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SPECIAL VALUES OF SYMMETRIC POWER L-FUNCTIONS AND HECKE EIGENVALUES

We compute the moments of L-functions of symmetric powers of modular forms at the edge of the critical strip, twisted by the central value of the L-functions of modular forms. We show that, in the case of even powers, it is equivalent to twist by the value at the edge of the critical strip of the symmetric square L-functions. We deduce information on the size of symmetric power L-functions at the edge of the critical strip in subfamilies. In a second part, we study the distribution of small and large Hecke eigenvalues. We deduce information on the simultaneous extremality conditions on the values of L-functions of symmetric powers of modular forms at the edge of the critical strip.

Introduction

The values of L-functions at the edge of the critical strip have been extensively studied. The work on their distributions originates with Littlewood [START_REF] Littlewood | On the class number of the corpus P ( √ -k)[END_REF]. In the case of Dirichlet L-functions, his work has been extended by Elliott [Ell73] and more recently by Montgomery & Vaughan [START_REF] Montgomery | Extreme values of Dirichlet L-functions at 1, Number theory in progress[END_REF] and Granville & Soundararajan [START_REF] Granville | The distribution of values of L(1, χ d )[END_REF]. In the case of symmetric square L-functions of modular forms, the first results are due to Luo [START_REF] Luo | Values of symmetric square L-functions at 1[END_REF], [START_REF] Luo | Nonvanishing of L-values and the Weyl law[END_REF]. They have been developed by the first author [START_REF] Royer | 2 f, 1)[END_REF] and the authors [START_REF] Royer | Taille des valeurs de fonctions L de carrés symétriques au bord de la bande critique[END_REF] in the analytic aspect and by the first author [START_REF] Royer | Interprétation combinatoire des moments négatifs des valeurs de fonctions L au bord de la bande critique[END_REF] and Habsieger & the first author [START_REF] Habsieger | L-functions of automorphic forms and combinatorics: Dyck paths[END_REF] in the combinatorial aspect. These developments have been recently widely extended by Cogdell & Michel [START_REF] Cogdell | On the complex moments of symmetric power L-functions at s = 1[END_REF] who studied the distribution for all the symmetric power L-functions.

The values of L-functions of modular forms at the centre of the critical strip are much more difficult to catch. The difficulty of the computation of their moments increases dramatically with the order of the moments (see, e.g., [START_REF] Kowalski | Mollification of the fourth moment of automorphic L-functions and arithmetic applications[END_REF]) and these moments are subject to important conjectures [START_REF] Conrey | Autocorrelation of random matrix polynomials[END_REF], [START_REF] Conrey | Integral moments of L-functions[END_REF]. Good bounds for the size of these values have important consequences. A beautiful one is the following, due to Iwaniec & Sarnak [START_REF] Iwaniec | The non-vanishing of central values of automorphic L-functions and Landau-Siegel zeros[END_REF]. Denote by H * 2 (N ) the set of primitive forms of weight 2 over Γ 0 (N ) (this is the Hecke eigenbasis of the space of parabolic newforms of weight 2 over Γ 0 (N ), normalised so that the first Fourier coefficient is one) and let ε f (N ) be the sign of the functional equation satisfied by the L-function, L(s, f ), of f ∈ H * 2 (N ). Our L-functions are normalised so that 0 ≤ ℜe s ≤ 1 is the critical strip. Then it is shown that lim inf

N →∞ # f ∈ H * 2 (N ) : ε f (N ) = 1, L 1 2 , f ≥ (log N ) -2 #{f ∈ H * 2 (N ) : ε f (N ) = 1} ≥ c = 1 2 .
If we could replace c = 1/2 by c > 1/2, then there would exist no Landau-Siegel zero for Dirichlet L-functions. It is expected that one may even take c = 1. The meaning of this expectation is that, if L(1/2, f ) = 0 (which is not the case when ε f (N ) = 1), then L(1/2, f ) is not too small. In this paper, we compute (see Theorem A and Proposition B) the moments of symmetric power L-functions at 1 twisted by the value at 1/2 of modular forms L-functions, that is (1)

f ∈H * 2 (N ) ω * (f )L 1 2 , f L(1, Sym m f ) z (z ∈ C)
where ω * is the usual harmonic weight (see (12)). Comparing (see Theorem C and Proposition D) with the moments of symmetric power L-functions at 1 twisted by the value of the symmetric square L-function at 1, that is

(2)

f ∈H * 2 (N ) ω * (f )L(1, Sym 2 f )L(1, Sym m f ) z (z ∈ C),
we show in Corollary E that (1) and (2) have asymptotically (up to a multiplicative factor 1/ζ(2)) the same value when the power m is even. This equality is astonishing since half of the values L(1/2, f ) are expected to be 0 whereas L(1, Sym 2 f ) is always positive. Since it is even expected that L(1, Sym 2 f ) ≫ [log log(3N )] -1 , it could suggest that L(1/2, f ) is large when not vanishing.

Our computations also yield results on the size of L(1, Sym m f ) when subject to condition on the nonvanishing of L(1/2, f ) (see Corollary G) or to extremality conditions for another symmetric power L-function (see Propositions J and K).

Before giving precisely the results, we introduce a few basic facts needed for the exposition. More details shall be given in Section 2. Let f be an element of the set H * 2 (N ) of primitive forms of weight 2 and squarefree level N (i.e., over Γ 0 (N ) and without nebentypus). It admits a Fourier expansion (3) f (z) =:

+∞ n=1 λ f (n) √ ne 2πinz
in the upper half-plane H. Denote by St the standard representation of SU(2),

St : SU(2) → GL(C 2 ) M → C 2 → C 2 x → M x
(for the basics on representations, see, e.g., [START_REF] Ja | Special functions and the theory of group representations[END_REF]). If ρ is a representation of SU(2) and I is the identity matrix, define, for each g ∈ SU(2) (4) D(X, ρ, g) := det[I -Xρ(g)] -1 .

Denote by χ ρ the character of ρ. By Eichler [START_REF] Eichler | Quaternäre quadratische Formen und die Riemannsche Vermutung[END_REF] and Igusa [START_REF] Igusa | Kroneckerian model of fields of elliptic modular functions[END_REF], we know that for every prime number p not dividing the level, |λ f (p)| ≤ 2 so that there exists θ f,p ∈ [0, π] such that

λ f (p) = χ St [g(θ f,p )]
where (5) g(θ) := e iθ 0 0 e -iθ (in other words, λ f (p) = 2 cos θ f,p : this is the special case for weight 2 forms of the Ramanujan conjecture proved by Deligne for every weights). Denote by P the set of prime numbers. Consider the symmetric power L-functions of f defined for every integer m ≥ 0 by otherwise. Here Sym m denotes the composition of the mth symmetric power representation of GL(2) and the standard representation of SU(2). In particular Sym 0 (g) = 1 for all g ∈ GL(2) so that Sym 0 is the trivial irreducible representation and L(s, Sym 0 f ) is the Riemann ζ function.

We shall give all our results in a restrictive range for m. If we assume two standard hypothesis -see Section 2.1 -the restriction is no longer necessary, i.e., all results are valid for every integer m ≥ 1.

1.1. Twisted moments. For each squarefree positive integer N , each positive integer m and each complex number z, define

(7) X z m (N ) := +∞ n=1 τ z (n) n m/2+1 +∞ q=1 N (n m q) q
where τ z and N are defined by

+∞ n=1 τ z (n) n s := ζ(s) z , (8) +∞ n=1 N (n) n s := ζ N (2s) := ζ(2s) ζ (N ) (2s) := p∈P p|N 1 - 1 p 2s -1 , (9) and (10) L 1,z 1 2 , 1; St, Sym m ; N := X z m (N ) p∈P (p,N )=1 SU(2) D(p -1/2 , St, g)D(p -1 , Sym m , g) z dg
where dg stands for the Haar measure on SU(2). In the special case N = 1 write

(11) L 1,z 1 2 , 1; St, Sym m := p∈P SU(2) D(p -1/2 , St, g)D(p -1 , Sym m , g) z dg.
We also use the usual harmonic weight on the space of cuspidal forms

(12) ω * (f ) := 1 4π(f, f ) • N ϕ(N )
where (f, f ) is the Petersson norm of f and ϕ is Euler's totient function. We slightly change the usual definition to obtain lim

N →+∞ f ∈H * 2 (N ) ω * (f ) = 1
as N runs over squarefree integers (see Lemma 10 with m = n = 1) in order to obtain an asymptotic average operator. We note log n for the logarithm iterated n times: log 1 := log and log n+1 := log • log n . Our first result computes the twisted moments as in (1).

Theorem A. Let m ∈ {1, 2, 4}. There exist two real numbers c > 0 and δ > 0 such that, for any squarefree integer N ≥ 1, for any complex number z verifying

|z| ≤ c log(2N ) log 2 (3N ) log 3 (20N )
the following estimate holds:

f ∈H * 2 (N ) ω * (f )L 1 2 , f L(1, Sym m f ) z = L 1,z 1 2 , 1; St, Sym m ; N + O m exp -δ log(2N ) log 2 (3N )
with an implicit constant depending only on m.

Moreover, we obtain an asymptotic expression as N tends to infinity in the next proposition. Define, for each function g :

Z >0 → R + , the set (13) N (g) := {N ∈ Z >0 : µ(N ) 2 = 1, P -(N ) ≥ g(N )}
where P -(N ) is the smallest prime divisor of N with the convention P -(1) := +∞, ω(N ) is the number of distinct prime divisors of N and µ is the Möbius function.

Proposition B. Let ξ be a function such that ξ(N ) → +∞ as N → +∞. Then L 1,z 1 2 , 1; St, Sym m ; N = L 1,z 1 2 , 1; St, Sym m [1 + o m (1)]
uniformly for

(14) N ∈ N ξ(•) max ω(•), [(|z| + 1)ω(•)] 2/3 , (|z| + 1)ω(•) 1/2 , |z| ≤ c log(2N )/[log 2 (3N ) log 3 (20N )].
Remark. Condition ( 14) is certainly satisfied for

N ∈ N log 3/2 and |z| ≤ c log(2N )/[log 2 (3N ) log 3 (20N )].
For a comparison of the behaviour of L(1/2, f ) and L(1, Sym 2 f ) we next compute the moments of

L(1, Sym m f ) twisted by L(1, Sym 2 f ). Define (15) X 1,z 2,m (N ) := ζ N (2) +∞ n=1 τ z (n) N (n m ) n m/2+1 and (16) L 1,z 1, 1; Sym 2 , Sym m ; N := X 1,z 2,m (N ) p∈P (p,N )=1 SU(2) D(p -1 , Sym 2 , g)D(p -1 , Sym m , g) z dg.
For the special case N = 1 we get

(17) L 1,z 1, 1; Sym 2 , Sym m := p∈P SU(2) D(p -1 , Sym 2 , g)D(p -1 , Sym m , g) z dg.
Theorem C. Let m ∈ {1, 2, 4}. There exist two real numbers c > 0 and δ > 0 such that, for any squarefree integer N ≥ 1, for any complex number z verifying

|z| ≤ c log(2N ) log 2 (3N ) log 3 (20N )
the following estimate holds:

f ∈H * 2 (N ) ω * (f )L 1, Sym 2 f L(1, Sym m f ) z = L 1,z 1, 1; Sym 2 , Sym m ; N + O exp -δ log(2N ) log 2 (3N )
with an implicit constant depending only on m.

Again, we obtain an asymptotic expansion in the following proposition.

Proposition D. Let ξ be a function such that ξ(N ) → +∞ as N → +∞. Then

L 1,z 1, 1; Sym 2 , Sym m ; N = L 1,z 1, 1; Sym 2 , Sym m [1 + o m (1)]
uniformly for

(18) N ∈ N ξ(•) max ω(•) 1/2 , [(|z| + 1)ω(•)] 2/(m+2) , |z| ≤ c log(2N )/[log 2 (3N ) log 3 (20N )].
Remark. Condition (18) is certainly satisfied for

N ∈ N log 4/3 and |z| ≤ c log(2N )/[log 2 (3N ) log 3 (20N )].
From Theorems A and C and p∈P SU(2)

D(p -1 , Sym 2m , g) z D(p -1/2 , St, g) dg = 1 ζ(2) p∈P SU(2) D(p -1 , Sym 2m , g) z D(p -1 , Sym 2 , g) dg
(see Lemma 3), we deduce the following astonishing result.

Corollary E. Let m ∈ {2, 4}. For any N ∈ N (log) and f ∈ H * 2 (N ), for any z ∈ C, the following estimate holds:

lim N →∞ N ∈N (log) f ∈H * 2 (N ) ω * (f )L 1 2 , f L(1, Sym m f ) z = lim N →∞ N ∈N (log) 1 ζ(2) f ∈H * 2 (N ) ω * (f )L(1, Sym 2 f )L(1, Sym m f ) z .
This identity is not valid when considering an odd symmetric power of f . For example, (19) lim

N →∞ N ∈N (log) f ∈H * 2 (N ) ω * (f )L 1 2 , f L(1, f ) = p∈P 1 + 1 p 3/2 + O 1 p 2 and (20) lim N →∞ N ∈N (log) f ∈H * 2 (N ) ω * (f )L 1, Sym 2 f L(1, f ) = p∈P 1 + O 1 p 2
so that the quotient of ( 19) by ( 20) is

p∈P 1 + 1 p 3/2 + O 1 p 2 whereas (21) lim N →∞ N ∈N (log) f ∈H * 2 (N ) ω * (f )L 1 2 , f L(1, Sym 3 f ) = p∈P 1 + O 1 p 2 and (22) lim N →∞ N ∈N (log) 1 ζ(2) f ∈H * 2 (N ) ω * (f )L(1, Sym 2 f )L(1, Sym 3 f ) = p∈P 1 + O 1 p 2
so that the quotient of (21) by ( 22) is

p∈P 1 + O 1 p 2 .
The key point of Corollary E is the fact that the coefficients appearing in the series expansion of D(X, Sym 2m , g) have only even harmonics -see equations ( 48) and (49). See Remark 4 for further details. We begin in studying the asymptotic behaviour, as the order z tends to ±∞ in R, of the values

L 1,z 1 2 , 1; St, Sym m and L 1,z 1, 1; Sym 2 , Sym m
in the following proposition. Denote by γ * the constant determined by

p≤x 1 p = log 2 x + γ * + O 1 log x (x ≥ 2).
If γ is the Euler constant, we have

(23) γ * = γ + p∈P log 1 - 1 p + 1 p .
Proposition F. Let m ∈ {1, 2, 4}. As r → +∞ in R, the following estimates hold:

log L 1,±r 1 2 , 1; St, Sym m = Sym m ± r log 2 r + Sym m,1 ± r + O m r log r and log L 1,±r 1, 1; Sym 2 , Sym m = Sym m ± r log 2 r + Sym m,1 ± r + O m r log r where (24) Sym m ± := max g∈SU(2)
±χ Sym m (g) and

(25) Sym m,1 ± := γ * Sym m ± + p∈P ± log ± max g∈SU(2) ±D(p -1 , Sym m , g) - Sym m ± p .
Remark. Some values of Sym m ± and Sym m,1 ± may be easily computed (see table 1.

2). The reason why Sym m

-is easy computed in the case m odd but not in the case m m 2 4 even odd Sym m

+ 3 5 m + 1 m + 1 Sym m - 1 5/4 m + 1 Sym m,1 + 3γ 5γ (m + 1)γ (m + 1)γ Sym m,1 - γ -2 log ζ(2) (m + 1)[γ -log ζ(2)]
Table 1. Some values of Sym m ± and Sym m,1 ± even is that the minimum of the Chebyshev polynomial (see (36)) of second kind is well known when m is odd (due to symmetry reasons) and not when m is even. For Sym m,1 -, see also Remark 1. Cogdell & Michel [CM04, Theorem 1.12] found the same asymptotic behaviour for the non twisted moments.

Since L(1/2, f ) ≥ 0, we may deduce extremal values of L(1, Sym m f ) with the extra condition of nonvanishing of L(1/2, f ).

Corollary G. Let m ∈ {1, 2, 4} and N ∈ N log 3/2 . Then there exists f m ∈ H * 2 (N ) and g m ∈ H * 2 (N ) satisfying L(1, Sym m f m ) ≥ η + (m) [log 2 (3N )] Sym m + and L 1 2 , f m > 0, L(1, Sym m g m ) ≤ η -(m) [log 2 (3N )] -Sym m - and L 1 2 , g m > 0, where η ± (m) = [1 + o m (1)] exp(Sym m,1 ± ).
Remark. The hypothesis N ∈ N log 3/2 is certainly crucial since we can prove the following result. Fix m ∈ {1, 2, 4}. Denote, for all ω ∈ Z >0 , by N ω the product of the first ω primes. Assume Grand Riemman hypothesis for the mth symmetric power L-functions of primitive forms. Then, there exist A m > 0 and B m > 0 such that, for all ω ∈ Z >0 and f 

∈ ω∈Z>0 H * 2 (N ω ) we have A m ≤ L(1, Sym m f ) ≤ B m . 1.
(p) ∈ [a, b]} #{p ∈ P : p ≤ x} = F ST (b) -F ST (a)
with

F ST (u) := 1 π u -2 1 - t 2 4 dt.
Note that in (26), the primitive form f is fixed and hence, the parameter x can not depend on the level of f . The Sato-Tate conjecture (26) is sometimes termed horizontal Sato-Tate equidistribution conjecture in opposition to the vertical Sato-Tate equidistribution Theorem (due to Sarnak [START_REF] Sarnak | Statistical properties of eigenvalues of the Hecke operators[END_REF], see also [START_REF] Serre | Répartition asymptotique des valeurs propres de l'opérateur de Hecke Tp[END_REF]) in which the equidistribution is proved for a fixed prime number p.

For all [a, b] ⊂ [-2, 2], it is proved that lim N →+∞ {f ∈ H * 2 (N ) : λ f (p) ∈ [a, b]} #H * 2 (N ) = F ST (b) -F ST (a).
In vertical and horizontal distributions, there should be less Hecke eigenvalues in an interval near 2 than in an interval of equal length around 0. In Propositions H and I, we show that, for many primitive forms, the first few (in term of the level) Hecke eigenvalues concentrate near (again in term of the level) 2. To allow comparisons, we recall the following estimate:

p≤[log(2N )] ε 1 p = log 3 (20N ) 1 + O ε 1 log 3 (20N )
.

Let N ∈ N log 3/2 . For C > 0, denote by

H * + 2 (N ; C, Sym m ) the set of primitive forms f ∈ H * 2 (N ) such that (27) L(1, Sym m f ) ≥ C [log 2 (3N )] Sym m + .
For C > 0 small enough, such a set is not empty (by an easy adaptation of [CM04, Corollary 1.13]) and by the method developed in [START_REF] Royer | Taille des valeurs de fonctions L de carrés symétriques au bord de la bande critique[END_REF] its size is large (although not a positive proportion of #H * 2 (N )).

Proposition H. Let m ∈ {1, 2, 4} and N an integer of N log 3/2 . For all ε > 0

and ξ(N ) → ∞ (N → ∞) with ξ(N ) ≤ log 3 (20N ), for all f ∈ H * + 2 (N ; C, Sym m ) such that Grand Riemann Hypothesis is true for L(s, Sym m f ), the following esti- mate holds: p≤[log(2N )] ε λ f (p m )≥Sym m + -ξ(N )/ log 3 (20N ) 1 p = log 3 (20N ) 1 + O ε,m 1 ξ(N )
.

Our methods allow to study the small values of the Hecke eigenvalues. Denote by H

* - 2 (N ; C, Sym m ) the set of primitive forms f ∈ H * 2 (N ) such that L(1, Sym m f ) ≤ C [log 2 (3N )] -Sym m -. Proposition I. Let N ∈ N log 3/2 . For all ε > 0 and ξ(N ) → ∞ (N → ∞) with ξ(N ) ≤ log 3 (20N ), for all f ∈ H * - 2 (N ; C, Sym 2
) such that Grand Riemann Hypothesis is true for L(s, Sym 2 f ), the following estimate holds:

p≤[log(2N )] ε λ f (p)≤[ξ(N )/ log 3 (20N )] 1/2 1 p = log 3 (20N ) 1 + O ε 1 ξ(N ) .
Remark.

(1) Propositions H and I are also true with the extra condition L(1/2, f ) > 0.

(2) The study of extremal values of symmetric power L-functions at 1 and Hecke eigenvalues in the weight aspect has been done in [START_REF] Lau | A density theorem on automorphic L-functions and some applications[END_REF] by Lau & the second author.

1.4. Simultaneous extremal values. Recall that assuming Grand Riemann Hypothesis for mth symmetric power L-functions, there exists two constants

D m , D ′ m > 0 such that for all f ∈ H * 2 (N ), we have D m [log 2 (3N )] -Sym m -≤ L(1, Sym m f ) ≤ D ′ m [log 2 (3N )] Sym m + (see [CM04, (1.45)]
). We established in Section 1.3 a link between the extremal values of L(1, Sym m f ) and the extremal values of λ f (p m ). If we want to study the simultaneous extremality of the sequence

L(1, Sym 2 f ), . . . , L(1, Sym 2ℓ f )
(as f varies), we can study the simultaneous extremality of the sequence

λ f (p 2 ), . . . , λ f (p 2ℓ ).
This is equivalent to the simultaneous extremality of the sequence of Chebyshev polynomials X 2 , . . . , X 2ℓ

(defined in (36)). But those polynomials are not minimal together. An easy resaon is the Clebsh-Gordan relation

X 2 ℓ = ℓ j=0 X 2j
(see (65)): the minimal value of the right-hand side would be negative if the Chebyshev polynomials were all minimal together. Hence, we concentrate on L(1, Sym 2 f ) and L(1, Sym 4 f ) and prove that L(1, Sym 2 f ) and L(1, Sym 4 f ) can not be minimal together but are maximal together.

Proposition J. Assume Grand Riemann Hypothesis for symmetric square and fourth symmetric power L-functions. Let C > 0.

(1) There exists no N ∈ N (log) for which there exists f ∈ H * 2 (N ) satisfying simultaneously

L(1, Sym 2 f ) ≤ C [log 2 (3N )] -Sym 2 - and L(1, Sym 4 f ) ≤ C [log 2 (3N )] -Sym 4 -. (2) Let N ∈ N (log). If f ∈ H * 2 (N ) satisfies L(1, Sym 2 f ) ≥ C [log 2 (3N )] Sym 2 + then L(1, Sym 4 f ) ≥ C [log 2 (3N )] Sym 4 + .
Proposition K. Let m ≥ 1. Assume Grand Riemann Hypothesis for symmetric square and mth symmetric power L-functions. Let C, D > 0. There exists no N ∈ N (log) for which there exists

f ∈ H * 2 (N ) satisfying simultaneously L(1, Sym m f ) ≥ C [log 2 (3N )] Sym m + and L(1, Sym 2 f ) ≤ D [log 2 (3N )] -Sym 2 -.
1.5. A combinatorial interpretation of the twisted moments. The negative moments of L(1, Sym 2 f ) twisted by L(1/2, f ) have a combinatorial interpretation which leads to Corollary E. Interpretations of the same flavour have been given in [START_REF] Royer | Interprétation combinatoire des moments négatifs des valeurs de fonctions L au bord de la bande critique[END_REF] and [START_REF] Habsieger | L-functions of automorphic forms and combinatorics: Dyck paths[END_REF]. An interpretation of the traces of Hecke operators, implying the same objects, is also to be found in [START_REF] Frechette | Combinatorics of traces of Hecke operators[END_REF]. We shall denote the vectors with boldface letters:

α = (α 1 , • • • , α n ). Define tr α = n i=1 α i and |α| = n i=1 α i . Let µ be the Moebius function. Suppose n ∈ N and define E n (b) := d ∈ Z n-1 ≥0 : d i | b 1 • • • b i d 1 • • • d i-1 , b i+1 2 , ∀i ∈ [1, n -1] , w -n (r) = a,b,c∈Z n ≥0 |ab 2 c 3 |=r n i=1 µ(a i b i c i )µ(b i ) d∈En(ab)
|d| |ab| and

W -n := p∈P +∞ ν=0 w -n (p ν ) p ν .
Using the short expansions of L(1, Sym 2 f ) (see (73)) and L(1/2, f ) (see (72)) with Iwaniec, Luo & Sarnak trace formula (see Lemma 10) we obtain lim

N →+∞ N ∈N (log) f ∈H * 2 (N ) ω * (f )L 1 2 , f L(1, Sym 2 f ) -n = ζ(2) -n W -n .
The method developed in [Roy03, §2.1] leads to the following lemma.

Lemma L. Let n ≥ 0 and k ∈ [0, n] be integers. Define R k (p) :=            p if k = 0 ; 1 if k = 1 ; δ∈{-1,0,1} k-1 δ1+•••+δi≤max(0,δi) p tr δ if k ≥ 2.
Then,

W -n = 1 ζ(3) n p∈P 1 p n k=0 (-1) k n k R k (p) p p 2 + p + 1 k . Assume k ≥ 1. Writing R k (p) =: 1 q=-(k-1)
ξ k,q p q , the integer ξ k,q is the number of paths in Z 2 which

• rely (0, 0) to (k -1, q)

• with steps (1, -1), (1, 0) or (1, 1)

• never going above the abscissas axis • except eventually with a step (1, 1) that is immediately followed by a step (1, -1) if it is not the last one. In other words, we count partial Riordan paths (see figure 1).

(0, 0) (k -1, 0) (k -1, q) Figure 1. A partial Riordan path
For q = 0, we obtain a Riordan path. Riordan paths have been studied in [Roy03, §1.2] where the number of Riordan paths from (0, 0) to (k, 0) was denoted by R k+2 (this number is called the k + 2th Riordan number). We then have

ξ k,0 = R k+1 .
This remains true for k = 0 since R 1 = 0. The Riordan paths rely to our problem since the first author proved in [Roy03, Proposition 11] that (28) lim

N →+∞ N ∈N (log) f ∈H * 2 (N ) ω * (f )L(1, Sym 2 f ) -n = 1 ζ(3) n p∈P ℓ n p p 2 + p + 1 where ℓ n (x) := n k=0 (-1) k n k R k x k = 4 π π/2 0 1 + x(1 -4 sin 2 θ) n cos 2 θ dθ.
Using the recursive relation

R k (p) = p + 1 + 1 p R k-1 (p) -p(p + 1)R k-1
which expresses that a path to (k -1, q) has is last step coming from one of the three points (k -2, q + 1), (k -2, q), (k -2, q -1) (see figure 2) we get

(29) n+1 k=0 (-1) k n + 1 k R k (p) p p 2 + p + 1 k = p 2 (p + 1) p 2 + p + 1 ℓ n p p 2 + p + 1 . (0, 0) (k -1, 0) (k -1, q) (k -2, q + 1) (k -2, q) (k -2, q -1) Figure 2. Relation between ξ k,q , ξ k-1,q-1 , ξ k-1,q and ξ k-1,q+1
Reintroducing (29) in Lemma L and comparing with (28) gives lim 

N →+∞ N ∈N (log) f ∈H * 2 (N ) ω * (f )L 1 2 , f L(1, Sym 2 f ) -n = lim N →+∞ N ∈N (log) 1 ζ(2) f ∈H * 2 (N ) ω * (f )L(1, Sym 2 f ) -n+1 .
½ (N ) (n) := 1 if (n, N ) = 1 0 otherwise.
The letters s and ρ are devoted to complex numbers and we set ℜe s = σ and ℜe ρ = r.

Modular tools

In this section, we establish some results needed for the forthcoming proofs of our results.

2.1. Two standard hypothesis. We introduce two standard hypothesis that shall allow us to prove our results for each symmetric power L-function. If f ∈ H * 2 (N ), we have defined L(s, Sym m f ) in (6) as being an Euler product of degree m + 1. These representations allow to express the multiplicativity relation of n → λ f (n): this function is multiplicative and, if p ∤ N and ν ≥ 0, we have

(32) λ f (p ν ) = χ Sym ν [g(θ f,p )].
Recall also that n → λ f (n) is strongly multiplicative on integers having their prime factors in the support of N and that if n | N , then

(33) |λ f (n)| = 1 √ n .
The first hypothesis on the automorphy of L(s, Sym m f ) for all f ∈ H * 2 (N ) is denoted by Sym m (N ). It is has been proved in the cases m ∈ {1, 2, 3, 4} (see [START_REF] Gelbart | A relation between automorphic representations of GL(2) and GL(3)[END_REF], [START_REF] Kim | Cuspidality of symmetric powers with applications[END_REF], [START_REF] Kim | Functorial products for GL 2 × GL 3 and the symmetric cube for GL 2[END_REF] and [START_REF] Henry | Functoriality for the exterior square of GL 4 and the symmetric fourth of GL 2[END_REF]). The second hypothesis is concerned with the eventual Landau-Siegel zero of the mth symmetric power L-functions, it is denoted by LSZ m (N ) and has been proved for m ∈ {1, 2, 4} (see [START_REF] Hoffstein | Coefficients of Maass forms and the Siegel zero[END_REF], [START_REF] Goldfeld | An effective zero-free region[END_REF],

[HR95] and [START_REF] Ramakrishnan | On the exceptional zeros of Rankin-Selberg Lfunctions[END_REF]).

Fix m ≥ 1 and N a squarefree positive integer.

Hypothesis Sym m (N ). For every f ∈ H * 2 (N ), there exists an automorphic cuspidal selfdual representation of GL m+1 (A Q ) whose local L factors agree with the ones of the function

L(s, Sym m f ). Define L ∞ (s, Sym m f ) :=                      π -s/2 Γ s 2 2 u u j=1 (2π) -s-j Γ (s + j) if m = 2u with u even π -(s+1)/2 Γ s + 1 2 2 u u j=1 (2π) -s-j Γ (s + j) if m = 2u with u odd 2 u+1 u j=0 (2π) -s-j-1/2 Γ s + j + 1 2 if m = 2u + 1.
Then there exists ε(Sym m f ) ∈ {-1, 1} such that

N ms/2 L ∞ (s, Sym m f )L(s, Sym m f ) = ε(Sym m f )N m(1-s)/2 L ∞ (1 -s, Sym m f )L(1 -s, Sym m f ).
We refer to [START_REF] Cogdell | On the complex moments of symmetric power L-functions at s = 1[END_REF] for a discussion on the analytic implications of this conjecture. The second hypothesis we use is the non existence of Landau-Siegel zero. Let N squarefree such that hypothesis Sym m (N ) holds.

Hypothesis LSZ m (N ). There exists a constant A m > 0 depending only on m such that for every

f ∈ H * 2 (N ), L(s, Sym m f ) has no zero on the real interval [1 -A m / log(2N ), 1].
2.2. Dirichlet coefficients of the symmetric power L-functions. In this section, we study the Dirichlet coefficients of L(s, Sym m f ) z . We derive our study from the one of Cogdell & Michel but try to be more explicit in our specific case. We begin with the polynomial D introduced in (4). Since Sym m is selfdual, we have,

D(X, Sym m , g) ∈ R[X] and for x ∈ [0, 1[, (34) (1 + x) -m-1 ≤ D(x, Sym m , g) ≤ (1 -x) -m-1 .
Remark 1. Note that the upper bound is optimal since the equation Sym m g = I admits always I as a solution whereas the lower bound is optimal only for odd m since Sym m g = -I has a solution only for odd m.

Evaluating (34) at g = g(π), we find

min g∈SU(2) D X, Sym 2m+1 , g = (1 + X) -2m-2 . Next, D X, Sym 2m , g π 2m = (1 -X) -1 m j=1 1 -Xe 2j πi 2m -1 1 -Xe -2j πi 2m -1 = (1 + X) -1 (1 -X 2m ) -1 so that min g∈SU(2) D X, Sym 2m , g ≤ (1 + X) -1 (1 -X 2m ) -1 .
For every g ∈ SU(2), define λ z,ν Sym m (g) by the expansion (35) D(X, Sym m , g) z =:

+∞ ν=0 λ z,ν Sym m (g)X ν .
The function g → λ z,ν Sym m (g) is central so that it may be expressed as a linear combination of the characters of irreducible representations of SU(2). These characters are defined on the conjugacy classes of SU(2) by

(36) χ Sym m [g(θ)] = tr Sym m [g(θ)] = sin[(m + 1)θ] sin θ = X m (2 cos θ)
where X m is the mth Chebyshev polynomial of second kind on [-2, 2]. We then have

(37) λ z,ν Sym m (g) = m ′ ≥0 µ z,ν Sym m ,Sym m ′ χ Sym m ′ (g) with µ z,ν Sym m ,Sym m ′ = SU(2) λ z,ν Sym m (g)χ Sym m ′ (g) dg (38) = 2 π π 0 λ z,ν Sym m [g(θ)] sin[(m ′ + 1)θ] sin θ dθ. ( 39 
)
We call µ z,ν Sym m ,Sym m ′ the harmonic of λ z,ν Sym m of order m ′ . In particular, (40)

µ z,0 Sym m ,Sym m ′ = δ(m ′ , 0)
and, since λ z,1 Sym m (g) = zχ Sym m (g), we have

(41) µ z,1 Sym m ,Sym m ′ = zδ(m, m ′ ).
From the expansion

(42) (1 -x) -z = +∞ ν=0 z + ν -1 ν x ν we deduce D[x, Sym m , g(θ)] z = +∞ ν=0        ν∈Z m+1 ≥0 tr ν=ν   m j=0 z + ν j+1 -1 ν j+1   e iℓ(m,ν)θ        x ν with (43) ℓ(m, ν) := mν -2 m k=1 kν k+1
and gets

(44) λ z,ν Sym m [g(θ)] = ν∈Z m+1 ≥0 tr ν=ν   m j=0 z + ν j+1 -1 ν j+1   e iℓ(m,ν)θ .
This function is entire in z, then assuming that z in real, using that the left hand side is real in that case, taking the real part in the right hand side and using analytic continuation we have for all z complex (45)

λ z,ν Sym m [g(θ)] = ν∈Z m+1 ≥0 tr ν=ν   m j=0 z + ν j+1 -1 ν j+1   cos [ℓ(m, ν)θ] .
It follows that (39) may be rewritten as

µ z,ν Sym m ,Sym m ′ = 2 π ν∈Z m+1 ≥0 tr ν=ν   m j=0 z + ν j+1 -1 ν j+1   × π 0 cos [ℓ(m, ν)θ] sin[(m ′ + 1)θ] sin θ dθ that is (46) µ z,ν Sym m ,Sym m ′ = 1 2 ν∈Z m+1 ≥0 tr ν=ν   m j=0 z + ν j+1 -1 ν j+1   ∆(m, m ′ , ν) with (47) ∆(m, m ′ , ν) =          2 if ℓ(m, ν) = 0 and m ′ = 0 1 if ℓ(m, ν) ± m ′ = 0 and m ′ = 0 -1 if ℓ(m, ν) ± m ′ = ∓2 0 otherwise. In particular, µ z,ν Sym m ,Sym m ′ = 0 if m ′ > mν thus (48) λ z,ν Sym m (g) = mν m ′ =0 µ z,ν Sym m ,Sym m ′ χ Sym m ′ (g).
Equation (47) also immediately gives For m = 1, we have

(50) D[X, St, g(θ)] = 1 1 -2 cos(θ)X + X 2 = +∞ ν=0 X ν (2 cos θ)X ν hence λ 1,ν St (g) = χ Sym ν (g) for all g ∈ SU(2). It follows that (51) µ 1,ν St,Sym ν ′ = δ(ν, ν ′ ). Now, equation (45) implies |λ z,ν Sym m [g(θ)]| ≤ ν∈Z m+1 ≥0 tr ν=ν   m j=0 |z| + ν j+1 -1 ν j+1   = λ |z|,ν Sym m [g(0)] and +∞ ν=0 λ |z|,ν Sym m [g(0)]X ν = det[I -X Sym m (g(0))] -|z| = (1 -X) -(m+1)|z| so that (52) |λ z,ν Sym m [g(θ)]| ≤ (m + 1)|z| + ν -1 ν .
From (47), remarking that the first case is incompatible with the second and third ones, that the two cases in the second case are incompatible and that the two cases of the third case are incompatible, we deduce that

mν m ′ =0 |∆(m, m ′ , ν)| ≤ 2 and (46) gives (53) mν m ′ =0 |µ z,ν Sym m ,Sym m ′ | ≤ (m + 1)|z| + ν -1 ν .
This is a slight amelioration of Proposition 2.1 of [START_REF] Cogdell | On the complex moments of symmetric power L-functions at s = 1[END_REF] in the case of SU(2). It immediately gives

(54) |µ z,ν Sym m ,Sym m ′ | ≤ (m + 1)|z| + ν -1 ν .
To conclude this study, define the multiplicative function n → λ z Sym m f (n) by the expansion

(55) L(s, Sym m f ) z =: +∞ n=1 λ z Sym m f (n)n -s .
For easy reference, we collect the results of the previous lines in the Proposition 2. Let N be a squarefree integer, f ∈ H * 2 (N ) ; let ν ≥ 0 and m > 0 be integers and z be a complex number. Then

λ z Sym m f (p ν ) =              τ z (p ν )λ f (p mν ) if p | N mν m ′ =0 µ z,ν Sym m ,Sym m ′ λ f (p m ′ ) if p ∤ N . Moreover, |λ z Sym m f (p ν )| ≤ τ (m+1)|z| (p ν ) µ 1,ν St,Sym ν ′ = δ(ν, ν ′ ) µ z,0 Sym m ,Sym m ′ = δ(m ′ , 0) µ z,1 Sym m ,Sym m ′ = zδ(m, m ′ ) µ z,ν Sym 2m ,Sym 2m ′ +1 = 0 µ z,ν Sym 2m+1 ,Sym m ′ = 0if m ′ and ν have different parity, and mν m ′ =0 |µ z,ν Sym m ,Sym m ′ | ≤ (m + 1)|z| + ν -1 ν .
Proof. We just need to prove the first equation. Assume that p | N , then

∞ ν=0 λ z Sym m f (p ν )p -νs = [1 -λ f (p ν )p -s ] -z
and the result follows from (42) since n → λ f (n) is strongly multiplicative on integers having their prime factors in the support of N . In the case where p ∤ N , we have

∞ ν=0 λ z Sym m f (p ν )p -νs = D[p -s , Sym m , g(θ f,p )] -z
so that the results are consequences of

λ z Sym m f (p ν ) = λ z,ν
Sym m [g(θ f,p )] and especially of (48) and (32).

We shall need the Dirichlet series

(56) W z,ρ m,N (s) = +∞ n=1 ̟ z,ρ m,N (n) n s
where ̟ z,ρ m,N is the multiplicative function defined by

(57) ̟ z,ρ m,N (p ν ) =      0 if p | N mν m ′ =0 µ z,ν Sym m ,Sym m ′ p ρm ′ otherwise
for all prime number p and ν ≥ 1. Similarly, define a multiplicative function w z,ρ m,N by (58)

w z,ρ m,N (p ν ) =      0 if p | N mν m ′ =0 |µ z,ν Sym m ,Sym m ′ | p ρm ′ otherwise.
Using equations ( 41) and (54), we have (59

) +∞ ν=0 | w z,ρ m,N (p ν )| p σν ≤ 1 - 1 p σ -(m+1)|z| - (m + 1)|z| p σ + (m + 1)|z| p σ+r 1 - 1 p σ -(m+1)|z|-1
so that the series converges for ℜe s > 1/2 and ℜe s + ℜe ρ > 1. We actually have an integral representation.

Lemma 3. Let s and ρ in C such that ℜe s > 1/2 and ℜe s + ℜe ρ > 1. Let N be squarefree, then

W z,ρ m,N (s) = p∤N SU(2) D(p -s , Sym m , g) z D(p -ρ , St, g) dg.
Moreover,

W z,ρ 2m,N (s) = 1 ζ (N ) (4ρ) p∤N SU(2) D(p -s , Sym 2m , g) z D(p -2ρ , Sym 2 , g) dg.
Remark 4. The key point of Corollary E is the fact that the coefficients appearing in the series expansion of D(X, Sym 2m , g) have only even harmonics -see equations ( 48) and (49). This allows to get the second equation in Lemma 3. It does not seem to have an equivalent for D(X, Sym 2m+1 , g). Actually, we have

W z,ρ 2m+1,N (s) = p∤N SU(2) [1 -p -4ρ + p -ρ (1 -p -2ρ )χ St (g)]× D(p -s , Sym 2m+1 , g) z D(p -2ρ , Sym 2 , g) dg
and the extra term p -ρ (1p -2ρ )χ St (g) is the origin of the fail in obtaining Corollary E for odd powers.

Before proving Lemma 3, we prove the following one Lemma 5. Let g ∈ SU(2), ℓ ≥ 2 an integer and |X| < 1.

Then +∞ k=0 χ Sym k (g)X k = D(X, St, g) and +∞ k=0 χ Sym kℓ (g)X k = [1 + χ Sym ℓ-2 (g)X]D(X, St, g ℓ ).
In addition,

+∞ k=0 χ Sym 2k (g)X k = (1 -X 2 )D(X, Sym 2 , g).
Proof. Let g ∈ SU(2). Denote by e iθ and e -iθ its eigenvalues. The first point is equation (50). If ℓ ≥ 2, with ξ = exp(2πi/ℓ), λ = e iθ and x = 2 cos θ we have

+∞ ν=0 X ℓν (x)t ℓν = 1 ℓ ℓ-1 j=0 1 (1 -λξ j t)(1 -λξ j t)
.

On the other hand,

ℓ-1 j=0 1 1 -λξ j t = ℓ-1 j=0 +∞ n=0 λ n ξ jn t n = ℓ 1 -λ ℓ t ℓ so that +∞ ν=0 X ℓν (x)t ν = 1 + λ ℓ-1 -λ ℓ-1 λ -λ t 1 -λ ℓ + λ ℓ t + t 2 . Since λ ℓ-1 -λ ℓ-1 λ -λ = X ℓ-2 (x)
we obtain the announced result. In the case ℓ = 2, it leads to

+∞ k=0 χ Sym 2k (g)t k = 1 + t (1 -λ 2 t)(1 -λ 2 t) = (1 -t 2 )D(t, Sym 2 , g). Proof of Lemma 3. It follows from mν m ′ =0 µ z,ν Sym m ,Sym m ′ p ρm ′ = +∞ m ′ =0 µ z,ν Sym m ,Sym m ′ p ρm ′
and the expression (38) that

W z,ρ m,N (s) = p∤N SU(2) +∞ ν=0 λ z,ν Sym m (g) p νs +∞ m ′ =0 χ Sym m ′ (g) p m ′ ρ dg.
The first result is then a consequence of Lemma 5. Next, we deduce from (49) that

W z,ρ 2m,N (s) = p∤N +∞ ν=0 1 p νs +∞ m ′ =0 µ z,ν Sym 2m ,Sym 2m ′ p 2ρm ′
and the second result is again a consequence of Lemma 5.

We also prove the Lemma 6. Let m ≥ 1. There exists c > 0 such that, for all N squarefree, z ∈ C, σ ∈ ]1/2, 1] and r ∈ [1/2, 1] we have

n≥1 w z,ρ m,N (n) n s ≤ exp c(z m + 3) log 2 (z m + 3) + (z m + 3) (1-σ)/σ -1 (1 -σ) log(z m + 3)
where

(60) z m := (m + 1) min{n ∈ Z ≥0 : n ≥ |z|}.
Proof. Equation (59) gives

p σ ≤zm+3 ν≥0 1 p νσ 0≤ν ′ ≤mν |µ z,ν Sym m ,Sym ν ′ | p rν ′ ≤ p σ ≤zm+3 1 - 1 p σ -zm-1 1 + z m p σ+1/2 . Using p≤y 1 p σ ≤ log 2 y + y 1-σ -1 (1 -σ) log y valid uniformely for 1/2 ≤ σ ≤ 1 and y ≥ e 2 (see [TW03, Lemme 3.2]) we obtain p σ ≤zm+3 +∞ ν=0 w z,r m,N (p ν ) p νσ ≤ exp c(z m + 3) log 2 (z m + 3) + (z m + 3) (1-σ)/σ -1 (1 -σ) log(z m + 3) .
For p σ > z m + 3, again by (59), we have

ν≥0 1 p νσ 0≤ν ′ ≤mν |µ z,ν Sym m ,Sym ν ′ | p rν ′ ≤ 1 + c(z m + 3) 2 p 2σ + c(z m + 3) p σ+1/2 , so that p σ >zm+3 +∞ ν=0 w z,r m,N (p ν ) p νσ ≤ e c(zm+3) 1/σ / log(zm+3) ≤ exp c(z m + 3) (z m + 3) (1-σ)/σ -1 (1 -σ) log(z m + 3) .
For the primes dividing the level, we have the

Lemma 7. Let ℓ, m ≥ 1. For σ ∈ ]1/2, 1] and r ∈ [1/2, 1] we have p|N SU(2) D(p -s , Sym m , g) z D(p -ρ , Sym ℓ , g) dg = 1 + O m,ℓ (Err) 
with

Err := ω(N ) P -(N ) 2r + |z|ω(N ) P -(N ) r+σ + |z| 2 ω(N ) P -(N ) 2σ uniformely for N ∈ N max ω(•) 1/(2r) , [|z|ω(•)] 1/(r+σ) , [|z| 2 ω(•)] 1/(2σ) , z ∈ C. Proof. Write Ψ z m,ℓ (p) := SU(2) D(p -s , Sym m , g) z D(p -ρ , Sym ℓ , g) dg.
Using (37) and the orthogonality of characters, we have

Ψ z m,ℓ (p) = +∞ ν1=0 +∞ ν2=0 p -ν1s-ν2ρ min(mν1,ℓν2) ν=0 µ z,ν1 Sym m ,Sym ν µ 1,ν2 Sym ℓ ,Sym ν .
Proposition 2 gives

|Ψ z m,ℓ (p) -1| ≤ +∞ ν2=2 ν 2 + ℓ ν 2 1 p rν2 + |z| p σ +∞ ν2=1 ν 2 + ℓ ν 2 1 p rν2 + +∞ ν1=2 (m + 1)|z| + ν 1 -1 ν 1 1 p σν1 +∞ ν2=0 ν 2 + ℓ ν 2 1 p rν2 ≪ m,ℓ 1 p 2r + |z| p r+σ + |z| 2 p 2σ
which leads to the result.

Using (51) we similarly can prove the Lemma 8. Let m ≥ 1 and z ∈ C, then

SU(2) D(p -1 , Sym m , g) z D(p -1/2 , St, g) dg = 1 + O m |z| p 1+m/2
for p ≥ (m + 1)|z| + 3.

Dirichlet coefficients of a product of L-functions. The aim of this section is to study the Dirichlet coefficients of the product

L(s, Sym 2 f )L(s, Sym m f ) z . Define λ 1,z,ν
Sym 2 ,Sym m (g) for every g ∈ SU(2) by the expansion (61) D(x, Sym 2 , g)D(x, Sym m , g) z =:

+∞ ν=0 λ 1,z,ν Sym 2 ,Sym m (g)x ν .
We have

(62) λ 1,z,ν Sym 2 ,Sym m (g) = (ν1,ν2)∈Z 2 ≥0 ν1+ν2=ν λ 1,ν1 Sym 2 (g)λ z,ν2
Sym m (g) from that we deduce, using (52), that

|λ 1,z,ν Sym 2 ,Sym m (g)| ≤ (m + 1)|z| + 2 + ν ν . Since λ 1,z,ν Sym 2 ,Sym m is central, there exists (µ 1,z,ν Sym 2 ,Sym m ,Sym m ′ ) m ′ ∈Z ≥0 such that, for all g ∈ SU(2) we have (63) λ 1,z,ν Sym 2 ,Sym m (g) = +∞ m ′ =0 µ 1,z,ν Sym 2 ,Sym m ,Sym m ′ χ Sym m ′ (g)
where

µ 1,z,ν Sym 2 ,Sym m ,Sym m ′ = SU(2) λ 1,z,ν Sym 2 ,Sym m (g)χ Sym m ′ (g) dg = 2 π π 0 λ 1,z,ν Sym 2 ,Sym m (g) sin[(m ′ + 1)θ] sin θ dθ. (64) The Clebsh-Gordan relation [Vil68, §III.8] is (65) χ Sym m ′ 1 χ Sym m ′ 2 = min(m ′ 1 ,m ′ 2 ) r=0 χ Sym m ′ 1 +m ′ 2 -2r .
In addition with (62) and ( 48), this relation leads to

(66) µ 1,z,ν Sym 2 ,Sym m ,Sym m ′ = (ν1,ν2)∈Z 2 ≥0 ν1+ν2=ν 2ν1 m ′ 1 =0 mν2 m ′ 2 =0 |m ′ 2 -m ′ 1 |≤m ′ ≤m ′ 1 +m ′ 2 m ′ 1 +m ′ 2 ≡m ′ (mod 2) µ 1,ν1 Sym 2 ,Sym m ′ 1 µ z,ν2 Sym m ,Sym m ′ 2 .
It follows immediately from (66) that

µ 1,z,ν Sym 2 ,Sym m ,Sym m ′ = 0 if m ′ > max(2, m)ν.
Using also (40), we obtain

µ 1,z,0 Sym 2 ,Sym m ,Sym m ′ = δ(m ′ , 0) and (41) gives µ 1,z,1 Sym 2 ,Sym m ,Sym m ′ = zδ(m ′ , m) + δ(m ′ , 2).
Finally, equation( 66) and (49) give µ 1,z,ν Sym 2 ,Sym 2m ,Sym 2m ′ +1 = 0. By equations ( 62) and (44) we get

λ 1,z,ν Sym 2 ,Sym m [g(θ)] = (ν ′ ,ν ′′ )∈Z 2 ≥0 ν ′ +ν ′′ =ν (ν ′ ,ν ′′ )∈Z 3 ≥0 ×Z m+1 ≥0 tr ν ′ =ν ′ tr ν ′′ =ν ′′   m j=0 z + ν ′′ j+1 -1 ν ′′ j+1   cos[ℓ(2, m; ν ′ , ν ′′ )θ] with (67) ℓ(2, m; ν ′ , ν ′′ ) = 2ν ′ + mν ′′ -2 2 k=1 kν ′ k+1 -2 m k=1 kν ′′ k+1 .
We deduce then from (64) that

µ 1,z,ν Sym 2 ,Sym m ,Sym m ′ = 1 2 (ν ′ ,ν ′′ )∈Z 2 ≥0 ν ′ +ν ′′ =ν (ν ′ ,ν ′′ )∈Z 3 ≥0 ×Z m+1 ≥0 tr ν ′ =ν ′ tr ν ′′ =ν ′′   m j=0 z + ν ′′ j+1 -1 ν ′′ j+1   ∆(2, m, m ′ ; ν ′ , ν ′′ ) with (68) ∆(2, m, m ′ ; ν ′ , ν ′′ ) := 4 π π 0 cos[ℓ(2, m; ν ′ , ν ′′ )θ] sin[(m ′ + 1)θ] sin θ dθ. From max(2,m)ν m ′ =0 |∆(2, m, m ′ ; ν ′ , ν ′′ )| ≤ 2 we then have max(2,m)ν m ′ =0 |µ 1,z,1 Sym 2 ,Sym m ,Sym m ′ | ≤ (ν ′ ,ν ′′ )∈Z 2 ≥0 ν ′ +ν ′′ =ν 2 + ν ′ ν ′ (m + 1)|z| + ν ′′ -1 ν ′′ ≤ (m + 1)|z| + 2 + ν ′′ ν ′′ .
To conclude this study, define the multiplicative function

n → λ 1,z Sym 2 f,Sym m f (n) by the expansion (69) L(s, Sym 2 f )L(s, Sym m f ) z =: +∞ n=1 λ 1,z Sym 2 f,Sym m f (n)n -s .
The preceding results imply the Proposition 9. Let N be a squarefree integer, f ∈ H * 2 (N ) ; let ν ≥ 0 and m > 0 be integers and z be a complex number. Then

λ 1,z Sym 2 f,Sym m f (p ν ) =                    ν ν ′ =0 τ z (p ν ′ )λ f (p mν ′ )p ν ′ -ν if p | N max(2,m)ν m ′ =0 µ 1,z,ν Sym 2 ,Sym m ,Sym m ′ λ f (p m ′ ) if p ∤ N . Moreover, |λ 1,z Sym 2 f,Sym m f (p ν )| ≤ τ (m+1)|z|+3 (p ν ) µ 1,z,0 Sym 2 ,Sym m ,Sym m ′ = δ(m ′ , 0) µ 1,z,1 Sym 2 ,Sym m ,Sym m ′ = zδ(m ′ , m) + δ(m ′ , 2) µ 1,z,ν Sym 2 ,Sym 2m ,Sym 2m ′ +1 = 0, and max(2,m)ν m ′ =0 |µ 1,z,ν Sym 2 ,Sym m ,Sym m ′ | ≤ (m + 1)|z| + 2 + ν ν .
2.4. Trace formulas. In this section, we establish a few mean value results for Dirichlet coefficients of the different L-functions we shall encounter. Let f ∈ H * 2 (N ). Denote by ε f (N ) := ε(Sym 1 f ) the sign of the functional equation satisfied by L(s, f ). We have

(70) ε f (N ) = -µ(N ) √ Nλ f (N ) ∈ {-1, 1}.
The following trace formula is due to Iwaniec, Luo & Sarnak [ILS00, Corollary 2.10].

Lemma 10. Let N ≥ 1 be a squarefree integer and m ≥ 1, n ≥ 1 two integers satisfying (m, N ) = 1 and (n, N 2 ) | N . Then

f ∈H * 2 (N ) ω * (f )λ f (m)λ f (n) = δ(m, n) + O(Err)
with

Err := τ (N ) 2 log 2 (3N ) N (mn) 1/4 τ 3 [(m, n)] (n, N ) log(2mnN ).
We shall need a slightly different version of this trace formula (we actually only remove the condition (n, N ) = 1 from [ILS00, Proposition 2.9]).

Lemma 11. Let N ≥ 1 be a squarefree integer and m ≥ 1, n ≥ 1 two integers satisfying (m, N ) = 1 and (n, N 2 ) | N . Then

f ∈H * 2 (N ) ω * (f ) [1 + ε f (N )] λ f (m)λ f (n) = δ(m, n) + O(Err)
with

Err := δ(n, mN ) √ N + τ (N ) 2 log 2 (3N ) N 3/4 (mn) 1/4 (n, N ) log(2mnN ) τ 3 [(m, n)] N 1/4 + τ [(m, n)]
(n, N ) .

Proof. By Lemma 10, it suffices to prove that

f ∈H * 2 (N ) ω * (f )ε f (N )λ f (m)λ f (n) ≪ δ(n, mN ) √ N + τ (N ) 2 log 2 (3N ) N 3/4 (mn) 1/4 (n, N ) τ [(m, n)] log(2mnN ). Since ε f (N ) = -µ(N ) √ N λ f (N ), we shall estimate R := √ N f ∈H * 2 (N ) ω * (f )λ f (m)λ f (n)λ f (N ).
The multiplicativity relation (32) and equation (33

) give R = √ N f ∈H * 2 (N ) ω * (f )λ f (m)λ f (n (N ) )λ f (n N ) 2 λ f N n N = √ N n N d|(m,n (N ) ) f ∈H * 2 (N ) ω * (f )λ f mn (N ) d 2 λ f N n N .
Then, Lemma 10 leads to the result since

M N (N ) /d 2 = N/n N implies N = n N , m = n (N ) and d = m.
We also prove a trace formula implying the Dirichlet coefficients of the symmetric power L-functions.

Lemma 12. Let N be a squarefree integer, (m, n, q) be nonnegative integers and z be a complex number. Then

f ∈H * 2 (N ) ω * (f ) [1 + ε f (N )] λ z Sym m f (n)λ f (q) = w z m (n, q) + O(Err) with (71) w z m (n, q) := τ z (n N ) (n m N q N ) n m N q N 1≤j≤r 0≤ν ′ j ≤mνj p ν ′ 1 1 •••p ν ′ r r =q (N ) µ z,νj Sym m ,Sym ν ′ j
where

n (N ) = r j=1 p νj j , (p 1 < • • • < p j )
and

Err := τ (N ) 2 log 2 (3N ) N 3/4 n m/4 τ (m+1)|z| (n)τ (q)q 1/4 log(2N nq).
The implicit constant is absolute.

Proof. Let S :=

f ∈H * 2 (N ) ω * (f ) [1 + ε f (N )] λ z Sym m f (n)λ f (q).
Writing n Q N M N = g 2 h with h squarefree, equation (33) and Proposition 2 give

S = τ z (n N ) g (ν ′ i ) 1≤i≤r ∈X r i=1 [0,mνi]   r j=1 µ z,νj Sym m ,Sym ν ′ j   × d| q (N ) , r j=1 p ν ′ j j f ∈H * 2 (N ) ω * (f )[1 + ε f (N )]λ f (h)λ f   q (N ) d 2 r j=1 p ν ′ j j   .
Then, since h | N , Lemma 11 gives S = P + E with

P = τ z (n N ) g r j=1 mνj ν ′ j =0 µ z,νj Sym m ,Sym ν ′ j d| q (N ) , r j=1 p ν ′ j j q (N ) p ν ′ 1 1 •••p ν ′ r r /d 2 =h 1 and E ≪ τ (N ) 2 log 2 (3N ) N 3/4 n m/4 τ |z| (n N ) n m/2 N q 1/4 τ (q) q 1/2 N log(2N nq) g 1/2 r j=1 mνj ν ′ j =0 |µ z,νj Sym m ,Sym ν ′ j |.
Using (53), we obtain

E ≪ τ (N ) 2 log 2 (3N ) N 3/4 n m/4 q 1/4 τ (q) log(2N nq)τ (m+1)|z| (n).
We transform P as the announced principal term since q (N ) p

ν ′ 1 1 • • • p ν ′ r r /d 2 = h im- plies p ν ′ 1 1 • • • p ν ′ r r = q (N ) = d and h = 1.
Similarly to Lemma 12, we prove the Lemma 13. Let k, N , m, n be positive integers, k even, N squarefree. Let z ∈ C. Then

f ∈H * 2 (N ) ω * (f )λ 1,z Sym 2 f,Sym m f (n) = w 1,z 2,m (n) + O k,m (Err) 
with

Err := τ (N ) 2 log 2 (3N ) N n max(2,m)ν/4 r 1,z 2,m (n) log(2nN )
where w 1,z 2,m and r 1,z 2,m are the multiplicative functions defined by

w 1,z 2,m (p ν ) :=                ν ν ′ =0 τ z (p ν ′ ) (p mν ′ ) p ν-ν ′ +mν ′ /2 if p | N µ 1,z,ν Sym 2 ,Sym m ,Sym 0 if p ∤ N and r 1,z 2,m (p ν ) :=                ν ν ′ =0 τ |z| (p ν ′ ) p ν-ν ′ +mν ′ /2 if p | N (m+1)|z|+ν+2 ν if p ∤ N .
2.5. Mean value formula for the central value of L(s, f ). Using the functional equation of L(s, f ) (see hypothesis Sym 1 (N ), which is proved in this case) and contour integrations (see [IK04, Theorem 5.3] for a beautiful explanation) we write

(72) L 1 2 , f = [1 + ε f (N )] +∞ q=1 λ f (q) √ q exp - 2πq √ N .
From (72) and Lemma 11 we classically deduce the Lemma 14. Let N be a squarefree integer, then

f ∈H * 2 (N ) ω * (f )L 1 2 , f = ζ N (2) + O τ (N ) 2 log(2N ) log 2 (3N ) N 3/8 .
Remark 15. For N squarefree, we have

ζ N (2) = 1 + O τ (N ) P -(N ) 2 .
Note that the "big O" term may be not small: for all ω ≥ 1, let N ω be the product of the ω first prime numbers, then Mertens Theorem implies that

ζ Nω (2) ∼ ζ(2)
as ω tends to infinity.

Proof of Lemma 14. Equation (72) leads to

f ∈H * 2 (N ) ω * (f )L 1 2 , f = +∞ q=1 1 √ q exp - 2πq √ N f ∈H * 2 (N ) ω * (f ) [1 + ε f (N )] λ f (q).
Writing q = mℓ 2 n with (m, N ) = 1, ℓ 2 n having same prime factors as N and n squarefree, we deduce from the multiplicativity of n → λ f (n), its strong multiplicativity of numbers with support included in that of N and (33) that

λ f (q) = 1 ℓ λ f (m)λ f (n).
Then Lemma 11 gives

f ∈H * 2 (N ) ω * (f )L 1 2 , f = P (N ) + O E 1 + τ (N ) 2 log 2 (3N )(E 2 + E 3 )
where

P (N ) = +∞ ℓ=1 ½ N (ℓ) ℓ 2 exp - 2πℓ 2 √ N
and

E 1 = 1 N +∞ ℓ=1 1 ℓ 2 exp(-2πℓ 2 √ N ) ≪ 1 N , E 2 = 1 N +∞ q=1 q=mℓ 2 n ½ N (ℓn)½ (N ) (m)µ(n) 2 log(2mnN ) m 1/4 ℓ 2 n 3/4 exp - 2πmℓ 2 n √ N ≪ 1 N +∞ q=1 log(2qN ) q 1/4 exp - 2πq √ N ≪ log(2N ) N 5/8 and E 3 = 1 N 3/4 +∞ q=1 q=mℓ 2 n ½ N (ℓn)½ (N ) (m)µ(n) 2 log(2mnN ) m 1/4 ℓ 2 n 5/4 exp - 2πmℓ 2 n √ N ≪ log(2N )
N 3/8 . We conclude by expressing P (N ) via the inverse Mellin transform of exp and doing a contour integration obtaining

P (N ) = ζ N (2) + O ε (N -1/2+ε )
for all ε > 0. for all f ∈ H * 2 (N ) and proves the Lemma 16. Let N be a squarefree integer, m ∈ Z >0 , x ≥ 1 and z ∈ C. Then

f ∈H * 2 (N ) ω * (f )L 1 2 , f ω z Sym m f (x) = +∞ q=1 1 √ q e -2πq/ √ N +∞ n=1 w z m (n, q) n e -n/x + O(Err)
where

Err := N -3/8 [log(2N )] 2 log 2 (3N )x m/4 [log(3x)] zm+1 (z m + m + 1)!.
The implicit constant is absolute.

Proof. Using (72) and Lemma 12, we get

f ∈H * 2 (N ) ω * (f )L 1 2 , f ω z Sym m f (x) = +∞ q=1 1 √ q e -2πq/ √ N +∞ n=1 w z m (n, q) n e -n/x + O τ (N ) 2 log 2 (3N ) N 3/4 R with R := +∞ q=1 τ (q) log(2N q) q 1/4 e -2πq/ √ N +∞ n=1 n m/4-1 log(2n)τ (m+1)|z| (n)e -n/x .
By using

n≤t τ r (n) n ≤ [log(3t)] r (t ≥ 1, r ≥ 1, integers), we have n≤x log(2n) n 1-m/4 τ (m+1)|z| (n)e -n/x ≤ x m/4 [log(3x)] zm+1
and an integration by parts leads to

n≥x log(2n) n 1-m/4 τ (m+1)|z| (n)e -n/x ≪ m K where K = +∞ x [log(3t)] zm+1 t 1-m/4 e -t/x 1 + t x dt ≤ x m/4 +∞ 1 [log(3ux)] zm+1 u m/4 e -u (1 + 1/u) du ≪ m x m/4 [log(3x)] zm+1 ∞ 1 u m/4+zm+1 e -u (1 + 1/u) du ≪ m x m/4 [log(3x)] zm (z m + m + 1)!.
We conclude with

+∞ q=1 τ (q) log(2N q) q 1/4 e -2πq/ √ N ≪ N 3/8 [log(2N )] 2 .
The main term appearing in Lemma 16 is studied in the next lemma.

Lemma 17. Let m ≥ 1 an integer. There exists c such that, for all N squarefree, 1 ≤ x m ≤ N 1/3 , z ∈ C, and σ ∈ [0, 1/3] we have

+∞ q=1 1 √ q e -2πq/ √ N +∞ n=1 w z m (n, q) n e -n/x = L 1,z 1 2 , 1; St, Sym m ; N + O m (R),
where R := N -1/12 e c(|z|+1) log 2 (|z|+3) + x -σ log 2 (3N ) exp c(z m + 3) log 2 (z m + 3) + (z m + 3) σ/(1-σ) -1 σ log(z m + 3) .

The implicit constant depends only on m.

Proof. Let

S := +∞ q=1 1 √ q e -2πq/ √ N +∞ n=1 w z m (n, q) n e -n/x .
By the definition of S, we have S = S > + S ≤ with

S > := nN |N ∞ τ z (n N ) n m/2+1 N qN |N ∞ (n m N q N ) q N n (N ) >x/nN (n (N ) ,N )=1 e -nN n (N ) /x n (N ) × (ν ′ i ) 1≤i≤r ∈X r i=1 [0,mνi]   r j=1 µ z,νj Sym m ,Sym ν ′ j p ν ′ j /2 j   exp   - 2πq N r j=1 p ν ′ j j √ N   and 
S ≤ := nN |N ∞ τ z (n N ) n m/2+1 N n (N ) ≤x/nN (n (N ) ,N )=1 e -nN n (N ) /x n (N ) × (ν ′ i ) 1≤i≤r ∈X r i=1 [0,mνi]   r j=1 µ z,νj Sym m ,Sym ν ′ j p ν ′ j /2 j   × qN |N ∞ (n m N q N ) q N exp   - 2πq N r j=1 p ν ′ j j √ N  
where n (N ) := r j=1 p νj j . We have

(74) S > ≪ R 2 := n|N ∞ τ |z| (n) n m/2+1 q|N ∞ (n m q) q ℓ>x/n w z,1/2 m,N (ℓ) ℓ . Moreover, if n (N ) ≤ x/n N then r j=1 p ν ′ j j ≤ x m ≤ N 1/3 and (75) qN |N ∞ (n m N q N ) q N exp   - 2πq N r j=1 p ν ′ j j √ N   = qN |N ∞ (n m N q N ) q N + O τ (n m N ) N 1/12 .
Equations ( 74) and (75) give S = P + O(N -1/12 R 1 + R 2 ) with

P := nN |N ∞ τ z (n N ) n m/2+1 N qN |N ∞ (n m N q N ) q N n (N ) ≤x/nN (n (N ) ,N )=1 ̟ z,1/2 m,N (n (N ) ) n (N ) e -n (N ) /(x/nN )
and

R 1 := n|N ∞ τ |z| (n)τ (n m ) n m/2+1 ℓ≤x/n w z,1/2 m,N (ℓ) ℓ .
Writing

n (N ) ≤x/nN (n (N ) ,N )=1 ̟ z,1/2 m,N (n (N ) ) n (N ) e -n (N ) /(x/nN ) = W z,1/2 m,N (1) 
- ℓ>x/nN (ℓ,N )=1 ̟ z,1/2 m,N (ℓ) ℓ + ℓ≤x/nN (ℓ,N )=1 ̟ z,1/2 m,N (ℓ) ℓ e -ℓ/(x/nN ) -1
we get, by Lemma 3,

P = L 1,z 1 2 , 1; St, Sym m ; N + O(R 2 + R 3 ) with R 3 := n|N ∞ τ |z| (n) n m/2+1 q | N ∞ (n m q) q ℓ≤x/n (ℓ,N )=1 w z,1/2 m,N (ℓ) ℓ 1 -e -ℓ/(x/n) . Lemma 6 gives R 1 ≪ exp [c(z m + 3) log 2 (z m + 3)] . We have R 3 ≪ n|N ∞ τ |z| (n) n m/2+1 q|N ∞ (n m q) q ℓ≤x/n w z,1/2 m,N (ℓ) ℓ • ℓn x ≪ x -σ n|N ∞ τ |z| (n) n m/2+1-σ q | N ∞ (n m q) q +∞ ℓ=1 w z,1/2 m,N (ℓ) ℓ 1-σ
for all σ ∈ [0, 1/2[ and Lemma 6 gives

R 3 ≪ x -σ log 2 (3N ) exp c(z m + 3) log 2 (z m + 3) + (z m + 3) σ/(1-σ) -1 σ log(z m + 3) .
Next, for all σ ∈ [0, 1/2[ , Rankin's method and Lemma 6 give 

R 2 ≪ x -σ log 2 (3N ) exp c(z m + 3) log 2 (z m + 3) + (z m + 3) σ/(1-σ) -1 σ log(z m + 3) . Next, given η ∈]0, 1/
L 1 2 , f ≪ N 1/4 and ω * (f ) = π 2 ϕ(N )L(1, Sym 2 f ) ≪ log(2N ) log 2 (3N ) N
and by (76) we get

f ∈H - m (N ;η) ω * (f )L 1 2 , f L(1, Sym m f ) z ≪ m N Aη-3/4 [log(2N )] B|ℜe z|+C ,
A, B and C being constants depending only on m so that

f ∈H * 2 (N ) ω * (f )L 1 2 , f L(1, Sym m f ) z = f ∈H + m (N ;η) ω * (f )L 1 2 , f L(1, Sym m f ) z + O m N Aη-3/4 [log(2N )] B|ℜe z|+C .
Next, there exists a constant D > 0, depending only on m, such that

L(1, Sym m f ) z = ω z Sym m f (x) + O(R 1 ), with R 1 := x -1/ log 2 (3N ) e D|z| log 3 (20N ) [log(2N )] 3 + e D|z| log 2 (3N )-[log(2N )] 2
(see [CM04, Proposition 5.6]) and, since by positivity (see [START_REF] Guo | On the positivity of the central critical values of automorphic L-functions for GL(2)[END_REF] and [START_REF] Friedberg | Nonvanishing theorems for automorphic L-functions on GL(2)[END_REF]) and Lemma 14 we have

f ∈H + m (N ;η) ω * (f )L 1 2 , f ≪ 1, we obtain f ∈H * 2 (N ) ω * (f )L 1 2 , f L(1, Sym m f ) z = f ∈H + m (N ;η) ω * (f )L 1 2 , f ω z Sym m f (x) + O m (R 2 ) with R 2 := R 1 + N Aη-3/4 [log(2N )] B|ℜe z|+C . Now, since |ω z Sym m f (x)| ≤ ι(ε) |ℜe z| x ε
, where ι(ε) > 1 depends on ε and m, we reintroduce the forms of H - m (N ; η) obtaining

f ∈H * 2 (N ) ω * (f )L 1 2 , f L(1, Sym m f ) z = f ∈H * 2 (N ) ω * (f )L 1 2 , f ω z Sym m f (x) + O m (R 3 ) with R 3 := x -1/ log 2 (3N ) e D|z| log 3 (20N ) [log(2N )] 3 + x ε N Aη-3/4 [ι(ε) log(2N )] B|ℜe z|+C + e D|z| log 2 (3N )-[log(2N )] 2 .
Lemmas 16 and 17 with η = ε = 1/(100m), x m = N 1/10 and σ = c ′ (m)/ log(|z| + 3) with c ′ (m) large enough and depending on m leads to Theorem A.

Proof of Proposition B.

For the proof of Proposition B, we write

L 1,z 1 2 , 1; St, Sym m ; N = L 1,z 1 2 , 1; St, Sym m × X z m (N ) p|N SU(2) D(p -1/2 , St, g)D(p -1 , Sym m , g) z dg -1
.

We use

X z m (N ) = 1 + O (|z| + 1)ω(N ) P -(N ) min{m/2+1,2}
which is uniform for all z and N such that

(|z| + 1)ω(N ) ≤ P -(N ) min{m/2+1,2}
and Lemma 7 to get

L 1,z 1 2 , 1; St, Sym m ; N = L 1,z 1 2 , 1; St, Sym m [1 + O m (Err)]
where

Err := ω(N ) P -(N ) + (|z| + 1)ω(N ) P -(N ) 3/2 + (|z| + 1) 2 ω(N ) P -(N ) 2 uniformely for N ∈ N max ω(•) 1/2 , [(|z| + 1)ω(•)] 2/3 , [|z| 2 ω(•)] 1/2 , z ∈ C. 4. Twisting by L(1, Sym 2 f )
In this section, we sketch the proofs of Theorem C and Proposition D. The proof of Theorem C is very similar to the one of Theorem A.

Let z ∈ C and x ≥ 1, define

(77) ω 1,z Sym 2 f,Sym m f (x) := +∞ n=1 λ 1,z Sym 2 f,Sym m f (n) n e -n/x .
for all f ∈ H * 2 (N ) and obtains the Lemma 18. Let N be a squarefree integer, m ∈ Z >0 , x ≥ 1 and z ∈ C. Then

f ∈H * 2 (N ) ω * (f )ω 1,z Sym 2 f,Sym m f (x) = ϕ(N ) N +∞ n=1 w 1,z 2,m (n) n e -n/x + O(Err)
with

Err := τ (N ) 2 log(2N ) log 2 (3N ) N x m/4 (log 3x) zm+3 (z m + m + 4)!.
The implicit constant is absolute and w 1,z 2,m (n) has been defined in Lemma 13. Next, we have the Lemma 19. Let m ≥ 1 an integer. There exists c such that, for all N squarefree, 1 ≤ x m ≤ N 1/3 , z ∈ C, and σ ∈ [0, 1/3m] we have

+∞ n=1 w 1,z 2,m (n) n e -n/x = L 1,z 1, 1; Sym 2 , Sym m ; N + O m (R),
where

R := log 2 (3N ) x σ exp c(z m + 3) log 2 (z m + 3) + (z m + 3) σ/(1-σ) -1 σ log(z m + 3) .
The implicit constant depends only on m.

The conclusion of the proof of Theorem C is the same as the one of Theorem A after having introduced the exceptional set We conclude by using ½ N § 1.6 ½ (N ) § 1.6

H - 2,m (N ; η) := H * 2 (N ) \ H - 2 (N ; η) ∩ H + m ( 

  Sym m f ) := p∈P L p (s, Sym m f ) where L p (s, Sym m f ) := D[p -s , Sym m , g(θ f,p )]if p is coprime to the level N andL p (s, Sym m f ) := [1λ f (p m )p -s ] -1

1. 2 .

 2 Extremal values. The size of the values L(1, Sym m f ) in the family H * 2 (N ) is now well studied after works of Goldfeld, Hoffstein & Lieman [GHL94], Royer & Wu [RW05], Cogdell & Michel [CM04] and Lau & Wu [LW07] (among others). The aim of Proposition F and Corollary G is to study the extremal values in some smaller family. More precisely, we study the extremal values in families determined by the nonvanishing of L 1 2 , f and show that the extremal values are the same than in the full family.

1. 6 .

 6 A few notation. In this text we shall use the following notation not yet introduced. We give at the end of the text (see Section 8) an index of notation. If a and b are two complex numbers, then δ(a, b) = 1 if a = b and δ(a, b) = 0 otherwise. If n is an integer, define (n) = 1 if n is a square and (n) = 0 otherwise. Remark that is not the function 1 (since 1 (n) = δ(n, 1)). If p is a prime number, v p (n) is the p-valuation of n. Moreover, if N is another integer, then we decompose n as n = n N n (N ) with p | n N ⇒ p | N and (n (N ) , N ) = 1. The functions ½ N and ½ (N ) are defined by (30) ½ N (n) := 1 if the prime divisors of n divide N

  Sym 2m ,Sym 2m ′ +1 = 0 and µ z,ν Sym 2m+1 ,Sym m ′ = 0 if m ′ and ν have different parity for all m and m ′ .

3.

  Twisting by L(1/2, f ) The goal of this section is the proof of Theorem A and Proposition B. 3.1. Proof of Theorem A. Let z ∈ C and x ≥ 1, define (73) ω z Sym m f (x) := +∞ n=1 λ z Sym m (n) n e -n/x

χ

  N ; η) . The proof of Proposition D follows from Lemma 7 in the same way as Proposition B.5. Asymptotic of the moments 5.1. Proof of Proposition F. We give the proof for L 1,±r 1 2 , 1; St, Sym m since the method is similar in the two cases. Writeψ ±r m,1 (p) := SU(2) D(p -1/2 , St, g)D(p -1 ,Sym m , g) ±r dg. 6. Hecke eigenvalues 6.1. Proof of Proposition H. Following step by step the proof given by Granville & Soundararajan in the case of Dirichlet characters [GS01, Lemma 8.2], we get under Grand Riemann Hypothesis log L(1, Sym m f ) = 2≤n≤log 2 (2N ) log 4 2 (3N )Λ Sym m f (n) n log n + O m (1)where Λ Sym m (n) is the function defined by-L ′ (s, Sym m f ) L(s, Sym m f ) =: Sym m [g(θ f,p ) ν ] log p if n = p ν with p ∤ N λ f (p) mν log p if n = p ν with p | N 0 otherwise. If ν > 1, then | Λ Sym m f (p ν ) p ν log(p ν ) | ≤ m + 1 p ν hence log L(1, Sym m f ) = p≤log 2 (2N ) log 4 2 (3N ) Λ Sym m f (p) p log p + O(1). From Λ Sym m f (p) = λ f (p m ) log p we deduce log L(1, Sym m f ) = p≤log 2 (2N ) log 4 2 (3N ) λ f (p m ) p + O(1). Since log(2N )≤p≤log 2 (2N ) log 4 2 (3N ) |λ f (p m )| p ≤ (m + 1) log(2N )≤p≤log 2 (2N ) log 4 2 (3N ) Sym m f ) = p≤log(2N ) λ f (p m ) p + O m (1).Let N ∈ N log 3/2 and f ∈ H * + 2 (N ; C, Sym m ), equation (79) then leads top≤log(2N ) λ f (p m ) p ≥ Sym m + log 3 (20N ) + O m (1)and we deducep≤log(2N ) Sym m + -λ f (p m ) p ≪ m 1.For ξ(N ) ≤ log 3 (20N ), we get p≤log(2N ) λ f (p m )≥Sym m + -ξ(N )/ log 3 (20N ) ) λ f (p m )<Sym m + -ξ(N )/ log 3 (20N ) 1 p = log 3 (20N ) 1 + O ε,m 1 ξ(N ).

  Proof of Proposition I. Let N ∈ N log 3/2 . Taking m = 2 in (79) givesp≤log(2N ) λ f (p 2 ) p + O(1) = log L(1, Sym 2 f ). Since Sym 2 -= 1, if f ∈ H * - 2 (N ; C, Sym 2 ), we deduce p≤log(2N ) λ f (p 2 ) p ≤log 3 (20N ) + O(1). If p | N , then λ f (p 2 ) = λ f (p) 2 and p≤log(2N ) p|N 1 p = O(1); if p ∤ N , then λ f (p 2 ) = λ f (p) 2 -1. We thus have p≤log(2N ) λ f (p) 2 -1 p ≤log 3 (20N ) + O(1) ξ(N ) ≤ log 3 (20N ), we deduce p≤log(2N ) |λ f (p)|≥[ξ(N )/ log 3 (20N )] 1/2 λ f (p) 2 p ≪ log 3 (20N ) ξ(N )which leads to the announced result. 7. Simultaneous extremal values 7.1. Proof of Proposition J. Prove the first point. Let C > 0, N ∈ N (log) and f ∈ H * 2 (N ) such that L(1, Sym 2 f ) ≤ C [log 2 (3N )] Sym 4 f ) ≤ C [log 2 (3N )]

  3. Hecke eigenvalues. The Sato-Tate conjecture predicts that the sequence of the Hecke eigenvalues at prime numbers of a fixed primitive form is equidistributed

	for the Sato-Tate measure on [-2, 2]. More precisely, for all [a, b] ⊂ [-2, 2], it is expected that
	(26)	lim x→+∞	# {p ∈ P : p ≤ x and λ f

  100[, denote by H + m (N ; η) the subset of H * 2 (N ) consisting of forms f such that L(s, Sym m f ) has no zeros in the half strip Sym m f ) z ≪ m [log(2N )] B|ℜe z|

	ℜe s ≥ 1 -4η	|ℑm s| ≤ 2[log(2N )] 3
	and H -m (N ; η) the complementary subset. By [CM04, Proposition 5.3], for all m ≥ 1, there exists ξ > 0 and A > 0 (both depending on m) such that for all η ∈]0, 1/100[ and squarefree N we have
	#H -m (N ; η) ≤ ξN Aη [log(2N )] ξ .
	By [CM04, Lemmas 4.1 and 4.2] there exists, for all m ≥ 1, a constant B (depending on m) such that, for all z ∈ C and f ∈ H -m (N ; η), we have
	(76) L(1, Using the convexity bound (see [Mic02, Lecture 4] for better bounds that we do
	not need here)	

  Sym 4 -log 3 (20N )since the contribution of p dividing N is bounded (using (33)). Expanding λ f (p 4 ) thanks to (32) we deducep≤log(2N ) p∤N λ f (p) 4 -3λ f (p) 2 + 1 p + O(1) ≤ -Sym 4 -log 3 (20N ).Reinserting (80) (again, we remove easily the contribution of p dividing N ), we are led toThe right hand side tends to -∞ while the left one is positive, so we get a contradiction.Prove next the second point. Assume thatL(1, Sym 2 f ) ≥ C [log 2 (3N )] f (p 2 ) 2λ f (p 2 ) -1 p and (81) and |λ f (p 2 )| ≤ Sym 2 + imply

	7.2. Proof of Proposition K. From § 1.6	m		
			X 2 m =		X 2j + X 2
				j=2	
	we deduce						
	p≤log(2N )	λ f (p m ) 2 p	=	p≤log(2N )	m j=2	-Sym 4 -. λ f (p 2j ) p + p≤log(2N )	λ f (p) 2 p
	Equation (79) with m = 4 gives p∤N	p∤N			p∤N
	p≤log(2N ) p∤N by (80) and |λ f (p 2j )| ≤ 2j + 1. Furthermore λ f (p 4 ) p ≤ (m + 3)(m + 1) log 3 (20N ) + O(1) [Sym m + log 3 (20N )] 2 =     p≤log(2N ) p∤N λ f (p m ) p     2 ≤ [log 3 (20N ) + O(1)] p≤log(2N ) p∤N λ f (p m ) 2 p so that (Sym m + ) 2 ≤ (m + 3)(m -1) which contradicts Sym m + = (m + 1) 2 . 8. An index of notation + O(1) ≤ -Sym 2 + . By Cauchy-Schwarz inequality and (79), we have (81) (Sym 2 + ) 2 [log 2 (3N ) + O(1)] ≤ p≤log(2N ) p∤N λ f (p 2 ) 2 p . γ * (23) λ z,ν (35) χ Sym m f ( ) δ( , ) § 1.6 λ 1,z (69) ω * Sym 2 ,Sym m ( ) ∆( , , ) (47) λ 1,z,ν Sym 2 ,Sym m ( ) (61) ω z Sym m f (x) ∆( , , ; , ) (68) µ z,ν Sym m ,Sym m ′ (38) ω 1,z Sym 2 f,Sym m f ( ) (77) p. 3 (12) (73) ε f (N ) (70) µ 1,z,ν m,N ( ) (57) Sym 2 ,Sym m ,Sym m ′ (63) ̟ z,ρ ζ (N ) (9) ρ m,N ( ) (58) § 1.6 w z,ρ λ f ( ) (3) σ § 1.6 λ z Sym m f ( ) (55) τ z ( ) (8)
	Further, from X 4 = X 2 2 -X 2 -1, we deduce p≤log(2N ) p∤N λ f (p 4 ) p = p≤log(2N ) p∤N p≤log(2N ) p∤N λ f (p 4 ) p ≥ [(Sym 2 + ) 2 -Sym 2 + -1] log 3 (20N ) + O(1) which leads to the result by (79) since (Sym 2 + ) 2 -Sym 2 + -1 = Sym 4 D( , , ) (4) n (N ) § 1.6 g( ) (5) (13) N ( ) H * 2 (N ) p. 2 P -( ) p. 5 H + m (N ; η) p. 33 Sym m (24) ± H -m (N ; η) p. 33 Sym m,1 ± (25) H * + 2 (N ; C, Sym m ) (27) w z m ( , ) (71) ℓ(m, ν) (43) w 1,z 2,m ( ) Lemme 13 ℓ(2, m; ν, ν ′ ) (67) W z,ρ m,N ( ) (56) L 1,z 1 2 , 1; St, Sym m ; N (10) X m (36) L 1,z 1 2 , 1; St, Sym m (11) X z (7) m (N ) L 1,z 1, 1; Sym 2 , Sym m , N (16) X 1,z 2,m (N ) (15) L 1,z 1, 1; Sym 2 , Sym m (17) z m (60) + . n N § 1.6

p≤log(2N ) p∤N λ f (p) 4 + 1 p ≤ -Sym 4 -log 3 (20N ) + O(1). λ N ( ) (9)

By Lemma 8, we have p≥(m+1)r+3 log ψ ±r m,1 (p) ≪ m r log r .

By (34) we get

and then

(78)

The right hand side of (78) has been evaluated in [CM04, §2.2.1] and was founded to be

.

For N ∈ N log 1/2 , we have

(see Lemma 14). Since L 1 2 , f ≥ 0, by Theorem A, and Propositions B and F we get

uniformly for all r ≤ c log N/ log 2 (3N ) log 3 (20N ). Since

we obtain, by positivity,a function f ∈ H * 2 (N ) such that

and L 1 2 , f > 0. We obtain the announced minoration with r = c log N/(log 2 (3N )) 2 . The majoration is obtained in the same way, taking the negative moments.