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The aim of this paper is to analyze a Lagrange-Galerkin approximation of the equations
modelling the motion of a two-dimensional rigid body immersed in a fluid. We first briefly
describe the equations modelling this system. Assume that the system fluid-rigid body
occupies a bounded domain O in R? with a regular boundary 00. The solid is supposed
to occupy at each instant ¢ a closed connected subset B(t) C O which is surrounded by
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Abstract

In this paper, we consider a Lagrange-Galerkin scheme to approximate a two
dimensional fluid-rigid body problem. The equations of the system are the Navier-
Stokes equations in the fluid part, coupled with ordinary differential equations for
the dynamics of the rigid body. In this problem, the equations of the fluid are written
in a domain whose variation is one of the unknowns. We introduce a numerical
method based on the use of characteristics and on finite elements with a fixed mesh.
Our main result asserts the convergence of this scheme.

Introduction.
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a viscous homogeneous fluid filling the domain Q(t) = O\ B(t).

The motion of the fluid is described by the classical Navier-Stokes equations, whereas
the motion of the rigid body is governed by the balance equations for linear and angular
momentum (Newton’s laws). More precisely, we consider the following system coupling
partial differential and ordinary differential equations.

pf%—yAu%—pf(u-V)u%—Vp:pff, x € Q(t),t €0,7], (1.1)
divu=0, xeQt),te]l0,T], (1.2)

u=0, x€090,tel0,T], (1.3)

u=_C'(t)+wt)(x—¢t)t, x€aB(t),tel0,T], (1.4)

ML (t) = — /83(t) on dI' + p, /B(t) f(x,t) dx, te][0,T], (1.5)

Ju'(t) = —/E)B(t)(x —¢(t))" -on dl' + p; /B(t)(x— ¢(t) - f(x,t) dx, te€][0,7T], (1.6)

u(x,0) =uy(x), xe€Q0), (1.7)
C(0)=¢, €R? ¢'(0)=¢, €R? w(0) =wy €R. (1.8)

In the above equations the unknows are u(x, t) (the Eulerian velocity field of the fluid),
p(x,t) (the pressure of the fluid), () (the position of the mass center of the rigid body)
and w(t) (the angular velocity of the rigid body). The domain B(t) is defined by

B(t) = {R_gp)y +¢(t), y € B},

where
0(t) /0 w(s) ds, (1.9)

B = B(0) and Ry is the rotation matrix of angle §. Moreover we have denoted by 0B(t)
the boundary of the rigid body at instant ¢ and by n(x,¢) the unit normal to 0B(t) at
the point x directed to the interior of the rigid body.

The constants p; and ps are respectively the density of the fluid and of the rigid body.
In the sequel, we assume that the densities of the fluid and of the solid are equal, that is

pr=ps=1, (1.10)

and that the rigid body is a ball in R?. Assumption (1.10) is clearly restrictive but it is
important for the forthcoming analysis, so that it is not clear that it can be removed (see
remarks 2.1 and 2.4 below). On the contrary, the assumption that the rigid body is a ball
is not essential but it avoids some technicalities.

The constants M and J are the mass and the moment of inertia of the rigid body and
the positive constant v is the viscosity of the fluid. Moreover, f(x,t) is the applied force
(per unit mass).



il ), we denote by x* the vector x* = x; > If x, y € R?, then
2 —

x -y stands for the inner product of x and y and |x| stands for the corresponding norm.
We have also denoted by w’ and w” the derivatives of a function w depending only on the

time t.

For all x =

Finally, the stress tensor (also called the Cauchy stress) is defined by
o(x,t) = —p(x,t)Id + 2vD(u), (1.11)

where Id is the identity matrix and D(u) is the tensor field defined by

. 1 8uk 8ul
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The main difficulties of this problem are:

e the equations of the structure are coupled with those of the fluid,

e the domain of the fluid is variable and it is one of the unknowns of the problem (we
thus have a free boundary problem).

The wellposedness of this type of system has been recently studied in a large number
of papers (see, for instance, Desjardins-Esteban [6], Gunzburger-Lee-Seregin [17], San
Martin-Starovoitov-Tucsnak [25], Grandmont-Maday [16], Takahashi [27] and the refer-
ences therein).

The literature on the numerical approximation of the solution of (1.1)-(1.8) also con-
tains a large number of recent papers. A part of these papers is based on an Arbitrary
Lagrangian Eulerian (ALE) formulation: see, for example, Grandmont-Guimet-Maday
[15], Nobile [22], Maury-Glowinski [21], Maury [19], Maury [20], Formaggia-Nobile [9],
Farhat-Geuzaine-Grandmont [8]. In the ALE method, at each time step, the mesh is
moved with an arbitrary velocity in the fluid in order to follow the motion of the rigid
body. The stability of the ALE method is studied in [9] (in the case of the finite element
context) and by [8] (in the case of the finite volume context). We also mention the work
of Gastaldi [11] where, in the case of an advection-diffusion equation in a moving two-
dimensional domain, a priori error estimates which are optimal both in space and time
have been obtained.

Another approach, developed by Glowinski et al.([14], [13]) is based on a fictitious
domain formulation: the rigid bodies are filled by the surrounding fluid and the constraint
of rigid body motion is relaxed by introducing a distributed Lagrange multiplier.

As far as we know, the only proof of the convergence of one of these methods is given
in [15] for a simplified problem in one space dimension. The main novelty brought in
by our paper consists in the fact that we construct a new approximation method using
a fixed mesh and that we prove a convergence result. This method is inspired by the
Galerkin-Lagrange approximation which is commonly used for Navier-Stokes equations.
(see Pironneau [23] and Siili [26]).



The remaining part of this paper is organized as follows. In Section 2 we introduce some
function spaces and we semi-discretize our problem with respect to the time variable. In
Section 3 we give the full discretization of the problem and we state the main result.
Section 4 is devoted to the study of the finite element spaces which have been introduced in
the previous section. Section 5 is devoted to the study of a change of variables which plays
an important role in the proof of the main result. In Section 6 we proof the consistency
of our scheme. Finally, in Section 7 we give the proof of the main result.

2 Notations and preliminaries.

2.1 Notations and function spaces.

Throughout this paper, we shall use the classical Sobolev spaces H*(QY), H5(2), H*(Q),
s > 0 and the space of Lipschitz continuous functions C%*(2) on the closure of 2. We
also define

12(0) = {f )| [ 1 dxzo}
Q
and denote by £2(9), H*(Q), H(Q), H5(Q), s > 0 the spaces [L2(Q)], [H*(Q)]?,
[H:(Q))?, [H~5(Q)]”. The usual inner product in £2(0) will be denoted by
(u,v) = / u-vdx VYu,veL*0). (2.1)
o

If A is a matrix, we denote by A* its transpose. For any 2 x 2 matrices A, B € Myy», we
denote by A : B their inner product A : B = Trace(A*B), and by |A| the corresponding
norm. For convenience, we use the same notation as in (2.1) for the inner product in

L*(O, Mays), that is
(A,B) = / A:Bdx VA,Bc L*O, Myyo). (2.2)
O

We also define the spaces
K(¢) = fu € HH(O) D) =0 i B} (2.3
and

K(¢)={ueH{O) | divu=0in O, D(u)=0in B(C)}, (2.4)

where ¢ € R? and B(¢) = {x € R?,|x — ¢|] < 1}. According to Lemma 1.1 of [29, pp.18],
for any u € K(¢), there exist 1, € R? and w, € R such that

u(y) =la+wu(y —¢)" Vy € B().

These spaces are specific to our problem. In fact, if the solution u of (1.1)-(1.8) is extended
by
u(x, t) = ¢'(t) +w(t)(x = ¢(t)" Vx € B(C(t)),
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then, we easily see that u(t) € K(¢(t)).
In all the sequel, the solution u of (1.1)-(1.8) will be extended as above.

We also notice that, by using (1.10), for any u,v € K({) we have
(u,v) :/ u-vdx+ M-l + Jw, wy. (2.5)
O\B(¢)

Remark 2.1. In the case of different densities pr # pg, the natural inner product to be
used seems to be

<u,v><:pF/ u-vdx+ Ml, - 1, + Jw, wy,
O\B(¢)

which clearly depends on the position of the ball. This fact would considerably complicate
the further analysis.

An important ingredient of the numerical method we use is given by the characteristic
functions whose level lines are the integral curves of the velocity field. More precisely
(see, for instance, [23], [26]) the characteristic function 1) : [0, T]?> x O — O is defined as
the solution of the initial value problem

—P(t;s,x) = u(e(t; s, x), 1),
dt (2.6)

P(s;s,x) = x.

It is well-known that the material derivative Dyu = du/dt + (u- V)u of u at instant tq
satisfies:

Dol to) = - [t 10,3, 1) . 2.7)

Remark 2.2. By using a classical result of Liouville (see, for instance, Arnold [1, pp.251]),
if
¢eHX0,T), weH'(0,T), uel([0,T];K((1)),
then, we have that
det JJ =1, (2.8)

where we have denoted by

the jacobian matrix of the transformation y +— '(/A;(y)



2.2 Weak form and semi-discretization scheme.

In this subsection we give a weak form of (1.1)-(1.8) which is then used to discretize the
problem with respect to time.

The fact that equation (2.9) below is called ”weak formulation” of the system (1.1)-(1.8)
is justified by the following result.

Lemma 2.3. Assume that
u € L*(0, T H*(Q(t)) N HH0,T; L2(Q(¢))) N C([0, T HH (1)),
p € L*(0, T; H'(Q(1))),
¢ e H*0,T), we HY0,T)
and that u is extended by
u(x, ) = ¢'(t) +w(t)(x = ¢t)" ¥x e BK(1)).

Then (u,p, ,w) is the solution of (1.1)-(1.8) if and only if u(t) € l%(C(t)) for all t and
(u,p) satisfies

d .
— |uo , v(D(u(t)),D — div dx
(5 [wo 9] 0-0) + 20 D)D) - | (aivernt)
= (£().9) Ve € KC(H). (29

We skip the proof of Lemma 2.3 since it is similar to the proof of the corresponding
result for the classical Navier-Stokes system (see, for instance, [24, Ch.12]).

Remark 2.4. In the case of different densities pr # pg, a similar weak statement can be
obtained (see for instance, [5]). In this case u in the first term of (2.9) should be replaced
by pu where p = pp in the fluid and p = pg in the moving solid. Thus p would depend
on the time and a transport equation for p should be added to the system.

By using the weak formulation given above we can derive a semi-discrete version of our
system. For N € N* we denote At = T'/N and t, = kAt for k = 0,--- , N. Denote by
(u*, ¢*) € K(¢*) x R? the approximation of the solution of (1.1)-(1.8) at the time ¢ = .
We approximate the position of the rigid ball at instant ¢, by ¢"™ which is defined by

the relation
¢H = ¢F 4+ uf (¢ AL (2.10)

We then define characteristic function 1) associated to the semi-discretized velocity field

as the solution of y
EE(L thrl; X) = uk (E(tu tk+17 X))7
(2.11)
P (et tre, X) = X,

and we denote . o
X (x) =Pty ter1,x) VxeO. (2.12)
= Q0.

One can easily check that Yk(O)



We next define u**! € le(C k“) as the solution of the following Stokes type system

—k
(“k“ _Alfox "P> +2v (D), D(p)) = (7, 9) Ve e K¢, (213)

where f*1 = f(t,,1).

The above equation can be rewritten by using a mixed formulation. To achieve this,
we first define:

M(C) = {pe 13(0) | p = 0in BQ)}, (2.14)
a(u,v) = 21// D(u) : D(v) dx Vu,v € H'(O), (2.15)
b(u,p) = —/ div(u)p dx Yu € H'(O) Vpe L3(0). (2.16)

With the above notation, it is clear that (2.13) is equivalent to the system

u !t —ufo Yk k41 k41 k+1 k+1
A7 o | Ha(a™ ) +b(e, p ) = (", ) Ve e K(CTT),  (2.17)

b(u*',q) =0 Vge M), (2.18)
of unknowns (uFt!, pF+1) € K(¢H) x M(¢F).

Remark 2.5. The requirement p = 0 in B(¢) for the definition of M (¢) allows us to define
the form b on the whole domain (@. This extension does not affect the form b since

div(u) =0 in B(¢) for all u € K£((¢).

It is well-known (see, for example, [12, Corollary 1.4.1., pp.61]) that the mixed formu-
lation (2.17), (2.18) is a well-posed problem, provided that the spaces K(¢), M(¢) and
the bilinear form b satisfy an inf-sup condition. The fact that this inf-sup condition is
satisfied in our case follows from the result below.

Lemma 2.6. Suppose that ¢ € O is such that d({,00) = 1+, with n > 0. Then there
exists a constant > 0, depending only on n and on O, such that for all g € M({) there
exists u € KC(C) with

div(u) g dx > Blul o) lall 2o, (2.19)
O

The proof of the result above can be obtained by slightly modifying the approach used
for the mixed formulation of the standard Stokes system (see, for instance [12, pp.81]), so
it is left to the reader.



3 Full discretization and statement of the
main result.

In order to discretize the problem (2.17), (2.18) with respect to the space variable we
introduce two families of finite element spaces. We first define a family of finite element
spaces which approximate the space K({) defined in (2.3). Let h denote a discretization
parameter, 0 < h < 1 and let P; be the space of all affine functions in R2.

Consider a quasi-uniform triangulation 7, of O, as defined, for instance, in [2, p.106]
(this assumption will be accepted in the remaining part of this paper and will allows
us to make use of inverse estimates). If 7' € 7}, is a triangle of vertices x;, X2, X3 we
denote by ¢1(x), ¢2(x) and 3(x) the corresponding barycentric coordinates of x € R?
with respect to the vertices x;, Xa, X3 (see, for instance, [4, p.45] for the definition of
barycentric coordinates). We associate to this triangulation two classical approximation
spaces used in the mixed finite element methods for the Stokes system. The first space,
classically used for the approximation of the velocity field in the mixed statement of the
Stokes system, is denoted by W, and is defined as the subspace of HJ(O) formed by the
P;-bubble finite elements associated to 7;,. More precisely ¢ € W, if and only if

©1(x)p2(x)p3(x) by

/ P12z dx
T

for some constant vectors o, aa, ag, A € R?2. We may notice that all functions in W,
are continuous.

p(x) = p1(x)ar + pa(x)ag + p3(x)as + VxeT

The second space, classically used for the approximation of the pressure in mixed state-
ment of the Stokes system, is denoted by Ej and is defined by

For our problem we use two spaces which are related to the presence of the rigid body.
The first one, which is used for the approximation of the velocity field is denoted by K1, (¢)
and defined by

Kn(€) =WiNK() Y¢eO.
The second one, which is used for the approximation of the pressure, is denoted by M (¢)
and is defined by

Mp(¢) = ExNM(() V¢ €O,

We also define the finite element space (see [23])
Ry =A{rot pn, ¢n € En, ¢, =0o0n00}.

We denote by P the orthogonal projection from £2 onto Rj,. More precisely if u € £2(0O)
then Pu € R, satisfies
(u—Pu,r,) =0 Vr, € Ry.

Let N be a positive integer. We denote At = T'/N and t, = kAt. Assume that the
approximate solution (u¥, pf, ¢¥) of (1.1)-(1.8) at t = t; is known. We describe below the
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numerical scheme allowing to determinate the approximate solution (u Hl,PIfLH, zH) at

t = tgy1. First, we compute ¢ € R? by
=G (G At (3.2)

We denote by Puf the projection of u} onto Ry. Then, we define the characteristic

function 1), associated to the fully discretized velocity field as the solution of

d—k —k
a’lph(t; thrla X) = PuZ(lph(t; Zfk‘Jrl’ X))v
(3.3)
—k
Yy (b1 ter1, X) = X
We also define L .
Xh(X) = ’l,bh(tk; tk+1,X) Vx e O (34)

and as for the problem (2.11), one can check that Yk((’)) = O (see Remark 3.1 below).
Then, we define (uf™, pi*h) € KCn(CF) x My, (¢FH) as the solution of the problem:

ukJrl . uk o X
( h Ath h7cp + a(uerl’ )—I— b(cp p’:bJrl) (f]]erlv(P) VQD e K: < kJrl)’ (35)

b(ui* q) =0 Vge My, (3.6)

where fi*! is the £2-projection of f**1 = f(t;,1) on (FE,)%. We take ¢} = ¢° and the
initial approximate velocity uf is the Hi-projection of uy onto Kp,(¢5).
Remark 3.1. In (3.3), we use the projection of uf on R, rather than the function uf itself

because div(Puf) = 0 in O. By using a classical result of Liouville, this implies that
det J—. o= = 1 and in particular that det J— Xt = = 1. This property combined to the fact that

the V61001ty field Pu} vanishes along the boundary 00 entails the invariance property of

the whole domain O through Y: ie. Y:(O) = . Moreover, since Pu} is constant in
each triangle, the initial value problem (3.3) can be solved exactly.

In the sequel, we suppose that
feC(0,T]; HY(0)), ug € H*(Q), div(u) =0 inQ,
=0 ond0, uy(y)=¢+wly—¢o)" ondB.

The corresponding solution (u,p, {,w) of problem (1.1)-(1.8) will be assumed to satisfy
the following regularity hypotheses

u e C([0, T H*(Q(t))) N HY(0,T; L2(2(1))),
D2u € L*(0,T; £2(2(t))), ue C([0,T];C%(0O)) (3.8)
p e C(0,T); HYQ(L))), ¢eH¥0,T), we H*0,T).

Moreover, we assume that

(3.7)

dist (B(t),00) > 0Vt € [0,T). (3.9)
The hypotheses (3.8) and (3.9) imply the existence of > 0 such that
dist (B(t),00) > 35Vt € [0,T]. (3.10)



Theorem 3.2. Let Cy > 0 be a fixed constant. Suppose that O 1is the interior of a
convez polygon and that (u,p,{,w) is a solution of (1.1)-(1.8) satisfying (3.8) and (3.9).
Moreover, assume that £ and ug satisfy (3.7). Consider the functions Ci, uf and pf

defined in this section. Then there exist two positive constants C and 7" not depending
on h and on At such that for all 0 < At < 7* and for all h < C (At)2 we have

sup ([¢(ts) — Gl + [lu(te) — ujll 2 (0)) < CAL.
1<k<N

Remark 3.3. For the Navier-Stokes system, the same type of result is obtained in [23] for
h < CoAt and in [26] for h? < CoAt < C1h% and o > 1/2 (for h and At small enough).

Remark 3.4. It can be easily checked, by using the fact that det JEk = 1, that our method
h
is unconditionally stable.

4 Some properties of the finite element spaces.

We next give some technical results on the finite element spaces introduced above. Through-
out this section we consider ¢ € O such that dist(B(¢),00) > 2n and we suppose that
h < n. Therefore, we have that

dist (B(¢), 90) > 2h. (4.1)

Notice that, by definition, if ¢ € M, ({) then ¢ = 0 in B(¢). Since ¢ is a P; function in
each triangle it follows that g4, = 0, where

Ay, = U T.

TeT),
TAB(C)#0

Moreover, if we denote by @, the union of all triangles T" € 7}, such that the three
vertices of T are contained in Aj;, then, by using again the fact that ¢ is a P; function in
each triangle, it follows that

7@, =0 V q € My(¢).
A similar argument shows that
D(u)|Ah =0 VuElCh(C).

In order to study the properties of the spaces K;(¢) and M,(¢) defined above we divide
the triangles in 7}, in four categories. These categories are defined as follows (see figure

1):
e F is the subset of 7, formed by all triangles T' € 7T}, such that T' C B(().

e F, is the subset formed by all triangles 7" € 7, \ F; such that T C Q,,.

10



Fy

This kind of triangles are not in-
cluded in A, since TN B = ().
But it’s included in @), since its
three vertices are in Ay,.

.

Fi

F

Figure 1: Splitting of the triangulation into four families of triangles.

e F; is the subset formed by all triangles T € T;, such that TN Qy # 0 and T ¢ Qp,.
® F4:7;L\<f1Uf2Uf3).

Lemma 4.1. There exists a positive constant Cy (not depending on the position of B(C))
such that \
inf ||v = vull20) < C1h2 (VI + IVIese)) »
vrheKR(S)
inf ||V —vallao) < OV (IIVIleose) + IVIese))
vr€KR(C)

for all v e K(¢) NH*(O\ B(C)).
Proof. Let v € K(¢) NH?*(O \ B()). This means, in particular, that
v(x) =1+ wxt V x € B(C),
for some 1 € R? and w € R. In the remaining part of this section we denote
R(x) =1 + wx™* Vx e R%

We denote by vy, the unique function in (Eh)2 which agrees with v at every node x; of
the triangulation 7, (recall the definition of Ej, in (3.1)). Then we consider the function
vy, € (Eh)2 whose value in a node x; of 7}, is defined by

N R(Xj) if Xj S A_h
va(xg) = { vin(xg) if x; €A,

Since vy, is affine in each triangle, it follows that

vh(x) = R(x) VX € Q. (4.2)

11



We will show that there exists a positive constant C; (not depending on the position
of B(¢)) such that

Iv = Villexo) < Cib2 (IIvIewsey + IV Iemien) (4.3)

v = Vil o) < C1Vh h(IVlreose) + 1VIreme)) - (4.4)

In order to prove the above inequalities, we divide the domain O into four parts:

0=B<c>u<@h\B<c>>u(U T)u(U T).

TeFs TeFy

Let us first remark that
v =R in B(({). (4.5)

On the other hand it is clear that @), is contained in the closed ball of center ¢ and of
radius 1 + h, denoted by Bj({). Let us remark that the ball Bj(¢) is included into the
domain O due to the condition (4.1). According to a classical result (see, for instance,
Lemma 5.11 in Fujita and Sauer [10]) there exists a universal constant C' > 0, such that

for all ¢ € HY(O\ B(¢)),

lellc2suense) <€ <\/ﬁ||50||c2(33(¢)) + hHVSOH[L2(Bh(g)\B(C))}4> : (4.6)
The above relation with ¢ = v — R and (4.5) imply that
v =Rl e2uensey < CRIV (V= R)lliz28, s (4.7)

By applying again Lemma 5.11 in [10] (this time for the function V (v — R)) we obtain
that

IV v = Bl enaont < C(VEIV v = R)igagameny
+ 1 IV (v = Rl g0\ sieyy )
The above inequality, combined with the trace theorem in Sobolev spaces gives that
IV (v =Rl 2, 0nment < CVh|[v = R0\ (4.8)
From (4.7) and (4.8) it follows that
3
IV =Rl e2Buonsien < Ch2[lv = Rllwzos(c)- (4.9)
The above relation implies, by using the fact that @, C B (¢) and (4.2), that
IV = Vulle2@nsiey < Ch2IIV = Rlleovse)- (4.10)
Consequently we have that
3
IV = Vil e2@nsey < Cih2 (IIVlheose) + IVIbese)) - (4.11)

12



On the other hand (4.8) and (4.9) imply that

1
v = Rl ense)y < Chz|lv— R0\

The above relation implies, by using the fact that @, C B,({) and (4.2) that

1
v = vullr@nsee) < Chzllv — Rllwz0\B(0),

which clearly implies

IV = Vhllsa@nsien < CVA (IvIheowse) + IVIlese)) (4.12)

Let us now consider a triangle 7" € F5. In order to estimate the restriction of v — vy,
to T" we use the interpolating function vy,. More precisely we have

||V_Vh||a S ||V_Vlh||a+ ||V[h_vh||om OAS {07]—}7 (413)

where || - ||o stands for the £%norm or the H'-norm on 7. We first estimate the second
term in the right hand side of (4.13). Since the function v, — vy, is affine in T we have

Vin(x) = Vi(x) = > (vin(x:) = va(xi)) pi(2),

i=1
where (x;) are the nodes of T" and (i;) are the corresponding Lagrange barycentric func-

tions. We have
3

IVin = Valla < Y 1vin(xs) = va() @il (4.14)

i=1

A simple calculation shows that
il L2(ry < Ch, (4.15)

and
Vil L2y < C. (4.16)

Since the mesh is quasi-uniform the constant C' can be chosen not depending on the
triangle. We now estimate |v,(x;) — vp(x;)|. Since T' ¢ @y, it follows that T" has at most
two nodes in @), and, consequently, at least one node such that vy,(x;) — vi(x;) = 0.
Therefore we tackle only the nodes in Q. If x; is a node in @)}, then

Vin(xi) = va(x:)| = [v(xi) = R(x:)] . (4.17)
Relations (4.14), (4.15) and (4.17) imply that

|vin — VhH£2(T) < Chlv - RHcoo(T)

< Ch <||v = Vil gooiry + Vi — RH[:oo(T)) :
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By using a classical interpolation error (see, for example, [2, Corollary 4.4.7]) and an
inverse estimate (see, for example, [2, Lemma 4.5.3]), the above inequality yields

Vi =il cagry < Ch (Rl + 57 Vi = Rl gagry )
which implies that
[vin — Vh||£2(T) < C <h2 ||V||H2(T) + [vin = V||L2(T) + v - RHE?(T))
< C (B Vllyar) + IV =Rl pagry)

Above we have used again a classical result on the interpolation error (see, for example,
[2, Theorem 4.4.4]).

Now, summing up the above relation for all triangles 7" € F3 we obtain that

HVIh - VhHLQ(UTe]-‘S T) < O <h2 HV”'HQ(O\B(C)) + ”V — R”EQ(UTG}'3 T)) . (418)

In order to estimate the last term in the right-hand side of (4.18) we proceed as previously
by introducing the closed ball By, (¢) of center ¢ and of radius 1+2h. This ball is included
in O thanks to (4.1). It is clear that all triangles of F3 are contained in Bp,(€) \ B(C).
Then, we can use once again Lemma 5.11 in Fujita and Sauer [10] and prove an estimate
similar to (4.9) namely

3
IV =Rl z2@aense) < Ch2 IV = Rlieo\b0): (4.19)
From (4.18) and (4.19) we deduce that
3
[vin = Vh||£2(UTe]-'3 T) < Ch? <||V||H2(O\B(¢)) + ||V||H2(B(g))> : (4.20)

The above relation, combined to (4.13) and to interpolation error estimate (see [2, Theo-
rem 4.4.4]) implies that

3
v — Vh||ﬁ2(UTef3 T) < Ch2 <||V||H2(O\B(¢)) + ||V||H2(B(g))> : (4.21)

Now we turn to the H'-estimate for the family F3 of triangles. From the usual inverse
inequality (see [2, Lemma 4.5.3]) and the L2-estimate (4.20) we obtain

1
IV (vin — Vh)”[H(UTefB 7" < Cih2 ([IVlreose) + IVIIese)) | (4.22)

which implies together with (4.13) and with interpolation error estimate (see [2, Theorem
4.4.4]) that

1
IV (v = vl a1t < Gz ([VIbeose) + IVIese)) - (4.23)
[ (UTG}B )]

Finally, we consider the case of the triangles family F,. Interpolation error estimates
lead to

v = Vall oy, 1) < ClE Ve B0, (4.24)
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and
IV =il 2y, 7) < CrhlIVIbe©BE@)- (4.25)

Relations (4.11), (4.21), (4.24) and the fact that v = v;, in B(¢) imply (4.3). Moreover,
(4.12), (4.23), (4.25) and the fact that v = v, in B({) imply (4.4). O

Lemma 4.2. There ezists a positive constant Cy (not depending of the position of B(())
such that

1
inf q— < Coht , 4.26
ot & g — anll2(0) 2h2 ||| a1 o\ B(e)) (4.26)

for all g € M(¢)N HY(O\ B(C)).

Proof. The proof of this lemma is similar to the one of Lemma 4.1. Consider a function
qe M(C)NHY O\ B(C)). According to a classical result (see, for example, [3, Theorem
IX.7]), there exists ¢ € H*(O) such that

qo\s¢) =4 o) < Cllallmovsey, (4.27)

and it can be proved that we can choose the constant C' independent of the position of
B(¢). Moreover, by a classical interpolation argument (see, for example, [2, Theorem
4.4.4]), there exists g5 € Ej, such that

¢ = @nllz2(0) < Chlld] i1 (0)-
The above relation and (4.27) clearly imply that there exists a constant C' > 0 such that
lg = qull2o\s(e) < Chllallm o\se)- (4.28)
Denote by g;, the function in F), satisfying the conditions
(%) =0 if x; € Ay,
an(x3) = Gu(x;) if x; € Ty \ Ay
Then as in the proof of Lemma 4.1, we can show that
lg = anllz2(0) < Cah? llallmo\5(0))-
O

We next show that the finite element spaces K (¢), My (¢) and the bilinear form b satisfy
a discrete inf-sup condition. This proves in particular that the approximate problem (3.5)-

(3.6) is well-posed (see [12, Theorem I1.1.1., pp.114]). More precisely, the following result
holds.

Lemma 4.3. There exists a constant * > 0 such that, for all q, € My(C) there ezists
uy, € ’Ch(C) with

[ div(unan x> 5o oyl 2o (4.29)
O
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Proof. Let g, € Mp(¢). Since M, (¢) C M (), Lemma 2.6 yields the existence of u € 1(¢)
such that

[ divan ax > Blulboo) oo
(@]

with 3 not depending on ¢;,. In order to prove the conclusion of the lemma it suffices to
show the existence of u, € K,(¢) such that

/Odiv(uh)qh dx :/Odiv(u)qh dx, (4.30)

[unllr0) < Cllull+(0), (4.31)
where C' is a constant independent of ¢,.
Note that (4.30) is equivalent to

/uh-thdx:/u-thdx.
(@] o

Since Vg, is constant in each triangle and it vanishes in any triangle from F; U Fy, in
order to check (4.30), it suffices to show that

/uh dx:/udx VT e F3UF,. (4.32)
T T

Notice first that if u, € Kp(¢) then, for any triangle T' € 7;, of vertices x;, X2, X3 and of
corresponding barycentric functions 1, s, 3, we have

u,(x) = uy(z) + S01(}()4'02()(%03()())\ VxeT, (4.33)
/ P1paps dx
T
where 1), € C(O) satisfies
Un(r) = e1(x)ar + po(x)ae + 3(x)as VxeT, (4.34)

for some constant vectors ay, @z, az, A € R? (these constants depend on the triangle
T). Notice that, since the restriction of uy, to triangles in F; U F is a rigid velocity field,
the constant A in (4.33) is equal to zero, for all triangles in F; U F,. If @, satisfies (4.34)
and T' € F3 U F, then condition (4.32) holds provided that

)\:/(u—ﬁh) dx VT e F3UF,. (435)
T

Some simple calculations show that there exists a constant C' > 0 (not depending on the
triangle) such that

e

/ P1p2p3 dx
T HY(T)
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Moreover, (4.35) and the Cauchy-Schwarz inequality imply that
‘)\‘ < C’hHu—ﬁhng(T) VT€f3UF4, (437)

for some constant C'. From (4.33), (4.36) and (4.37) it follows that

_ C _
[an[# (1) < ||11hHH1(T)+EHu—uth?(T) VT € F3UF,. (4.38)

The remaining part of the proof is devoted to the construction of u;, such that u,, satisfies
(4.31). According to a classical result (see, for instance, [12, Theorem 1.A.2.; pp.101]),

there exists a function uj, € C'(O) which is affine in each triangle T' € 7}, such that
la =5 22y < Chlfullay, (4.39)

1% [ ¢y < Cllallpery, (4.40)

with the constant C' not depending on A. We are now in a position to define u,. This
function is defined by

W (x) = (4.41)
R(x) if xe [J T

where R is the extension of up(¢) (which is a rigid velocity field) to R*. We remark that
relation (4.41) also defines the values of @, in the triangles of F3. Indeed, the vertices of
each triangle in F3 are also vertices of a triangle in either F5 or in F4. In order to prove
(4.31) we estimate the terms in the right hand side of (4.38). We first consider a triangle
T € F,. By using the fact that @, = uj, in 7', (4.39) and (4.40) we obtain that

— 1 —
kL1 7y + 10 = Fall 22y < Cliullzacry VT e Fy (4.42)

with the constant C' not depending on u. We next consider a triangle 7' € F3. We first
notice that

_ 1 _ _ 1 _
||uh||H1(T) + h u— uh”LQ(T) = ||uh||H1(T) + I3 [u— uh||£2(T)
e Lo
I = Tl oy + 5 [0 = Wyll o VT eFs (443)

The first two terms in the right hand side of (4.43) can be directly estimated by using
(4.39) and (4.40). Moreover, by using inverse estimates (see, for example, [2, Lemma
4.5.3]), there exists a positive constant C' not depending on h such that

—C - 1 — —=c —C -
[ay, — uh”Hl(T) + 3 [, — uh||£2(T) < Cu, - uhHD’O(T) VT e Fs.
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The above relation and the fact that uy, is equal either to R or to uj in the vertices of a
triangle 7' € F3 imply that

I~ Wl + s~ Wy < O~ Rllgwy YT EF
The above inequality, combined once again, with an inverse inequality implies that
—  — 1 _ C . _
[a, — uh”?—(l(T) + h [ — uZsz(T) < 3 [a, — R||£2(T) VT e Fs. (4.44)
On the other hand
[ay, — RHc?(T) < |l - uHL?(T) +[u— R||L2(T) VT e Fs. (4.45)

Combining (4.39), (4.45), (4.44) and (4.43) we obtain

_ 1 _ C
1 ey + 7 10 =l g2y < Cllullperr) + 5 [0 = Rl oo VT e Fs (446)

We recall that all triangles of F3 are contained in By, () \ B(€). Therefore, by taking the
sum of the above relation for all 7" € F3 and by using (4.6), combined to the fact that
u =R on 0B(¢), we obtain

_ 1 _
[T >+Ellu—wz||
HY U T L2

TeFs

T) < Cllulbosaense)- (4.47)

TeFs

Now by combining (4.42) and (4.47) in (4.38) we obtain

TeF3UFy

|| ) < Ol o\B(e))- (4.48)
ooy T

We next consider the triangles T' € F; U F,. By using the fact that u, =u, =R in T
we obtain that

[ || ) =R
H1 U T H1

TeF1UFy TeF1UFy )

A simple calculation shows that the right hand side of the above relation is bounded by
Cllu|lx1(B(¢)), where C'is a constant not depending on h. We thus obtain

[l ) < Cllallyesey- (4.49)
HY U T

TeF1UFy

If we join (4.48) and (4.49) we see that the function u, satisfies (4.31). This ends up the
proof of the Lemma. O

Now, we are in position to introduce a projector in Kp(¢) x My(¢) that will be a key
ingredient in the proof of the convergence result.
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Lemma 4.4. Suppose that V € K(¢) and that P € M(C). Then there exists a unique
couple (V,, Py) in Kp(¢) X My(C) such that:

{a(V—Vh,SO)er(so,P—Ph) = 0 Vo € Ki(¢)

bV - Vig) = 0 YaqeMQ). (4.50)

Moreover, if we suppose in addition that Vio\g) € H? (O \ B(C)) and that Po\p) €
H' (O \ B(C)) then there exists a positive constant C' such that

IV = Vil 20y < Ch.

Proof. The result in Lemma 4.3 combined to Theorem 1.1 in [12, p.114] implies the
existence and uniqueness of (Vy, P,) in Kp,(¢) x M,(€) satisfying (4.50) together with

||V — VhH'Hl(O) + HP — PhHLQ(O) < C { infC) HV — VHHI(O) —+

VEK}L(

f ||P - .
1Pl )

in
qeEM],

Using Lemmas 4.1 and 4.2 we obtain
IV = Vilrao) + IP = Pylirzio) < CRY2 {{[VIlezonm) + I VIrem) + 1Plmo)} -

Moreover, by applying the usual Aubin-Nitsche duality argument (see for example [12,
pp-119]), one can easily prove

IV = Villz20) < Ch{||VIr2on) + | VIrzm) + |1 Pllro) } -

]

5 Definition and properties of the change of vari-
ables.

In order to prove Theorem 3.2, we should be able to compare the exact solution which is
rigid in the ball B({(;)) with the approximate solution which is rigid in the ball B(¢F).
This will be achieved by the use of a change of variables which maps the exact ball onto
the approximate one. This section is devoted to the description and main properties of
this transformation.

5.1 Change of variables.

In this section, we suppose that O is convex. In the sequel, we need a change of variables
transforming a function in K(¢;) into a function in (¢,), where ¢; € O are such that

dist (¢;,00) > 14 2n, i€ {1,2}, with > 0. (5.1)

In this case, B((;) is contained in O and the distance between B({;) and 0O is greater
than 2. Let £ € C*(R? R) be a compactly supported function such that
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e { =1if x € O and dist(x,00) > 27
o {=0ifx &0 or dist(x,00) <
Let A be the mapping defined by
A) = [(¢) = Co) - x*] (rot ) +E(¢, — Cy) ¥x € R, (5.2)

We need several properties of the field A and of the associated flow. Since these properties
are similar to those proved in [27] we state them here without proof.

Lemma 5.1. Let A be the mapping defined by (5.2). Then we have
(i) A =0 outside O,
(ii) divA =0 in R?,

(i) A(x) =, — ¢y if x € O and if dist(x,00) > 2.

In other words, the restriction of A to a neighbourhood of 0O is zero and A is a
translation when restricted to points of O at distance to 0O larger than 2n.

We consider next the initial value problem:
d
B0 = A, A>0

¥(0) =y,
with A given by (5.2).

Lemma 5.2. For all y € R?, the initial value problem (5.3) admits a unique solution
(N, y) on [0,1]. Denote

Xee,(y) =X(y) = (L y) (5.4)
Then X is a C*-diffeomorphism from O onto itself and X(B({,)) = B({;). If we denote

J ( Z)
yj (2¥)

the jacobian matrixz of the transformation'y — X(y), then the above change of variables
satisfies:

detJx(y) =1 Vy e R (5.5)

We denote by
YCQ?Cl = Y = X_l (56)

the inverse of X on O.
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5.2 Properties of the change of variables.

In this subsection, we use the change of variables defined by the mapping X in Lemma
5.2 to transform functions in I/C\(Cl) (resp. K({;), M(¢,)) into functions in I%(Cz) (resp.
K(¢s), M(C,)). We also give the expressions of Au and of Vp after the transformation.
Consider (u, p) € H'(O) x L?(O) and define as in [18] the functions (U, P) € H'(O) x
L*(O) by
Ufy) = Jy(X(¥)uX(y)) VyeO, (5.7)
P(y) =p(X(y)) VyeO.

We can easily check, by using the definition of A that

X(y)=y+¢ —¢ VyeB((,), (5.9)
Y(x)=x-¢ +¢ VxeB((), (5.10)

Consequently, if u € K£(¢;) then U € K({,) and that if p € M({,) then P € M({,).
By using (5.5), we obtain the following result (see, for instance, [18, Proposition 2.4]).

Lemma 5.3. If X is defined by (5.4), then for allu € H'(O), the function U defined as
above satisfies the following relation:

div [U(y)] = div [u(X(y)] Yy € O.

This lemma implies in particular that if u € K(¢,) then U € K(¢,).

In order to write down the expressions of Au and Vp after change of variables, we
define (see [18])

Z 0y, Jka

kl
t 22 ij (9y

Yk

jkid
)
[GPli=) g7+, (5.12)
JZ:; Iy,
where we denote (see, for instance, [7])
oY; 0Y;
g7 = Z O, O (metric contravariant tensor), (5.13)
0X,; 0X;
Z (metric covariant tensor), (5.14)
Yk OYk
and 1 0 0 0
Eo_ Kl gil g;ji Gij .
I = 52129 {ayj + 3 + i } (Christoffel symbol). (5.15)

We are now in position to write down the expressions of Au and of Vp after change of
variables (see again [18] for details).
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Proposition 5.4. Suppose that

(u,p) € HH(O\ B(¢1)) x H'(O\ B((y))-
Then, we have that

(U, P) € H*(O\ B(¢o)) x H'(O\ B(())-
Moreover, for ally € O\ B((,), we have that

[LUJ(y) = Jy(X(y)) [(Au) e X](y), [GP[(y)=Jv(X(y)) [(Vp) o X](y).

In the remaining part of this section, we denote by C' a positive constant which may
depend only on & and O. We give below (without proofs) several estimates on the depen-
dence of the change of variables defined in (5.4) on the points ¢; and ¢,. For the proofs
of these estimates, we refer to [27] and to [28].

Lemma 5.5. Let A be the function defined by (5.2). Then, for all {;, {, € O satisfying

(5.1) we have:
‘ < CO|¢ =Gl
L£22(0)

Lemma 5.6. Let A, ¢, ¢, be as in Lemma 5.5. Then the functions X and Y defined by
(5.4) and (5.6) satisfy the following inequalities:

||A”£°°(O) < CI¢ =G, ||VAH[L°°(O)}4 < CI¢ = ¢,

D*A
amié)xj

DPA
8%8%8%

<C'|CI_C'2|7

L£22(0)

Xl w0y S C5 - MY Ml o0y < €

||JX - Id||[L°°(O)]4 <C |C1 - C2| ) ||JY - IdH[Loo(o)]4 <C ’Cl - CQ’ )

0%Y; 9*X;
| <clt-al |apt| <ol
i0%k || Lo (0) YiOYk |l L=(0)
%Y, X,
— < C - 3 : < C - '
' axjaxlaxk Lo (0) |C1 C2| Hay]aylayk Loo(0) |Cl CQ|

Lemma 5.7. Let A, ¢, {5 be as in Lemma 5.5. Moreover, suppose that
(U, P) € H*(O\ B(¢y)) x H'(O\ B(¢))
and that L and G are given by (5.11) and (5.12). Then we have

(i) YL = A)U]||z20\8¢,) < C161 — Caol 1Ullnzio\B(2y)

(i) [V = G)Plllc2o\Be,) < C €1 — ol 1Pl aonsiey)
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6 Consistency of the fully discretized scheme.

This section is devoted to the consistency of our fully discretized scheme. The main
result in this section asserts that the solution (u, p, {,w) of (1.1)-(1.8) satisfies the scheme
(3.2)-(3.6) with consistency errors that will be estimated. Since (u(tx), p(tx)) belongs to
KC(¢(t)) x M (¢ (1)) and not to IC(CF) x M (CF), we need the change of variables introduced
in the previous section.

6.1 Consistency in time.

In this subsection we show that the exact values at instants ¢ = ¢, of a strong solution
of (1.1)-(1.8) satisfy a perturbed version of the semi-discretized problem introduced in
Subsection 2.2 and we estimate these perturbations with respect to the time step. The
precise statement is given in Lemma 6.1 below.

Consider the solution (u,p, ¢, w) of (1.1)-(1.8) and assume (3.8) and (3.10) hold. In the
sequel, we will use the notation:

X(X) = ’l,[)(tk;tk+17x) Vx € O, (61)

where 1 is defined by the relation (2.6). Note that jXV(O) = 0.
Let e, Ok, ak, B, 7 be quantities defined by:

er = C(trs1) — C(te) — C'(tr)At, (6.2)
6

(sk’(tv X) = u(’l,[)(t; tk’-i-la X)> t) - u(’lub(t; tk-i-la X)7 tk)a

o, = u(tk-i-l) _A:l(tk) o X . % |:u o 1;:| (tk;—i—l); (64)
g = S ¢ (65
e = w’(thrl)A; w’(ﬁc) . w”(tk+1). (66)

By using the fact that u ({(tx),tr) = ¢'(tx) and relations (2.6), (1.1), (1.5) and (1.6)
together with the above definitions, we infer that the exact solution (u, p, {,w) satisfies

C(the1) = C(te) +u(C(tr), tu) At + &, (6.7)

%ﬂ;(t; thi1,X) =1 (iz?(t; trt1, X), tk> + 8, (t, %), .

Pt tirn, X) =X
for all x € O and for all ¢ € [ty, t;41], together with

u(tk+1) — u(tk) o X
At

— VAll(tk_;,_l) + Vp(tk+1) = fk+1 + oy, in O \ B(C<tk+1))7 (69)
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/t _ /t
MC (1) = € (t) = —/ o (tg+1)n dl +/ 41 dx + By, (6.10)
At OB(¢(try1)) B(¢(tk41))

Ju)(tk—i—l)A— w(tk) _ _/ (y . C(thrl))J_ . O'(tk+1)n dr
¢ 0B(¢(tk+1))
+/ (v = Cltpsr)) " - £ dx + 9. (6.11)
B(¢(tk+1))

Moreover, if we denote

and by Ry the rotation matrix of angle 8, then we also define the matrix E; by
Re(tkle)*@(tk) =1d - Atw<tk+1)Rfﬂ/2 + E; (6.12)

By using the Taylor-Lagrange inequality, we easily obtain the following consistency
error estimates.

Lemma 6.1. The elements oy, By, Yk, Ok, €x and Ey defined by (6.2)-(6.6) satisfy the
following inequalities:

ou

ekl < CADY, 118kl cxontin, ) < cm‘ »

)

52(0X(tk,tk+1))
(6.13)

9

52(O><(tk,tk+1))

lwllexo) < CVAT H wo ]

18] < CAt, || < CAt, By < O (AY)°.

6.2 Transformed system.

We need to compare u(t;) € K({(tx)), which is a rigid velocity field in B({(tx)) with
uf € K(¢F) which is a rigid velocity field in B(¢F). This will be done by using the change
of variables introduced in Section 5.1. To this end, we suppose that |} — ¢ (¢)| < . This
hypothesis and (3.10) imply that

dist (B(¢ (1)), 00) > 20, (6.14)

With this assumption, we can transform u(tx) by using the change of variables introduced
in Section 5.1: we denote (see (5.4), (5.6))

X =Xerewmr Y= Yerew: (6.15)
We also define (see (5.7) and (5.8))
Ur(y) = Iye (X (y))u (X (y), te),  PH(y) = p"(XH(y)), 6.16)
6.1

S* = —P*Id + 2vD(U¥), F¥(y) = Jye(X*(y) (X (y), tr)-
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We recall that, according to Lemma 5.3, U* € K(¢F) and that P¥ € M(¢F). We introduce
the following notations that will be useful in the sequel:

—~

X =YFo X o XM, (6.17)

and R PR
J = (Jyer 0 XH) (Jxk o X> (6.18)

Before stating the main result of this section, let us give some properties on the char-
acteristics. First note that, according to Lemma 5.2, we have

XMUB(C™) = B(C(tkn)), (6.19)

Y*(B(C(t))) = B(Ch),
Moreover, we can easily check that the function X defined by (6.1) satisfies

X (x) = C(te) + Roqyy )00 (x — C(trr1))  Vx € B(C(trt1))- (6.20)

Consequently, we have

X (B(C(tr41))) = B(C(tr)),

and therefore, we obtain -
X(B(¢h™) = B(Ch)- (6.21)

We summarize some of the above properties in the following diagram:

B(¢E) X5 B(C(tin))

B(CH) —— B(C(t)

Next, we turn to the main result of this subsection: we show that U**! and P**! satisfy
a mixed weak formulation with test functions in K(¢F™) and M (¢F).

Proposition 6.2. The functions (UL, P**1) defined by (6.16) satisfy

(i U =T (Ute X)) wP) +a(U, ) + b, P

At
= (6" o)+ (Ak ) Yoe k() (6.22)

b(U q) =0 VYqe M(¢F), (6.23)
with
d? ~
IAulexor < (€)= G571+ h+ A+ OV Foluo (6:24)
t L2(OX (tg,trt1))
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Proof.
First Step: Transformation of the equation (6.9).

By using Proposition 5.4, we have that U**! and P**! satisfy

(Jyk+1 o] Xk+1) u(tkﬂ) _Altl(tk) o X o XFk+1 _ V[Lk—s—lUk-i-l] + [GkHPkH}

— (JYkJrl o Xk+1) (f(Xk+17tk+1>> + (Jyk+1 o XkJrl) (ak+1 o Xk+1>7
in O\ B(¢F).

The above relation and (6.16) imply

—t U = (Jyees 0 XF) (T 0 X)) (U0 X)) | - vAUR 4+ v
_ [(LkJrl _ A>Uk+1] + [(v _ Gk+1)Pk+1] + Fk+1 + (JYk-H ° Xk+1) (ak 10 XkJrl)’
in O\ B, (6.25)

where X is defined by (6.17)

By taking the inner product of the previous equation with ¢ € IC
(6.18), we obtain

Lo (e [0t -3 (0o X)) o) oy

- / (divS*. ) dy = / FF .o dy + A, (6.26)
O\B(¢; ) O\B(¢; M)

(¢F) and by using

with
Al — / (V[(LkJrl o A>Uk+1] + [(v - Gk+1)Pk+1]) - dy
O\B(¢H)

+ / (Jyrrr 0 XFF) (apq o Xk“)) -~ dy. (6.27)
O\B(¢HH)

Second Step: We transform the integral

Ukt — j (UlC o 55)
/B@"“)

-~ dy.
At w ay

by using equations (6.10)-(6.11). From (5.3) (with Y as in (6.15)), combined to (5.9) and
o (5.10) we obtain that:

Jyk+1(X) =1Id Vxe B(C(tk+1)) (628)
The above relation, (6.16) and (5.9) imply that for all y € B(¢HH),
Ut (y) = u (y + ¢(ter) — ¢ ) (6.29)

26



In particular, we have that
UM (y) = ' (tir) +w(ten)(y — €7 Yy € B(CGH). (6.30)
Similarly, we have
U(y) = ¢'(t) + w(te)(y — Ci)" Yy € B(Ch). (6.31)
Relations (6.19) and (6.21) yield
(Tyur 0 XEH) (Jxk ° 5(\) —1d, in B(¢E. (6.32)

Simple calculations combined with relations (5.9), (6.20) yield

—

X(y) = Roty o0y =7 + ¢ Yy € BGT.
The above relation, (6.32) and (6.31) imply that for all y € B(¢F™), we have that

J(U* 0 X)(y) = ¢'(t) + w(te)Ropy. )00 (y — CEH™-.

By using (6.12), the previous equality can be written as

J(UF o X)(y) = ¢'(t) + wte)(y — ¢iHH)*
+ At w(ty)w(te)(y — C) + w(t) By — ¢ Yy € B(¢GE).

By taking the inner product of the above relation with ¢ € K(¢;*!) and by integrating

on B(¢F™), we obtain that

o~

/ J(U* o X)(y) - dy = Ml - ¢'(t) + Juw(ti)wy,
B(¢)
vot) [ By - dy (039
B(¢)
Relation (6.30) implies that, for all ¢ € K(¢F™), we have
/ Ut o dy = M, - ¢ (thir) + Jw(tpi)we.
B(¢;M)

The above equality and (6.33) yield that for all ¢ € K(¢FT), we have

UM - J(U* 0 X) ¢(tr1) — <)
.odv =M1, -
/B(cii“) At o ’ A
w(tkﬂ)_w(tk) w(tk)/ Rty L
_ Ei(y — : :
+J At Ve T AL B S Gr ey
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The above relation and (6.10)-(6.11) imply that

Ukt — j U* 5(\
/ (U7o )-cpdy:—l¢-/ o**tin dT
BCHH) At OB(C(ths1)
— W / (y = C(tpyr)) " - o ndl + 1, - / £RH1 dx
OB(C(tk11) B(¢(trs1))
+ wcp/ (x = Ctpr)) " - £571(2) dx
B(C(trs1))
w(tr)

) _ k1N L
+ 1 - By, + Wk At /B(c,ﬁﬂ)Ek(y ¢ ) e dy. (6.34)

On the other hand, by using relations (5.9), (5.10) and (6.28), we easily obtain that

/ Skln dr = / o dT’
aB(¢ET) OB(¢(tr+1))

h

and that
[ edmEestmar= [y ¢ ot
oB(¢ET) OB(¢(tr41))

The above relations and (6.34) yield that

Uk — J(U* o 5(\
/ A(t )-cpdy:—/ (S’k“n)-godf‘
B(¢ET OB(¢HT)

w(t
+/ Y dy + 1, B+ wpn — ) / Ei(y — ¢t e dy. (6.35)
k1 At k+1
B¢ Bl&™)

Third Step: By integrating by parts, we have that

2 / D(U™) : D(p) dy — / P*div(¢p) dy
O\B(¢; ) O\B(¢; )
= / (8*'n) - dI' — / div(S**1) . o dy. (6.36)
OB(CH™) O\B(¢HH)

Summing (6.36), (6.35) and (6.26) yields (6.22) with
o (pk+l ekl B w(tk) k1L
(A, p) = (F £, ) + 1o By + we AL Eily =€) e dy
t B(CZ+1)

+/ (V[(Lk—H . A)Uk—i-l] + [(V . Gk+1>Pk+1]) p dy
O\B(¢y ™)

h

+/ (Jyrrr o XF) (apr 0o XF) - o dy.
O\B(¢; ™)

The above relation, combined with relation (3.7), Lemma 5.6, Lemma 5.7 and Lemma
6.1, imply the Proposition. [
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6.3 Some results on characteristics.

In this subsection, we give some results on the functions X*, X and X n, that will be
used in the proof of the main result.

Lemma 6.3. There exists a positive constant C independent of h and k such that
X5 = Xl o0y < C ([l = Ul 2(0) At + |ex]) -

Proof. We denote by A* (resp. A*™) the mapping defined by (5.2) with ¢, = ¢(t) and
Co = ¢ (vesp. ¢, = C(try1) and ¢y = ¢FM). Let 9" and ¥**! be the solution of (5.3)
corresponding to the velocity fields A* and AF*! respectively.

By using (5.3), we have that

=) = [ AR ) — A )

0

Therefore, by Lemma 5.5, there exists a positive constant C' such that for all A € [0, 1],
we have that

A
(" =)V <A = A¥|l (o) + C/O (" () — ()] dp

The above inequality and Gronwall’s lemma yield

(@™ = ") V)] < CIAMT = A¥|| 2= (o),
for all A € [0,1]. In particular, for A = 1, we have that

X — X 2o (0) < CIIAMT = A¥|| 2o (0). (6.37)
By using relation (5.2), there exists a positive constant C' such that

IAS = A¥[| oo o) < CI¢(tran) — €T — Cltr) + G-
The above relation, combined with (3.2) and (6.7), yields
[AS = A¥[| o) < Clup(Cr) — u(C(th)s ti)|At + Clew. (6.38)

On the other hand, by (6.29), we have u ({(tx),tx) = Uk(dj) and moreover uf — U* €
KC(¢F). Then, owing to (2.5), we readily check that

1
[ (¢r) — UR(CH)] < \/—MHUZ = U 20)- (6.39)
Therefore, the above relation and (6.38) imply that
IA* = A¥|l2=(0) < Cllug, = U¥|le20) At + Clew]. (6.40)
Relations (6.37) and (6.40) yield the conclusion of the lemma. O
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A similar estimate holds for the jacobian matrices Jxr+1 and Jxx. Since the proof of this
estimate is completely similar to the proof Lemma 6.3 we give below only its statement
and we skip the proof.

Lemma 6.4. There exists a positive constant C' independent of k and h such that

Xk+1 — JXEk|[Lo(0) S u;, — £2(0) kl) -
1 Ix | < C (ug, = Ul c2i0) At + lex])

The functions X and Y’Z are close to the identity in the sense made precise below.

Lemma 6.5. The functions X and 7: defined by (6.17) and (3.4) satisfy the following
estimates:

1X = 1d||2(0) <|€k| + AHUF = | e2(0) + VAL Skl 20ty + At) . (6.41)

> <k
| X = X lle200) < C <|€k| + AU —ui |l 20) + VAL 220 (110 + hAt) . (6.42)
Proof. Let us define R B
Yt trp1,y) = Y (t tin, X (), (6.43)

where 1; is defined by (2.6). Note that @(tk;tkﬂ,y) = X\(y) forally € O.
We have that

Lt b, X1 ().

d ~ -
—P(tith,y) = JY’“(":b(t;tk+1>Xk+l(Y))>dt

dt
By using (6.8) we obtain that

|

)
+ [Iys o X (lttn,¥)) |3 (X5 (Bt tn,y)) )|

The above relation and (6.16) yield

d ~ -
St y) = [Ty o X Bt y) [u (XE (Dt i, y) ) 1

~

P(tstr1,y) = UN@(t tea, y))

+ [y o X (Bt e, y) [0 (6. X5 (D(ttain,y) )] - (6.49)
On the other hand, we have that
Y(tpsstiry) = Yo XE(y), (6.45)

Therefore, by using (6.44) and (6.45), we get

dt

—

X(y) -y =Y oXi(y)—y— / UMt b, y)) dt

ty

_ /ttHl [Jw o Xk] (’l/P\(tStk+17Y)) [‘Sk (t’Xk (l/b\(t;tk“’y»ﬂ dt
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which yields

HX — Id”cz((f)) < ||Yk [e] ){ngrl — Id||£2(@)

tk+1
+ /
tk

By Lemma 5.6, there exists a positive constant C' such that

V@) 95+ OVAHIO 200ty (6460

1Y* 0 X5 — Td|| 20y < O X5 — XE| g0
The above relation and Lemma 6.3 yield
1YY" o XFH — Id|| p20) < C (At|luf; — U¥|| 20y + |er]) - (6.47)
Relations (6.46) and (6.47), together with (3.8) and (6.16), imply
I1X — Id | c20) < C (At]uf — U¥|| 20y + lex]) + CAE + VAL|OL| 220 (1)
Therefore, we deduce (6.41).

Now we turn to the proof of (6.42): by using (3.3), (6.44) and (6.45), we obtain that

~

P(ttrer.y) — Pptitin,y) = Yo XM (y) —y
- [ (U@t v) ~ P st v)) s
= [ @y o X (st [8 (5. X (Blsitiiny)))] s
which yields

~ —k
196 (t) — ¢, (D)l c20) < I1Y" 0 X — Td || 220

tr41 N R
[ |t - Put @], 4+ OVAH 0xuny (649
t

Relations (6.48) and (6.47) imply

~ —k
196 (t) — ¢ (D)l c20) < C (Atlluy — U220 + lerl)

tit1 - —k
[ @) - Put @), ) 4+ OVAHIS0x .
t

By using (3.8) and Remark 3.1, we have that

~ —k
1%(t) ~ Prllezio) < C (Atluf — UMleso) + lexl + AU* — Puf c2(o)

tk+
t

)]

() =P (s)|, ) 95+ VAU 200t )
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Therefore, by Gronwall’s lemma, we get that
~ —k
[1(t) — by, ()l 22(0) < C<At||11]i — U z20) + lex| + At|U* = Puj| 22(0)
+ VISl 2 0xtete100 )
In particular for ¢t = t;, we obtain that
e
X = X lle20) < C(AtHuZ — U 22(0) + lex| + AU — Pug||2(0)
+ VA8 c20xttetinry) - (6:49)
Since P is an orthogonal projection in £2%(O), we have that
[U* = Puy |l c20) < [U* =gl 2 (0) + [[PU* = UF| 2200 (6.50)

Now, since U* € H}(O) and div(U*) = 0, there exists a stream function v € H*(O) N
H}(O) of U* ie. U* = rot ¢. Let vy, be the Lagrange interpolated function of 1 on the

triangulation 7,. We denote Uﬁ = rot 1. Since U’fL € Ry, we have that

IPU* = U 20) < 1[0}, = U¥lle2o) = Irot (v — ) c20)
< Ch|Yllmo) < ChlIU* o)
The above equation and (6.49), (6.50) imply the result. O

7 Proof of the main result.

We can now prove Theorem 3.2.
First Step. Assume that h < C'(At)?. We first show that if (3.10) holds and if

dist (B(¢F), 00) > 2n,  dist(B(¢H),00) > 2n, (7.1)

then there exist two positive constants Cy and C; independent of At and h such that the
error ef = [|[U* — uf| c2(0) + ¢ (tx) — ¢}| satisfies the following inequality

SZ—H < 62(1 + C()At) + C()Atﬁ;f (72)
where

N
> Bh<Cr
k=0

Let us remark that assumption (7.1) together with (3.10) allows us to perform the
change of variables defined in Section 5 and to define U* U**! and P*+! (see (6.16)).

By using (4.50), there exists (U PF) € [0, (¢IFY) x My, (¢FT) such that

(o0 U rae I 0 ey

b(UML — Uit q) = 0 Vge M)
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Substracting (7.3) and (3.5) from (6.22) yields

1
= (Uk+1 _ uIZJrl, ‘P) + a(UIZJrl k+17 ©) + b, Pk+1 pZH)

= (3 (U4 X) ~uk o X5 0) + (A ) Voo KICE™)

b(UfLJrl k+1,q) =0 Vqe M k“).

In particular, for ¢ = Uit —uf™ and ¢ = Pf*! — pi™! | we easily obtain that
k+1 k+1 k
HUh — W Hﬁ(o) HJ (U OX>_uhOX ‘£2(O
+AH| Akl 20) + [[UM = U oo (74)

On the other hand, since
T = (Jyrn o XFH) (Jxk o )?) ,

we have that

(00 %)

< O ||(Tyir 0 XHH) <J o X) - 1d|

£2(0)
+ U o X — Uk

+ UkoYZ—uZ

Since (Jyk+1 o Xkﬂ) Jxr+1 = Id, we infer from Lemma 5.6 that
| @y 0 X4 (0 X)) — 14| < OX = 1d|| 20y [C(tx) — €L

+C||Jxk - Jkarl ||£2(O)

£2(0)

By using Lemmae 6.4, 6.5 and the above inequality, we obtain that
H (Jyrer 0 XFH) <Jxk 0 5(\) - IdH < C(At|C(tk) — ¢k

+ Atfluf — U|| 20y + VAL k|l c20x (thtr 1)) + |€k\>- (7.6)

£2(0)

By using (3.8) and Lemma 5.6, we easily check that
— — E—
||Uk o X — Uk o Xh,HE2(O) < CHX — Xh”£2((9)’

The above inequality, relations (7.4), (7.5), (7.6), Lemma 6.5 and the fact that det J?Z =1
imply that

[U — 20y < O(AC(H) — Chl + Atfluf — UM
+ VA1 c20x (11 t010)) T €K + hAt>

+ | U* —u)|| 20y + At Ak 200y + U = Ut | 200y (7.7)
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By using Lemma 4.4, Proposition 6.2 and Lemma 6.1, we have the following inequalities

HUk+1 . UZ+1H£2(O) g Ch,

Y

d? ~
Al 20y < C(\C(tkﬂ) - ZH\ +h+ At +CVAL H@[u o 1]

EQ(OX(tk,thrl))

Ou
ot

lex] < C (A1),
The above inequalities and (7.7) yield that

10kl c2(0x (1 t0i0)) S CAL ‘

Y

£2(OX(tk,tk+1))

U — a3 220y < UF = wiill e2(0) + C( (At +hAt+h

+ AL (trrr) — €T+ AU — u) || 220

(At)3/2 au 2

d
3/2 o
o + (A2 | S fuog)

[,2 (Ox(tg, tk+1))

On the other hand, (3.2), (6.7), (6.31) and (6.39) imply that

(7.8)
EQ(OX(tk,thrl))

[C(teen) = G < IC(tR) — Chl + Atlug(Ch) — w(C(th), ta)l + lew]
< IC(t) — Gl + CAtag, — Ul e2(0) + lexl. (7.9)
Combining (7.8) and (7.9), we obtain that
U™ — w220y + (€ (trga) — €
< (14 CAY (I¢(t) = ¢l + [luf = Ul 2(0)

+ c<h (AR 4 hAE 4+ (AnH2 || 2
at L‘,Q(OX(tk,tk,_'_l))
3/2 d? -

£2(O><(tk,tk+1))

The above inequality and the hypothesis h

< C (At)® imply the existence of a positive
constant Cy such that

Ukt — ui“”ﬁ(o) + | (thy1) — ﬁ+1|
< (14 CoAt) (|¢(t) — CE + ) — U¥||c20)

oul?
At | At
+ Cy ( + ' o

° )

2
2 )
L2 (Ox(tk tk+1) H dt [,2(O><(tk,tk+1))>

Second Step. We show that if At is small enough, then the error ef = ||[U* — uf||

¢ (tx) — CF| satisfies ef < C1At with a constant Cy independent of k, At and h. This fact
implies, in particular, that (7.1) holds.

which is exactly (7.2).
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Define

2

oul?

Cl CoeXp(Co )(’ ot UOJ]

) + exp (CoT).

£2(0%(0,T)) H di? £2(0%(0,T))

It can be easily checked that

oul|?

(1+ CoAt)" Cy (‘ 5

2
e )
L2(0Ox(0,T)) L2(0x(0,T))
1<C

(1+CUAt)n— 1 VnE{O,,N}
Moreover, there exists a positive constant C5 such that
U] 20y < Co.

Let Ny € N be such that (2C) + Cy)At <, for all N > Ny. We next prove by induction
over k that, for N > Ny and for k € {0,..., N} we have

1C(te) — €+ ufy — UF|l 200y < (1 + CoAt)F —

ou|? o]

ot

+Cy (1 + oAty (' At. (7.10)

2
£2(O><(0,tk))>

The relation (7.10) is true for £ = 0. Suppose that we have shown (7.10) for a given
k > 0. Then, we deduce that

£2 (Ox(0,tx)) H

[C(tk) = Chl < 1AL <, (7.11)

and therefore, by using (3.10), we have that dist(B(¢F),00) > 2.
By using (3.2) and (3.10), we also have that

1
NG (IU" = upllc20) + 10" 2(0)) At
Cy + Oy

VLS

The above relation, the fact that (2C;+C5)At < 5 and (7.11) imply that dist (B(¢F), 00) >

2n.
Thus, we can apply the first step of the proof to obtain that

|Ck+1 | <

At.

¢ (trar) = T+ lup ™ = UMY 220
< (1 + CoAt) (|c<tk> — Chl + lu)y = Ul 2(0))

_ 2
u o 1] ) :
EQ(OX(tk,tk+1))

+ CyAt (At + ' Hdt2

OX (tk tk+1)
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The above relation and (7.10) imply that
[C(trn) = G+ ™ = U 20y < (1+ CoAD[(1+ CoAt)* —1]A¢

2 2
d? ~
At
L2 (O X (O)tk))

142 [U_ © ¢]
L2(OX (s th+1))

+ Co(1 + CoAt)FH Ha_u + H
ot )

L2 (O X (O,tk
2
ou

ot

ﬁ[uod’]

+ CyAt (At—l—' +H
EZ(OX (tk,tk+1))

which implies (7.10) for k + 1.
Third Step. From the previous steps we conclude that if At is small enough and if
h < C(At)? then

1C(t) — CF| + [luf — UF|| 200y < 1AL Vke{0,...,N}.

The above relation, Lemma 5.6, (3.8) and Lemma 4.4 imply that if At is small enough
and if h < C(At)? then

1C(te) — Ch + lluf — ults) || c2(0) < CAL Vke{o,...,N},

which is the conclusion of the theorem. O

8 Concluding remarks

We implemented the numerical method we proposed and several numerical tests have
been performed. Let us briefly describe the results obtained in the case of a rigid ball
falling vertically under the action of a vertical force oriented downwards. At instant ¢t =0
the velocity field in the fluids and in the solid is supposed to vanish.

We use a mesh with 1432 triangles and 752 vertices (see Fig. 2 below).

Far from the ball the space discretization parameter is h; =~ 0.57 whereas in the neigh-
borhood of the ball it is given by hs /=~ 0.12 we choose the time step At = 0.1 Moreover,
we choose the radius of the ball equal to 0.3, the viscosity ¢ = 1 and the downwards force
of intensity equal to one (all quantities are given in International System (IS) units). In
Figure 3 we represented the configuration of the system for k& = 460 (corresponding to
t =46.0).

We repeated the calculation twice by dividing each the mesh size by two (this means
that each triangle was each time divided in four smaller triangles). More precisely, we
used the meshes described in the table below.

’ \ h \ Triangles \ Vertices \ CPU Time ‘
Mesh 1 | 0.12 1432 752 3 hours

Mesh 2 | 0.06 5728 2935 11 hours
Mesh 3 | 0.03 22912 11597 8 days

The last column represents the time used by a Pentium IV computer with a 2.4 GHz CPU
clock to achieve the calculation.

In Figure 4 we represented the height of the center of the ball versus the time ¢ for the
different meshes.
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Figure 2: Initial position and mesh
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Figure

3:

Position and velocity field at time ¢
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