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ON THE MEAN SQUARE OF THE ERROR TERM FOR AN
EXTENDED SELBERG’S CLASS

par

Anne de Roton

Abstract. — We are concerned with an estimate and a mean square theorem for the
summatory function of a class of Dirichlet series. This extension of Selberg’s class is a
class of Dirichlet series satisfying a functional equation involving multiple gamma fac-

tors and, contrary to the class studied by Chandrasekharan and Narasimhan, a conju-

gate, which allows twisted functions to belong to this class. If F(s) = :g anpn”*

is a Dirichlet series satisfying such a functional equation and F(z) is the associated
error term (see (1) and (3) respectively), then we prove O-estimate for E(z) and
Jo 1E(y)|?dy. These results are similar to those of Chandrasekharan and Narasimhan
but are applicable in cases where theirs are not.

1. Notations

We write, as usual, s = o 4 i and f(s) = ﬁ We recall here the definition of
the extended Selberg class S7 studied by J. Kaczorowski and A. Perelli in a series of
papers (see [KPO| for an introduction). The class S# consists of the non identilcally
vanishing functions F'(s) satisfying the following conditions.

oo An .
n=1 ns

1. For o > 1, F(s) is an absolutely convergent Dirichlet series F'(s) =
2. For some integer m > 0, (s — 1)"™F(s) is an entire function of finite order;
3. F(s) satisfies a functional equation of the form

®(s) = e®(1 — s), where ®(s) = Q*y(s)F(s), (1)

T

with y(s) = H INOVERSTY)

j=1

where A; > 0, p; € C such that R; >0, @ >0and [e] =1. (2)

The Selberg class S is the set of functions F' € S# satisfying the two more following

axioms :
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— (Ramanujan hypothesis) For every € > 0, a,, < n;
— (Euler product) For o sufficiently large,
o0 bn
log F'(s) = —=
o F(s) =)

n=1

where b, = 0 unless n is a positive power of prime, and b,, < n? for some 6 < %

Notations 1. — The degree d of F € S# is defined as d = 2 Z;Zl Aj, its polar order
mp is the least integer m satisfying 2. We also write

T 1 T sy
szZ(,uj—§) andﬁ:]:[)\j .
j=1 j=1
Remark 1. — The functional equation (1) may be writen under the form

—1_08) &
F(1—5s)=eQ* 1 —2_F(s).
(1-3) ST
We define S(z) as the sum of the residues of the function @ and the error term
E(x) as
/
E(z) = Z an — S(z). (3)
n<lz
In case mp # 0, E(x) is the error term for the summatory function of the coeflicients
of the Dirichlet series F(z).

Remark 2. — Since s = 1 is the only singularity of the function F', we can write
S(x) under the form :

S(x) = F(0) + Res (@x‘s, 1) = F(0) + 2 Pr(log x),

S

where Pr is a polynomial function of degree mp — 1. The last equality results from a
simple argument, the reader may consult [Lan|, vorbemerkung tiber R(x), p.697, for
more details.

2. Introduction and statement of the results

In this paper we shall give an estimate and a mean square estimate for the error
term E(x) associated with a function F in the extended Selberg class S#.

Estimates for E(z) and [;" |E(y)|*dy were first obtained by Voronoi in 1904 and
Cramér in 1922 respectively for the special case of the divisor problem (see [V] and
[Cr]). Since then, this has been generalised for larger classes of Dirichlet series.

As early as 1912, Landau gave an estimate of E(z) for a class of Dirichlet series
satisfying a functionnal equation of general type involving multiple gamma factors.
The method of his proof is based on an application of the Perron formula and the
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residue theorem. A kind of Van der Corput method is also used to estimate the
integrals.

In 1964, Chandrasekharan and Narasimhan gave an estimate for E(z) and [ |E(y)|*dy
for functions of general type too (see [CN1], [CN2|, [CN3|). Their method is based
on the study of some hypergeometric functions. Since then, their results have been
improved for functions of high degree by Redmond in [R1] and [R2].

Nethertheless, as far as we know, no estimate has been given in case of the extended
Selberg class. The large classes already studied in the literature do not recover the
class S#, since in the functionnal equations which have been considered, either the
1; have to be reel, or no conjugate appear.

The results we obtain for a function of S# are the same as the one obtained by
Landau, Chandrasekharan and Narasimhan in case the u; are reel numbers. We shall
prove the following theorems.

Theorem 1. — Let F € S# be a function of degree d > 2. Then for x > 1, for all
e > 0 we have
E(x)=0 (J:Z_ﬁ"’a) .

Theorem 2. — Let F € S* such that for every ¢ > 0, Yon<a lanl* = Oc (z1F°).
Then for © > 1, for all € > 0 we have E(x) = O (,7:1’1/””5).
If we assume furthermore that for all € > 0, a,, = O (n®), then we have for all € > 0,

E(x)=0 (x%"’a) .

Theorem 3. — Assume that F € S* such that for every ¢ > 0, 3.
O; (xHE) . Then, for x > 1

/ |E(y)|*dy = O (inl/d) ifo<d<3
1

-0 (x3—4/d+8) ifd>3,e>0.

n<x |an|2 =

The Selberg class was first introduced in [S] and have been studied since then in
different papers by Conrey and Gosh (see [CG1], [CG2]), Murty (see [M]), Kac-
zorowski and Perelli (see [KPO|, [KP1]|, [KP2]...). The structure of the extended
Selberg class S# we are considering here have been particularly studied by the two
last authors. In [KP1] and [KP2], they study some incomplete Fox hypergeometric
functions and establish a link between these functions and those of S#.

Many conjectures have been settled about S and S#. Especially F € S is supposed
to verify the generalised Lindel6f hypothesis, i.e. :

Conjecture 1. —

1
Ve > 0, F(§ +i7‘) < 7°.
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This is wrong for a function in S# (see [CG2]). This conjecture is strongly connec-
ted with the study of the error term E(x) since we can prove that a function F' in S
satisfies the generalised Lindel6f hypothesis if and only if

FF (L 4ir
Vk e N, #

5 T

€ L*(R),

and we prove in [DR1] that if F' € S#, then we have

1,
FGHIT)  1apy o B e 12(0, +o0f, do/o?),

5 Far
where E is the error term associated to F.

With our results, we prove that £ € L2([0,+oo[,dz/z?) for functions in S# of
degree less than 4. This result will be of the greater interest in the paper [DR1].

To prove theorem 1, we follow the method of Landau in [Lan]|. Few arguments
have to be modified. The methods of proof of theorems 2 and 3 both involve an
identity relating a smoothed version of the error term to be estimated to a series of
hypergeometric functions. We then study those hypergeometric functions and expand
them asymptotically. To go back to the initial function, we use finite differences. This
method was the one used by Chandrasekharan and Narasimhan in [CN1| and [CN2]|
except for the study of the hypergeometric function which was easier in their case. We
have to connect our hypergeometric function to the Bessel functions to obtain some
results similar to theirs.

We begin to give some technical lemmas we shall need further to prove our theo-
rems. In section 3, we draw up a list of consequences of the complex Stirling formula
and we especially give some estimates of a function of Selberg class in some vertical
strips. In section 4, we give some technical lemmas. Section 5 will be devoted to the
study of Bessel functions. In section 6, we connect a smoothed version of the error
term with an hypergeometric funtion we study in section 7. In section 8 and 9, we
prove the theorem 1 and 2 and theorem 3 respectively.

The author would like to thank the referee for his very fruitful comments, for poin-
ting out several inaccuracies and for suggesting how to improve our results, especially
in section 8. We also would like to thank Professor J. Kaczorowski for having suggested
us to use Bessel functions during a very fruitful conversation in Cetraro.

3. Some consequences of the Stirling formula

We give here some technical estimates coming from the following Stirling formula.
The reader will find a demonstration of this result in [Bo| (formule (19), §VII.2.3).
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Proposition 3.1. — There exists some constants ¢, = ¢, (a), such that, for all M €
N,

M
1 1 1
logT'(s+a) = (s +a— 5) logs — s+ 510g27r—|— l;cl,s—l’ +0 (W) (4)
uniformly for |arg(s)| < m —e with a fixed e > 0 and a in a compact of C, |s| tending
to infinity.
3.1. Study of a function coming from the functionnal equation. —

Lemma 1. — Let v(s) be as in (2). Then, uniformly for s € C such that ¢ <
|args| < 7 —¢, for all M € N, we have when |s| tends to infinity :

() \ _d 1- 1
log (m) = 53(10&9 +log(—s)) — s(log B + d) + Félogs — o (§ +d)log(—s)

r M
1 , — M
+§logﬂ+21 Elgujlog/\jJr glcys +O(|s| M 1).
Jj= v=

This follows easily from the Stirling formula.

Lemma 2. — Let v(s) be as in (2). Then, uniformly for o1 < o < 09, we have, as
|7] tends to infinity

5y ; S 1
V(i) _ C(O’, 7_)|7_|d(a'71/2)ez(d'rlog|T|7(1Ogﬁ+d)‘r7\fflog|‘r|) <1 +0 <_))
(1 =) 7]

where c¢(o,T) is a complex number which only depends on o and the sign of T.

Notations 2. — For a > 0 and v € R, we define

F) = fasls) =5 (3)8_” F(%

a v—135+ 1) '
We shall establish a link between the function f and the multiple gamma factor ~.

Lemma 3. — For a > 0, a > 0, v € R, k € C, there exists real numbers K =
K(a,a,k,v) and ¢ = ci(a,a,k,v), j €N such that for all M €N,

K —

2
k—1 M ) 1
+< 5 1/> 10g(s)+K+Zc;s]+O<|S|T+1> (5)

Jj=1

1
log s

log(f(as +k)) = %S (log s +log(—s)) + a(lna —lna — 1)s +

uniformly for s such that € < |args| < m — e with € > 0, when |s| tends to infinity.

We have in particular when |7| tends to infinity

[f() = (I71777), (6)

uniformly for o € [o1, 02].
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Definition 1. — For p e Z, p > —1, we define
I'(1 = s)7(s)
F2+p—s)y(1—s)
By Stirling’s formula, there exists a complex sequence c(ul) = cl(,l) (M
such that for all M € N*,

Gy(s) =

)t a)"l“;,u‘la"' 7/’LT7p)7

d - 1-
log G,(s) = §s(logs +log(—s)) + s ZQAj logh; —d | + §§1ogs
j=1
1 T M 1
_ (5(5 +d)+p+ 1) log(—s)+ Z(_)\j — 2iSu;) log Aj +Z cMs™"4+0 (W)
j=1 v=1
(7)

uniformly for e < |arg(s)| < ™ —e with € > 0, if |s| tends to infinity.
We have in particular

G(s)] = (7= 2) e ®)
uniformly for o € [01,02] and |7| tending to infinity.

Notations 3. —

Z d
a=d r=1+& v=1+RE+ 5 +p a=ds'/", 9)

Comparing (7) to (5), we show that there exists some real numbers
er = ex(A, -+, Ar; 1, , fbr; p) such that, when |7| tends to infinity, we have uni-
formly for o € |01, 03],

rm(s) 1= G,(s) = > Fi(s) = O (|f(as + r)||s| " 1) =0 (|T|d(af%)fpfmfz)
k=0

1k
with Fi(s) = exf(as+ k) (as_’_ﬁ_,(c)”lv)(as_m_l).

3.2. Estimates for the value of a quotient of I' functions in half integers.

Proposition 3.2. — Forv € R, Rz = N+ 1 with N € N and N > |v| 4+ 1/2, we
have :
I'(l-=z) e2N
< .
Tors) ST

Proof By the complement formula, we get :

I(1l-2z2) 7/ sin(nz)

T'(v+z2) T(v+2)I(z)
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For z = N + 1/2 4 it, we have :

2m
et + erltl”

2im
- et (N+1/2) p—7t _ g—im(N+1/2)ont

™

sin(rmz)

On the other hand, by (4), we have uniformly for £z > |v| + 1,
1 1
log [T(v + 2)['(2)| = (%z — 5) log |z| + (1/ + Rz — 5) log v + z| — |Sz|7

1
)—2%z—v+1og2ﬂ'+0(—)

||

Rz+v

Rz
+S32 | arctan — + arctan
Sz

1 1 1
> <§Rz 5) log | 2| + <1/+§Rz §> log v+ z| — |Sz|m — 2Rz — v+ log 2r+ O (ﬂ) .
z

For N > |v|+1/2 and z = N + 1/2 +it, we get

1
log |T'(v 4+ 2)'(2)| > Nlog|z|+(v+N)log|v+z|—|tj]t—2N—1—v+log2n+O (ﬂ) .
z
So we have : ( )
rfd—=z —-N —v—N _2N
T +2) < |z 7w + 2| e“Y.
This ends the proof. O

3.3. Estimates of a function of the Selberg class in some vertical strips.

Lemma 4. —  — Let e > 0. Then we have |F(s)| = O:(1) uniformly for o >1+¢
and T € R.
~ For o <0, we have F(s) = O, ((1+ |r])41/2=9)).
— Foralle >0, if —e <o <1+e¢, we have F(s) = Oy ¢ ((1 + |T|)%(1_U+8)) .
Proof The first estimation comes from the fact that F(s) is an absolutely convergent

Dirichlet series for o > 1. The functional equation and lemma 2 provide the second
one. To prove the last estimation, we use a Phagmén-Lindel6f argument. O

4. Some more lemmas
Definition 2. — If T >0, A,c € R such that ¢ < A, we define the path
C(T,c,N) :=]c—ioo;c—iT; A —iT; A+ iT;c+ T ¢+ ioo].
In order to move paths of integration, we shall use the following lemma.
Lemma 5. — Let f be a meromorphic function on C such that :

1. Ty :=sup{|Sp|, p pole of f} < 400,
2. Ao :=sup{Rp, p pole of f} < 400
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3. there exists a > 0 and b € R such that, for all o1 < 09, we have, uniformly in
o € [o1,09], |f(s)] < |79~ when |7| tends to infinity.

If T, c and A satisfy :
b
T>Ty, c<— and A > Ay, (10)
a

then, for x > 0, the integral
1

I -
(=) 2T Jo(r,e,n)

f(s)z™%ds

is convergent and its value does not depend on T, ¢ and A satisfying (10). Furthermore,
for all e > 0, we have I(x) = O, (x_b/“+5) , when x tends to infinity.

Proof Under the assumptions of the lemma, the integrals are convergent on the path
C(T,c,N). To get the full conclusion, it is enough to use the residue theorem between
the two paths C(T,¢,A) and C(T’,¢', A") with T, ¢, A and T”, ¢/, A’ satisfying (10) and
observe that the horizontal integrals tend to zero. O

Lemma 6. — Let a,b € R™ such that b > 1. Then we have :

/+oo dr - 7ra1_2b
o @FPP T2 VE

Proof Since a > 0 and b > %, the integral is convergent. Furthermore, we have :

/+°° dr 1—9b /+°° dr
———=aq L
o (a?+T72)P o (14720

By MAPLE, we get :

1+72 2 T(b)
The logaritmic derivate of the function ¢(b) = VbI'(b — 1/2)/T(b) is the function

ia/((:)) 2b Z(qib q+b1—1/2)_2b / <t+b t+b1—1/2>dt§0'
£

/+°° dr  /al(b—1/2)
o '

So we have for b > 1,

[

I /\

a2+72)b_a 2 Vb b 2 Vb

5. Bessel functions

Our main reference for this section is the book of Watson [W]. We recall here
some properties of the Bessel function and we give an integral representation of these
functions which is not given in [W].
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Notations 4. — From now on, if ¢ is a real number, we shall write f(c) f(s)ds for
Let v be a real number. We define the Bessel function J, as (formula (8) §3.1 of
(W) : B
+00 v+2m
(=)™ (5)
Ve eR, J,(z)= —
rew () mz::om!F(Vququ)

We recall the asymptotic expansion of J,(z) when z tends to infinity (§7.21 of

[W]). "
2 v T = (—1)™(v,2m
Ju(x) ~ <%> (COS (z -5 - Z) 7;_0%
—sin (z — % _ %) mZ:O (1)(Z£§;31T1+ 1))
with (v,m) = (v+m+3)

m!F(Ufer%) '
From a classical Mellin transform result (formula (7) §6.5 of [W]), for v > 0 and
0<c<R(v+1), we have

1 fetiee 9s=v=11(5/2)
—vJ, - = R 8.
e @) = 5 /H.OO Tw—si2+1)"

Remark 3. — We recover here the function f,, defined and studied in the section
3.1.

We will extend this result to the case v < 0.

Lemma 7. — Leta >0 andv > 0. If f, ., is defined as in section 5.1, then we have

lim fap(s)x™%ds =0,
N—doo J(—aN+1)

uniformly for x in a compact of R1*.

Proof We define K (2) := [ _,x 4 faw(s)z7%ds. For N > [v| + 1, with z =1 — 3
and proposition 3.2, we have :

2—2z—v
Ky(z) = 1 / 2 ri-2) (1-2) 2z
2 Jiny1y2) \@ I'(v+2)

_0 1(6(1:17)2N/ |dz|
T\ 2 (N+1/2) |2V [p + 2N+ |

Furthermore, if u,v > 1, we have - < X 4+ 1 50 we get :
uv u v

1 seazx\2N |dz| |dz|
v =o( (4" (] wf o))
~(z) (:c( 2 ) ( (N+1/2) |2|N (N+1/2) v+ 2| NtV
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With lemma 6, we have

/ dz| /+°° dt CER V)
w12 FIY e (N 4 1/2)2 4 2) N VN

and
/ &_/ﬁo dt <<(N+V+1/2)1—N7V
v/ 2N e (Vw4 1/2)2 4 02) VN +v

If N>2v+1, we get :
_ 1 = (eax\2N -N —N/2

and the integral Ky(z) = f(72N+1) f(s)x~*ds tends clearly to 0 when N tends to
infinity uniformly for « in a compact of R**. U

Definition 3. — Let a >0 and v € R. We define the function hg = hg'® by :
Vo >0, ho(z) :=2""J,(ax).
Proposition 5.1. — Ifv € R and if
T>1, c<vand A>0, A>c¢, (11)

then the integral fC(TcA) f(s)x—*%ds is convergent and its value does not depend on
T, ¢ and A satisfying (11). Furthermore, we have :

1
ho(x) = — far(s)z™%ds.
2T Jo(ren)
Proof In this proof, we will write f for f, ..
Since the poles of the function f, (s + k) are the points #, n € N, the first
part of the proposition follows from (6) and lemma 5.

We define )
g(x) := — f(s)x™%ds.
(@) 20T Jo(T,e,n) (s)
If N is a positive integer such that N > %(1 — v), then
1
g(z) = — f(s)x™%ds.
( 2im C(T,—2N+1,A) (s)

We apply the residue theorem to the function f(s)x~* on the rectangle

R:=[-2N+1—4T,A—iT,A+iT,—2N + 1 +iT]. We get :
1 N—1
g(x) = — f(s)x™%ds + pra?®, 12)
0= 557 [y G X (

_s —2k—v —1)k
where pr = Res(f(s)z™*%, —2k) = (2) 7]@!F((u-|l-)k+1)'

From lemma 7, the integral Ky (z) := f(—2N+1) f(s)x~*ds tends to 0 when N tends
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to infinity uniformly for x in a compact of RT™*. If N tend to infinity in (12), we get
g(x) = Zmzo pma?™ = 27" J,(ax). O

We shall use some primitive functions of hg in the case v > 0. To define them, we
use some properties of cosine and sine functions.

Definition 4. — Let a and v be some real such that a > 0. For t € R, we define
vm T vw T

C(t) = cos (at—?fz), S(t) = sin (at— 5 = Z)

and for x > 0 and R > —%,

cne) = [\ Rew S swo=- [ st

Using induction and partial integration, we establish the following asymptotic ex-

T(R+k+1
M, then

pansions. For all n € N and all R > —1, if for k € [0,n], ’y,iR) = (D)
2

1 /2 n )

Cr(z)=—y/— (S(x) (—1)k éR)(ax)—R—zk_§

f a\/; kz:;) Yok

+O) <1>’€+w§§il<aw>-m—%> Lo (em1), ag)

and

k=0
n—1

+5() <—1>kv§§il<aw>-R‘2k‘%>+0($‘R‘2"‘%), (14)
k=0

when z tends to infinity. The implicit constants only depend on R and n.
We can now deduce from (13) and (14) the following property.

Proposition-Definition 1. — For v > 0, we define by induction some primitive of
ho of order n

+oo
s (z) = — / ho (t)dt.

These integrals are convergent and for all k € N and there exists two complex sequences
(cl(k))l and (sl(k))l such that for all M € N,

M M
hi(z) = Z cl(k)C(ac)x_l_”_% + Z sl(k)S(x)x_l_”_% +0 (x_”_M_%)
1=0 1=0

when x tends to infinity.
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Proposition 5.2. — Let ke N andv > 0. So, if 0 <c<v and xz > 0,
1 c+i00 F(S)
hi(z) = — —)F k)z~*ds.
@0 =5 [0 s e ke
Proof We begin to prove by induction on k that for all s € C such that 0 < ¢ <
v+1/2,
I'(s)

I(s+k)
Then we use inverse Mellin transform. O

Mhy(s) = (=1)* f(s+k).

6. Expansion in a sum of hypergeometric functions

In order to estimate the error term F(z), we define a smooth version of it. To go
back to the initial function, we shall use the finite differences.

Definition 5. — For p € N, we define
1 ’
AP(x) = o Z an(z —n)?,

n<z

the dash indicating that the last term has to be multiplied by 1/2, if p =0 and x = n.

We also define
1 F(s) +p
- stp g
5p(2) 2i7r/cs(s+1)---(s+p)x >

where C' is a curve enclosing all the singularities of the integrand, and

Ef(x) = AP(x) — SP(x).

Remark 4. — S,(x) is the sum of the residues of the integrand at its poles —p, —p+
1,---,=1,0 and 1, so we have

S,(x) = 2’ Res (S(S +If)(5)z(s —t 1) + % é(—l)’“F(—k) (Z) P

The first step consists in finding an expansion of E”(x) as a sum of special functions.

Proposition 6.1. — Let p € N*, p > d/2. For all z > 0,
4 — 2p+1 n nr
o) = T, ()

n>1

where for p € Z, p > —1, the function I, is defined as
1 F(s) xPTIT(1 — s8)

1 = — d
o) 2im Jo, v(1—5) T'(p+2—25s) 8
and C; = C(T, ¢, N) with
o S 1
T>TO::max(|%f|,r§1_af<|\;/jj|),c<§+§ and A > p+1. (15)
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Proof If ¢ > 1 and p > 1, then by a standard formula, we have

xste
@)= — [ P

ds,
2im Rs=c S(S+1)(S+p)

F(s)
SGFD—(519)

1 c+100 1
Ef(z) = %/ g(s)z*TPds — o Cg(s)xs+pds.

so that, if g(s) = we have

In view of lemma 4, we know that if o < 0 and |7 > 1, then g(s) = O ((1 + |7|)4(/2=2)=p=1),
so that, if 1 — 2 < ¢ < 0 (such a ¢ exists if p > %), AN < —p, T > 0 and
Cy =] —ioo;d —iT; N —iT'; N +iT'; ¢ +iT"; ¢ + ioo[, then the integral

1 F(s)
2w c, S(s+1)---(s+p)
is convergent and by using the residue theorem between the line o = ¢ and Cs, we get
1 F(s)

2im c, S(s+1)---(s+p)
We change the variable s to 1 — z and apply the functional equation, to obtain
1 Q¥ 1F(2) l—z4p 7(2) d
2 Jo, - 2)(—2)-(—z+p)  Al-2)
where Cy = C(T, ¢, A) with

x5Pds

s*Pds.

Ef(z) =

Ef(x) =

1
T >0, c<§+§andA>p+1.

By lemma 2 and lemma 5, we get forT>T0:maX(“’5‘ maxj_; ‘g_ ‘) l1<e<
§+%andA>p+1:

) (#) "
_ 7(z o
6Q2p+1z n1+P 2w o, 7(1—=2)(1 72)(272)~~~(1+p*2’)dz H

7. Study of the hypergeometric function /I,

We now study the function I,,. Kaczorowski and Perelli have studied a very similat
function in [KP1] in order to describe functions of gegre d = 1 in S#. Our work is
strongly influenced by theirs. This function is a particular case of the Fox hypergeo-
metric functions. These last functions have been studied in [Br|. We will rather study
the particular function I, instead of extracting the informations we need from the
very long and dense article [Br|. In order to establish the asymptotic expansion of
the function I,, we show that this function is closely related to Bessel functions.

We shall use the notations defined in section 3.1.

The function I, is closely related to the Mellin inverse transform of G,. We are
going to approach G, with functions whose inverse Mellin transforms are known.
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We recall here that we have proved that
Gols) =Y Fil(s) +rm(s),
k=0

(=D erf(as + k)
(as+r—Fk)---(as+Kr—1)
T > Ty A > max(p+1,m_%”), c < %+ £, if ¢ is not a pole of 4 and if

with Fy(s) =

and rp,(s) =0 (|T|d(07%)7"7m72) .

d
C1 = C(T,c,A) is the path defined in (2), then the integrals
1
Hy(2) = 5~ Fy(s)z' TP~ %ds and Ry(z) := / re(s)ztTP=5ds
2T Jo o

are convergent. With these notations, we have for x > 0 and m € N
Ip(z) =Y Hy(z) + R (). (16)
k=0

To estimate R,,, we move the path of integration to the right and pay attention
to the fact that the integral remains convergent. By proposition 5, we get for m € N
and e >0

R, (z) = O, (méﬂ*ﬁfzﬁl“) (17)

when z tends to infinity.

Proposition 7.1. — If T > 1, A > max(0,¢) and ¢ < v, we have

k
Hk(:c) = e—’?:clerJr(“*k)/d/ (71) f(Z + k) (xl/d)fzdz.
d2in omem 2z + 1) (2 + k1)

Proof By (6), when |7| tends to infinity
Fk(S) < |T|d(67%)*P*kfl,

soif T > Ty := max (l%ﬂ,max;:l %), ¢ < L(p+k)+% and A > max (p + 1, E=RE)

by proposition 5, we have

1
Hk(x) = 2— Fk(s).%'lerist
T Jo(T,e,A)
1 -1 k.. 14+p—s
exf(as+ k) S ds.

(as+r—k)--(as+Kk—1)

We change the variable s to z = as+k — k

2T Joiren

Hy(x) = qupm—k)/d/ COELR) sy,
2 o ey 2(z+1) - (z+k—1)

for any real 7", ¢/ and A’ satisfying 77 > 1, A’ > max(0,¢’) and ¢’ < v. O
We now establish a link between Hy and hy in case v > 0, i.e. in case p > —Rk — g.
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Proposition 7.2. — Ifv >0, for x > 0 we have
Hy(z) = —x

(.Tl/d).

Proof By proposition 7.1, we have

ex/d 1y +(n7k)/d/ (=D f(z+F) L1/dy—=
Hy(zx) = L 140 d
k() %im C(TCA)z(z—l—l)---(z—i—k—l)( ) dz.

By proposition 5, since the real part of the poles of the integrand is less than 0, since
we have

(_1)kf(z + k) - |T|U—u—1
z(z+ 1) (z+k—-1)
we can chose 0 < ¢ = A < v because v > 0 and then we have

c+ioco k
Hy(z) = ek_/dxl+p+<n—k)/d/ (=D*f(z+ k) (/%) *dz

)

2im Cico 224+ 1) (z4+k—1)
= 6ekx1+p+5(“7k)hk(x1/d). O
For £k =0 and v € R, we also have
Hy () = Zat 05 ho(a'/). (18)

We shall now deduce from the link between I, and hj an asymptotic expansion of
I, in case v > 0 and an asymptotic equivalent of Iy in case v < 0.

Notations 5. — Wewrited = 1/d, w = 1+p+(k—v—1/2)d = (p+1/2)(1—9)—i0E.

Theorem 4. — Assume p > —1 — RE — % (ie v > 0). There exists two complex
sequences (0p)n and (3,)n such that for all m € N and all € > 0

T (ZC) — eia:v‘s Z 6nxw—n6 + e—ia:v‘s Z (Xlww—né +0 (x%w—(m+1/2)5+6)
= n=0
when x tends to infinity.

Proof By proposition 7.2, (17) and (16), we have

= Z 5ekl.1+P+(ﬁ—k)6hk (1,6) +0 ($%+p—(p+m+1)6+a)
k=0

m
_ Z 5ek$1+p+(n—k)6hk(z6) +0 (:CERw—é(m—i-l/Q)-i-a)
k=0
Using the asymptotic expansion of functions hy, (see proposition-definition 1) we show
that there exists two complex sequences (d,,), and (8/,), such that for all m € N

Ip(SC) = 25 x1+/)+(n v— nf— JrS 25/ 1+p+ PR n,,)(;
n=0

10 (x%+p—(p+m+1)6+s)
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so there exists two complex sequences (9, ), and (7)), such that for all m € N

m m
. S5 . 3
IP(ZL') — plax Z 5nxw7n§ 4 e taz Zé;l‘win& +0 (:C%w*(m+1/2)5+6) 0
n=0 n=0
Proposition 7.3. — Let v be a real number. We have when x tends to infinity

In(z) =0 (x%(l_‘s)) .
Proof By (16), (17) and (18), we have for alle > 0 :

Io(x) = degzt % ho(2°) 4 O, (x%*‘”e) .

But ho(z) = O (x”’*%) =0 (x’%“*%’%) ,80 Ip(z) =0 (:c%(l’a)) + 0, (z%’ﬂs) .
We chose 0 < € < % to get the final result. O

Proposition 7.4. — Ifp € N, the function I, has a pth derivative and for all k € N,
k < p, we have

I (y) = I (y)-
Proof Assume that p € N and T, ¢ and A satisfy (15), then we have :

1
I(x) = — G I+r=sgs.
@) 2T Jo(Te.0) (o) ’

We have

% (Gp(8)x'™P7%) = (1+ p— 5)Gp(s)a” "

and the integral
/ (1+p—s5)G,(s)x"*ds
C(T,c,A)

is convergent uniformly for = in a compact of RT. So we have
1
I'(z) = — 1+ p—35)G,(s)x" °ds.
0= 5 L leX
But (14 p—5)G,(s) = Gp-1(s) so
1
I'(z) = — G,_1(s)x""*ds.
ol 27 Joren) (

Since T, ¢ and A satisfy conditions (15) with p — 1 instead of p, we have

L) = I (2).

An iteration gives the conclusion. d
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8. Estimation of the error term

8.1. Estimation of the error term with Landau’s method. — We shall prove
in this section theorem 1.

Let F' € S# be a function of degree d > 2.

Using arguments similar to the one used in the proof of the Perron formula (see [T],
section I.2,theorem 1), we prove that for all e > 0, z > 1 and T > 1, we have

' [ e 4O = |an] |z |
n=— T s+ 0 | 2t n o (102l
Z = i s o v 21 ni+e(T) log(z/n)|) + ( T )

n<x 14+e—iT o
- n#x

1 Le+iT s 1+e .
1 SE 4o (2 o (),

2m 1+e—iT S T T
where a, =0 if z ¢ N.

Applying the residue theorem, we get

1 14+e+iT sp 1 —e—iT s
/ L(S)ds =S(z)+ / 2 F(s) ds
1 1

0T JipeiT s 2im

+e—iT 5
1 —e+iT s p 1 LtetiT s o
+f/ L(S)ds + —/ L(S)ds-
2T J__ir s 2im J_cir s

Let us estimate the horizontal integrals. If s = o +4¢T with T > 1 and —¢ < o < 1+¢,
by lemma 4, we have

S

L F(s) =0 (T80 (i),

and therefore,

/1+s:|:iT xsF(S)dS _o <T§(1+€)1 ( x1+s N xr¢ >)
s Td(1+e)/2 T—de/2

—e+iT

1

-0 (_$1+s) L0 (x—sTd(l-i-Za)/Q—l) _
T

Now, let us estimate the vertical integral. Using the functionnal equation and lemma
2, we have

F(s) = eQQSl%F(l —5)

_ 6@25710(0’, 7_)|7_|cl(1/27c7)ei(fcl'rlog|‘r|+(10gf3+d)7’fS§log|7-|)F(1 _ S) (1 +0 (ﬁ)) )
.
So, with s = —e 4 47, we have
F(S)ZE_S _ A$7€|T|d(1/2+8)71 Z [ ez‘(—(dﬂr%g)log\r\ﬂlog /Bci%urd)'r) (1—|—O (i
| b)

s nlte 7|
n>1
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where A is a constant depending on ¢ and the sign of 7. We have

—e+iT i
/ ( 7A11v Z T d(1/24e)—1 Z( (d74+S¢€) log 7+ (log /3@ +d)T )dT
—e—iT n>1 n /d
FA(1/24e)-1 i( (dT—S€) log 7—(log 8Q? s 4 dyr
+A2.T Z n1+€ (1/2+e)— ( )dT
n>1 1/d
T
+0 :CiEZ/ FA(1/2+e)—2 +O0(z7°).
n>1 1/d
With u = dr, we have
—e+iT )
/ F(s)— _le—az 1+ / ud(1/2+e) -1 z( (u+S€) log u+(log d+log 2222 /d+1)u )du
—e—iT n>1n €
+Box™ Z 1+E/ ud(1/2+e)-1 Z((“ S¢) log u—(log 24 m/dJrlHOgd)u)du
n>1

10 (x—er(1/2+a)—1) +O(a9).

= le’gz n1+€/ wd(1/2+e) =1 ,i(p(u) =S¢ log u) g,

n>1

+Box™ Z 1+8/ w3(1/2+e) =1 ,i(=p(u) =S¢ logu) g,

n>1

+O( —erpd(1/2+¢)— )Jro( ‘)

with p(u) = —ulogu + (log %Qx/d + 1+ log d)u.
According to Hilfsatz 10 of [Lan|, we have for U > 1, 6 > 0 and w € R, the

following equality
U
/ USe:tiu(log ufw)du
1

Applying this lemma with § = d(1/2+¢) — 1 and w = log B(izz/d + 1+ logd, we get
for U >1and d> 2

<2309,

U
/ ud(1/2+5)716:tigp(u)du < 23Ud(1/2+5)71/2.
1
Therefore, we have
dT
/ wd(1/2+e) =1 i(Ep(u)=SElogu) g, — O (Td(1/2+e)—1/2)
1

and so
—e+iT s
[ B = o (spsmia-i)
s
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Finaly, we have proved that if d > 2, we have

! _ l 1+e —erp(d—1)/2+e M
Zan—S(ac)—i—O(Tx )—i—O(m T )—i—O T

n<z

so with T' = z“", since a, = o(n!*¢), we have
!/ —

Z an = S(x)+ 0 (z%JFE) .

n<zx
Remark 5. — With a similar method combined with the Van der Corput method
used instead of Hilfsatz 10, we should prove that for 1 < d < 2, we have the estima-
tion E(x) = O (x%*‘g).
We did not manage to prove the estimation E(x) = O (x%"’a) in the case d < 2.
We shall prove it in the next subsection with the additionnal Ramanujan hypothesis.
This hypothesis must be redundant but we did not manage to avoid it.
Anyway, we can notice that the degree of the functions of S# is conjecturally a posi-
tive integer (see [KPO|). Kaczorowski and Perelli have already proved that there are
no function in S* of degree 1 < d < 5/3 (see [KP2]). Moreover, we know that the

functions of S# of degree d < 1 satisfy the Ramanujan hypothesis and, since Kaczo-
rowski and Perelli have explicitly describded these functions, it is easy to prove that

their error term satisfies E(z) = O (x%“) (see [KP1]).

8.2. Method used by Chandrasekharan and Narasimhan. — We shall use
finite differences to establish a link between F(z) and its smooth version E?(x).

If p is an integer, A > 0 and 0 < pA < =z, the pth finite difference of the real
function f is defined as

887w =317~ (0 e+ ).

v=0
By formula (8) of [CN2], we have

E(x) = E°(z) = AP AL (AP (2)—S,(2))+0 (Alog™ ' z)+0O > anl | (19)

r<n<lx+p

Notations 6. — In case d > 1, we define AN(z) = 210", where § = 1/d and n > 0
and choose a convenient n for each case.

Definition 6. — We define W (z) = AL (AP(2)—S,(x)) and V(z) = E(x)—A""W ().

We assume d > 1. In order to estimate W(y), we shall use proposition 6.1, the
asymptotic expansion of I, and some properties of finite differences. This study follows
the method used by Chandrasekharan and Narasimhan in [CN1|.

Notations 7. — We write for all natural integer n, o, = n/Q>.
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Since we have W (y) = A (A4”(y) — S,(y)), by proposition 6.1, we have for p > d/2
and y > 0,

y) = aQ” IZ HpApI (ny).

We estimate now AfT,(y).
Assume that p e N, A >0, y € R and f has a pth derivative on R™*. Then we have

Y+ pti4+A p—1+A
AL f(y) / / / f(p) o dtodty.

ALF)I <N sup [FP(1)].
y<t<y+pA

Applying it to I,, we get by proposition 7.4

IARL,(y) < A7 sup  [Lo(t)].
y<t<y+pA

In particular,

By proposition 7.3, Iy(z) = O (x%(l’a)) so if y > Ap, we have

ALL, ()] < VO (y20D). (20)
On the other hand, we have by proposition 4
ALL, W) = O (W) = O (y) = O (ylr/H0=9), (21)

We have for p > d/2, z > 0 and y > 0,

i On
W(y) = O‘Q ! Z Ozler Ailp(any) (22)
n=1 """

=aQ! Z 1+p o(any) +aQ™! Z a1+p AL T, (any).

ozn<z Qap >z

Using (20) in the first sum and (21) in the second one, we get

an 1 an -
W =0 Ll arn(a,yio- +O<Z 90 (g, )01/ 5>>

n an>z dn

an<z

_ |an| 1(1-9) |an| (p+1/2)(1-06)
=0 2 et )+ 0| X~y -

an<z On anp>z Un

Ifp > %, using A = y' =97 and choosing z = y", since for all e > 0, Z:z lan|n=17¢ <
400, we get for all e > 0

W(y) =0 (ZHE*%(1+5)y(p+1/2)(1*5)*m7) L0 (Zl+sfp676/2y<p+1/2><176>)

W(y) =0 (y(p+1/2><1—6—n>+dn/2+a) _ (23)
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We can now prove theorem 2. Let F € S# such that for all ¢ > 0, we have
> on<a lan|? < ntte.
By Cauchy’s inequality, we have
2

>oodanl ] <Al DD el | <y, (24)

y<n<y+pA y<n<y+pA

for all € > 0, so we have
V(y) < y'a0tmte (25)
Since E(z) = V(x) + A~?W (x), we have by (25) and (23), for all € > 0,
E(:L') -0 (1,(175777)/2+d77/2+6) +0 ($17%(6+n)+s) '
We choose n = § and we get E(x) = O (:c1*5+€)_

If we assume that for all € > 0, a,, = O (n®), then V(z) < x!797"*¢ 50 we have
by (23), for all € > 0,

E(z) =0 (1,(176777)/2+d77/2+5) 10 (x1*%(5+’7>+5) '

d—

We choose n = ;;Jr‘ls and we get F(x) = O (xd_ﬁ*‘g).
9. Estimation of the mean square of the error term

We shall now estimate the integral [’ |E(y)|*dy and prove theorem 3. Since the
estimate of theorem 3 is obvious for functions of degree d < 1 in S#, we shall ass-
sume that F € S# is a function of degree d > 1 such that for all varepsilon > 0,
Y < lan]? <z We have

[ 1B Py < ma ( [ e, [ |v<y>|2dy) |

9.1. Estimation of the second integral. — When z tends to infinity, we have
xr xT
/ )\(9)2 1Og2mF72 ydy — / y2(175777) 1Og2mF72 ydy < :637257277 1Og2mF72 z+1.
2 2

By (24), we have
2

/ > lanl]| dy=0 /917’57" > anl | dy
1 1

y<n<y+pA y<n<y+pA

=0 Z |an|2/ y176777dy -0 Z |an|2n2(175777)

l<n<z+pzl=-9-n l<n<z+pxt—5-n
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So, for all € > 0, we have when x tends to infinity
2

/ Z lan| | dy=0 ((z 4 px1757n)2(1757n)+1+s) _ O(z372572n+s)'
1

y<n<y+pA

Finaly, by (19), for all £ > 0, we have
/ V(y)Pdy = O(z*~*721 + 1), (26)
1

9.2. Estimation for the first integral. — In order to estimate [;" A\=2°|W (y)|dy,
we shall use proposition 6.1, the asymptotic expansion of I, and some properties

of finite differences. This study follows the method used by Chandrasekharan and
Narasimhan in [CN2].

By (22), for p > d/2 and y > 0, we have

WP =@y Z “’"“”Hp AL (my) AT (). 27)

Oé (679
m=1n=1
Definition 7. — We write

- |an|2 2
Wiy) = Z pE ) |ART, (any)|”
n=1%n

U Ay —
Wa(y) =) mAl;IP (my) AL, (any) -
ngm mQn

We shall estimate [;" A\™2°Wy(y)dy and [ A=2Wa(y)dy separately.

9.2.1. Estimation of diagonal terms. —

Proposition 9.1. — Ifpe N and x > 1, then
/ AW (y)dy = O (z275) .
1

Proof By (20), we have

R _ -2 |an|2 |Ap[ any)|
/1 A le (y)dy - / r Z 2(1+p) dy

n>1
lan|? (Af’oep (a y)%(lﬂs))Q |an
2 nim i
- [y < [ ey
n>1 Qn n>1 @

‘ 2

For all e > 0, 3, , lan|* = Oc (2'9), so if e < 4, Zn>1 T = Os(1). This

proves
/ Z |a1n+|5 1_‘de = Os (x2_6) . O

n>1
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9.2.2. Estimation of non-diagonal terms. —
Notations 8. — We recall that w = (p+ 3)(1—0) — i0SE, an =n/Q* and a = dB3°.

The equation (27) shows that the estimation of the non-diagonal terms reduces to
estimating the integral

/1 AMy) " AL, (ouny) AST, (any) dy.

Using the asymptotic expansion of I, given in proposition 4, this estimate is reduced
to that of the integral

U@ = [ 2wy (s ) af (Pe e dy, (28)
1
where b and ¢ are two real numbers such that |b] = |¢| = a.

Lemma 8 — For§<1,p>1,2>1 and x > max (1, (2p)#5), we have

1
Usm)=0(ﬁ)x2“‘5><aman>5p ifon <am <z (29)
’ Ay — Gy
-0 agf (p+2)(1-8) (1 L \z5~ 100 ; < 30
“\ag s ) (1+A2""tan)  fon <z <am  (30)

1
=0 (m) )\72P$(2p+1)(176) (56176 + Aafn) ZfZ < ap < Q. (31)
Proof In this proof, m and n are fixed so we do not always write them. For b, c € R*
such that |b| = |¢| and for y > 0, we define

—ibylal w _iby®al c — — c
Gh(y) = e ™ m AR (y ey ’") and H"(y) = My) "*"y' ~°Gb, (y) G5 (),
so we have

‘ — ey’ (bal —cal
Ube () = / M)~ Gl ()T ()i @t —ead) gy
1

1 * d 50y 8 5
- - HYC() = (e’ (bom—can) ) 4
i0(bal, — cad) /1 (y)dy (e ) Y

SO

1
o, — g

Ut =0 ( ) (isen e+ [T wia). G2

We have

78 6 d 5,6 d
Gh)] = |5 (") ana || =

eibany’ 4 (e—ibafny“A/; (yweibainyé))
dy

and these two functions have been estimated par K. Chandrasekharan and R. Nara-

simhan in [CN2]| in case w is real. In case w € C, the estimations and their proof are
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the same (see [DR] for more details). We recall here their results :

If y > max (1, (2p)ﬁ), we have

Gh.(y) =0 (y™) (33)

=y’ A} (eibafnyé) +0 (At (34)

=0 ()\py%“’fp(lf‘s)aif) ) (35)

G ) = O (A" 1) pour p>1  (36)
0 (/\py%”_p(l_é)_laf,f) . (37)

Using X (y) = O (%), we get
Lve(y)| = 0 (y 1))
dy

9y 1— d ¢ d .
#3000 (|26 ) 16301 + 165001 | o Gam] ) 39)
- If a,, < oo, < 2, by (35) and (37) we have
H};f(y) — A28 (/\2py2m—2p(1—5) (aman>6p) -0 (y2(1—6)(aman)5p) (39)

and by (38)

%Hb,c(y) -0 (/\72py76/\2py2§)?w72p(176) (Oéman)(;p) -0 (y1726(aman)5p) ) (40)
By (39), (40) and (32), we get (29).
~ If a,, < 2 < am, by (33) applied to G2, (), (35) to G<(y), (36) to %Gfﬁb(y) and

(37) to d%Gﬁf(y), we have
Hb,c(y) — A"20y1700 (}\prERw—p(l—(s)aip) -0 ()\—py(p+2)(1—5)aip) (41)
and by (38)
d

—Hb’c(y) -0 (Afpy%}iwf(pfl)(176)71a6p)
dy "

+)\—2py1—50 ()\y%w—2+6afn)\py%w—p(l—5) aflp + y%w)\pyERw—l—p(l—é)aﬁ(?)
-0 (}\—py—5+2§Rw—p(1—6)aflp) +0 (/\_p+1yQERw_p(l_é)_laanéip)

=0 (/\*py(”“)(l*‘;)*‘;ai” (1 + )\y‘s*lafn)) . (42)
By (41), (42) and (32), we get (30).
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— If 2 < an < am, by (33) and (36), we have

|Hb,0(y>| — A"20y100) (yQERw) -0 (/\—2py(2p+2)(1—5)) _ (43)
and by (38)
d%Hb,c(y) = O (AP0} | \“20+12R0-10) (of 4 7))
SO
d%Hb,c(y) -0 (A—pr(2p+1)(1—5)—5 (1 + Ay5—1ag)) _ (44)
By (43), (44) and (32), we have (31). O

We can deduce from these estimations those of non-diagonal terms. The proof is
the same as that of Chandrasekharan and Narasimhan in [CN2], we just recall here
their conclusions.

Lemma 9. — Assume that

binb —
Wy (z) = Z mAﬁIp(amy)A’;Ip(any),
mgn \mOn

that I, expands asymtotically to the form

M M
IP(SC) ~ eiaw‘s Z(SV:CW—V(? + e—iaw‘s Z(Slljscw—l/(?7
v=0 v=0
and that the estimations of the lemma 8 hold for the function

1

for all b,c € R such that |b] = |c| = a.
Then for all € > 0, we have

/ A2 Wo(y)dy = O (x2(1_5) (x"(d_Q)JrE + log x)) .
1
9.3. Proof of theorem 3. — With the hypothesis of theorem 3, we have

/ NHW (y)Pdy = O (227°) + 0 (2079 (=24 L log 1) )
1

and .
[ Wy = o252,
1
Finally, for all n > 0, we have

/z |E(y)|*dy = O (2*7°) + O (xQ(l—‘” (xn(d—2)+a +log x)) + (a3 2mte),
1

— If d < 2, then we choose 7 tending to infinity and we have

/1 "B Pdy = 0 ().
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— If d > 2, then we choose 1 = ¢ and we have

/195 |E(y)|2dy -0 ($2—5) + O(m3_45+5)_

This ends the proof.
Estimates of theorem 3 prove that for d < 4, the function E(z) belongs to L?([0, +ool, dz/x?).
We shall use it in [DR1]. The estimation we get in this last theorem is similar to the
one obtained by Chandrasekharan and Narasimhan in [CN2]. We intend to adapt the
method used by Redmond in [R2] in order to sharpen our result in the case d > 4
and avoid the use of the hypothesis Y _ |a,|? < z*e..

n<zx
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