn thata generalization
of the isostaticrule that takes into accountsphericity self-gravitation and the presenceof internal
interfaces(i.e., the Moho, the Core Mantle Boundary..) can be obtainedfor a viscousplanetwith
radialrheologicalpropertiesin thistheory thetopographiednvolvedin theexpressiorof thepotential
(asin eq.(5)) arecomputedrom theinternaldensityby solvingfor themantleflow usinga nentonian
viscouslaw with continuitiesof the velocity, gravity andstressvectorat the interfaces.This enables
to write Vi, in the sameway asin eq. (3) with a new Greenfunction G} (r) wherethe superscript
remindsthat this dynamiccompensationrmodelinvolves the viscosity profile of the mantler. Using
this approacha goodfit to the obsened Earths geoid canbeenobtainedassuminghat the internal
densityof the Earthis relatedto the obsened 3D seismicvelocity structureof the mantle(Forte and
Peltier 1987;Hager and Clayton 1989;Ricard et al. 1993).Moreover, thegeoid,at leastatthe lowest
degrees2 and3, is not explainedby massanomaliesn the uppermantlesincethesearecompensated
by topographyanomalies.

Figure 1 depictsthe viscous,sphericalandisostaticGreenfunctionsfor degrees2 and 10. The
viscousGreenfunction G () shareswith the isostaticGreenfunction () the fact that density
anomaliesgnfinitely closeto the surfacedo not generategeoid. ViscousGreenfunctionsalsovanish
at the CMB asmassanomaliesnearthe corearelocally compensatetty CMB undulationsjust like
shallov massanomaliesare compensatedthy surfacetopography The viscousGreenfunctionshave
muchsmalleramplitudesthanboth sphericalandisostaticGreenfunctions.For realistic mantlevis-
cosity profiles,the viscousGreenfunctionat! = 2 is negative in the lower mantleandpositive in the
uppermantle At [ = 10, theviscousGreenfunctionlookslik e theisostaticGreenfunctionfor shallav
masseschangesignwith depthwhereit becomesomavhat similar to therigid Greenfunctions.

More generalattemptshave used3D viscosity structuregZhang and Christensen 1993) or even
have triedto remove the necessityof prescribingarheology(Valette and Chambat 2004).Howeverthe
mostsuccessfubxplanationsof the Earth’s geoidareusingthe simplestmodelwherethe rheological

propertiesdo notvary laterally

2 THEINVERSE PROBLEM

It is well known that the inversegravitational problem,i.e., finding the density structurep(r, 8, ¢)
from the gravity coeficientsVy, is anill-posedproblem.This meanghatthereis aninfinite number
of densitydistributions inside a planetthat can producea given external gravity field. In front of an

ill-posedproblemtwo generabphilosophiesanbeused Ontheonehand,onecanmale profit of some
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Figure 1. Viscous(thick), spherical(dotted)andisostatic(dashed)Greenfunctionsfor degrees2 and10. The
viscousGreenfunction are computedor a modelwherethe lithospherethe uppermantle,andlower mantle

viscositiesareproportionato 10,1 and30.

apriori knowledgeof the densityto stabilizetheinversion.This canbe donefor exampleby assuming
that the density remainsclosely correlatedwith seismictomography(this hasbeenusedin various
papersseealsoRicard and Wuming (1991)).On the otherhand,onecandescribepreciselywhatthe

null spaceandwhatthe rangeof the forward problemarein a Lanczos-typenethod(Lanczos 1961).

This wasdonefor a purely sphericalplanet,i.e., inverting eg. (3) assumingeq. (4), (Dufour 1977),

but, to our knowledgehasnever beendiscussedvhenthe moreappropriateG”(r) Greenfunctionis

used.

This Lanczos-typeapproachs to built a3D basisDyy,,(r, 8, ¢) to representheinternalstructure
of a planet(the density but alsothe seismicP and S velocities...)in sucha way thata subsetof this
basisis alsoa basisof the null spaceof the forward gravity operator

LetuschooseDy,(r, 0, ¢) = R{“(r)ij(O, @), theortho-normalizatiorof this basismeanghat

/ Diim (7,0, ) Drios (1,8, ) AV = 47a® Sy gr Sy Sy (8)

theintegral beingperformedover all the planetarymantlevolume (the a3 term of theright handside
insuresthat the Dy, aredimensionlessthe § is the Kronecler symbol). The sphericalharmonics

beingalreadyorthogonalon the surfaceof a spherewe only needto find R¥(r) functionssothat
a
/ RF(r)RF (r) r? dr = a®0pp. 9)
0

Of course,we can easily take advantageof our understandingf the gravity field of the Earth by
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choosingasoneof the R¥(r) function, the Greenfunction of the gravitationalinverseproblemG/ (r).

Let usdefinethenorm
1 a
IR = 5 | REGRE®) 12 o (10
0
andchoose
G (r)
R)(r)= L2 (11)
: IGT1I

Then,the other R (r) canbe constructedby a standardortho-normalizatiorprocedurestartingwith
linearly independentunctions.An easyway is to useChebyche polynomialsTy(r) anddefineRF (r)
asalinearcombinationof Tj_1 (r) andof thepra/iousR{“' (r) (0 <K' < k),
Ri(r) = aTxa(r) + ) BeRf(r), (12)
0<K' <k

anddeducethe constantsy and gy from the equationgorthogonalityandnormalization)

a
/ RE(r)RF (r)r?dr=0,if0<k <k (13)
0

IRf (r)]] = 1. (14)

Figure2 depictsthe equatorialcross-sectionsf a few empiricalfunctionsfor [ = 2 andm = 2. The
geoidviscousGreenfunction is computedfollowing Hager and Clayton (1989)and usinga typical
mantleviscosity profile (a lithosphereof thickness100 km with normalizedviscosity 10, an upper
mantleof referenceviscosity 1, and a lower mantleof normalizedviscosity 30). The first empirical
function Dy 5 5 is proportionatto this geoidGreenfunction.By constructionD o o is theonly function
thatinducesal = 2 andm = 2 geoid.TheotherDy; ., (Figure2 depictssomeof themwith k£ = 2, 4
and6) do notinduceary gravity signaloutsidethe planet.

By constructionwe canreplaceeq.(1) by

,0(7', 6) ¢) = Z Pklkalm (’f', 67 ¢)7 (15)

k,l,m
wherepy;,,, arethecomponent®f the densityonthe empiricalbasis.This expansionintroducedn eqg.
(3) leadsto

Vim = 47Ga?||G} | poim, (16)

andthe solutionof minimal normfor theinverseproblemis simply

min — 1 1
P00 8) = g ran 2 iy i Poim 701 6) (17)

This minimal norm solutionis of courseindependenbf ary radial basisandonly dependsuponthe
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Figure 2. Equatoriakrosssectionsof empiricalbasisfunctionsfor I = 2 andm = 2. Only thefirstone(Dg 2,2,
top left) inducesan externalgravity field. This first functionis basedon a gravity The otherempirical basis
functions(e.g.,D2 2.2, D4 2,2 Ds 2,2) spanthe kernelof the gravity operatoythey do notinduceary external

gravity field.

Greenfunctions.We candefinethe radial resolutionkernel R, (r, ') associateavith this estimatorby

. a
i) = [ R (18)
0
By combiningthe definitionsof the minimal densityeq. (17) with that of the potential,eq. (5), we
obtain
1 1
Ry(r,r") = gl“z?(r)R?(T')T'2 = WG?(T)Q"(T')T'Q- (19)

As expectecthis resolutiondoesnot dependof the radial basis.At a givenr, this resolutionis propor
tionalto G (r')r'? alreadyplottedin Figurel. A very goodresolutionwould imply thatp" remains
closeto the actualdensity p;,,, andthereforethat R;(r,7’) is similar to the Dirac function é(r — r’).
Thisis farfrom beingthe caseasthe resolutionof the gravity datais indeedvery low.

All the solutionsof theinversegravimetric problemcanbe obtainedby addingany componenof
the null spacewhich hastheform

pnu” (’I", 67 ¢) = Z nklkalm(Tu 65 ¢)1 (20)
k#0,l,m
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for ary coeficientsng,,.

3 APPLICATION

Bearingin mind thatthe seismicglobal heterogeneitieseenby tomographyaremoreor lesspropor
tionalto thedensityanomaliesye projectthesevelocity anomalieontothe Dy, subseto emphasize
the heterogeneitieshat affect Earth’s gravity field. To performthis exercise,we usethe composite
model“Smean”of Becker and Boschi (2002) (an averageof previous models)that hasthe advantage
of providing at the sametime a very goodfit to the geoid(~ 60% of variancereduction)andberich
in shortwavelengthanomaliequp to [ = 31). Alternatvely, from the obsened geoid, we caneasily
computethe solutionof minimal normfor the density Of courseit doesnot describethe true density
within the Earthbut its projectionontothe samesubsetD;,,, asthe velocity. Theresultsaredepicted
in Figure3.

Thefirst row depictsthe velocity anomaliesat mid uppermantle((a), left) andmid lower mantle
((b), right). Thesecondow filters outfrom the componentinvisible to the externalgravity field. This
filtering emphasizeshe anomaliesrelatedto slabsin the uppermantle(c). In the lower mantle(d),
only the long wavelengthdensitycomponentsaffect the externalgravity field. Theseheterogeneities
arevery closeto thosepredictedfrom the obsened externalgravity field (minimal normdensitymod-
els,bottomrow). To have roughly similar color rangedfor thevelocity maps(top andmiddlerows) and
for theminimal normdensitymaps(bottomrow), thevelocity scalevariesbetweent40m s—! andthe
densityscalebetweent12 kg m~3. This suggestshroughoutthe mantlea uniform density/elocity
corversionof order0.3kg m3/m s~1. This corversionfactoris typically whatis predictedfrom labo-

ratory estimatesaindothergeoidmodelling (e.g.Hager and Clayton (1989)).

4 CONCLUSIONS

Therelationshipsbetweerthe gravity field andthe internal structureof the Earththatwe have illus-
tratedin this paper arenot new. Theforward relationshave beenknown sincethe eighties(the deep
mantleorigin of the long wavelengthgeoidor degree2-3, the signatureof slabsat degrees4-10) and
variouspapershave performednversemodelling.More preciselyit is well known thatanappropriate
velocity/densitycorversionof thetomographianodelsprovidesa goodfit of thegeoid.Herewe shav
herethat, at eachdepth, the projectionsof the velocity vg andthe densityp onto the orthogonalof
the gravity null spaceareproportional.The comparisorof the bottomrows of figure 3 shavs thatthe
lateralvariationsat 1800km aremainly dueto the lowestdegreescontrikution, which is not the case

at500km. It givesa corvincing indicationof the deeporigin of the geoidat low degrees.
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Figure3. (a)and(b) Mid upperandmid lower mantleStomographySmeamodel,(Beder andBosdi 2002)).
(c) and(d) S tomographiesiltered out from heterogeneitiesisible to the gravity field. (e) and(f) Minimal
normdensitiepredictedrom the externalgravity field. A samescaleis usedfor the 4 velocity maps(between
+ 40ms1). Thetwo densitymapsvary betweernt- 12 kg m=3.

Moreover our approacttanbe a usefulpedagogicalvay to explain the non-uniquenessf gravity
inversionand our radial basiscould be usedin seismictomographicinversionin orderto explicitly
identify the velocity spaceconstrainedby the geoid. The descriptionof the internal density of the
Earth requiresthe knowledge of the coeficients pg;,,. A lateralresolution; is attainedwhenall

the coeficientsup to liay = |Munaz| ~ 27wa/X; areknown. A radial resolution A, corresponddo
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kmaz ~ a/A.. Froma given model deducedrom seismicmodellingand completeup to k., and
Imaz, 1-€.haVing kyag (Imae +1)? terms asubsedf dimensionk, ... couldhave beendeducedlirectly
from the gravity field (assuminghattherelationshipbetweervelocitiesanddensitiesareknown, and
thatthe viscosityis only depthdependent)This shavs at the sametime the potentiality andthe low

resolutionpower of gravity.
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