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A general boundary-only formula for crack shape
sensitivity of integral functionals
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Abstract.  This Note presents, in the framework of three-dimensidnabIr elastodynamics in the time
domain, a method for evaluating crack shape sensitivifiéstegral functionals, based on
the adjoint state approach and resulting in a sensitivityfda expressed in terms of surface
integrals (on the external boundary and the crack surfawdantour integrals (involving
the direct and adjoint stress intensity factor distribosion the crack front). This method is
well-suited to boundary element treatments of e.g. crac&mstruction inverse problems.
© 2001 Académie des sciendéditions scientifiqgues et médicales Elsevier SAS
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dérivées de fonctionnelles ikgrales dans des perturbations de fissures ex@és
par intégrales de frontre

Résumeé. Cette Note propose, dans le cadre de I'elastodynamiquaiie tridimensionnelle en vari-
able temporelle, une méthode d’évaluation de la seritghile fonctionnelles intégrales a
des perturbations de fissures, qui repose sur la définition état adjoint et permet d'-
exprimer la sensibilité en termes d’intégrales de sugféftontiere externe et fissure) et de
contour (contribution des distributions directes et adjeis de facteurs d'intensité de con-
traintes sur le front de fissure). Ce résultat est par exenigén adaptée aux techniques
de reconstruction de fissures fondées sur les élemerftsrt@re. () 2001 Académie des
sciencedZditions scientifiqgues et médicales Elsevier SAS

elastodynamique / variation de domaine / fissure / probléimeerse / état adjoint

Version francaise abr égée

Evaluer la sensibilité de fonctionnelles intégralesmpgport a des perturbations du domaine est notamment
utile dans des situations a domaine inconnu (problénvesses), ajustable (optimisation) ou variable. Cette
Note propose une formulation de la sensibilité a des peations de fissures, développée dans le cadre
de I'elastodynamique linéaire tridimensionnelle en ablé temporelle et fondée sur la méthode de I'état
adjoint.

On considére ainsi un corps élastique bamé R?, de frontiére externé et contenant une fissuie
Les déplacements, deéformationg et contraintes vérifient les équations de chanfp (1) et les conditions
aux limites et initiales[{2), I'ensemble constituanptebleme direct
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La sensibilité aux perturbations de fissure de fonctidesehtégrales de la form(ﬂ(S) est analysée en
considérant des transformations de domaine qui laisSéixe, c.a.d. de la forme” = x + n0(x) oun

est un parameétre cinématique et la vitesse de transfunmz) vérifie@ = 0 surS. Si f= f, + V 1.0
désigne la dérivée lagrangienne tldes dérivées d'intégrales génériques sont donpaef}).

Adoptant les méthodes du contrdle optimal, le problémect est introduit comme contrainte explicite
dans le lagrangieff](5), dont la dérivée dans une periorbde fissure est trouvée égaldf (6). Notre choix
de dérivation lagrangienne résulte du fait que la d&ipartielle(Vu) ,, est singuliere commé—3/2 le
long du frontdT tandis queV u et Vu ont la méme singularitéd—'/2 (d : distance ®I'). Ensuite, I'état
adjointar, choisi de fagon & annuler les termesieet p, est défini par les conditions aux limitesfieiales
). Cela conduit & I'expressiof] (9) de la sensibilitett€derniére expression pourrait étre immédiatement
convertie en intégrales de frontiéres a l'aide de I’it'[tér@) en I'absence de singularités en front de fissure.
Ici, il est nécessaire d’isoler un voisinage tubuldite = {«, dist(x, dT") < £} du frontdT’, d'utiliser les
expressions bien connu(12) des parties singuliereshd@sps et d’évaluer la contribution non nulle de
l'intégrale surX. quands — 0. On obtient ainsi, résultat principal de cette Note, l'egsion @3) de la
sensibilité en termes d’intégrales de surface et de conto

L'équation ) s’applique a des fissures et des vitessegahsformation régulieres assez générales.
Elle est par exemple bien adaptée aux techniques de regctish de fissures fondées sur les éléments
de frontiere. Soulignons qu’elle concerne gesturbation de configurations fixes de fissumen des
propagations. Bien entendu, elle s’applique, moyennantiedifications évidentes, a I'éastostatique et
I'élastodynamique en domaine fréquentiel. Par exemp(&,) est I'énergie potentielle & I'équilibre pour le
choix particulierp, = —(p”.u)/2, ¢, = (uP.p)/2 dans Eq.[(3), I'état adjoint étant alois= (1/2)u,
soit K; = K;/2, etc. Dans[(13), le facteur d@.v)(s) est bien, comme attendu, 'opposé du taux de
restitution d’énergiG(s), tandis que le facteur d@.n)(s) est I'equivalent 3-D de l'intégralds, [f, B].
Lintégrale H [f] apparait également comme un cas particulier fig (13).

1. Introduction

The need to compute the sensitivity of integral functiomdth respect to shape parameters arises in many
situations where a geometrical domain plays a primary hepe optimization and inverse problems are
the most obvious, as well as possibly the most importantuohsnstances. In addition to numerical
differentiation techniques, shape sensitivity evaluattan be based on either direct differentiation or the
adjoint variable approach, this paper being focused ordtter]

The object of this Note is to present a method for evaluatiaglcshape sensitivities of integral function-
als, in the framework of three-dimensional linear elastwdyics in the time domain. This method is based
on the adjoint state approach and results in a sensitivitpdita expressed in terms of surface integrals (on
the external boundary and the crack surface) and contcegrials (involving the direct and adjoint stress
intensity factor distributions on the crack front). Thisisitivity formula is thus well-suited to the use of
boundary element methods (BEMSs), which are quite often faresblving e.g. crack reconstruction inverse
problems, see e.d. 1fL,]13].

Consider an elastic body € R? of finite extension, externally bounded by the closed serfaand
containing a crack’. The displacement, straine and stresg are related by the field equations:

: 1 :
dive — pit =0 oc=C:¢ s:§(Vu+VTu) in Q 1)

(C: fourth-order elasticity tensor). Besides, displacersamid tractions are prescribed on the portiSps
andS, = S\ S, of S, the crack surfacg is stress-free and initial rest is assumed:

u=u" (onS,), p=p” (onS)), p=20 (onl), u=u=0 (inQ,att =0) (2)
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wherep = o.n is the traction vector, defined in terms of the outward unitmal » to 2. The above
conditions define thdirect problem
Let us introduce the following generic objective function:

J(I) = J(ur,pp, T // souur,wtdetJr// tpppp,:ntdet—i—/z/) yds  (3)

which is encountered for instance in minimization-basgdadhms for solving the inverse problem of crack
detection (ur, pr) refer to the solution of problenﬂ(, 2) for a given crack confaion). A boundary-only
expression for the derivative gf (I") with respect to crack perturbations is sought.

Any sufficiently small perturbation df can be described by means of a domain transformation which
does not affect the external boundatyi.e. of the formz" = x + n6(x) wheren is a time-like parameter

and the transformation velocity fielél(x) is such tha#®# = 0 on S. Denoting by}’: fn+ V[0 the
Lagrangian derivative of some field variabethe derivatives aty = 0 of integrals over generic domains
V' and surface& have the well-known form:

—/ fdv = / (f +fdive)dv —/de /f+fd|v30) ds (4)

where dix8 = divl — n.V60.n is the surface divergence 6f(n: outward unit normal vector). Also,
recall that( Vu)* = Vu —Vu.Vé.
2. Adjoint problem and domain integral formulation

For the present purposes, it is convenient to use an optiomata approach, whereby the variables in the
objective functionJ(u, p, T") are formally considered as independent ones and the direlolgm (i.e. the
fact that one actually has = ur, p = pr) is treated as an explicit constraint. The following Lagyiam is
thus introduced:

L(u,u,p,p,I) = J(u,p, T’ //0' Va + pi.a) dV dt

T
7// (uqu).i)detf// p.ﬁdetf// pP.adSdt (5)
0 JS, 0 JSy 0 JS,

where(u, p), the test functions of the direct problem in weak form, adtagrange multipliers.

Using formulas|Z|4), noticing thaiC : V u) : V& = & : V « and ignoring the terms containin:gf»
arising in this calculation (they merely reproduce the digroblem constraint and thus vanish), the total
derivative of£ with respect to a given domain perturbation is given by:

*

T *
E(u,ﬁ,p,i),r):/ /[&:Vﬁ+pu.a]dth
Q

// 8“"? p dSdt — // pudet+// 0u i dsdt

+ / / {[U:Vﬁ + pt.aldivl — [o.Va + &.Vu]:VQ} dv ot
Q

+ / (V4.0 + divs0] dS (6)
T

The partial derivativd Vu) ,, has generally a3/ singularity along the crack edg#’, while V  and
Vu have the samé~'/2 singularity ¢: distance ta@T'); this explains our using Lagrangian derivatives

3
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Since the initial conditions(-, 0) = (-, 0) = 0 hold for any location of the assumed defect, one should
assumar (-,0) =u (-,0) = 0 as well. Eq.Eb) is thus altered by taking into account thafit

T * * . T .
/ i adt = (i .a— w. w) |t:T+/ w . dt 7)
0 0

Now, the multipliersit, p are chosen specifically so that all terms containirendp in Eq. @) combine to
zero for anyu andp. The weak formulation of aadjoint problem of a form similar to the direct problem
in (E) but with &, p now acting as test functions, is thus defined. aloint solutionar, pr- is therefore
found (by analogy to|:{5) to solve equatioﬂs (1) together withfollowing boundary anfinal conditions:

P ©nS,) @= 9% (onS) p=0 (onT%) G—i=0 (nQatt=T) (8)
ou Jp
Finally, Eq. (§) allows to express the derivative.bin terms of the direct and adjoint solutions:

j (F) =L (ul—‘;ﬁl—‘7p1"7i)l"7r)

T
- / / {[apzvap + piir.ar]dive — [or. Vir + &F.VUF]:VO} dv dt
0 JQ

+ /[v¢.0 + vydivs0] dS 9
r

3. Sensitivity in terms of boundary integrals

The next step is to find an equivalent form of E. (9) involvardy boundary integrals. Any elastody-
namic state$u, o) and(a, &) satisfying initial and final rest conditions, respectiyefgrify the identity:

/T{[U:é + pialdive — [o. Vi + 6.V Ve} dt
0
= /T div([a:é — pt.u)@ — [0.Vu + &.Vu].e) dt  (10)
0

However, the well-known singular behaviour of strains atrdsses at the crack front prevent a direct
application of the divergence formula to Eﬁ|. (9) for the entiracked domaif2. To circumvent this
difficulty, the body(2 is partitioned intd? = Q. U (D, \ T'), whereD, = {x,dist(x,dT") < ¢} for some
sufficiently smalle > 0 is a tubular neighbourhood of the crack fra@iit bounded by the tubular surface
¥.. Further, puf). = Q\ D. andT. = I' \ D.. Upon introducing this splitting into Eq[|(9), applying the
divergence formula for the contribution 8f and invoking boundary conditionﬂg(ﬂg), one obtains:

* T .
(1) = / / {lov:Var — piar iur] (0.n) — [pr. Vair + pr.Vur].0} dS dt
0 J3.
T .
+ / / [[O'F : V’ZLF - pﬁp.ﬁp]](e.n> ds dt
0 €
T
+/ / {[UF:Vﬁp+pdp.ﬁp]div0—[o'p.Vqler&p.Vup]:VQ}dth
0 JD,

+ / (V.0 + vdivsd] dS (11)
T
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wheren is the outward unit normal t. and[f] = ) (discontinuity of f acrosd).

Now, the limiting form where — 0 of Eq. ( ) |s sought Recall the well-known expansions ef th
mechanical fields near tHixedcrack front, isotropic elasticity being assumed Poisson ratioy: shear
modulus):

1 r 0 .0
Uy = o\ 2m |:K[(S7t) oS 5(3 —4v —cosf) + Kyy(s,t)sin 5(4V -1+ 30059)} +O(r)
=y (r,0,5) + O(r)
-1 L[—K( t) ing(1—4y—3 0) + Kii(s,t) Q(4V—5+3 9)}4—0()
ug = 2\ 2m 1(s,t)sin 5 cos 11(s, t) cos 5 cos r
= ug (r,0,5) + O(r)
2K]]](S t) 9 S
e = S 5 sin g £ 00) = u(,0.5) + O() (12)

and similarly fora with stress intensity factorﬁ*LH,m; (r, 6) denote local polar coordinates, attached to
a pointz(s) of 9T characterized by its arc lengthin the plane orthogonal @I" and emanating frore(s

andz is such that«, 0, z) define cylindrical coordinates. The singular displacetméefined by Eqs{ (12)
produce direct and adjoint strains and stresses, derfefedS) and (é°,5°). Since by virtue of these
expansiong :& = O(1/r), the integral oveD, vanishes in the limit (W = r(1 + O(r)) drdé ds in D).
Besides, it can be verified thf#*: Va®] = O(d), and hence that the integral over becomes in the
limit £ — 0 the corresponding, convergent, integral oveFinally, under mild smoothness assumptions on
the closed curvéI” and the velocity field, one has:

T ,
/ / {[ap Viar — pur.ar)(0.n) — [pr.Vir + ﬁF.Vup].Q} ds dt

:/T/ar/j{[gS;VaS](e.n)(s)_[pS.VfLS +f)S.VuS].0(s)}5d9dsdt+0(51/2)

The integral in the right-hand side, which yields a finite ttifnution as the radius of the tubular neigh-
bourhood goes to zero, can be evaluated in a straightforwaydising expansionﬂlZ). This last calcula-

tion results in the following expression &T(F), which constitutes the main result of this Note:

*

. T
J (F)/F(G.n)(s)/o [o: Vi — pi.u] dt dS

N %/@F(O.y)(s)/o {(1 —V)[K1 Ky + KK + KIIIKIII}(S,t) dt ds
1—v T ~ ~
+ /8 (O:n)(s) /0 (KK + K Kp)(s,t) dt ds (13)

wherev(s) denotes the unit outward normal 8 lying in the tangent plane tb at z(s). To ensure that
formula (1 .) can actually be evaluated using only the bognttaces of the direct and adjoint solutions,

the bilinear forme : Vi must be expressed in terms O u, Vsu, takingp = p = 0 into account in the
process:
2v
o:Vu = M{ T dIVSu divsu + - (Vsu + Vi u): (Vs + Vi @) — (n.VSu).(n.Vgﬁ)} (14)
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Discussion

Equation [1B) holds true for general smooth crack shapesrangformation velocity fields. It provides
an attractive computational tool, in conjunction with BE#® gradient-based optimization algorithms, for
solving inverse or optimisation problems for unknown onstble cracks. Both the direct and the adjoint
problems stated in this Note can be solved by usual BEM tectasi [13], including the evaluation of the
direct and adjoint SIF distributionﬂlO]. Other applicaits of shape sensitivity analysis using the adjoint
state approach in connexion with BEMs can be found in (b B[f1,[8.[,[1R]. The present approach
is certainly applicable to integral functionals somewhatengeneral than those of the forfij (3). Integral
functionals defined in terms of domain integrals over theyodtill lead to the boundary-only sensitivity
expression@3) but body force distributions appear in gfendtion of the adjoint problem.

It is important to stress that Eo|]13) provides the sensitivf an integral functional to @erturbation
of a fixed crack configuratigmot a crack propagation, hence the use of expansEhs @m,far a crack
which does not physically propagate.

Equation [1B) is also applicable, with straightforward tificdtions, to elastostatics and elastodynamics
in the frequency domain. For instance, in elastostafidg;) is the potential energy at equilibrium for the
particular choicep,, = —(p”.u)/2, ¢, = (u”.p)/2 in Eq. (3). For this special case, the adjoint solution
turns out to ber = (1/2)u, i.e. K; = K;/2, etc. In equation[(13), the factor ¢8.1)(s) turns out
to be, as expected, minus the energy releaseGétg, i.e. minus the/;-integral, whereas the factor of
(6.m)(s) is the 3-D generalization of thé-integral [4,[5]. Finally, with the choic&, = S, s, = 0 and
vp = pP.4 — u.p, wherea, p are the boundary traces ofpae-selectedauxiliary elastodynamic state
with final homogeneous conditions, one finds that @ and that the factor off.v)(s) in ({L3) is the 3-D
generalization of the so-calldd-integral [§].
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