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A nonlinearly ill-posed problem of
reconstructing the temperature from interior
data *

Pham Hoang Quan' - Dang Duc Trong |
Alain Pham Ngoc Dinh!

Abstract. We consider the problem of reconstructing, from the interior data u(z, 1), a
function u satisfying a nonlinear elliptic equation

Au= f(z,y,u(r,y)), zcRy>0.

The problem is ill-posed. Using the method of Green function, the method of Fourier
transforms and the method of truncated high frequencies, we shall regularize the problem.
Error estimate is given.

Keywords Fourier transform, Contraction, ill-posedness.

AMS Classification 2000: 47J06, 35J60, 42A38, 47H10.

1 Introduction

In this paper, we consider the problem of reconstructing the temperature of a body from
interior measurements. In fact, in many engineering contexts (see, e.g., [BBC]), we cannot
attach a temperature sensor at the surface of a body (e.g., the skin of a missile). Hence, to
get the temperature distribution on the surface, we have to use the temperature measured
inside the body.

Precisely, we consider a two-dimensional body represented by the half-plane R x R*.
Letting u(z,y) be the temperature of the body at (z,y) € R x RT and letting f = f(z,y,u)
be a (nonlinear) heat source, we have the following nonlinearly nonhomogeneous equation

Au=f, reRy>0 (1)

where A = 88—52 + g—;g. We assume that the temperature on the line y = 1 is known, i. e.,

u(z, 1) = p(x), (2)
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and that
u(z,y) — 0 as [al,y — oo. (3)

The problem can be referred as a sideways elliptic problem and the interior measurement
() is also called (in geology) the borehole measurement. The problem can be splitted into
two problems:

Problem 1: finding the function u satisfying

Au = f, reRy>1 (4)

subject to the conditions (f]), (B). Generally, the problem is well-posed. Using the solution
of the problem we can calculate the quantity u,(x,1) = ¢(x).

Problem 2: finding a function u(z,y) ze€R 0<y<1
satisfying

Au=f, 2zeR0<y<l (5)

subject to the conditions u(z, 1) = p(x), u,(z,1) = ¢(z).

The latter problem is a Cauchy elliptic problem and, as known, it is severely ill-posed.
Hence, a regularization is in order.

The homogeneous problem (f = 0) was studied, by various methods in many papers. Us-
ing the mollification method, the homogeneous sideways parabolic problems were considered
in [HRS, HR1, AS, L, LV, M] and the references therein. Similarly, the number of papers
devoted to the Cauchy problem for linear homogeneous elliptic equation are very rich (see,
e.g., [HR, T, B, CHWY, KS)).

Although there are many papers on homogeneous cases, we only find a few papers on
nonhomogeneous sideways problems (for both parabolic and elliptic equations). Especially,
the papers on the nonlinear case are very rare. In [QT], we use the method of integral
equations to consider a sideways elliptic equation with a nonlinear heat source. However,
we cannot get an effective method to regularize the problem. In the present paper, we shall
consider the problem with a nonlinear heat source f = f(z,y,u(x,y)). The remainder of our
paper is divided in three sections. In Section 2, using Green functions, we shall transform
Problems 1 and 2 into integral equations. In Section 3, we shall prove that Problem 1 has
a unique solution. Moreover, we shall give an effective way to approximate the quantity
uy(z,1). In Section 4, using p(z), uy(x, 1), we shall regularize Problem 2. The main result
of the section and of the paper is Theorem 3 (in Subsection 4.2). The method of truncated
high frequencies (of Fourier images) will be used and the regularized solution can be found as
a fixed point of a contraction. In our knowledge, the latter method is new. Error estimates
are given.

2 Integral equations of Problems 1 and 2

2.1 Problem 1



Put

_ b @+ (y—n)
N o) == M G g -2

For y > 1,x € R, integrating the identity

0 0

a—g(UNﬁ_Nué)ﬂLa—n(UNn—Nun) =—-Nf (7)
over the domain (—m,m) x (1,n)\B((z,y),¢), where B((x,y),¢) is the ball with center at
(x,y) and radius € > 0, and letting n — oo, m — 00, — 0, we get, after some rearrange-
ments,

u(z,y) = Au(r,y), (8)
where
Aule,y) = hay o) = [ [ Noogs&om f€.nuen)ded (9)
and

+o0
h(z,y,¢) = /Nn(x,y,f,l)w(ﬁ)df-

2.2 Problem 2

We repeat ¢(x) = u,(z,1) with u being an exact solution of Problem 1. We note that
we only consider ¢ as an exact data. The function ¢ is a processed data dependent on (.
In fact, in Lemma 1 (Section 3), we shall construct a function ). which is an approximation

of 1.
Consider
Au = f(z,y,u(z,y)), z€R, ye€(0,1)

subject to the boundary conditions below

u(z,1) =p(x), = €eR, (10)

Z—Zu,l) _ (), vER.

We assume in addition that the exact solution u satisfying 3(¢)ell, (¢)ell € L2(R). We
divide this problem into two problems.
Problem 2.1 Consider the problem

Av=0, z€R, ye(0,1), (11)
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v(z,1) = p(x),z € R, (12)

v
—(x,1) =¢Y(x),x € R. 13
So@1) = (a) (13)
We shall prove that, under appropriate conditions, the problem has a unique solution vy
approximated by a regularized solution v..
Problem 2.2 Let ug be an exact solution of ([[(). If we put wy = ug — v then wy is the
solution of the problem

Aw = g(r,y,w), = €R, y€(0,1) (14)
w(z,1) =0, = €R, (15)
g—Z(x,n =0, z€R (16)

where g(z,y,w) = f(z,y,w + vy). We shall find a w. which is an approximation of wy and
estimate ||w. — wpl|, where |.||, is the norm in L*(R x (0,1)). Let u. = v. + w,, we shall
estimate |lus — ugl,.

2.2.1 An integral equation of Problem 2.1

Let

L(z,y,&m) = —i In [(z —€)*+ (y — n)?]
and

G<x7y7£777> = F('Tvyugun) - F(:L’, —yafﬂl)- (17)

For x € R,0 < y < 1, integrating the identity

0 o)
€ (—vGe + Gug) + o (—vG, + Gv,y) =0

over the domain (—n,n) x (0,1)\B((z,y),¢) and letting n — 0o,e — 0, we get, after some
rearrangements

+oo

vz,y) = — / (P(€)Gy(,9,6.1) — Gla,y, £, 1(E)] d +

—00

+oo

+ / Gy(z,y,€,0)v(£,0)dE. (18)

—00



Letting y — 1 in ([[§), we have

+oo +o0

™ £+ 1

—00 —00

It can be rewritten as

Fuay x vy (x) = nKq)(x) + %gp(x)

where
'
Ky(z) = r [—p(€)Gy(x,y,€,1) + Gz, y, &, 1)Y(8)] dS,
Fole) = s tw(@) = o)
Letting
B 11—y 1+y
M(y,l)(x) .§L’2 n (y _ 1>2 - 1’2 + (y i 1>2
and
2? + (y —n)?

L r)=In———=—
(Vhy)( ) «T2+(y+77>2

we have the Fourier transform of M, L, F' as followed

N

+00
g 1 —ix _
Fy(¢) = T / Fi,)(x)e " dx = ﬁe vlcl,

i’(ny)(o = V2 ﬁ[e_(yﬂi)(l_e—y—nl(l}
K C ,

. - B .
M(y71)(§) = % [e(y el _ ¢ (y+1)\(|] '

: / (x%v(g,o)du / [—p(§)Gy(x, 1,€,1) + G(z,1,£, 1)p(E)] d€ = ().

0<y,n<l1, zeR),

(19)

(20)

(21)



Taking the Fourier transform of ([[§), we get

i () = ey, (Q) <2K(1)(C) + %@(C)) — V21K, ()

L o) Te91dl 4 g1l — L 20y re-wldl _ p-vicl] =
390) [ 4 D] — ) [ 001 D] = (G, (28
2.2.2 An integral equation of Problem 2.2
We recall that wy an exact solution of Problem ([[4) — ([LG).
Let vo € L*(R x (0,1)) be the exact solution of ([[1]) — ([3) and v. € L*(R x (0,1)) be a
regularized solution.
We write we)(2) = w(z,y) and fiu.0)(€) = f(& 1, v0(&,1) +wo(E, 7).
For x € R,0 <y < 1, let G be defined in ([[7]), integrating the identity

0 0
8_5(_w0G£ + Gw()f) + 8_77(_w0G7I + GwOn) = Gf(n,wo,vo)(g) (25)

over the domain (—n,n) x (0,1)\B((z,y),¢) and letting n — oo,e — 0, we get, after some
rearrangements,

+o0 +oo 1

wo(x,y) = / wo(f,O)Gn(x,y,f,O)dﬁ - / /G(xayvgan)f(n,wo,vo)(g)dgdn' (26)

—00 —oo 0

From (PG), we have

+oo
1
wo(z,y) = - / wo(f,())(x_gywdg
‘130 1 400 (x—§)2+(y—77)2
i O/Z T (y g2 o (€) 4. (27)
Letting y — 1, we get
Lt +o00

I L@+ (-2 )
4//1 (x_§)2+(1+n)2f(n,wo,vo)(f)d§d77+/ 0(5,0)

0 —oo -0

1
mdg =0. (28)

2 2
_ Y _ Tty —n)

F(y)($‘) = 72 +y27L(777y)("L‘) =In 2 + (y+77)2 (O <y,n< I, xz e R)a

. Nz A 1. oy

Fiy(Q) = %e yICI’L(w)(O - ,/27Tm [e (Il _ o=ly nHCq ) (29)

6



We write

wo () () = wo(z,y).
From (P§), (B9) can be rewritten as

1

[ L * S @) =0

0

Wo(0) * F(l)(x) +

A

Taking the Fourier transform, we have

— ~ 1 £ r
To () Einy (O + / Foun () Fonanany (C)dly = 0.

From (R9), we have

wO(O = __/ |C| 6 il _emq]f ;W0,520) (C) n.

From (Pg), we have

Wo(y) () = \\;_EU’O(O)*F (z) 2\/—/L(ny % f(nwo.00) ()N

Taking the Fourier transform of (B]), we get

J— 2__ -
wo(y)(¢) = %wo(o)(o Fy (€) 2\/—/ (ny) nwo,vo)(C)dn-

From (B9) and (B(), Eq. (B3) takes the form

1

_ 1 1 B o .

wo(y)(g) = 5/m [e(” WKl _ oy nHCq f(n,womo)(C)dW
0

for . We have

1 400

- 1 1, o y
T () = N 0/_4 o [l vnldl] £ e dedy,

(30)

(31)

(32)

(33)



3 Finding the solution of Problem 1
From (§)-(H), we readily get the following result
Theorem 1. (see [QT]) Suppose that for all (¢,1,() € R x RT xR

|fE(&m. O < pl&m), (35)
where p(&,m) € L*(R x (1, +00)),p > 0 satisfies

+00 +00
K= sup / /N x,y; §,n)p(€,m)dsdn| < 1. (36)
(z,y)ERX(1,+00)
Put
J = {u € C(R x (1,400)) lim  u(z,y) = 0} : (37)
$2+y2—>+00

Then A : J — J is a contraction and hence u is uniquely determined and can be found
by successive approximation.

Let ¢(x) = uy(x,1) with u be an exact solution in the half plane z € R,y > 1. From
a measured data ¢, of ¢(z) = wu(z,1), we construct 1. being an aproximation of 3 and
estimate [|¢). — ¢| ;2 by the following lemma

Lemma 1
Let u be a solution of (§) as in Theorem 1 and let ¢ € L*(R) N L>(R) satisfy

p(C)ell € L*(R).
Suppose that f satisfies the conditions

‘f(ganv Cl) - f<£7777g2)| < |p<§777)‘ |<1 - C2| fOT all (£7n) eRx R+7C17C2 eR
where p € L*(R x (1, +00)),

—+00 400

K= sup //nyﬁn)lp(ﬁn)ldﬁdn<1

(z,y)ERX (1,+00)

and

400 | +o00 +o0o 2

/ | | e el dein| e < e

1 —oco

For every 0 < ¢ < 1, we call . € L*(R) a measured data such that
lpe = ¢ll 2y < e

8



From ., we can construct a function . € L*(R) such that

e = ¥l oy < Ce'?

where C' is independent on €.

Proof
Let
+00 +00
k(z,y,u) = — N(z,y; & m)f(&n,u(€,n))dédn
1]
and

+o00
h(z,y,¢) = /Nn(fv,y,f,l)so(é“)df-

We have u(z,y) = h(z,y, ) + k(z,y, u).

Put .
Pele) = — Ga(C)e .
Pila) = = / Z(O)ede
K<

We have

= e=(0) ¢l < %

Let u. be a solution of (§) with ¢ replaced by ., i.e.

Ue = h(ﬂiay,@) + k(x,y,us).

We denote
h(z,y, ) h(z,y),
(l‘ Y, 906) = ha(x,y),
k(z,y,u) = k(z,y),
(SL’ yvue) = ke(xvy)'
Let

VYe(z) = hey(x, 1) + key (2, 1).



We have

+o0
Wry) = / N, (. : €, 1) p(€)de

iy y—1
- - | oo

If we put Fi,)(z) = %5,y > 0, then
a2 Fiy(2)e " da = VT il
(y) \/% / (y NG

Taking the Fourier transform of ([i7), we get

V2

B9 = TPy = 0(0) = Qe e

and

hy(Coy) = =1 @(Qe vk,

Similarly, we have

he(C,y) = P(C)e W=D,

We shall find an estimation of [|hey (., 1) = hy (-, 1| p2(g)-
Using the inequality u? < e?*  Vu > 1, we have

2

~2.(0)| d¢

| ko -woras [

¢I< s ¢> s

”h€y<-7 1) - h’y('u 1)”12([@) =

IA

Therefore

—~ 2
||h5y('7 ]') - hy('7 1)”%2(]&) <e+e¢ HGMS@(C)HLQ(R) = 0125

where C = \/1 + HelC‘@(C)”i?(R)
Hence

lhey (1) = Py (- Dl oy < CLve.

10
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We have
“+o00 +00

/]
It follows that
N 1
_ 2 —-n
b)) =1 [ | gt el n)dsdn
1 —o0
Similarly, we get
T 1
_ 2 — 1
o) =~ [ [ e e naude mydcan
1 —o0

We have

[hey (- 1) — Ky (-, 1)||L2(R) -

+o0 +o00 400

- / // (z—¢ — 5 (F(&mu (5,77))—f(é,n,ue(f,n))dﬁdn) dx

7T\7 /. £)2+ (1 —n)?
~+o00 [ 400 +00 2
1 n—1
= —u.|dédn| d
sﬁ\_/ // e e e Sn} v
<2 u-ul L (44)

where

J 70{7070 (z— \p(f 'fz)dﬁdn] 2d:c < +oo.

1 —o0

Moreover, we have

ot =l sup L N, (. 6,1) [(€) — FolE)] de
(z,y)ERX(1,+00)
+00 +00
- / / Ny, e,m) (F(Eomu(€m)) — F(Em,ua(€m)) dedy

11



+oo

< sw ‘/— y—1 5 lel) — () e

(z,y)ERX (1+00)

—+00 400

/ /N z,y,8,m) [p(&; )| [u(€,n) — u(€,n)| dédn

—o0 1

< ¢ - 906”1;00 + K |lu — usnoo

where
—+00 400
K= sw Q//waﬁmW§W%ME®D (45)
(z,y)ERX (1+00) O
Hence
1 —
lu = velloo = T I = Cell ey - (46)
We get
[ = Cell ey = suplee(z) — o()|
z€R
1
= sup— / P2(C)ed¢ — / ¢)erd¢
TeR 27‘(’
C|<511/2
1
< — ©e d¢ + / d
T /\w@ @ldc+ [ 181
K|<+/2 I<I> 1/2
1
< —= dC Isog QI d¢+
2
w | [ esiaora. [ e
C> C> iy
1 | V2 2
¢l 3/4
< NeT: [m I = Cell 2@y + \/; e |<P(C)HL2(R)€ / ]
< Oyt (47)
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where

1 2 .
Cy = \/—2_7T V2 + \/; HGCIQO(C)HB(R)] .
Inequalities ({4) — (7)) give
1) = s Dlley € =y o = Bl < m e (19)

In view of (BY) — (), (A3) and (Y), we have

e = Pllpomy = Nuey(1) = uy (s Dl 2wy
= lhey( 1) + key (1, 1) — hy (- 1) — Ky (-, 1)||L2(R)
< ||hey(-> 1) - hy(-> 1)||L2(R) + ||kay(-> 1) - ky(-v 1)||L2(R)
LC,
(1 —K)

A

34 4 0 et? < ( LG, ) +C1) gl/2,

m(l—K

This complete the proof of Lemma 1.

4 Regularization of problem

We shall first regularize the Problem 2.1 (Subsection 4.1). Using the approximated solution
ve of Problem 2.1, we shall regularize the Problem 2.2 (Subsection 4.2).

4.1 Problem 2.1 (Problem (23))

We have the following result

Theorem 1 R

Let ¢ € L'(R) N L>(R). Suppose B(¢)el!! € L*(R),v(¢)ell € L3(R). Then Problem
() — (L3) has a unique solution vy € L*(R x (0,1)).

Proof

From (F4) and the inequality £2=L < el* we have

||

R p)| < 1B+ e [(0)] € P2R), for a0 <y <1

where X is as in (B9).
Hence Problem ([[1) — ([J) has a (unique) solution vy € L*(R x (0, 1)).
The proof is completed.
Theorem 2
Let assumptions in Theorem 1 hold.
For every 0 < & < e73, let p. € L*(R) be measured data such that ||¢. — Pllrew) <e

If, in addition, the assumptions of Lemma 1 hold and we have |(|$(()ell € L*(R),
[Cl¥(C)el! € LA(R).
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-1

)

Then, from ., we can construct a regularized solution v. such that ||vg — v.||, < D (In 1)

where |||, is the norm in L*(R x (0,1)) and D is a positive constant independent of e.
Proof

We recall that @, is defined in Lemma 1, we get

15— ol = / (0 — PO de + / B dC
|¢|<e—1/2 ¢|>e—1/2
) 2 2(¢|
< 24 7“0@'246 dc
[¢|>e—1/2

< et4é? H@(C)emHiQ(R) =203

where C3 = \/1 + H@(C)eK‘HiQ(R)

Therefore [|o: — || 2 r) < Cse.
Put

We have

az<<>—¢<<>]2e2'<'d<+ JREGIRE

2
2o 1t <I>gn 2
6 5
11,1 2
< e3le g — 80||L2(R) + ! 2 ng KIHLQ(R)
(6 n
11,1 1 ~
< 05631 562 + ﬁ HC‘P(C)QIC‘ HL2(R)
(§1n7)
I3
36 ~ 2
< G RO
n- 2
Using the inequality £%/3 < 2 rase<e’, we get
~ R 2
H(‘b‘f@) ~20) pw < AT

14



where
O = /G5 + 3611CB(C) 2y (49)

Using lemma 1, there exists 1. € L*(R) such that
e = ¥ll 2y < C='7

Put

Il

1
U ( U_(C)e“"dC.
27T / ¢

ln

m\»a

@M—‘

We have
T [0 I <imt
o-{p9 i

Similarly, using the inequality €%/ < o %l as € < e 3, we get

|00 <tk
where
Cs = \/02 + 36 HC@D e|4| . (50)
We put
1~ 1 ~
N.(C,y) = 2¢ (C) [ A=yIcl 6(y—l)ICq — m@g(o [6(1—y)\4| — 6(y—l)ICq
and
400
(51)

va(x,y)z\/%/Ne(C,y)eiC”ﬁdC-

From (P4), (b)), we get
IRe =R,

[ve = wvoll, =

< % H <@<Q _ @(C)) [l 4 (=DIC]

|0 - Tocer

(w<<> _ \I"':(C)) eIl — =DIC]

)

2

IA

|@©) = decned||

1 -1
(04 + 05) (hl 8) .
15



Hence |lvy — v, < D (In é)fl

The proof is completed.

4.2 Problem 2.2 (Problem (B4))

Theorem 3

Let assumptions in Theorem 1 and Theorem 2 hold.

Let vy € L*(R x (0,1)) be an exact solution of () — (L[3) and v. € L*(R x (0,1)) be the

regularized solution of ([1]) — ([3).
Suppose that f satisfies the conditions (B7) and |p(&,n)| < k V(,n) € R x (0,1).
Assume in addition that the exact solution ug = vg+wy € L*(R x (0, 1)) of ([0) satisfying

I i ()] € 2R x (0,1)).

Then there exists a regularized solutions w. and u. = v. + w. of ([[(]) such that

1\ 12
|lwe —woll, < C <ln g>

and

1\ 12
|ue — ugll, < E (ln —)
£

where C and F independent of ¢.
Proof
From (BJ), we have

1

- 1 1 B o ~

wo(y)(g) = 5/m [e(n WKl _ o—ly nHC\} f(n,wo,vo)@)dn
0

_ (ny\C\_ (y=n)I¢| va dn.
/|¢| I Fio e ()l

// " eV wIE] £ ()it dCdn (52)

Yy —«

2\/ 2T

We shall prove

< ey EoD e @) 53)

m)

|77 (@) () = T (@M ()]

Iz2e)

for every a > 0,y € (0,1),m > 1 and w®, w'® ¢ C([0,1]; L*(R)), where |||.||| denotes
sup-norm in C([0, 1]; L*(R)).
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We shall prove (B1) by induction.
We define

1 <
X[fa,a](g) = { 0 Igl ;(O; .

For m = 1, noting that

1
Tw(a)(ﬁ,?/) = §X[fa,a](<’) / m [e(n wldl — el nm} f(r],w(oé)mg)(C)dna
Yy

we have

|rw .0 - Tt

12(R)
2
Tw(a)<.’ y) - Twl(a)('a y)

- [Femn -z

L2(R)
1 2
1 e=y)I<l _ oly=mICl /o ~
= Z /X[a,a}(g) |C| (f(n,w(a)mg)(g) - f(n,wl(a),vg)(C)) dn
) L2(]R)
+oo| 1 2
< [ | XTI o1 €) = Fyuronn (€] | e
% |y
+oo| 1 2
< / /e(n_y)a \f(n,wm,ve)(é) _f(n,wl(a)7v5)(g)‘dn g
o |y
+oo 1 )
S 62a(1 - y) / / ’f(n,w(a)me)(g) - f(n,wl(a),vg)(C)’ dndg
Sy
1 +o0
2
<we(i—y) [ [ ) - 0@ e[ dodg
y —o0

1
< (1= [ ) = ) gy d

<e*(1—y)k? H}w(a) - wl(o‘)H ‘2 :

Therefore (B3) holds.

17



Suppose that (53) holds for m = j. We shall prove that (FI]) holds for m = j + 1. We
have

HTJ‘+1 (w(a)(.,y)) _ itl (wl(‘”(.,y)) H;(R) =

2

L2(R)

<ttty [ ey 5 ) - o f

Y

a\J (]' — y)jJrl a ) ||12
S@%QVH77:§rWW)—wNWH-

Therefore, by the induction principle, (B3)) holds for every m. From (B3), we get
m a m «a 2 a\™ 1 a a 2
|77 (') =T (W @)[|[" < (W)™ — [[|w® = w @[]

Since lim (k?e?®)™ % = 0, there exists a positive integer number mg such that

m—0o0

g Ly
mo-

Hence 7™ is a contraction in C ([0, 1]; L*(R)). It follows that the equation 7™ (w(®)) =
w® has a unique solution w® € C ([0, 1]; L3(R)).

We claim that T'(w®) = w(®. In fact, one has T(T™ (w®)) = T(w®). Hence
T (T(w™)) = T(w'®). By the uniqueness of the fixed point of 77, one has T'(w®)) =
w®, i.e., the equation T'(w®) = w(® has a unique solution w(® € C ([0, 1]; L*(R)).

We have

4me—w@(wW;®
2

« 1
(m=I¢l — oy=mIC R
:/ /[e - ] [f(n,wo,vo)(C) _f(n,w(a),yg)(C) d?’] dg

<]
Zaly
P et-vIdl _ ow-n)i 2
e\n—Y _ ely—n R
: / /[ \C\ ]f(n,wo,vo)(g)dn d¢
[{|>a 1y

18



« 1 2

S 4/ /e(n_y)c ’ﬁmwo,vo) (C) - ]?(n,w(o‘),vg)(C) d’l] dQ

~a |y
1 2
+ 4 / /e(n_y)lglﬁn,wo,vo)(g)dn dQ
I<[>a 1y
o 1 9
S 4/ / (n—y)a ‘f(n wo,v0) (C) - ﬁn,w("‘),vg)<<‘> d77 dC
Za ly
1 2
+ 4672?/0{ / /e(ny)|4|+ya.]?(n,w0,yo)<c>d77 dC
I{>a 1y

-~ 2
(€) = fowe v (C)| dndg

< 4~ / /
2

N / / R ()| d

Kl>a 1y
1 +o00o
< 4e 2y /v€277 /’f(n,wo,vo)<§)_f(n,w(a),vg)<£>} df d?]
Y — 00
1 2
" / / e | Ty (O] | €
[l>a 1y

< Je e / /k |vo(€,m) — v=(&,m) + wo(&,m) — (a)(f,n)fdgdn

+ [ e / Fovunn ()| nic

I¢I>er

<de™W {2k22/62"a Hwo 51) = w(a)('vn)H;(R) dn

1 +o0

+2// e2K2 [ug (€, 17) — vo(&, ) dédn

0 —o0
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I¢I>e

1
~ 2
R Al A TSIS]
Yy
1

— 2y o <« 2
< 4o w/wumwww%mmwm
Yy
+2k262 ||ug — v |?

1
N 2
+ / 62(<+a)/‘f(n,wo,vo)(g)‘ d’f}dC
Y

[¢I>a
We put
M, = 2k*e* |vo — Ue”;
and
1
~ 2
M2 = / 62(|<‘+a) / ’f(n,wo,vo)(C)’ d'deC
[¢I>a Yy
Therefore

1
M [lwoy = 0 )y < 24° / €1 [|uo(, ) = w ()| A0+ My + M.

Y

Using Gronwall’s inequality, we have
a a 2 2(1—
62y Hwo('ay) - w( )(’y)HLQ(R) S (Ml + MZ) 62k S y)’
hence
a 2 — 20 21—
(e ) = 09 [y < €72 (M + )20, (54)

From Theorem 2, we get

e 2N, = 262V ||y — v,
1 —2
< 2D%20-vag? (m—) : (55)
g

We have

1
Y 2
e_zayMz — o2y / 62(|<+a)/’f(n,vo,wO)(C)’ d’l]dc
Y

I¢[>a
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1

6/¢|

e

S €f2ay / / ;
e

[¢[>a O

<m0 ][ 2

From (B4)-(Bd) and choosing o = ﬁ In (In1), we get
2 1\ ¢
<1n —) ]
2 €

~

f(n,vo,wo) (C) ’andc

o 2 2 1 -1 -~
et ) — 0@ ) ey < lzmﬂ (2] |5 Fomamr(©

-1
< CQ(lnl) )
€

1\ 12
I () Z
Hwo w H2 <C’<ln8) )

Denoting w, = w® and u. = v, + W, We get

Therefore

[|uo — u€||2 = ||lwo +vo —ve — w€||2

< Jwo =]l + llvo = velly

~1/2 -1
C <1n l) + D (ln l)
€ €

< (C+D) (m 1) "

3

IA

This completes the proof of Theorem 3.

5 NUMERICAL RESULTS

Let the problem
Au:f'r7y7u)7x€R7y>]‘

u(z, 1) = p(z) (57)
with
f(z,y,u) = arctan(|u| + 2* + y*) + g(z,y)
B 4Cx —2C 9 9 4
g(z,y) = (@2 + 1) + CETE arctan(x2+4 +az°+y°), C= o
C
0= 13
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The exact solution of (B7) is u(z,y) = Zoa C = 4/+/27 and we solve numerically this
problem for x € R, y > 1 by using the iterative sequence defined by

W) = [ [ Nwgm fen (€ ndans
| Ny e e

and whose graphic is displayed in Fig.1 on the interval [—4, 4] x [1,4].

Fig.1: approximated solution

For the second problem

Av=0,z7€eR, 0<y<1
v(z,1) = ¢(z), vy(r,1) =0 (58)

we calculate the

L 1 3—y l+y
whose exact solution is v(x,y) = + )
(z.9) Worla? +(3—y)? ¥+ (1+y)?

regularized solution v.(z,y) of (E§) for e = 1072 by the formula (F1)).
Finally for the third problem

Aw = f(z,y,v+w), zeR, 0<y<1
w(z,1) =0, wy(z,1) =0 (59)

the regularized solution w.(z,y) of the problem (B9) is calculated from its definition (59). So
in Fig.2 we have drawed the regularized solution of the problem 2 i.e. u.(x,y) = ve(z,y) +
we(z,y) on the interval [—4,4] x [0, 1].
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Fig.2: regularized solution
For comparison Fig.3 gives the exact solution on the interval [—4,4] x [0, 4].

Fig.3: exact solution
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