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ON THE DISTRIBUTION OF THE SUMMANDS
OF PARTITIONS IN RESIDUE CLASSES

BY
CECILE DARTYGE, ANDRAS SARKOZY
AND MIHALY SZALAY*

ABSTRACT. It is proved that the summands of almost all partitions of n are
well-distributed modulo d for d up to d = n1/2—¢.

1. INTRODUCTION AND THE RESULTS

The Erdés—Lehner Theorem [3] asserts that almost all the p(n) unre-
stricted partitions of n contain

(14 o(1)) L

logn

parts (and the same expression approximates the maximal summand in al-
most all partitions of n).

In [1] and [2] Dartyge and Sarkozy studied the distribution of the sum-
mands of (unrestricted) partitions in residue classes and, in particular, they
showed that if d € N is fized and n — +oo, then the summands of almost all
partitions of n are well-distributed modulo d. Moreover, they applied this
result to study the rate of the square-free summands to all summands in a
“random” partition of n. (See [4] and [6] for further related results.)

If we also want to study deeper arithmetic properties of random partitions,
then we have to go further, and we also have to study the distribution of
the summands modulo d for d tending to infinity possibly fast in terms of
n. In [1] and [2] the crucial tool was a classical theorem of Meinardus,
which cannot be used in the case d — +o00. Instead, we will use here a
probabilistic argument which will enable us to show that the summands
themselves are well-distributed modulo d for d up to d = n'/27¢, and the
sums of the summands belonging to the different modulo d residue classes
are also nearly equal for d up to d = n'/6. (We remark that the saddle point
method also could be used and, indeed, with a slightly more work some of our
error terms could be improved upon. However, for our purposes it suffices to
use the more elementary approach presented here. As about the bound n'/6,
it is certainly not sharp. E.g., our proof also yields that each sum in question
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is (14 o(1))n/d for d = o(n'/*).) Recall that in a “random” partition of n
the O(1) summands occur with frequency of order of magnitude y/n. This
fact explains certain conditions in the results (in particular, in Corollary 1)
below.

Consider a general unrestricted partition of the positive integer n:

Au's integers, m = m(II)

MAX+ - FAn=n A =2\, (21)
[MI=1I(n) =

Let 1 £ r < d, A =2 1 be integers, and in II(n) we investigate the number
[resp. the sum| of summands = r(modd) and = A. We define A’ = [4=2].
(Here, A’ 2 0; A’ =0< 1= A =r.) As a bound for A we shall use the

double of the value of the main term in the Erdds—Lehner Theorem.

THEOREM 1. Letw(n) /oo arbitrarily slowly, d < \/n, A < @ﬁlog n.
Then, for all but p(n)/w(n) partitions of n, we have

V6 1
Z 1= log - +
u wd 1—exp (_ w(r4(A +1)d)>
Au=r(d) vén
A=A
Lo Vnw(n)

(exp (L\/G%%U - 1) -min(d,r + A'd)

COROLLARY 1 OF THEOREM 1 (with A = 7). Let 0 < & < %

(fized), 1 < d < n2—¢, w(n) / oo, ;‘;E;rzd < r < d. Then, for all but
p(n)/w(n) partitions of n, we have

Z 1:(1+0(1))ﬂlog (@>, as n — oo.
m md d
Ap=r(d)

COROLLARY 2 OF THEOREM 1 (with A =d+1). Let0 < e < 1
(fized), 1 = d = nz=c. Then, for almost all partitions of n,

zﬂ: 1=(1 +0(1))%log (%) ,  asn — oo.
Ap=r(d)
Ap>r

THEOREM 2. Letw(n) oo arbitrarily slowly, d £ ¥/n, A < g\/ﬁlog n.
Then, for all but p(n)/w(n) partitions of n, we have

n vn n3/*logn
z“: Ae=5+0 7(7«+A'cz)1ogn) +0 (T w(n) ).
Au=r(d)
A A
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COROLLARY OF THEOREM 2 (with A = r). Let w(n) / oo arbi-
trarily slowly, and d < n'/%. Then, for all but p(n)/w(n) partitions of n, we

have
n n3/*logn >
A==+0——Vw(n)].
2 M= (e vt

Au=r(d)

2. A PROBABILISTIC APPROACH

For 1 <7 <d, A =1 (integers), let

SO(n,HvA; d,T‘) dZEf Z 1

o
Ap=r(d)
AuZA

and
S1(n, I, A d, r) def Z A

"
Au=r(d)
ApZA

We investigate So(n, II, A; d,r) and S1(n,II, A;d, r) together as

Sa(n, I, As;d,r) = Z AL

n
Au=r(d)
ApZA

Let us consider the random field consisting of all possible choices of partitions
of n with equal probability. For a € {0, 1}, let &, ,, denote a random variable
which assigns the nonnegative integer S, (n,II, A;d, r) to a partition II(n).
To prove Theorems 1 and 2 we will use the Chebyshev inequality. We
will need estimates for the mean value M (&, o) and the variance D?(&,, o)
of En.a
In the next paragraphs we will prove the following lemmas:

LEMMA 1. Forn = ng, A < g\/ﬁlogn, AN = {Ac_lr—‘, and d < n, we

have

B log® n Von 1
M (&n0) = <1+0< Jn >> md logl_exp<—\/%(7’+(f\/+1)d)> ’
1
i exp (\/Lﬁ—n(r‘f‘A'd)) -1 !
+0() 1 +00)

exp (\/%(T + (A + 1)d)) 1
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and
M(gn 1) -
log“n no 6n o= 1 m(r+ Ad)t
= (1 o NT S (1 _
(+O<\/ﬁ)>{d w?dt:1t2< eXp( Von
vV AN +1)d
+ (r+A'd) on log ! — + ol +, )d) +0(n73).
md 1 — exp (_ m(r+A d)) exp (7r(7’+A d)) 1
Vén V6én

LEMMA 2. (i) Forn = ng, d < n, A £ X8 /nlogn, and ' = [A="],
we have

) Vi
PO o () - ) it v

(ii) For n = ng, d < n®/12 and A < g\/ﬁlogn,

3/2 g2
D26 = 0 (220 ).

In the last paragraph, we will use these two lemmas to complete the proofs
of Theorems 1 and 2.

3. A CONSEQUENCE OF A FORMULA
OF HARDY AND RAMANUJAN

p(n—t)

p(n) -~

The proofs of Lemmas 1 and 2 rely on a precise estimate of the rate
By [5] we have

p(n):exp<27% ") V6 —|—O<exp<0.51~2—7r\/ﬁ>>.

A(n — 37)V3 2m\/n — 51 V6

This implies that

pln) = 4n1\/§{1_ <§+ 247:/6> \/LE+O(%>}€XP (2_\/%‘@

LEMMA 3. Forn =2 and 1 <t < nb®, we have

p(n —t)
p(n)

<1 + O( —3/4)) <1 n t 7Tt2 37Tt3 I 7T2t4 ) ox ( Tt >
= n R — - .
n  4ny6n  8n2v6n  192n3 P V61
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Proof. With ¢ = V6 + T

o T 245
pin—1) _
p(n)
n 1= =105 ™
Tt —g:() ((%)) o <_ % (vn n_t)> -
= (1 ro0mm) 2 ; fé<;) o (- 75 yrvt) -
- <1+O(n_3/4)) (1+—) exp (— % - ﬁ%ﬂ -

- m{wmbmv ‘ﬁ}) -
~ (1+0m™) (1+%> exp <—\Z_n - 4n7:t/26_n - 8;;5% +o<ni_2>> _
= <1+O(n*3/4)) <1+%> exp <— %) {1 — 4;\2_” + % lggzn} :

2 2t4 3

t Tt 1 =« Tt
=(1 B (142 ) (1 - - _ .
(1+0™1) ( +n> ( n/on | 2 16n%6n 8n2\/_6n>

t mt? 3rt3 w2t it
= (1+0(n=3/* ) (1—}—— — + >ex (—)
( ( ) n  4ny/6n  8n2v6n  192n3 P \V6n

4. ESTIMATIONS OF THE MEAN VALUE: PROOF OF LEMMA 1

We start from

So(n, 11, Asd, ) A= (r+ kd)* - mult (r+ kd
( Z kZA/ ) inH(n)( )
/\#ET’(d)
A A

where A’ = [A;r], n' = |27

Let s = L()’@\/ﬁlognJ + 1 (and p(0)=1).

M(fn,a) = Z Sa(n, H,A; d, 7') =

M(n)

Z Z (r + kd)™ mult (r + kd) =

H(n) Py inIl(n)

b
p(n)
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= (r + kd)“ mult (r + kd) =
p(n) Pyy H(Zn) inTl(n)
w | |

= o0 k:A/(r + kd)® ; p(n — (r+ kd)t) =

_ . o P(n — (r + kd)t)
— Z (r + kd) 0] +

+ i(r—kkd)a yo O =) by Lemma s

e 1<tz p(n)

(r+kd)t=s
= Y (r+kd)® <1+O(n_3/4)> {1+ (r+kd)t  w((r+kd)t)*
N <kSn' n 4n+/6n

1§t< T-Q»Skd

_ 3a((r +kd)t)® | wP((r + kd)t)t } exp <_ m
8n2/6n 192n3 Ven
+0(n) -n* n-0(n~% =

_ (1+O(n_3/4)) S (r+kd)® {1+(r+kd)t B W((r—i-kd)t)z}‘

(r + k:d)t) +

E>A n 4n V 6n
>1
(r+kd)t<s

T
-exp [ — r+kdt)+0mn3 if n is large enough
b (- = k)t ) + 00 ) o cnoug

since

s3 log®n st log* n S 52
nQ\/ﬁ 0 < n ) ’ n3 0 < n > ’ n O( )7 n3/2 0( )7

moreover, 7 4 kd < 3 implies that & < n’ if n 2 ng. Thus we have proved
the following

LEMMA 4. Forn=ng, AS g\/ﬁlogn, d<n, ands= {6§\/ﬁlognJ+l,
we have

M(En,o) -

2
=(1+ O(n_3/4) 14 (7“ + k‘d)t B 7'[‘((1" + k:d)t) '
( ) kg/ ( n 4An\/6n >

(r+§:i)1t<s
- exp (— \/%(T + kd)t) +0(n™?)
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and
M(én,l) =
_ -3/ . (r+kdt w((r+ kd)t)? _
(1+0( )) k; ( +kd){1+ - y }
(7'+tk%;t<s
-exp (— \/Té_n(r + kd)t) +0(n73).

Again, let n 2 ng, A < é\/ﬁlogn, d <n,s= Lﬁg\/ﬁlognJ + 1,
a €{0,1}. Since

S logn s? log®n
— = d —_— = e —
n 0 < Vn > o n3/2 0 ( N

Lemma 4 yields that

M(&n,a) =
_ (1+o (10525”)) g (r+kd)® exp (_ \/7;_n(r + kd)t) +O(n~?) =
riapr<e
_ (1 +0 (lo\g/;”» k%/(r + kd)® exp (— \/z_n(r + kd)t) +
+0(1) k; (r + kd)® exp <_ jé_n(r + kd)t) +O(n3) =
(r+%;@s
= <1 +0 <lo§,n>> kf; g(r + kd)® exp (— \/ﬂ_n(r + kd)t) +
+0(1) g: exp (- %O (T%;H(r +kd)* +0(n%) =
£>1 k>N
_ <1 10 (1052”» g i(r + kd)® exp (_ =+ kd)t) 4
+o() iexp (- =d) 0t + o)
Here, with & = exp (— %)
ji:o;jexp <— \/%j> = g;jwj = x(ji:.;a:j>/ =z <1:C_sx>/ =

se¥ 1l —a)+a° sz x5t s S T
(1—2)? S l-z (1—x)2
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and
o oo o0 !/
T
5% exp <— —]> =) j’ —w< Jfb‘j> =

_ <s2x 1—2)—s-2°- (1) (s—l—l)ws(l—x)z—x5+12(1—m)(—1)> _
(1- 30)2 (1—=)*

3/210g n) + 0(n?logn) + O(n 3/2)> =
= 2°0(n*?log?n) = O(n~%n*?log? n).

Consequently,
Z;a“ exp < \/%n > O(n=**log®n),
and
M(&na) =
_ <1 +0 <1°g ”)) kf: g(r 4 k) exp <_ T+ kd)t) +O(n~?).
0 =0

The following separation of k = A’ plays a role for A’ = 0:

M(&no) = <1 +0 (10\5;"» iexp <— \/%(r + A’d)t) +

t=1

(o () B () 2 (= () ¢

k=A'+1
+0(n73) =
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since

AU S SN 3 et 2oy
eB-1 B el —1 eP —

e_tat =log .—— with a = = (r + (A’ +

Thus, by using the formula ;2
1)d),

log® n 1 -3
vn )> exp< (T+A’d)> +O(n )+

(
+ <1+O (105271)) t;ilexp <— \/7(;—n(r+(A’+1)d)t> {%Jrg(l)} _
)

+ \/Gd_nlog L }—i—
m 1 — exp (—\/%(T—F (A’+1)d)>
+o(1) ! +O(m~?)
exp (%(r + (A + 1)d)> 1
a=11
M(n) =

k=M’ n
Since, fory—exp( ”—gi),
o0 , A_/
Zkyk—A<1 + 2>,
=, -y (I-y)

we obtain that

M(gn,l) =

_ (1+O <log n)) Zexp< ;%) { 1e_XZX<p (ﬂdti_t)>
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wdt
th/ A/ eXp(——n>
+d'exp<—ﬂ6 > Nt Yo 5| ¢+
_ __ mat 7d
) \ oo () (e 28)
+0(n3) =
log? = ANd)t ANd
:<1+O<og n>>zexp(_w(r—|— d)> r+ n
Vv =1 Von 1—exp (—%)
mdt
exp(——n)
+d Vo) 440,
mdt
(1-en (-552))
For real g > 0, we have
Ll 11y
B 2 1—efB ~p
Thus,
B 2 -1 1—eh B
For 0 < 8 < 2 these imply that
1 1
——=<
B2 4 (P —-1)(1—eh)
which is trivial for 3 = 2. Next,
2
1 (eﬁ/2 >2 eB/2
p— = <
B8_ —e B B_ 2
(e 1)(1 € ) € 1 ﬂ(l_'_%—i_%—i_'“—i_(kﬁTkl)!—’—”')

2
< eP/? 1
2 ~ 32
B+ +CR2 .oy )] 8

For 3 > 0 we obtained that

Therefore,
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ol S )

+ (T+A’d)@ Zlexp (_M) +

7d —~ t Vén
+ O((A" +1)a) iexp <—7T(L\/6£n/d)t>} +0(n3) =
og’n n n — w(r+ A
(oSN B ().
)y Vo O((A" + 1)d)
+ (r+Ad) 7T6d 10g1_eXp (_lw(%%'d)> + exp (w(vj;:i)) 1}+
+0(n™?).

Thus we have proved our Lemma 1. Later we shall also use the following

Remark 1. Here, since for 3 =0, 1 — e % < 3 holds,

(£ 20(228) 5 o)
:%(0(%%)010% <>> ( T+A’d)logn>+
+0(3)

5. PROOF OF LEMMA 2

Since

Dz(fn,a) =M ((gn,a - M(fma))z) =
= M( 721,04) - (M(fn,a»Q

we shall estimate M (&7 ) from above (for a € {0,1}).

1
M 72“1 = — Si n, I A;d,r) =
(€)= 55 3 S )
I(n)
1 "
= — (r+kd)® mult (r+kd r4+7d)® mult (r+7d

P (kZA )7 amult ( >> (ZA< j)* ol (7 >)
1 n' n’

_ (r+kd)* D (r+jd)* Y mult (r + kd) - mult (r + jd) =
( ) —A/ J=A’ II(n) inTi(n) in i)

11
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:% (r + kd)® Zr+]d ZZ >ooo1=
k=A'

tl 1t2 1 H(n)
mult (7‘+kd)>t1

mult (r+jd)=ts

inII(n)
1 n’ n’ ‘
=—= > (r+kd)* Y (r+jd)” > p(n—ti(r + kd)-
p(n) k=A' ]:A/ t17t221
JF#k t1(r+kd)+to(r+jd)<n
1 &
—to(r + jd)) + o) S (r+kd)?* > (2t —Dp(n —t(r + kd)) =
P i 2ne =1
t(r+kd)<n
1 n’ n’
=— ) (r+Ed)D (r+jd)* > p(n—ti(r + kd)—
p(n) k=A' jZA/ t15t2§1
t1(r+kd)+te(r+5id)<n
1 &
—to(r + jd)) + o) S (r+kd)?* Y top(n—t(r+kd)).
PR i =n =1
t(r+kd)<n

By Lemma 3, with s = {6§\/ﬁlog nJ + 1 and n = ny, since

Z 1= Z O(nlogn),

E>A
t>1
t(r+kd)<n

M(&5 o) =

—1 kd) —t id
= Y e g KR RIS L £ I0),
=y p(n)
tl,tggl
t1(r+kd)<s
ta(r+jd)<s

+ O ((nlogn)*n**n~%) +

—t kd
+ Z (r + kd) 204D pln—tr+ ))+O((nlogn)n2°‘-n-n*6):
= p(n)
t>1
t(r+kd)<s

= D (+kd(r+jd)° (1+O(n_3/4)) (1+

k>N

t1,t22>21
t1(r+kd)<s
to(r+jd)<s

Cm(ti(r + kd) +ta(r + jd))2> exp <_7T(t1(7" + kd) + to(r + jd)))
4n/6n Von

ti(r+kd)+ta(r+jd)
n

_|_
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+ O(n"%log*n)+

+ > (r+kd)*t (1 + O(n_3/4)) (1 L Urtkd)

n
k=N’
t>1
t(r+kd)<s

7“ﬁ;jgf”2>emo<—”“3;f@>.

In the first multisum, for sufficiently large n,

ti(r + kd) + ta(r + jd)  w(t1(r + kd) + t2(r + jd))? -

t 0 - invon
t(r+kd)  to(r+jd)  w(ta(r+kd)?  w(ta(r+jd)?
<t T Anven  4nvon
_ ti(r +kd)  w(ti(r + kd))? ta(r +4d)  m(ta(r +jd))?
- (H n 4n\/6n ) (H n 4n\/6n )+

4
+O<log n) _
n

— (1 + O(n_3/4)) <1 n t1(r + kd) B 7ty (r + k‘d))2> '

n 4n+/6n
. <1+ to(r +jd) w<t2<r+jd)>2>
4ny/6n '
Consequently,
M(& o) <
_ ti(r+kd) 7wt (r + kd))?
< (1+0(n?/* +maO+ - :
SQHOWN)Y Y rekd . T~
k> A
=1
t1(r+kd)<s
2
- exp <— W) } +0(n2log*n)+
_ tir+kd)  w(t(r+kd))?
+(1+0(n=3/%) (r+kd)**t (1 + - :
k;, n 4n\/6n
t>1
t(r+kd)<s

- exp (—%)

Remark 2. Tt is supposed that d < \/n. Then r + A'd < A +d < s, ie.,
1(r + A’d) < s and the error term in the term with £ = A’ and ¢t = 1 in the

last sum is .
O(n=3/%(r + N'd)®* exp <—%)
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which majorizes the error term O(n~=2log®n) since

(r + N'd)> exp (-%) > exp (_77(/\7\/;_”60> > %

Therefore, the error term O(n~2log? n) can be dropped. The same argument
can be applied to the error terms O(n~3) in Lemma 4. Consequently, each
error term O(n~3) of Lemma 1 can be dropped for d < /n.

In this way, for A < é\/ﬁlog n, d < y/n and n = n{j, we obtain that

M(&2.) S (1403 *)M? (& a)+

log? n>> 9 mt(r + kd)
+ 1+O< (r+kd)**texp| —————— ) .
< Vn k;, Von
=1
t(r+kd)<s
Finally,

D*(6na) = M(E) ) = MP(€n0) £ O™ ) M?(&0)+
. <1+O<lo\g/ﬁn>> S (r 4 kd)>texp <_L\/Z_fd>>.

k=N’
t>1
t(r+kd)<s

[a=0:]

D?(&n0) < O(n™3/*)M>(&0)+

+ (1+O <1°\gr”)> 3 Ztexp( \/‘6%”)> _

k=A’ t=1
= O(n™*/*) M (€n0)+

(1+O <log n)> Ztexp( 7%) : ;XI;X(p(ﬂ*t/%(;).

n

Using again the inequalities % +i< 25 < % + 1 (for § > 0) and the

formula Y72, te™ = m we obtain

D?(&n0) < O(n /) M>(&0)+

+<1+O<10g n))Ztex < mi( %/d)>{g+1}:

= O(n= ") M>(&0)+

log? NG 1
" (1 o ( 0\%”)) ﬂdn ' w(r+A’d) +
exp ( Ton ) —1
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1 1
+ ’ ’ ’ =
exp (ﬂ(vﬁ% d)) -1 1—exp (—7””"%; d)>
logZn
1+O( \g/ﬁ ) 6n 1
- (riA'd) a ey
exp(wr\/ﬁ )—1 7r l—exp(—ﬂﬁ)

2

w(r+ A'd) _3/8
(e () o)

Let yi\/exp (M) — 1. We have

Von
exp (W(T +\(/A(;_n+ 1)d)) = (12 + 1) exp (%) > 241

and, by Lemma 1,

Y
1
=O0(n=%/8 {@ylog 1+—>+—}
(=) 75 Z) Ty
-y%: <1 ify > 1;

ylog2+2ylog%
1

gylog2+2y§§ 0g2+2 if0<y<1.

(v n_3/8|M(§n70)’>2 = O(n~3/%) {@ N 1}2 _

d vy
2
= O(n=3/%) {? —|—n1/4}

since y > 1/7T(L\/6%/d) >, /%n‘l/‘l. As d < /n, we have
2 3/4
Y CLN Y R LA

= O(n_3/4)§ {? +2n'/* 4 d} = O(n_3/4)\/7ﬁ {\/ﬁ +2nl/% 4 \/ﬁ} -

vno oy
~ 0 )

Finally,

D2 (gn,O) g
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1+0(n=1% {\/Gn n 1 } B
= w(r+A’d) wd w(r+A’d) o
oo (R 1 | T 1 ()

[ =1"]
For A < é\/ﬁlogn and d £ y/n, using Lemma 1 and Remark 1,

D*(€n1) £ O™ )MP(&y0)+
. (1+O<10\g/;n>) ST+ kd)*texp (-L\/gd))

k=N’
t>1
t(r+kd)<s

A

< O™ M* (&) +

)
2 1 ox _ mt(r + kd)
+ O(s%) k; ; p< ~—Jon )

t>1
t(r+kd)<s

A

2
< 0(n=3/%) {g —i—(r—i—A’d)%logn%—\/ﬁd} +

+O(nlog®n) i % P <_%> i o <_%)

t=1 k=A’

A

2
< O(n=3/4) {g + (A+d)§1ogn+ \/ﬁd} +
oo /
t=1 ¢ Von 1 —exp <— %)

2

1 2
< O(n~31 {% + \/ﬁd} +

+O(nlog2n)zlexp (_Wt(T+A’d)> {\/% +O(1)}

A

vV on td

Von o 1
+ O(nlog®n) von = 1 + O | log !
md t? 1- <_M
t=1 eXp Jon



On the distribution of the summands of partitions in residue classes

=0(n'/*) {\/ﬁ%g% + d}2 + O(nlog®n) {@ + logn} =

17

d
5/4] 4 3/2] 2
=0(1) {% +n3/*log? n + nt/4d? + % +nlog3n} =
3/2]
=0(1) {% +nlog3n+n1/4d2} =

n*/? dlog® d?
2 g n

For d < n®/12 we obtain that

3/2 1002
P =0 ().

6. COMPLETIONS OF THE PROOFS OF THE THEOREMS

Case . = 0. Lemmas 1 and 2 for o = 0 give the assertion in our Theorem 1:

Let w(n) /oo, d < y/n, A < @\/ﬁlog n. Applying Chebyshev’s inequal-
ity and using Remark 2, we obtain that, for all but p(n)/w(n) partitions of
n?

S 1= M) +0 J ynwln) -
(e

w(r+A’d) _ . /
Mz (d) Von ) 1) min(d, r + A’d)
AuZA
_(1+0 log® n Vbn o 1
- NG md 1 op (~=Gann)
- ! -
exp (Tr(’:;_ﬁ%/d)) 1
. o(1) Viw(n)

; +0 /
xp (w\/ﬁ:l)dv -1 $ (eXP (W(%d)) - ) -min(d, r+A’d)
where A’ = [£32], 1 <7 < d. Again with y = \/ exp () - 1

() (1)1 -

o) ()1
§O<§> 1og;1n )+ 0(1 m = - \/min(d,\/rﬁJrA/d)

thus our Theorem 1 is proved.
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Case o = 1. Lemmas 1 and 2 for a = 1 give the assertion in our Theorem 2:
Let w(n) / oo, d < n®/12 A < g\/ﬁlogn. Applying Chebyshev’s in-

equality and using Remark 1, we obtain that, for all but p(n)/w(n) partitions
of n,

> -

w
Au=r(d)
A=A

M (&) +O < \j/;(logn) w(n)> _

log®n no 6n e 1 m(r+ Ad)t
~ (1 BN (o _mrr A 4n
( +O< N )){d 72d t2< eXp( Von "
vV 1 AN +1
+(r+ A'd) on log + O((A"+ 1)d)
md 1 —exp (—Lrﬂvd)) exp <4W(T+Ald)> -1

= <1+0 (%;”)) {g +0 <\2_(7“+A'd)logn) +0 (é) +
+o<(r+A'd>¢jlogn) +O(\/Ed)}+

= <1+O (%)) {g+0 <\2_(T+A’d)logn> +O(\/ﬁd)}+

n3/4
+0 (% w(n)

(%(r + ANd)log n> + O(Vnd)+

For d £ n'/6 \/nd < 34sothatweget

=Va
% 10 (?(r + N'd) logn> +0 <% w(n)>

which completes the proof of Theorem 2.
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