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CHEVALLEY COHOMOLOGY FOR KONTSEVICH’S GRAPHS
DIDIER ARNAL, ANGELA GAMMELLA, AND MOHSEN MASMOUDI

ABSTRACT. We introduce the Chevalley cohomology for the graded Lie algebra
Tpoly(]Rd) of polyvector fields on R%. This cohomology occurs naturally in the
problem of construction and classification of formalities on the space R?. Consi-
dering only graph formalities, i.e. formalities defined with the help of graphs like
in the original construction of Kontsevich in [K1, K2|, we define, as in [AM] for
the Hochschild cohomology, the Chevalley cohomology directly on spaces of graphs.
More precisely, observing first a noteworthy property for the Kontsevich’s explicit
formality on R?, we restrict ourselves to graph formalities with that property. With
this restriction, we obtain some simple expressions of the Chevalley coboundary
operator, especially, we can write this cohomology directly on the space of purely
aerial, non-oriented graphs. We give finally examples and applications.

1. INTRODUCTION

In this article, we study formalities on the space R?. A formality is a formal non
linear mapping F between two formal graded manifolds T}, (R?)[1] and Dy, (R?)[1],
intertwinning their natural vector fields ) and @'.

Here, T, (R)[1] (resp. Dpor, (R?)[1]) denotes the space of polyvector fields (resp.
polydifferential operators) on R? graded by |a| = degree(a) = k — 2 if a is a k-vector
field (resp. |D| = m—2 if D is an m-differential operator) -[1] stands for this choice of
translation on degrees- and viewed as a formal manifold (see [K1, K2]). The monomial
functions ay.as. .. .. an on Tpoy(RY) are elements of the space S™(Tpe,(RY)[1]) of
symmetric n-polyvector fields on Ty, (R?)[1] (that means ag.c;; = (—1)l*1lle2la;.qy).
The manifold T}, (R?)[1] is equipped with the formal bilinear vector field Q = Qs,
defined with the help of the Schouten bracket [, |s:

Qa(av1.02) = (=1)l=VI2l [0 ).
Similarly, Dy, (R?)[1] is equipped with the formal vector field
Q' = Q1 + Qs
defined by
Q1(D1) = —dyDy, - @Q5(D1.Dy) = (=1)1P=D122I[Dy, Dy

Date: 08/02/04.
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Here, dy denotes the usual Hochschild coboundary operator: if D is a m-differential
operator,

dHD(fh ce e fm+1) = f1D(f2, e 7fm+1) - D(f1f2, e 7fm+1) +ot
+ (_1)mD(f17 ceey fm)fm+1

and [, |¢ is the Gerstenhaber bracket.
A formality F is then given by a sequence of mappings F,:

Fu " (Tpory(RI[1]) = Dy (RY[1],

homogeneous with degree 0 and such that the ‘formality equation’

du(F) (o) = = 3 ol 1)@ (Finar). Fiy(ar))

101} {11020

1 - —
—5 Z ea(kl, 1. kl...n)F,_1 (Qg(ak.ag).al ..... Q. . . .. an)
kA

holds. Here, if I = {i; < --- < i}, the notation a; means a,..... Q.

We shall impose moreover that F; is the canonical mapping ]:1(0) from T}, (R?) to
D,pory(RY) defined by

FOEA A& ) = 1 S (o) [[ o)

c€Sn i=1

for any vector fields & and any functions f;.

Let us now choose a coordinate system (z;) on R% In [K2], M. Kontsevich built
explicitly a formality ¢/ for R, using families of graphs drawn on configuration spaces.
A graph I' has aerial and terrestrial vertices. The aerial vertices are labelled pq, ..., p,
and elements of the Poincaré half plane

H={z€C,3(z) > 0}.

The terrestrial vertices ¢; < --- < ¢, are on the real line. The edges of I' are arrows
starting from an aerial vertex, ending to a terrestrial or an aerial vertex; there are
no arrow of the form p;p; and no multiple arrow. If we fix a total ordering O on the
edges of I', we get an oriented graph (I', O). We say that O is compatible if, for all 4,
the arrows starting from p; are before those starting from p;;; and denote by GO,, .,
the set of oriented graphs (I', O) with n labelled aerial vertices, m labelled terrestrial
vertices and O compatible.

Let us consider such an oriented graph (I', O) in GO,,,,. Let us also suppose there
are k; edges starting from the vertex p; (1 < i < n). In [K2|, Kontsevich defines a
natural operator B(r o) assigning a m-differential operator B oy(a1 ® - - ® ay,) to a
n-uple (ay, ..., a,) of polyvector fields «;. This operator vanishes except if, for each

i, a; belongs to T ;;J(Rd) (cv; is a kg-polyvector field). Let us first consider all the
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multi-indexes (t,...,¢) with [k] = > k;and 1 <t, < dforall 1 <r < |k]. We
denote by end(a) the set of edges arriving on the vertex a and, if these edges are
€irs- - -1 €ipy DY Oend(a) the operator
al
aen a) — .
d(a) 0 . 81'15.

Tt iy

T

Then, we denote by star(p;) the ordered set e < --- < ¢} of edges starting from p;

K3

star(p;) the following component of (078

[

and, if «o; is a k;-vector field, by «

aftar(pi) _ Oé:jl--.tjki '
Finally, if, for each i, «; is a k;-vector field,
B(F,O) (al K- ® Oén)(fb R fm) = Z H aend(pi)&:tar(pi) H (9end(qj)fj.

1§t1,...,t|k‘§d =1 ]:1

Br,0y will be called the graph operator associated with (I', O).
The explicit formality U of Kontsevich can now be written as a sum U = Zun

n

with

U, = Z Z wr,0)B(r,0)

m>0 (I',0)€GOn m

where the coefficient w(r ), the weight of (I',O) is an integral on a compactified
configuration space. To be precise, for 2n +m — 2 > 0, let Conf(n,m) be the space
of n distinct points p; in H and m distinct points ¢; on the real line 9H. Let us act on
Conf(n,m) by the group G of transformations z +— az + b (a > 0, b real). Consider
the quotient space

Chm = Conf(n,m)/G.

In [K2], Kontsevich associates with each oriented graph (I",O) the following form
wr,0) on Cp

1 n
wro) = o /\ (dfbei AN d@e};)
Ti=1

here {e} < e} < --- < ¢} } denotes the ordered set star(p;) formed by the k; edges
starting from p;, k! := k!. .. k,! and, if €} = pja,

1 a—pi
®, =P, =—A .
El Pi 27T 7”‘.q (a/_pz)

The weight w(r oy is then defined as the value of the integral wr oy on the connected
component C.f of C,,,, for which ¢; < -+ < gp,.
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In this work, we are looking for graph formalities, i.e. formalities on the space R?
of the form F = )" F, where the F,, are homogeneous mapping (with degree 0) of

the form
Fn = Z Z cr,0)Br,0),

m>0 (I,0)€GOn m
with real coefficients ¢ o). We shall use the notation 7, = B,, where v, is the linear

combination
=Y Y o0

m>0 F O EGOTL m

Let us assume now we found Fi,...,F,_; (with F; = fl(o) = Uy) such that the
formality equation holds up to order n — 1. Then, the next term F,,, if it exists, is a
solution of an equation:

dg o F, = FE,,
that is
dy(Folag.. ... an)) = Ey(ag..... an) = Ey(aq,..ny),
where E,(oqi,. ) is a Hochschild cocycle. It is well-known that the Hochschild
cohomology is localized in T}, (R?)[1]. More precisely, the total skewsymmetrization
ao E, (o, ny) of Ep(aq,. ny) is a polydifferential operator of order 1,...,1, that is
the image by .7:1(0) of a polyvector field. Moreover, there exists an operator A, such
that
En(oz{17...7n}) = (a oE, +dyo An)(a{l,...,n}>‘

Put now
=F;'oao E,,

@n(a{l,-..7n}> = "Tl_l (C‘(En(a{l,v--,n}») )

then ¢y, 1 S™(Tpory (R)[1] — Tpor, (R?)[1] is homogeneous with degree |p,| = 1.

In section 2, we define the Chevalley coboundary operator 9 on Ty, (R?). Then,
we show that the mapping ¢, described above is a Chevalley cocycle, and, if it is a
coboundary i.e. ¢, = 0¢,_1, we can add to F,,_; a Hochschild coboundary so that
a(E,) vanishes and thus find a F,, for which the formality equation holds up to order
n.

In Section 3, we etablish a remarkable property for the Kontsevich’s weights. For
any graph I' (with k; edges starting from p;), denote by A the purely aerial graph
obtained by cutting the legs p;¢; and the feet ¢; of I' and by ¢; the number of aerial
edges starting from p;. We prove that:

| 0
o > weoBro)= Y, waos > 710 Br o).

(1,0)eGol), (A,00)€GOY G0 (T,0)5(A,04)

that is
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Here GO;{%@ denotes the subspace of GO, ., formed by the oriented graphs having

exactly one leg for each foot, GOWY is the set of purely aerial oriented graphs (A, Oa)
with n aerial vertices and O compatible and £(I") is an explicit sign depending only
on I

This property suggests us to study what we call K-graph formalities. A K-graph
formality up to order n is a graph formality F at order n—1 such that ¢,, = F; 'oacE,

has the form ¢,, = Z c(a,04)C(a,0,) With real coefficients c¢(a 0,) and where
(A,04)eGOY

1 1
Caoa) = Z oo Z HS(T)B@,O)-

m20 - o, 5(0)>(A,04)

In Section 4, we first give some simple expressions of our Chevalley coboundary
operator. Then, we restrict ourselves to K-graph formalities and study the Chevalley
cohomology related to the question of building such formalities.

In Section 5, we show that the coboundary operator 0 can be written directly on
the aerial part of the graphs.

We devote the last section to explicit computations and applications. In particular,
we prove the triviality of the cohomology for small value of n and give the restriction
of the cohomology for linear formalities.

2. CHEVALLEY COHOMOLOGY AND FORMALITIES

In this section, we first define a graded Chevalley cohomology in a general algebraic
setting i.e. for cochains C : S™(g[1]) — 9Mm[1] where g is a graded Lie algebra and
M a graded g-module. In fact two Chevalley coboundary operators are naturally
associated with the formality equation for R%. The first one, say @', is obtained by
endowing D, (R?) with a T}, (R?)-graded module structure, cochains are mappings
C 5™ (Tpory(R?)[1]) — Dypory(R?)[1]. The other one, 9, is obtained by considering
Thoiy(R?) as a graded module over itself, cochains are mapping C' : S™ (T poly (RY) [1]) —
Tty (R?)[1]. Using both & and &, we show that the obstructions to formalities can
be interpreted as cocycles for 0.

2.1. Chevalley cohomology.

Let (g,[,]) be a graded Lie algebra and oM a graded module over g. For reasons
of homogeneity, we prefer to work with g[1] and 9[1]. Thus, we replace [, | and the
action of g on 9 respectively by [, |" and [, Jgn, defined for homogeneous «, [ in g[1]
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and m in 9M[1] with degree |«| (resp. |5, |m|) by

[, 8] = (1)1 D[a, 5]
[, m]gy = (_1)(|al+1)|mla m
The space C"(g, M) of n-cochains consists of mappings C' from S"(g[1]) to Mm[1]. The

Chevalley coboundary dC' of a n-cochain C, homogeneous with degree |C|, is the
n + 1-cochain defined as

80(&1 ..... an—i—l) =

D (=)Clledle (i1 i n+ D)oy, Claae. . i) lon
i=1
1 —~ —
~5 Zsa(ij, 1.7 .,n+ D)(=DC([as, ;) car . .. @a . . . comyr).
i#]
Here the «; are homogeneous elements of g, |a;| denotes the degree of a; in g[1] and for

any permutation o of {1,...,n}, e,(0) is the sign of ¢ in the graded sense. We shall
denote by Cj; (g, M) the subspace of C"(g, M) formed by the n-cochains of degree g

and by Hj, (g,9m) the corresponding cohomology group. Note that 0 sends Ch (g, )

into Cii (g, M)

Extending usual techniques to the graded case, it is possible to prove

Lemma 2.1. (See [Ga] for an explicit computation)
The operator O is a cohomology operator i.e. 9% = 9o d = 0.

Let us now return to the graded Lie algebras (Tpo, (RY), [, |s) and (Do, (R?), [, ]¢)
where [, |5 is the Schouten bracket and [, |¢ the Gerstenhaber bracket. Let us precise
first our conventions for these spaces and brackets.

Let o be a k-vector field and {e;} the canonical basis of RY. We put:

_ Ji--Jk . . o J1--Jk p . .
a = 5 o e 8- RQej = g o ey N Nej,
J1seesJke J1<j2<-<jg
= i E aItIke. A N e;
k! g1 /N Ji*
Ji---Jk

For any kj-vector field oy and ko-vector field ay (the degree of «; is k; — 1 in
Thoiy(R?)), we define first a polyvector field a; e ap with its components

k1

areay T = 3 )3 “Z

OESk1+k2_1 /=1

Lo (1)l (0—1) Sto(€)+-To (ky — 1)8 U(k1) G (ke +hg—1)
1 .
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Now, [, )]s can be written as
ko (k1 —1 ka—1
[ag, an]g = (=120 Do, ey — (=127 1o, 0 .

Note that this choice for the Schouten bracket is denoted [, |y in [AMM] and [MT].

On the other hand, for any m;-differential operator D; and any ms-differential
operator Dy (the degree of D; is m; — 1 in Dy, (R?)), we may write [Dq, Ds]q in the
form

(D1, Dy)g = Dy o Dy — (—1)m=0m=1p, o D,

where

Do Dz(fh ce fm1+m271) =
Z(_l)(nmil)(jil)Dl(fla e Jg—1 D2(fj7 s 7fj+m271)) fj+m2> EIR) fm1+m271>-
j=1

Recall the canonical mapping .7-—1(0) from Tp,o,(R?) into D, (RY): each k-vector
field o can be viewed as a k-differential operator fl(o)(a) of order 1,...,1:

1 .
(F@) o So) =< adfi A Adfi >= a0, fi .. 0y
Now we consider the following action of T}, (RY):

a.D=a0[Fa), Dl  Va € Thuy(RY),YD € D,y (R

where a denotes the usual skewsymmetrization of differential operators and [, | the
Gerstenhaber bracket. This action defines a Tpo,(R?)-graded module structure on
D,yory(R?). Indeed, one can prove

Proposition 2.2.
The following equalities

i) aol[D1,Ds]g =ao[Dy,a0 Dslg
i) 71" (Jar, 0n)s) = a0 [F” (1), A (e)le
iii) a0 [F”([or, asls), Dle = a0 [F”(an), a0 [F”(az), Dlclc—
— ()"0 o [F7(as), a0 [F(a1), Dlcla

hold for any Dy, Dy, D in Dpoly(Rd), any kq-vector field oy and ko-vector field as in
Thoiy(RY). Especially, item (iii) means

[061, Oég]g.D = Oél.<062.D) — (—1)(k171)(k271)062.(Oél.D>
and thus Doy, (R?) is a Ty, (RT)-module.



8 D. ARNAL, A. GAMMELLA, AND M. MASMOUDI

Let us now endow D, (R?) with the T, (R?)-graded structure described above.
Ifrc: A" (Tpoly(Rd)) = 9" (Tpoly(Rd)[l]) — Doy (R?)[1] is a mapping homogeneous
with degree |C|, we can define its Chevalley coboundary 0'C. The latter can be
written using the vector fields @ and @', associated respectively with T}, (R?) and
Dpoly(Rd>3

8/0(041 ..... Oén+1) =

S (1) ley (i, 1.+ Lao Q) (fl(o)(ai).C(al. . ..ozi....anﬂ))
i=1
~3 Z%(ZL 1...7y...n+1)(—1) C(QQ(ai.aj).ozl C OG0 .an+1>.

i#j
To simplify the writing, we will sometimes write «; instead of Fl(o)(ai).
On the other hand, considering 7)., (R?) as a graded module over itself, one can
define the Chevalley cohomology for T),e, (RY) . If C : S™ <Tpoly (RY) [1]> — Toty (RH)[1]

is an n-cochain, homogeneous with degree |C], its coboundary 9C' is:
n+1

i=1

Remark 2.1.
For any ¢ : S™ (Tpoly(]Rd)[l]) — Ty (RY)[1], we have:

9'(F o) = F 0.

2.2. Obstruction to formalities.

The two Chevalley coboundary operators 0 and @' enable us to reformulate the for-
mality equation. Indeed, suppose we want to construct a formality F from Tpoly(Rd)
t0 Doy (R?). We need thus to solve recursively the formality equation (see [K, AMM]
for notations)

d(Fo)(are .. an) = = 3 a1, 1) (Finen)-Fia(as) )

IUJ={1,0cn}, 111211721

1 ~ —
~3 E ea(kl, 1. kl...n)F, 4 (QQ(O&k.Oé[).Oél ..... 00 . . . .ocn>,
kA
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where dp is the Hochschild coboundary operator.

Let us impose the first component F; to be ‘7_-1(0). Assume there exist mappings
Fao, ..., Fa_1, homogeneous with degree 0, and satisfying the formality equation up
to order n — 1. Denote by F, the right hand side of the equation at the order n.
Then E, is a Hochschild cocycle: dgE,, = 0 (see [AM] for instance). Thus

En:aOEn+dHO7

where ao F, is a differential operator of order 1,..., 1 and F,, is a coboundary if and
only if a0 £, = 0. But:

ao E,(ag..... a,) =0 aF, 1(as..... a,) +aRy (... .. ),
where

Ru(ar.....an) = = 3 eall, Jﬂ92< |ﬂ(aI)Jqﬂ<aJ)).

IUT={1,...n} 122,22

It follows directly from this expression that the degree of R, and a o R,, are both
1, |R,| = |ao R,| = 1. Moreover,

Theorem 2.3.
The skewsymmetrization ao E,, of E, can be identified thmugh the inverse mapping
of F1 with a 0-cocycle. If this cocycle is exact, we can find F, _, and F),, homogeneous

with degree 0, such that Fy, ..., Fn_o, F, _1,F, satisfy the formalzty equatzon up to
order n.

Proof: The proof proceed in three steps.
1. Let us first see that ao R,, is a cocycle for 0’

@'aRn(al ..... O-/n—f—l) =

n+1
—Z |‘”‘5 1...7...n+1)a@Q) <ozi.aRn(oz1 ..... Qje ... an+1))

+ = Zsa ij,1... .n+1)aR, (Qg(ai.aj).al ..... Q... ozn+1>

1#]

1 n+1

=52 (D)1t 1) > ew(l, )
i=1 TUT={1...0..n41},|1|>2,).J|>2

aQ (Oéz Q5 (Fir (ar). fu\(ou)))
+iZea(ij,1...@...n—l—1) > ear(I,J)

i#] IUJ={0,1...33..n+1},|I|>2,|J|>2

aQy (fm (aur)-Fi (041)>
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—5(1)+ (D)

here aq := Q2(ai,aj), Ea/ 1= Ea\{ai} and e, = € (aU{ao)\{ow 0}
The first term is:

n+1

(]) = Z Z (—1)(|a1\+\a1\)|ai‘€a(i,I, J)aQ’Q<aQ'2(.7:|I|(()41)..7-_|J|(Ozj)).ai>.
=1 JuJ={1...i..n+1}
[11>2,|J|>2

By Proposition 2.2, aQ)}, satisfies the graded Jacobi identity, thus:

n+1

(I) - _ Z Z (_1)|cu|(|Ou|-|-\o¢i|)£_:a(Z'7 I J)Clng <CLQ/2(-F\J\(aj)-ai)-ﬂl\(al)>
i=1 [UJ={1...i..n+1}
1]22,]J|=22

=Y el L )e@s (a@bn Fin(an)-Fig ()
[11>2,|J]>2

-2 ¥ 5a(i,l,J)aQ’Q(aQ’Q(ai.}][‘(al)).]-"‘J|(aJ)>.
T0J={1..4..n+1}
[11>2,]J|>2

Similarly, the second term is:

(1) =Y ealijil...0...n+ 1) 3 ear(I, 7)o, (ﬂf,(oq).m(aj))
i£] 1UJ={0,1...5)..n+1}
[1]>2,]J|>2

=YY el I D)eQ (Fn(@alasag)an)-Fi ()

i#j I1=1{0}
LUJ={1..7..n+1}

+y > ealify 1. 0. ..+ Degn(1,{0}, J1)

i#j J=J,{0}
IUJy={1..7..n+1}

aQy <7:u| (ar).Fi7(Q2(as.aj).ap ))
= Z[ Y ealiji i, J)aQy (ﬂll(%(%-aj)-oéh)-fu\(aJ))+

i#j I=1U{0}
LuJ={1...7)..n+1}
D ealig L) (=) o) (o). Fi(Qalaiag).an,) ) |

J=J,U{0}
IuJ={1...93..n+1}
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= 22 Z ealij, I, J)aQy (me(Q2(ai-04j)-0411)-]'—|J|(04J)>-

i#j I=1,1{0}
LuJ={1..5)..n+1}

Putting (I) and (II) together, we get:

) 1 1
0 (aRn)(al ..... Oén+1) = 5([) + Z_L(I[)
= Y @l D= Y caguli DeQy(aQh(nFiy(an)-Fias)
r'uJj={1..n+1} iel’(I'=I1u{s})
|7]=2,|1"|=23

+ % >, Eagiyon, (1, 11)aQy (7:|I\(Qz(az’-%‘)-ah)-fu\(aJ)>] :

i#jel’ I'=I;{ij}

I1=10{0}
Now, Proposition 2.2 and the definition of ' yield:
(*) 8,(CLRn)(CY1 ..... Oén+1) = — Z 8a(l, J)ClQé <8’aﬂ1/|,1(a1/).ﬂJ|(aJ)> .
I'uJj={1..n+1}
|J1>2, |I'[>3

On the other hand, since the formality equation holds up to order n — 1, we have:
daF, 1+ aR, =a(E,) =a(dy(F,)) =0 Vp<n-—1.
But |I'| <n —1 for all I’ in the expression (x), thus:

—0'aFjp-i(ar) = aRjp(ar) = % > Easur (9, T)aQs(Fis (as)-Fir(ar)).

SUT=1",|S|22,/T|>2
Finally, (*) becomes:

J'(aRy) (1. .. .. Oni1) =

:% ST ca(SUT, g, (S.T)aQ) (aQ’z(]-“|5| (as).-Firi(ar))-Fiy (aJ))

SUTUJ={1..n+1}
[S>2,|T(>2,|J[>2

=— Z 5a(S, T, J)ClQ/Q (aQé(ﬂS\(as)'ﬁT\(OéT»-]:m(aJ)) = 9
SUTUJ={1..n+1}
15122,|T(>2,|J|>2

But thanks to the Jacobi identity, S’ vanishes. Hence 0'(aR,) = 0 and 0'(aFE,) = 0.
2. Let us put
on=F oao b,
Since
(a0 E,) =3dFi(on) = Fi1(0p,) =0,

©n 1s a cocycle for 0.
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3. Let us assume that ¢,, = d¢,_1 where ¢, 1 : S””(Tpoly(Rd)[l]) — Tpory (RY)[1].
Of course, dyFi(¢n_1) = 0. Therefore, the mappings F}, = Fo,..., F, o5 = Fn_o,

! = Fnu_1— F10 ¢, satisfy the formality equation up to order n — 1. Moreover,

the Hochschild cocycle E;, corresponding to these F), satisfies
ao E;l =ao En - 8’(]—"1 o an—l) =ao En - fl(aqbn_l) =0.
We are now able to find F,, such that E] = dyF,. This ends the proof.

3. SKEWSYMMETRIZATION

The aim of this section is the proof of a noteworthy property of the Kontsevich’s
weights and the definition of K-graph formalities.

3.1. Skewsymmetrization and 1-graphs.
Let us first consider a m-differential operator D on R?, vanishing on constants. We
can decompose D as
D =DW 4 p&h,
where D™ has order 1 in each of its arguments and DY has order larger than 1 for
at least one of its arguments. The skewsymmetrization a(D) of D i.e.

1
a(D)(frs - fm) = — >, @)D (Famrys- - fomtm)

" 0E€Sm
satisfies
o(D) = (D) +a(DCY)
and therefore
a(D)(l) = a(D(l)).
We assume D to be defined with the help of graphs:

D(Oﬂ,...,an) = Z Cpo(al R---® an)
T

where the cr are real. To compute a(D)™"), we need only to consider

Déi)l,...,an) = Z crBr(oag ® -+ ® ay),
regc

where GV denotes the family of 1-graphs i.e. graphs having exactly one leg for each
foot.

However, as in [K2|, to define Br, we need to choose a total ordering O on the set
E(T) of edges of T". To be exact, we first choose a labelling on the aerial vertices of T,
say pi,-...,Pn. Then we put away the arrows starting from pq, from ps ... and finally
from p,. We get a total ordering of E(I') which is compatible with the ordering
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p1 < py < -+ < p, in the sense that the arrows starting from p; are before those
starting from p;, ;.

From now on, we denote by GO, ,,, the set of oriented graphs (I', O) with n labelled
aerial vertices, m labelled terrestrial vertices and compatible ordering O, and by
GOS% the subset of GO,,,, formed by the oriented 1-graphs. In fact, our previous
notations Y er Br actually mean

Z crBr = Z cr,0)Br,0)

r (T,0)EGOn.m
and
> rBr= ) cr,0)Br.0)-
rec® (I,0)eGOS ),

3.2. A noteworthy property of Kontsevich’s weights.

3.2.1. Kontsevich’s weights.

Let (I', O) be an oriented graph in GO,(},Z,Z with aerial vertices p; < --- < p,. We
denote by k; the number of edges starting from p;. We moreover denote U; (resp. V;)
the ordered set of legs (resp. aerial edges) starting from p;. Let ¢; be the number of
elements in V;, U; has m; = k; — {; elements. By definition of GO,(LI,,)W, the number of
legs is exactly the number of terrestrial vertices i.e. m =" m;.

Starting from (T', O), it will be helpful to consider the permutation s defined by

so: El)—WViU...V,ulU,U---UU,.

After this permutation sp, we get a new ordering O' on E(I") (O’ is no more com-
patible) such that all the legs are put at the end, and we can define a permutation
7o of the legs of (I',;O') by putting first the leg ending at ¢;, then the leg end-
ing at go...and lastly the leg ending at ¢,,. Let us extend the permutation 7o to
ViU...V,UU U---UU, by setting 7o(v) = v for all v in |JV;. Finally, note A
the aerial graph obtained from I' by cutting the legs and the feet and by Oa the
(compatible) ordering on A induced by O.

Let GOY be the set of oriented, purely aerial graphs (A, Oa) with n vertices.
With these notations, the Kontsevich’s weight associated with (I', O) can be written

as
m
Navs [ Nav,
+ q1<-<qm =1

oriented by 7
dqi A+ Ndgm

where k! = k! .k, [0 =20, ViU UV, = e < < e@} and ¢; stands for
the unique index ¢ such that the leg arriving on g¢; is exactly p;g;.

1
w(r,0) = 56(80)5(70) /



14 D. ARNAL, A. GAMMELLA, AND M. MASMOUDI

Note that the Kontsevich’s weight of (A, Oa) is just

1]

1
W08 = 7 /c+ /\ dP.a,

n,0 r=1
(0! =2y!...¢,)). Thus, we have
14 N
W(r,0) = W(a,0a) 176 (50)e(T0) /
: q1<--<gm

oriented by
dQ1/\'“/\dqm

dq)pi;%' :
1

j=

3.2.2. The S,, action on GOg}n.
Let o be an element in the permutation group S,,. With any graph (I';O) in

GO, we associate a new graph (e(I'),0(0)). We keep for o(I') the vertices of I
But, if E(I') = {e1 < -+ < e}, we put E(o(I')) = {ey < -+ < e} whereif e, is
an aerial edge, e := e,, and if e, = p;g; is a leg, e := p;gy(;) (see Figure 1 below).
In this way, we get a free action of S, on GOS}H.

q1 q2 q3 44 qs
(e(I'),0(0)) with o=1(2,3,4,5)

Figure 1

Lemma 3.1. For all o in Sy, for all (T,0) in GO,
Biom)oon(@)(fis- -y fm) = Br.oy (@) (fo(t)s - s foem))  fi € CF(RY).

Proof: Let us denote by r; the label of the leg arriving on ¢; in (I',O). Then, in
(0(I"),0(0)), this leg has the same label r;, but it ends at g,(;). The aerial edges are
kept inchanged. The result follows easily.
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Lemma 3.2. Let o be in S, and (I',O) in GOM),.. Then,
£(Sq(0)) = €(s0) and &(1,0)) = €(0)e(T0).

Proof: When building (¢(I'),0(0)), we get a bijective mapping from FE(I') into
E(o(I)), say 6. In fact, sy(0) = G 0 sp 06 '. Thus, £(ss0)) = (s0).

Let us now denote by Qais - - Qai, the feet of the legs starting from p;. By definition,
To is the permutation

P1Gats Prqals - - - - Pnfan, = Pirdis - - - Pig -
We may write:
750t (L,...,m) = (aj,....an ).

By definition of (o(I"), o(O)), we have

TU_(})) (1,...,m) — (o(ay),...,o(al ).

Thus, 7';(})) o 1o = 0. The result follows.

3.2.3. A noteworthy property.

Proposition 3.3. We keep our notations. Especially, for any (I, O) in G’O,(f,,)n and
any (A, Op) in GO,&O), we denote by w0y and wea,0,) the corresponding weights.
Then, we have

(Y wroBrola) =

(T,0)eGO%),

1 0!
= ) waon Y, o > Hg(SO)E(TO)B(F,O)(O‘)'

(A,0n)eGOY m20 - (1,0)2(A,04),(T,0)eGOY,

Proof: Skewsymmetrizing and using Lemma 3.1, we get

a( 2 w(RO)B(RO)(a))(fl Q- ® frm) =

T,0)eco),

1
- % Z 8<O_) Z w(F7O)B(F70)<a)(fU—1(1) Q& fg—l(m))

7ESm (T,0)eGOL),
1
ol Yoelo) Y wroBeime )@ @ © f)
7ESm (I,0)€GO ),

1
T ml Yoelo) D wemeonBro@)(fi @ © fu).

7E€Sm (T,0)eGOL),
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Now, by definition,

1| m
¢!
W(o(I),0(0)) = E(SG(O))‘Q:(TU(O))E / /\ dq)eé / /\ dq)pi/_ﬂqju
TICT o r=1 N j=1 !
dQ1/\“‘/\dqfrJz

where #; stands for the unique index i’ such that the leg arriving on g; is exactly pf;]j.
Now

m m

/\ d(I)pilqu =¢(0) /\ dq)pij Io(j)>
3 J .

]:1 le

then by Lemma 3.2:
|l

0
Wo(r).0(0)) = 17E(s0)e(70) /C . N d®ea /

n,0 r=1

m
/\ APy, 3, ;-
n<<gm ._q
oriented by 7
dqiN\---Ndgm

With the new variables (¢} = ¢,(;)), We get

1
1deﬂw»:’gwmpm€@0ﬁ@bX/g dé@@

J=1

m

where D7 is the domain q;,l(l) < < q;,l(m) oriented by dg; A --- Adq/,. Thus,

a( Z w(r,0)B(r,0) (a)) _

(T,0)eGO),

1 0! "
= % Z Z w(AVOA)EéT(So)&(To)/ dq)pifq/_B(F,O)(O‘)
’ : 7 =1 3

oE€Sm (1,0)eGoLY),

1 /! .
= Z w(A,oA)@ Z 55(30)5(70)(2/1) /\d@p;qc)B(F,O)(a)
szl 77

(A,04)eGOY r,0)eco), oESm
(T,0)>(A,04)
1 A
= > WA0a) > zi€(s0)e(r0) Brr.o) ().
(A,0x)€GOPD GOS,.3(,0)5(A,04)

This ends the proof.

3.3. K-graph formalities.
Let us consider the Kontsevich’s explicit formality & = Y U, on R If (I',O) is
an oriented graph with O not compatible, we shall put as in [AMM]:

Br.oy = €(0(0,0,))Br.0.),
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where O, is any compatible orientation on I' and o 0,) stands for the permutation
of E(I") obtained by changing (", O) into (I', O,). We shall also put
k!
/ - d / — /
w(r,0) |k|!w(n0) and W o) /C,tm w(r,0)s

where k! = kq!.. . k,! and |k| = >_ k; if k; denotes the number of edges starting from
the vertex p; of I', and w0y = d®, A... ANdD, if ET) ={e1 < - <ep}

From now on, we shall denote by GO, ,, the set of oriented graphs (I, 0’), with
O’ not necessarily compatible. Then, we have

Un=D_ D weonBroy
m>0 (I",0) €GO}, .,
Let us write the formality equation for U as:
F,=FE,—dyU,) =0.

Rewriting the proof of the formality theorem by Kontsevich, one can see that F),
looks like a sum over the faces F' of the boundary 0C; of C/ (see [AMM] for

details):
etails) y
o= >, >, voyBeoy

m20 pcac,t ,, (I",0)eGO;, .,

where w'’ {F,,O/) is the integral over F' of the closed 2-form W’ (v o).

The fact that F}, = 0 follows then directly from the Stokes formula. Especially, we
have a(E,,) = 0.

Now, we saw that a(E,) = a(E,"). Thus, for a fixed face F of oC .,
sponding term in a(E,) is a sum over 1-graphs of the form:

F
Cl( Z w,(F’,O’)B(F',O’))'
,0)eco'th,

the corre-

Each term of this sum satisfies our relation:

F
a( Z w,(rf,O/)B(F',O’)(Oé)) =

a,0neco'l),

1 /)
- Z w{A,OA)_ Z yg(SO)E(TO)B(F,O)(a)

(A,04) GO ).3(T,0)2(A,04)

where w&,oA) = [pwa,04)- Let us prove this precisely.

A face has either type 1 or type 2 (see [K2] or [AMM]). We consider only the faces
such that v’ (Fl‘—v’ol) can be different from 0.

(i) If the face F' has type 1: then two vertices p;,p; of I", related by exactly

one edge, are collapsing and the face is F' = Cj, .3 ¥ C?z_mpl,...,p/iﬁj,...,pn};{qh...,qm}‘ We
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parametrize C,, by

b= pi—pl o pimp = Rp) g — Rp)
Sp) 7 p—ml T S(pi) ’ S(pi)
With the signs computed in [AMM], we can write

w(F' o) = / Ay, / W(r,,00)
Co

n 1,m
where I'y is the graph obtained from I by gluing together p; and p; on the point p,

and suppressing the edge p;p;. This weight w’ g,,o/) corresponds actually to a limit
when p tends to zero. In fact, if we put

CIm(‘S) = C;r,m N {<p7 C]) P = 5}7
we get
W' o = lim — i / = lim w'(v on (€)
I,0" = 225 k]! CEme) w0 = AW on\E)-

This limit vanishes for graphs (I, O") whose vertices p; and p; are linked by two edges
or no edges at all. We can thus also consider these graphs in our sum. Then,

F . F

Cl( Z w/(l—v’O/)B(F/’O/) (O[)) = }tE% CL( Z w/(p?O/)(S)B(F/yo/)(a)).
(r,0neco’H, (rv,0ecor D),

Passing to compatible orderings, we obtain:

F :
a( Z W' on B oy (@) = lima( Z w{}vO)(E)B(r’O)(a)).

e—0

(I",0)eGo", (I,0)€GO ),

By Proposition 3.3, we get as announced:

F

o > Wiy Bron(a) =
,0)eco'th,

1 l!
—lim— Y whoye) Y elso)(ro)Broo)
(A,0x)€GOY GOSN, 5(I,0)>(A,04)

Vi

=l Z w&,oA) Z 55(50) (70) B(r.o)(a).

(A,04)eGOY GOLM,5(I0)>(A,04)

(ii) If F has type 2: then, since our graphs (I, O’) have exactly one leg for each
foot, F'is isomorphic to C,f, ¥ C’;’2 my With ng > 0 and ny > 0. This case corresponds
to the subcase 1 of [AMM] Let us suppose that p;,,...,p;, and gei1,. .., qeym are
collapsing on ¢ € R. We note p; the first aerial vertex of I' which is not a p;,

and we impose p; = i(= v/—1). The other parameters are then fixed and we get a



CHEVALLEY COHOMOLOGY 19

parametrization of our configuration space C,J; . by variables a,, b, ¢; (see the notation
of [AMM]). We put a;, = ¢, b = 3(p;, ), and

Pi, — 4
o=t @<k<m), g, =TT G <r<m).

That is p;, = bp';, + qb and qoyr = ¢'4y, + gb, and when b tends to zero, the p; and
the goy, tend to g. We finally put

Crn(e)={(p,q) € Cy,, : b=c}.

o Qo+r — 4

We get:
k!
1F T T 1F
Wr,on = lim B /Cim(a) w0 = limw (.0 (€)-

Note that if IV has a bad edge, the weight w’ {r/,()/) vanishes. We can thus consider
also these graphs in our sum. Now, a similar computation as in (i) gives the result.

From now on, for any aerial oriented graph (A, Oa) in GO,&O), note Ca,0,) the
operator C(a o, @ Tiop (RY) — Dipopyy (RT)D ~ T, (RY) defined by

poly — ~Ppo

1 0!
Claomlen® - @a) = Y > 15(50)e(70) Bir.oyon @ ® )
m>0 GO, 3(r,0)D(A,04)

where £(sp), (7o) have the same meaning as above.
Remark 3.1.

The definition of Cia0,) can be extended naturally to the space GO’;O) of aerial
graphs (A’; O'\) with O\ not necessarily compatible just by putting:

1 0
Claron =D o > € (s0)e(10) B0

m20 GO s (1,012 (A,04)
We will need to use this extension in Section 5.
Suming up, we have

Proposition 3.4.
Consider the Kontsevich’s explicit formality U on RY. The formality equation can
be read as follows:
F,=E, —dylU, =0,

and the skewsymmetrization of E, has the form

aoE,=» > > W' (v on B0,

M0 e o (10NEGO'

aCt .,
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where w’{r,’o,) = fFeBCﬁ,m WZF’,O’)' Then, for each face F,
F
a( Z w/(F/,O’)B(F’,O’)(Of)) = Z w(FA,OA)C(A,OA)(a/)'
a,0neco'l), (A,0x)eGOY

This proposition suggests to put

Definition 3.5.
A mapping ¢ from Tpory(RDE™ o Dpory(RYY = Tppp (RY) will be called a K -graph
mapping if it can be written

o= D cuonClaoa
(A,04)eGOY
with real coefficients c(a,0,)-
Such a mapping is homogeneous of degree s if ca,0,) = 0 for all A such that

# E(A)+s#2n—2.

Definition 3.6.
A K-graph formality F at order n is a graph formality up to order n — 1 such that
on=FtoaoE,
15 a K -graph mapping.

4. SYMMETRIZATION

4.1. Expressions for 0.
If B is a n-linear mapping B : Ty, (RY)®™ — T, (RY), we define SB by

1

and say that B is symmetric if SB = B. Any symmetric mapping can be viewed
as a map ¢ : S"(Tpoy(RY)) — Tooy(R?). With this symmetrization operator S,
the expression of the Chevalley coboundary operator can be conveniently simplified.
Indeed, we have

Proposition 4.1.
Let o+ S™(Tpory (RD[1]) — Ty (R)[1] be an n-cochain for 8, homogeneous with
degree |¢|. Then, we can write

D = S(dyp)
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where 5@ 15 given by :
Dp(en ® - @ anir) = (n+ Dp(ar @ -+ © ap) ® Any1+

+ (—D)llletla; @ play @ - @ apg) + (— D) np(a ey @ a3 @ -+ - @ apy)],
or else by an expression imitating the Hochschild coboundary operator :

Op(ar @ -+ ® any1) = (n+ 1)[plar @ -+ @ ) @ Ay +
n+1
+ (=)ol Z(_l)z’:;f sl @+ @ g1 @ p R - ® gt
k=2

+ (=Dl 0 plas @ -+ ® apia)],

Proof: By definition of 0, we have
n+1

n+1
+Z Diellile G100 n+Da;ep(ag....ds. .. .amyr)+

+Z MH o(ifs 1.0 .on+ D)pla; @ ajuay ... 405 . .. cQpg1) =

Now, let us put

Pi(a1 @ @ apyr) = (n+ 1)p(ar @ @ o) ® At

Yol @ @ apyr) = (D)1 (0 + 1)ay @ plag @ - @ 1)
U3(ar @ -+ @ apyr) = (1) (0 4 Dnp(ar @y @ -+ @ apy)

n+1
Pi(ag @ - @ 1) = MHZ 2t ol Pl @ - @ag_ 100, Q@ piq).
First
(n+1)
S¢1 (011 ----- n+1) = R Z a(O')(p(Oég(l) ..... aa(n)) ® Oy(nt1)
(n+1)!
O'ES +1
n+1
(n+1)
= n+1 'Z Z a(l)e - aa(n))oozi
=1 g:0(n+1)=
n+1 n+1
= n n 1 ' z; Z Ea T O Uz 047(01(1)) ..... O./T(Uz.(n))) ® (.
=1 1:7(i)=1
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Here o; is the permutation of S,,+1 sending (1,...,n+1) to (1,...72...,n+1,i). And,

if we note 7 the restriction of 7 to {1,...7...,n+ 1}, we easily get:
n+ 1 n+1
Sy (ag.. ... Qi) ( I Z Z Ea\{as} (T)eal(0s)p(az(1)- - - - - Qr(nt1)) ® O
i=1 TES,
n+1
(n+1)

Now,

1
- Z (=)l (0) (1 + 1)np(a(1) ® Ap(2) © Ap(z) @ -+ - @ Ag(ni1))
: |

(—1)|‘p|+1(n + 1)ng0(ai 00 Q¥ QA3 D & aa(n—i—l))

(n+ 1).%(%)(—1)'@'“(71 +1)np(a; @ @ © r(oyy(3)) - -

@ Qo (n+1)))s

where o;; is the permutation of S, sending (1,...,n+ 1) to (ij,1...2)...n + 1).
Now, if 7 denotes the restriction of 7 to {1,...7)...,n+ 1}, we get:

(_1)\<P\+1 _ —
=> I Y caloy)ea(T)p(i e a; @ ary ® .. &G -+ @ Arnin)
’ 77 (i)=1,7(§)=5

=3 (=1 (i, 1.5 nt Dp(on @ 0. @G0 o) = (3).
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Finally,
Swg<&1 ..... an+1) =
n+1
(nt 1) SRR

:(n+m!2:(_WWH§)_U&ﬂ|%J®¢wﬂU®“.

oESn+1 k=2

R Oéa(k—Q) & Oéo—(k_l) [} O(o_(k) R ® aa(n+1))
1)lel+1 ntl

k—2
Y DY (Rl (0)p(anny - @ i 0 @ ¢+ @ gy

k=2 i#j o:0(k—1)=1,
o(k)=j

Let o}, be the permutation

of (1. .n+ )= (1,... k—24,5,k— 1,k ..,n+1).

v

Then,
(—1)|w‘+15¢)g(0é1 ..... an—i—l) =
1 _
== D (—)E ey (05) (0 = Dlp(01 ® -+ © gz @ ;0 4 @ -+ @ )
" 2<k<n+1
i#]
1 k-2 g
T Z (_1)2521 |a5|5a(0ij)5a(p§j)@(ai ° @ @ ® ) (—1)""
2<k<n+1
i#]

with agr = (Jai| + o] + 12527 |ow]). Here oy = (ij1...7)...n+ 1) and pf; is the
permutation
prc (gl i+ 1) = (L k=205, k— Lk, ... ,n+1),

we have thus used the composition ak = pw o 0;5. Now, since

i o 7] k—2 Os
5a(pfj> — (_1)(|04z|+| DG | ‘)’

we get

Sy(ag.. ... Qpi1) = Z(—l)“plﬂsa(mj)@(ai ¢ R @ ®ant1) = (3).
i#]
This ends the proof.

4.2. Symmetrization on graphs.

We want now to describe the symmetrization directly on the space of graphs. Since
we are mainly interested in K-graph formalities, we will restrict ourselves to linear
combinations of graphs for which the associated operator is a K-graph mapping (see
Subsection 3.3).
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4.2.1. S, action on GO,,,, and GO%O).

There is a natural action of S,, on GO,, ,,, and GOSLO) that we shall now define. Let
o be a permutation in S,. Let (I',O) be in GO, ,, for the moment, note P; the set
star(p;), ordered by O. Let or be the permutation of the ordered set E(I") of edges of
' sending PyU---UP, to Py1yU---U Py,). We denote by er(or) the sign of op and
by o(I',0) := (¢(I'),0(0)) the graph with aerial vertices p| = psq), --..0, = Do)
oriented by op(E(I")) (see Figure 2). We apply the same definition for aerial graphs
in GO, Clearly, o sends GOy, (and GoY ) onto itself.

D1 U4 D2 D1 19 D2

q1 q2 q3 q4 g5 q1 q2 q3 q4 qs
(T, 0) (6(T'),0(0)) with o = (12)

Figure 2

This S,, action on GOS},L is entirely different from the action of S,, defined in
Section 3. But there is an analog of Lemma 3.1:

Lemma 4.2. For all o in S, for any (I',0) in GO,(A})n and for all polyvector fields
Q,

B(U(F),J(O))(OCI QK ® an) - B(F,O) (ao(l) K- ® Oéa(n)>‘

Proof: With our notations

m

B(F,O) (aa(l) K- ® aa(n))(flu ce 7fm) = Z H aend(pi)afzi) H @end(qj')fj'

Since the permutation or does not affect the order inside each P;, we have
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B(F,O)(aa(l) K- aa(n))(fla v fm) =

- Z H 86"‘1(1?0(1'))0‘5((72‘()“ H ae”d(%') fi
j=1

1<ipy ity <di=1

— Z H 3end(p;)01i'Pi' H Oend(a;) [

1<y iy, <d =1 j=1
= BU(F,O)(al Q- an)(fl; .. ,fm)
4.2.2. Symmetrization for K-graph mappings.

Definition 4.3.
Let (6,05) = Z ca,00)(A,0n) be a linear combination of aerial graphs

(A,05)eGOYY
with n vertices. We say that (0, Os) is symmetric if

C(o(A),0(0a)) = SA(O'A)C(A,OA) V(A, OA),VO' € S,.

Proposition 4.4.
If (0,05) = Z ca,00)(A,0n) is symmetric, then the corresponding K -
(A,04)eGOP
graph mapping
Coon= Y, CaonCaoa
(A,05)eGOY
18 symmetric.

Proof: Let ¢ be in S, and let aq,...,a, be n polyvector fields on R?. Then, by
Lemma 4.1 and using the fact that ¢ is symmetric,

C5,05) (1) @ @ Qp(n)) =

1 /!
= D cwom ) m! > W(SO)g(TO)B<a<r>,a<o>>(a1 ® - ® an)
)

(A,0n m>0 " ([,0)D(A,04)
1
= Z Cle=1(A),071(0a)) Z % Z
o=1(A,04) m>0 " ¢—1(T'0)Do~1(A,04)
0!

55(30*1(0))5(%*1(0))3@,0)(041 ® - ap)
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— Z €A(0A)C(A,0A) Z % Z

(A,04) m>0 " ([,0)D(A,04)

14
E‘g(SU—l(O))e(Ta—l(O))B(F,O) (041 R R an).

Extending oa to E(I') in the obvious way, we can write

To ©Sp = 0A © To=1(0) o 80—1(0) o 0'1:1.

Thus,
Cs(o(y @+ @ Qg(n)) =
1 !
= D o ), .y er(or) e(s0)e(10) Broy(an ® - @ an).
(A,04) m>0 (T,0)D(A,04)

Since each er(or) clearly coincides with the sign €,(0) of o, we get
Cs(o() @+ @ Qg(n)) = €a(0)Cs(a1 ® - ® ).
This proves the result.

5. CHEVALLEY COHOMOLOGY FOR GRAPHS

We want now to prove that, on K-graph mappings, the Chevalley coboundary
operator can be nicely reduced to an operator acting on purely aerial graphs.

5.1. Purely aerial and compatible oriented graphs.

For any (A, OA) in GO with vertices p1 < - < p,, westill note ¢; = # star®(p;).
We also put |A] =>4 = ||

Let us now fix two indexes i # j. We shall say that an aerial graph (A’, Oa/) in

GO’SLOJ)rl (Oas not necessarily compatible) with vertices p| < --- < p/ ., reduces to
(A, On) in the indexes 1, j if the two following assertions hold:

(i) the vertices p; and p); of A" are linked by only the edge pzp]
(ii) the new graph (A';;, OA/ ;), obtained by gluing together the vertices pj, p); of

A, by suppressing the edge plp] and considering the induced ordering, coincides with
(OMAozéover, we shall say that (A’,Oa/) reduces properly to (A, Oa) in the indexes
i, 7, if (A, Oar) reduces to (A, Oa) in the indexes 7, j and if

inf (# star® (ph) + # end® (ph), # star® (p;) + # end® (p;)) > 1.
Note this by (A, Oar) —i; (A, On) (vesp. (A", Onr) =777 (A, 04)). We will use the
same notation for graphs (I', O) in GO,
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Let us introduce

Definition 5.1.
If (A, Op) is an aerial oriented graph in GO%O), we define the coboundary O(A, On)
of (A, 0n) by:

O(A,05) = (1) Y > £(A',Oar, A, OA) (A, Onr).
i#] (A,07)="P(A,04)

Here, (A, Opar, A OA) is the sign of the permutation of E(A'), which consists in
putting first the edge pip;, then the other edges starting from pj (with the ordering
induced by Onr), then the edges starting from pl; (also with the induced ordering), and
finally all the remaining edges (with the ordering given by Oa ).

We extend 0 by linearity to all combinations (0,0s) = > (a 0,)C(a,0a) (A, On).
Note that the restriction of d to symmetric combinations of graphs is an operator of
cohomology.

More precisely, we can prove:

Proposition 5.2.
With the same notations as above and for any symmetric combination of graphs

(0,0s), we have
I(C5.0s)) = Co5.05)-
Proof: First, we remark that C(a 0,) is a linear combination of m-differential opera-
tors Br,0y(a) with for k;-vector fields a;:
m—2=|Brojlo1 ®- @ay)| =Y ||+ [Broyl =D ki —2n+|Bro,
i=1 i=1
here || stands for the degree in 1), (R?)[1] and D, (R?)[1]. Now, since the graphs

(I', O) occurring in Cia 0,) are 1-graphs, k; = €; + m;, for each i and m = Y7 | m,.
Thus,

[Bro)| = Z&‘ =|A] mod?2.
i=1
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Now, by definition of 0 on operators:

n+1

+Z DAy (65,15 .0+ 1)Claon) (s ® aj.0n ... @30 . .. 41
i#]
=(1) + (11) + (i74).

Let us first consider the term (7ii). We have:

Claon)(a '.O-/j GO Q) =

Yl
= Z Z Ee(so) (T0)Br,o)(; ® aj. ... a0 . . . .0py1).
m=0 """ Go“lna(r 0)>(A,04)

Now, we can write (see [AMM] for details)

B(F,O) (ai ® .y ... 'an—l—l) = Z (_1)€F1_1B(F/,O’) ((1/1 ..... an+1),
(F’,O’)—»iyj(F,O)

here {1 denotes the position of the edge pzp] in IV, and the sign (—1)"~! comes
directly from the definition of e.
Now, let us consider a graph (I, O") which reduces to (I', O) in the indexes Q7.

We permute the edges as follows: we put at the first position the edge pzp], then the
other edges starting from pj, then the edges starting from p, and finally we put all
the legs at the end in the order of the feet. This gives a sign which can be written as

ea(if,1... 7. ..n+ 1) (=1 e(s0)e(10).

Starting from (I”,0’), one can also put first the legs at the end in the order of the
feet, then put at the beginning the aerial edges starting from p, and those starting

from p’, and finally put the aerial edge p’-_];’- at the first position. If we denote by A/

the aerial part of IV and by fa: the position of the edge plpj in A’ the resulting sign
is

e(sor)e(ron)e(A, A)(=1)"~ .

These two permutations of the edges of I'” obviously coincide, thus

alif, 1. 0. .n+ 1)(=1)"e(s0)e(10) = £(s0r)e(ror)e(A, A)(—1)tar1,
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It follows that:

Ciaon (e, ... ;0. .. .app) =

|
:Z% S ealijl..on+1)( > %

m20 " GO, 5(I,0)5(A,04) (I",07)=:,5(I,0)
5(50/)6(7’0/)(—1)£A/_1€(A/, A)B(I",O’)(al ..... Oén+1)) =
- 1 Car—1 / E'
=c(ijln+ D)y —( Y (D Te@na) > o
m>0 (A", Opr)—i,5(A,04) (T, 0")D(A',Oar)
e(s0)e(76) B on(aa. . . .. an+1)) =
= €a(ij, 1...n+ 1) Z ( )ZA/ ! (Al A)C(A/70A,)(a1 ..... Oén+1).
(A", 0pr)—i,5(A,0n)
Finally,
(i) = (~DAFT ST (1) (A A) o (@1 i)
(A7,0a1)=4,5(A,04)
= (—1)|A|+1 Z E(A/,OA/,A,OA)C(A/’OA,)(OQ ..... Ozn+1).

(A,001)=4,;(A,04)

Now, let (6,05) = > ca,04)(A,0a) be a symmetric combination of graphs and
let us put:
0(5’06) = (Z)5 + (ZZ)5 + (ZZZ)5
We have to prove that —((i)s + (i7)s) coincides with the non-proper terms of (iii)s
that is with:

D caon (DR Z (1) 1e(A, Oa) (A, On).
(A,04) 75 (AL,ON)—T PP (A,00)
Let us consider first the term (ii)s:
(ii)g = Z C(A,OA) Z(—l)muailé‘a(i, 1...n+ 1)0&,’ [ ] C(A,OA)(OQ e O?Z NP Oén_;,_l).
(A,04) =1
We identify C(a,0,)(c) with a polyvector field, and put:

C(A,OA)(CYI RN 021 e Oén+1) = [C(A7OA)(O{1 R dl R Ozn+1)]”“'rmarl VANIRAN arm.
Thus:

OéiOCAoA)(Ckl .. d Oén+1) =

_ZZ l 1 Zl Tk 1[C(A10A)(o¢1...85(04]-)...o?i...oznﬂ)]”“'rm

7#i1 1<k,

)

k1 —1

ANy A...ND

Tm *
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Let o be the permutation (j1...727...n+ 1) and (A%, Oa-) be the aerial graph ob-
tained by relabelling the vertices of A in the ordering given by o. Then

—_—

C(A,OA)(al N as(aj) .. .OA(Z- .. ~04n+1) = C(AU,OM)(ﬁs(aj)al e OG0 an+1).
But (9, Os) is symmetric, thus:

C(A?,Op0) = C(AOA)SO[(‘]', 127 ..n+ 1).

Hence,
(it)s = Z Z(—l)m”a”ga(ijl .+ 1)ea,0n) Z(_Df*la?---s---iki—l
(A’OA) i#£j 0<k;
[C(A’OA)(asajal e a/Zaj e an“rl)]rl.”rmail /\ ce /\ aikifl /\ a’r‘l /\ . e /\ a’l”m-

It is now easy to see that —(ii)s coincides with non-proper terms of (iii)s more
precisely with the non-proper terms corresponding to the graphs A’ with

(A',0nr) =iy (A, On) and (3 star™ (p) + # end™ (p})) = 1.

(In this case, {o» = 1.) In the same way, one can check that —(i)s coincides with the
remaining non-proper terms of (iii)s that is with the non-proper terms corresponding
to the case:

(A, On) =i (A,08) and  (# star® (p}) + # end® (p))) = 1.

The result follows.

5.2. Purely aerial and non-oriented graphs.

We shall say that a graph is non-oriented if there is an ordering only on the aerial
vertices but no ordering on the edges of the graph. We are now interested in translat-
ing our cohomology on non-oriented graphs. Let A be an aerial non-oriented graph
with n vertices p; < --- < p,. We still note ¢; = star®(p;) and ¢! = ¢,!...¢,!. We
put the lexicographical ordering that is

ab < a'b if and only if (a=a and a < ¥)or(a < a)

on the edges of A. This yields a compatible ordering on A, called the standard
ordering. We note (A, O%?) the resulting oriented graph.
Now, let us put

1
A= > e(00g1.04)) (A, On).
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By definition of 0 on compatible oriented graphs, we have:

1
0A = Y oo (—D)AH

On:(A,04)eGOSY

> > (A, Oar, A, O5) (A, On)).

i#j (A,0pr)=17P(A,0n)
Note that the sign
EN(A, A,) = 6(025(1, OA)E(A/, OA/, A, 0A>€(O‘Z/d, OA/)

does not depend on Op and O'y. This yields a very simple expression for the cobound-

ary 0A of A:
OA = %Z DA, AN
i#j A'DA
We extend O to linear combination of graphs § =), caA.

Now, if A is a non-oriented graph with vertices p; < --- < p, and if ¢ is a
permutation in S, we denote by o(A) the non-oriented graph with vertices py(1) <
-+ + < Po(n)- A linear combination § = ), caA of non-oriented graphs with n labelled
vertices is said to be symmetric if for any o in S,, we have ca = ¢,(a). Our operator
0 restricted to symmetric § is clearly an operator of cohomology.

More precisely, let us put, for an aerial non-oriented graph A,

1
Ca = 1] Z £(0(034).0a))C(2.05)-
Oa:(A,04)eGOY

We extend this definition by linearity to all linear combinations. Then, by computa-
tions similar to those we did before for oriented graphs, we can prove:

Proposition 5.3. For any symmetric combination 6 = ), caCa of graphs with n
labelled vertices, we have

0(Cs) = Cy(s).

5.3. Examples.
Let Ay be the graph with only one vertex p;. Let a; be a kj-vector field. Then,

1
CAI (al) = (k |)2 Z 8(80)5(7‘0)B(F7O)(O{1).
g Goll),>(r,0)oA,

There is only one graph occurring in this sum, namely the graph I' with one aerial
vertex py, ki terrestrial vertices qi,...,q, and k; edges: piqi,...,p1Gk,. For any



32 D. ARNAL, A. GAMMELLA, AND M. MASMOUDI

o in Sy, we denote by (T',;O07) the graph T' endowed with the ordering given by
P19s(1) - - - P10 (ky)- Clearly,

CA1 (al) =

Z e(0)Br,oe)(on) = .7:1(0)((11) ~ ay,

O’ESkl

(k12

and Ca, just corresponds to the identity mapping /d.
Now, let A, be the aerial graph with two vertices p; < ps and one edge pips. Let
a1 be a ki-vector field and as a ke-vector field. Then,

1 1
Caz(1 ® az) = (RS 2. kl!kQ!€(So)€(fo)B<r,O>(0ﬂ ® az).
(T,0)>A9,(T,0)eGOL),

% graphs I' containing A, and having exactly (k; — 1)

legs starting from p; and kg legs starting from p,. For each of them, we choose a
compatible ordering. There are kq!ky! possibilities to do it. Thus, there are exactly
k1 (k1 + ko2 —1)! compatible oriented graphs (I, O) occurring in Ca,. For each of these
graphs, €(sp) corresponds to the permutation of Sy, which consists in putting the
aerial edge of (I', O) at the first position and e(7p) corresponds to the permutation
of Sk, +k,—1 which consists in putting the legs in the order of the feet. There is thus
ki(k1 + ko — 1)! terms in Ch,; each of these terms looks like:

1 — 1 (-1
(b T~ Dkl C0)=0)Beo) = g =g (@)

Lo (1) to(0—1)Sto(0)--lo(ky —1) Lo (kq)--to(ky+hkg—1)
o 1 83(062 1 1+k2 )aia“) ®®az

There are exactly

s(ky+ko—1)"
Thus, we have
Cha,(0g ® ag) = .7-"1(0)(041 o) ™~y e qs.
Now, let us consider the aerial graph A with two vertices p; < p, and one edge:
pop1- In the same way as above, one can see that

CA; (Oél X ag) = (—1)k1k2a2 ® (/.
In other words, Cy,, A coincides with Qs.

The identity map Id and ()5 are thus easy examples of K-graph mappings and the
fact that )5 is the Chevalley coboundary of Id can be directly checked on the graphs.
Indeed, we have with our notations:

OAL = (Do, A1) Ay + E(Ao, A A~ = Ay + A

Hence,
Q2= Cp,ar = Con, = 0Ca, = 01d.
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6. TRIVIALITY OF THE COHOMOLOGY FOR SMALL n

Our first example proves that the first cohomolgy group H! is trivial, since, for
n = 1, there is only one purely aerial graph, namely A;.

Suppose now n = 2, there is one graph A with two vertices and with degree 0
|A| = 0, the non connected symmetric graph denoted A; x A; without any edges.
Its coboundary does not vanish, with evident notations, we have :

O(A; x A1) = S[(AF + A7) x Ay + Ay x (A2 +A;)] 0.

In degree 1 (|A]| = 1), there is only one symmetrized graph, Ay + A;. Our second
example shows this graph is a coboundary.

Finally there is no graph with degree larger than 1, indeed, the number of edges
for a graph with 2 vertices is at most 2, but there is only one graph A with |A| = 2,
the graph Ag o

plOpz

But the symmetrization of this graph is Ass — Ay = 0. Thus the second coho-
mology group H? vanishes

It is possible to prove with elementary arguments that H® = 0 too. For that, we
consider the different cases, |[A| =0, ..., 6, then we define the order of a graph in the
following way:

We define the order o; of a vertex p; as the pair (¢;,7;) of number ¢; of edges starting
from p; and the number r; of edges ending at p;, we shall say that o = (¢, r) is smaller
than o' = (¢,r") and note o < o if and only if £ +r < '+ 7" or { +r =0 + 7" and
< v

We define then the order o(A) of a graph A as o(A) = (o01,...,0,) if A has
n vertices. The order o(d) of a linear combination § = > caA of graphs is the
maximum of o(A) for ca # 0 for the lexicographic ordering. We define the symbol of
0 as:

symb(0) = Z caCa.

o(A)=0(9)

Case 1 |[A]=0
There is only one graph, disconnected and symmmetric, the graph A; x Ay x Ay,
it is not a cocycle since

8(A1XA1XA1):S((A;—+AQ_)XA1XA1)§£O
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Case 2 [A] =1
There is, up to the ordering of vertices, only one symmetrized, disconnected graph:
§ = S(AJ x Ay). This graph is a coboundary:

1 2

Case 3 |A| =2
There is, up to the ordering of vertices, a disconnected graph Ay x A; and three
connected graphs, the following graphs (we choose the ordering of vertices which

maximizes the order, then for a given order, maximizes, for the lexicographic ordering,
the set E(A) of edges of graphs A):

A3,2,1; E(A3,2,1) = {pﬁ?z;pﬁ?:s}
A3,2,2; E(Asg,z) = {pﬂh,pﬁis}
A3,2,3; E(A3,2,3) - {pﬁ?bps_fh}‘

After symmetrization, we get S(Agyg X Al) = 0, S(Ag’gyl)) = S(A37273) = (0 and

Symb(S<A3,272)) = éA&QvQ? 0<S(A3’2’2)) = ((1, 1)7 (1, O), (0, 1))

When we compute 9(S(D)), we have to consider the blow-up of each vertex of
each graph in S(A). If the vertex p has order o = (¢,r), then we get a few graphs
with two vertices p’ and p” at the place of p, these vertices have order o = (¢',17),
o” = (¢7,r”) with conditions:

Cr' 22, 0+ 22, 0+ 0 =0+1, 7' +17 =r+1.

Then we look for o(0A). If r > 0, then the maximal possible order among those
(o/,0")is (L+1,r—1),(0,2)),if r =0, it is ((¢,7),(1,1)) = ((¢,0),(1,1)).
Thus 0(9(S(Ds2.2))) < ((2,0),(0,2),(1,0),(0,1)) but more precisely:

]_ — — —
symb(0(S(Asz2.2))) = BA/7 E(A") = {pib2, p1pa; psb2}
and, since there is only one graph in the symbol,

O(&(S(Ag;g))) = ((27 0)7 (07 2)7 (17 0)7 (07 1))
No vector in this case is a cocycle, 0 is an one-to-one mapping.

Case 4 |A| =3
From now on, all our graphs are connected. We repeat the argument of preceeding
case, we get the following results:
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They are, up to a permutation of vertices, four graphs:
A3,3,1; E(A33 ) = {p1Dp2, P1D3, P21 }

(A?, 32) = {p1b2, p2b1, P3P}

A3,3 35 E(A?, 3.3) = {P1p2, P1Ds3, P23}
E(As34) =

{p1p27 P2p3, p3p1}

Their symmetrization do not vanish, we get:

0(5(As31)) = ((2,1),(1,1),(0,1)), 0(9(5(As31))) = ((3,0), (1,1),(0,2),(0,1))
0o(S(Azs2)) = ((1,2),(1,1),(1,0)), 0(0(5(As32))) = ((2,1), (1,1),(0,2), (0, 1))
0(5(As33)) = ((2,0),(1,1),(0,2)), 0(9(5(As33))) = ((2,0),(2,0),(0,2),(0,2))
0(5(As34)) = ((1,1),(1,1),(1,1)), 0(0(S(As34))) = ((2,0), (1,1),(1,1),(0,2))

Then 0 is still a one-to-one mapping on that space of graphs.

Case 5 [A] =4
They are, up to a permutation of vertices, four graphs:
Az ai; E(A34 1) = {pib2, piP3, pap1, P31}
E(A3z42) = {piD2, p1D3, pap1, pabs}
A3,4 35 (A343) = {pib2, P13, P21, P3b2}
(A3 4 4) {p1D2, P2b1, P3p1, P3P2}

Their symmetrization do not vanish, we get:

0(S(Az41)) = ((2,2),(1,1), (1,1)), 0(0(S(As,4.1))) = ((3,1), (1, 1), (1,1), (0, 2))
0(5(As42)) = ((2,1),(2,1),(0,2)), 0(9(S(As42))) = ((3,0),(2,1),(0,2),(0,2))
0o(S(Az43)) = ((2,1),(1,2), (1,1)), 0(0(5(As,43))) = ((3,0), (1,2), (1,1), (0, 2))
0(S(Az44)) = ((1,2),(1,2),(2,0)), 0(0(5(As44))) = ((2,1),(1,2),(2,0),(0,2))

Then 0 is still a one-to-one mapping on that space of graphs.

Case 6 |A| =5
Up to a permutation of vertices, this space contains only one graph :

A3,5,1; E(As,m) = {pﬁbapﬁ?&pz_i?lapii)&p3791}-

Its symmetrization does not vanish and:

O(S(A375,1)) = ((27 2)7 (27 1)? (1’ 2))? 0<8(8(A3,671)>> = ((3’ 1)7 (27 1)7 (17 2>’ (O’ 2))

35
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Then 0 is still a one-to-one mapping on that space of graphs.

Case 7 |A| =6
In the last case, there is only one graph:
Aze1; E(Ase1) = {pib2, piDs, Pab1, paps, P3p1, P3ba}-
But its symmetrization does vanish.

This prove:

Proposition 6.1.
The three first spaces H', H? and H? of the Chevalley cohomology for graphs
vanish.

7. CANONICAL COCYCLES FOR THE LINEAR CASE

Let us first recall the construction of the relevant cocycles for the cohomology of
the Lie algebra of vector fields X' (R?) associated to the Lie derivative of smooth
functions, see for instance [DWL]’ for an explicit presentation of this cohomology.

A basis of the Lie algebra A" (gi(d,R)) of multilinear, totally antisymmetric,
invariant forms on gi(d, R) is given by:

COV AL ACUD G odd, gy <ja-e- <y < 2d
where the mapping ¢9) are the mapping:
C(j)(Al, con ,Aj) = CI(TT’ (Al “on AJ) )
Then, for each odd n, the linear form 6 defined on A" X' (R?) by:

0(&1, 60, ..., 6) = (™M (Jac(&),. .., Jac(Ey))

is a cocycle for the coboundary operator associated to the Lie derivative:

do (&. . ... 571):2(—1)%&9(&) ..... .. gn)+

=0

i#]
This cocycle is not a coboundary (see [DWL]).

Let ¥ be a n-cochain on Tpyy,(R?) with value in the space T, (R?)™! (ie. in
C>=(R9)), 1 its restriction to X' (R?). Then the restriction of ¥ to X' (R?Y) is exactly

dip.

For instance, we consider the wheel without axis-graph A :

-1
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Figure 3

Denote ¢ its symmetrization, it defines a cochain ¥ = Cj, by construction, on
vector fields &;, we get

1 i1 12 in
= ( )angg( 8i1§g(2) . -81'"_150(”)
(c€SH
= 9(51 ''''' gn)
Thus
Cos(&o- - -&n) = 005 (&o- - &) = 0T (& ... &)
=db(&. . ... &) =0

Let us restrict ourselves to the space of linear polyvector-fields. This is a subalgebra
of T, (R?) equipped with the Schouten bracket, thus we can restrict our coboundary
operator to cochains defined on this subalgebra. We get a new operator 0j;,,. Our
previous computation tells us that the graph happening in 9 are on the following
forms:
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Figure 4

For linear polyvector fields, only the first case appears. Then By, s (ao. . ... Q)
vanishes if one of the ¢ is not a vector fields. And

Ba,5(8o0- - - - - &) = Cas(&o- - - - &n) = 0.

Since the mapping v + B, is one to one, 0;;,0 = 0.

Now, if § would be a coboundary d = 0,3, then 3 has n — 1 vertices, n — 1 edges.
To each vertex ends exactly one edge. If there is a vertex p from which no edge is
starting, note p’}) the edge ending at p. Since the graphs in 3 can be deduced from
the graphs dy;,0 only by proper reduction, there is no reduction at the vertex p and
in Oy, 03, there remains a unique edge prp. But there is no such graph in 9, thus we
can eliminate in 3 all the graphs with a vertex without edge starting (we consider
only graphs 'without hand’). Now from each vertex of a graph in (3, there is exactly

one edge starting. As previously, the restriction of 9 to the vector fields coincides
with 0y;,3 and

dcﬂ(&) '''' gn) = 805(50 ----- 571) = Caﬁ(fo ..... fn)
= Cob(bo- - - &n) = C5(&o- - - - -&n)
- 9(50 ----- €n)

This is impossible.

Thus each of the wheel without axis with an odd number of vertices A gives rise
to a canonical true cocycle for dy,.

Remark 7.1. Suppose we want to build a linear formality F from the space of linear
polyvector fields to the space of multi differential operators. As we saw in Section
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2, the obstruction for such a construction is a mapping ¢, of degree 1, with n > 4
arguments. Such a mapping corresponds to purely aerial graphs with n vertices and
2n — 3 edges, in the linear case, we should have 2n — 3 < n, this is impossible. Every
linear formality at order n can be extended to a linear formality.
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