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The universality of symmetric power L-functions
and their Rankin-Selberg L-functions

H.-Z. L1 ) (Shanghai) & J. Wu (Nancy)

Abstract. We establish the universality theorem for the first four symmetric power
L-functions of automorphic forms and their associated Rankin-Selberg L-functions. This

generalizes some results of Laurinéikas & Matsumoto and Matsumoto respectively.

§ 1. Introduction

The automorphic L-function is a powerful tool to study arithmetic, algebraic and geometric
objects. Many results will follow from the known or conjectured analytic properties of automor-
phic L-functions. It is therefore important to explore an L-function in various analytic aspects.
Here, we are concerned with the universality property. Roughly speaking, a function f has the
universality property if every non-vanishing analytic function can be approximated uniformly
on compact subsets in the half critical strip ID)(%) by translations of this function f , where D(%)
denotes

(1.1) D(og) :={s€C:09 < Res < 1}

for any oy < 1. According to Linnik-Ibragimov, it was conjectured that the universality property
is intrinsic to all Dirichlet series which can be analytically continued to left of their abscissa of
absolute convergence.

The universality of the Riemann zeta-function ((s) was first discovered by Voronin [23].
More precisely he proved the following: Let K be a closed disc of radius r < i centered at
3 and ¢(s) a non-vanishing analytic function in the interior of K and continuous on K.
Then for any € > 0, there is a real number ¢ such that

S =

(1.2) sup |C(s +it) — p(s)| <e.

s€K
In 1981, Bagchi [1] developed a new method to deduce the universality property of ((s) and
obtained a result stronger than (1.2), as follows. Let K be a compact subset of D(%) with
connected complement and ¢(s) a non-vanishing analytic function in the interior of K and
continuous on K. Then for any € > 0, we have

1
(1.3) lim inf —meas{t € (0,7 : sup [¢(s +it) — (s)| < 5} >0,
T seK

T—o0
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where meas(+) is the Lebesgue measure. This result was generalized by different authors to many
other L-functions such as Dirichlet L-functions, Dedekind L-functions, Hurwitz L-functions,
Lerch L-functions, etc. A detailed historical account can be found in [15].

In this paper we are interested in the universality of automorphic L-functions. For a positive
even integer k such that k = 12 or k > 16 (), we denote by Hj, the set of all Hecke primitive
eigencuspforms of weight k for the full modular group SL(2,Z). The Fourier series expansion of
f € H} at the cusp oo is

f(z) = Z )\f(n)n(kq)/zezmm (Smz > 0),
n=1

where A¢(n) is the nth (normalized) Fourier coefficient of f, verifying
mn
(1.4 Mo = 3 (%)
d|(m,n)

for any integers m > 1 and n > 1. In particular it is a multiplicative function of n. According
to Deligne, for any prime number p there is af(p) such that

(1.5) Ar(0") = ap(p) + o) 2+ Farp)™ (w=1)
and
(1.6) lag(p)| = 1.

In particular A\;(1) = 1 and Af(n) is real.
For m € N, the mth symmetric power L-function attached to f € Hj, and its Rankin-Selberg
L-function are defined as

(1.7) L(s,sym™f) := H H (1- af(P)m_QjP_s)_l

p 0<j<m
and
m m m—i—j), —s\ 1L
(18) Lis,sym™f xsym™ )= T[ (1 ap()?m=i-9p)
p 0<i,j<m

for ¢ > 1, respectively. The products over primes in (1.7) and (1.8) admit Dirichlet series

representation
(1.9) L(s,F) = Z Ar(n)n™?*
n=1

for o > 1, where F' = sym™f or sym™f x sym™f, and Ap(n) is a multiplicative function.
Following from (1.6), we have for n > 1,

(1.10) ()] < { dpmsi(n)  if F=sym™f,

dims1)2(n) if F'=sym™f x sym™f,

2 For k e {2,4,6,8,10,14}, there is no cusp forms of weight k for the full modular group
SL(2,7Z) (see [21])
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where d,(n) is the nth coefficient of the Dirichlet series ((s)?. The case F' = sym!f in (1.10) is
commonly known as Deligne’s inequality.

According to [3, Section 3.2.1] and [10, Proposition 2.1], the gamma factors of L(s,sym™ f)
and L(s,sym™ f x sym™ f) are, respectively,

HFc(S-‘r(V-‘r%)(k’—l)) ifm=2n+1
(1.11) Loo(s,sym™ f) := { ¥=0 "
Tr(s + 62) [[ Te(s +v(k = 1)) if m=2n
v=1
and
Fc(s)""'l H T'c (s + vk — 1))m_u+1 fm=2n+1
(1.12) Loo(s,sym™ f x sym™ f) = v=l
Tr(s)Tc(s)™ H Le(s+v(k— 1))mﬂjJrl if m = 2n,
v=1

where I'g(s) := 7=%/2I'(s/2), Tc(s) := 2(27)~°T'(s) and

{1 if24n,

Ootn, =
gl 0 otherwise.

For F' = sym™ f or F' =sym™ f x sym™ f where f € H and m = 1,2, 3,4, it is known that the
function A(s, F) := Loo(s, F)L(s, F) is entire on C and satisfies the functional equation

(1.13) A(s,F) = epA(1 — s, F)

with ep = +1 (see [5, 7, 8, 9] for F = sym™ f and [10, 20] for F' = sym™ f x sym™ f).
For the universality property of L(s, F'), we have the following result.

Theorem 1. Let 1 < m < 4, 2 | k such that k = 12 or k > 16, f € H} and F' = sym™f or
F =sym™f x sym™ f. Define

1—(m+1)"t if F=sym™f,
(1.14) UF:{ ( ) ym™f

1—(m+1)"2 if F=sym™f xsym™f.

Let K be a compact subset of D(op) with connected complement and (s) a non-vanishing
analytic function in the interior of K and continuous on K. Then for any € > 0, we have

1
lim inf —meas{t €[0,7T] : sup |L(s +it, F) — gp(s)| < E} > 0.
T—oo 1 scK

Remark. (i) The particular case F' = sym'f = f of Theorem 1 was first investigated
by Kacénas & Laurinéikas [6] and established completely by Laurincikas & Matsumoto [13].
Another particular case F = sym!f x sym'f = f x f was considered by Matsumoto [16]
recently.

(ii) Theorem 1 is established only for 1 < m < 4 due to the lack of knowledge about the
high symmetric powers.
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(iii) The reason why Theorem 1 holds only for D(oF) instead of D(3) is that the estimate

T
/ |L(s, )P dr <; T (VT >1)
1

is only achieved for o > o (see (5.3) below), where or is defined as in Theorem 1. It seems
interesting to improve this estimate further so that Theorem 1 can hold for ID)(%)

(iv) It is possible to generalize (without too much difficulty) Theorem 1 to the case of the
congruence subgroup I'g(N) with square-free N, as what Laurincikas, Matsumoto & Steuding
[15] did for L(s, f).

Like [13] and [16], we shall use Bagchi’s method to prove Theorem 1. (Interested readers
are referred to [11] for an excellent paradigm on Bagchi’s method.) One of their main tools is

S @)~ —

log x

Rankin’s asymptotic formula

psz
for z — oo (see [18], theorem 2). However, such a prime number theorem for the symmetric mth
power L-function with m > 2 is not available. In Section 2, we shall establish this result based
on [20] and [10], which is clearly of independent interest and may have many other applications.

As in [14], we can deduce the following as simple consequences of Theorem 1.

Corollary 2. Let m, k, f, F and op be as in Theorem 1. For op < ¢ < 1 and any positive
integer J, define a mapping ¢ : R — C” by

(1) := (L(o + i1, F), L (o +i1, F),..., LYY (o +ir, F)).
Then 9 (R) is dense in C”.

Corollary 3. Let m, k, f, F and or be as in Theorem 1, and J be a non negative integer. If
the continuous functions g; : C7 — C (0 < j < J) satisfy

J
> g (L(s, F), L' (s, F),..., L=V (s, F)) =0
j=0

for all s € C, then g; =0 (0 < j < J).

Acknowledgement. We began working on this paper in April 2004 during the visit of the
second author to Shanghai Jiaotong University, and finished in February 2005 when the first
author visited I’Université Henri Poincaré (Nancy 1). We are indebted to both institutions
for invitations and support. The second author would like to thank the GRD de Théorie des
Nombres au CNRS for support. We would express our sincere gratitude to K. Matsumoto for
his kind help in our study of his joint paper with Laurincikas [13]. Finally the authors wish to
thank the referee for pointing out a mistake in the earlier version.

§ 2. The prime number theorem for symmetric power L-functions

Let m € N, 2 | k such that k = 12 or £ > 16 and f € Hj. From (1.6), the product (1.8) is
absolutely convergent for o > 1. Thus we can define Agymm fxsymm f(n) by the relation

L m m - Asymm g xsymm f(n)
2. L sy sy gy = 3 R

n=1

for ¢ > 1. The aim of this section is to prove the following result.
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Proposition 2.1. Let 1 < m < 4, 2 | k such that k = 12 or k > 16 and f € H}. Then for

T — 00, we have

(22) Z Asymmfxsymmf(n) ~ T,
n<zx

(2.3) > A (™)) logp ~ =,
p<z

(2.4) g!kf(p I~ gz

This proposition will be referred as the prime number theorem for the coefficients of sym-
metric power L-functions associated with newforms. It plays a key role in our proof of Theorems
1 & 2, and is of independent interest. The case m = 1 was considered by Rankin [18]. We shall
prove this proposition with the non-vanishing property on o = 1 in standard way. To this end,

we firstly prove two preliminary lemmas.

Let m € N, 2| k such that £k =12 or k > 16 and f € H;. We define

(2.5) s om(s) = H H {(1- oy (p)2m=0p=#) (1 — af(p)72(m7€)pfs)}*(€+1)

p 0<i<m
for o > 1 and

25 (m+ 1 — j) cos[2j0; (p)v]logp if n = p,

0 otherwise,

(2.6) Apm(n) = {

where af(p) is determined by (1.5)-(1.6) and 6 (p) € [0, 7] is chosen such that ay(p) = e?s(P).

Lemma 2.1. Let m € N, 2 | k such that k = 12 or k > 16 and f € H}. Then for o > 1, we

have

27) L (g 5~ Armln)

Yim — n®
> Agm(n)
2.8 logW¢,,(s) = —
2.8 OB rm(s) = 3 ST

Proof. By the Deligne inequality, the Euler product ¥y ,,(s) converges absolutely for o > 1.
Taking logarithmic derivative on both sides of (2.5), we have, for o > 1,

g m 2(m—1~) —-s] —2(m—10) -]
In (=3 3 (£+1)<af(p) p—*logp  as(p) p ng)

¥ fim p 0<L<m L —ay(p)2m=Hp=s 1 — ay(p)—2m=0Op—s

S Y @+ [y (0)* =% + ay(p) "] logp

sv
p v>10<l<m p

which is equivalent to (2.7).
Integrating (2.7) on the half-line {s +¢: ¢ > 0}, we obtain (2.8). O
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Lemma 2.2. Let 1 < m <4, 2| k such that k = 12 or k > 16 and f € H}. Then for c > 1

and s # 1, we have
L(s,sym™f x sym™f) # 0.

0<i T<m 2m —L0+1 ifm <l <2m
i+j=¢

Proof. Noticing that

and using (1.8), we can write, for o > 1,
(2.9) L(s,sym™f x sym™f) = Q(s)m"'llllf,m(s).

As usual we denote by A(n) von Mangoldt’s function. Following from (2.6), (2.7), (2.9) and
the classical relations

L= 2 e = A,

¢ = n =t logn
we infer that
(2.10) Asymm pxsymmp(n) = (m+1DAMR) + Apm(n) — (n=>1)
and
(2.11) log L(s,sym™ f x sym™ f) = i Asymmfsxsymmf(n) (o >1).
oy nslogn

Next we calculate Agymm fxsymm ¢(p”). Write ¥, = 6;(p)v for notational convenience, we
get

Apm(p)(logp) ™" =2 Z Z cos(£29,)

1<0<m 1<j<m—~0+1

=2 Z Z cos(£29,),

1<j<m 1<6<m—j+1

by (2.6). On the other hand, we have

Z cos(£29,)

15219 )
1<t<m—j+1 1<€<m j+1

zm i+2)29, _ i219,,
( 61219” -1 )

i(m—j+1)9, _ ei(mj+1)19,/>

zm i+2)9, €

= Re

il _ o—idy

cos[( —j 4+ 2)9,]sin[(m — j + 1)¥9,]
sin, '

Inserting it into the preceding formula and applying the identity

2 cosasin § = sin(a + §) — sin(a — 3),
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it follows that

_ 1 . . .
Mg )ogp) = o 3 (sin{[20m —j+ 1) + 114} — sin)
Y 1<j<m
1
= in|(2 )9, —m.
o, 1<§<msm[( (+1)0,] —m

Similarly, we have

> sin[(2041)9,] =Sm (Y ei<24+1>“9v>

1<4<m 1<4<m

z(erl )29, __ 1219
=)

61219

—imi,

e — €
ez (m+2)9, )

Y _ e T, _ o—i0,

Il
&

m

&
3
/‘\/(;\ A~

_sin[(m +2)9, ]sm(m19 )

sind,
sin?[(m + 1)9,] — sin? 9,
sind, '

Combining this with the previous relation, we deduce that

Mgl togp) ! = (D)

which implies, via (2.10),

(212) Asymmfxsymmf(py)

Il
N
&
2
3
+
S
)
S
N———
N
<)
o
i)

In particular, we obtain with (1.5) that

(2.13) ASymmeSymmf(P) = (Sin[(:n;fl()pe)f(p)]) log p

2
( Z ei(m2j)9f(P)) log p

0<j<m

= A (0™)|* logp.

Now we are ready to prove Lemma 2.2. Suppose L(s,sym™ f x sym™ f) has a zero at 1+1i7g

of order £ > 1, where 79 # 0. Consider the function

g(s) := L(s,sym™ f x sym™ f)3L(s + iTo, sym™ f x sym™ f)* L(s 4 1279, sym™ f x sym™ f).

Since L(s, sym™ f x sym™ f) is holomorphic except for a simple pole at s = 1, g(s) is holomorphic

for o > 1 and the zero at s = 1 is of order > 4¢ — 3 > 1.
But from (2.11), we have for o > 1,

logg(s) _ Z Asym’"szymmf(”) (3 + A~ iT0 + 2n7i27'g).

nslogn
n>2 g
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Together with (2.6), (2.10) and (2.12), we deduce, for o > 1,

A mmr 3 mm,
loglg(o)| = Z sym xsym s (1) (3 + 4 cos(mg logn) + 2 cos(27 log n))

= n? logn
= Z sym fxsymn g (1) (1 +2cos(ro 1ogn))2
n? logn
n>2
> 0.

Thus |g(o)] > 1 for ¢ > 1, and g cannot have a zero of order 4¢ — 3 (> 1) at ¢ = 1. This

contradiction completes our proof. (]

Next we shall apply Theorem I1.7.11 of [22] to prove Proposition 2.1. Define

G(s) = —E (s 4 1 sym™ f x sym™ ) —— — L
=—— m m -
S L S ,Sy Sy 5+1 S

Since A(s,sym™f x sym™ f) is holomorphic except for simple poles at s = 0,1, the function
G(s) is analytically continued to a meromorphic function on C. By Lemma 2.2, we have
L(1+dr,sym™f x sym™ f) # 0.

Thus G(s) is holomorphic in an open set containing the half-plane o > 0. In particular we have

|G(20 +i7) —G(o+ir)| <o  sup |G'(0+iT)|
0<6<1, |r|<T

for T >0,0<0 < % and || < T'. From this we deduce
T
/ |G(20 + it) — G(o +iT)| dT = o(1) (0 — 0+)
-7

for each fixed T > 0. Now Theorem I1.7.11 of [22] is applied with F = —L'/L, a = ¢ =1 and
w = 0 to yield the asymptotic formula (2.2).
From (2.13), we can write

D Asymm prsymmp(n) = IAr(p™)| logp + R,

n<z p<lzx

where we have, via (2.6) and (2.10),

Ri= > Agmmfrsymms(p”)

pv<z, v>2

< Z Z (m+1)*logp

p<zl/2 v<logx/logp

< (m+1)? Z log x
pgzl/2
<m 72

Thus (2.2) implies (2.3). Finally (2.4) follows from (2.3) by integration by parts. O
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§ 3. Bagchi’s method and proof of Theorem 1

In this section, we present Bagchi’s method in our case and first formulate it as three
propositions. At the end of this section, we shall apply Propositions 3.2 and 3.3 to prove
Theorem 1. The proof of these three propositions will be given in sections 4, 5 and 6, respectively.

Let 1 <m <4, 2|k such that k =12 or k > 16, f € H}, F =sym™f or sym™ f x sym™f.
Let op and D(op) be defined as in (1.14) and (1.1), respectively. Denote by Hp the space of
analytic functions on D(or) equipped with the topology of uniform convergence on compact
subsets of D(og).

Let v :={s € C: |s| = 1} be the unit torus and

Q= H’yp,
p

where 7, = v for all prime numbers p. With the product topology and componentwise multi-
plication, €2 is a compact abelian topological group. Hence there is a unique probability Haar
measure gy, on (Q,B(Q)) @) and we have uy, = [I, #np, where pp is the Haar measure on
(vp, B(7p)) (see [19], Theorem 5.14). For every w = {w,} € , we extend it to a completely

— v
Wy 1= I I [

p¥|In

multiplicative function, by defining

In view of (1.10), we can prove, similar to Lemma 5.1.6 and Theorem 5.1.7 of [11], that there is
a subset Q C Q with 1,(Q) = 1 such that for any & € Q the series

Z@n/\p(n)nﬂ

n>1

1D aAr

p v>0

and the product

are uniformly convergent on compact subsets of the half-plane ¢ > %, and the equality

(3.1) L(s, F;@) =Y @pdp(n)n™ =[] D @pAr(p )p™

n>1 p v>0

holds. Clearly for o > % and w € (~2, we have

L(s, F;@) = [[ A + B r(p)p™* + O(p~>)).

p
Therefore for any @ € (~2, the series
(3.2) Li(s, F;@) := — > log (1 — TpAr(p)p~*)
p
(3.3) Ly (s, F;@) :=— Y @ylog (1 — Ar(p)p™)
pP>po

are uniformly convergent on compact subsets of the half-plane o > %, where pg > 3 is an

arbitrarily fixed constant. Moreover, we introduce two subsets of Hpg:

(3.4) Ll ={Ll(s,F;0):weQ} and L}, ={L (s, F;&): &€}

F,po
The first auxiliary result of Bagchi’s method is the denseness of ETF, which is important in
the proof of Proposition 3.3 below.

() For any space X, we denote by B(X) the class of all Borel subsets of X.
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Proposition 3.1. Let 1 < m <4, 2| k such that k =12 or k > 16, f € H} and F = sym™f
or sym™ f x sym™ f.

(i) For any fixed pg > 3, the set E%,po is dense in Hp.

(ii) The set ETF is dense in Hp.

Define three probability measures on (H 7, B(H F))

(3.5) Pror(A) := %meas{t €10,T]: L(s +it, F) € A},
(3.6) Pr(A) == pn({w € Q: L(s, F;w) € A}),
(3.7) Qr(A) == ({w € Q:log L(s, F;w) € A}),

for A € B(Hp). The next limit theorem is one of the keys of Bagchi’s method.

Proposition 3.2. Let 1 <m <4, 2| k such that k = 12 or k > 16, f € H; and F = sym™ f

or sym™ f x sym™ f. Then the probability measure P converges weakly to Pr asT — oo.

The third key step of Bagchi’s method is to determine the support of the probability measure
Pr on (Hp,B(Hp)). By definition, a point s € S is said to be in the support of a probability
measure P on (S, B(9)) iff every open neighborhood of s has strictly positive measure. The set
of all such points is called the support of P, denoted by S(P). Clearly S(P) is the smallest closed
subset of S such that P(S(P)) = 1 (see [2], Chapter 1). The support of a S-valued random
variable Y on the probability space (X, B(X), ) is the support of the probability measure Py
on (S,B(S)) where Py(A) = u(Y € A) (A € B(S)), called the distribution of Y.

Proposition 3.3. Let 1 < m <4, 2| k such that k =12 or k > 16, f € H}, and F = sym™f
or sym™ f x sym™ f. With the previous notation, we have the following results:
(i) The support of the probability measure Qr on (Hp,B(Hp)) is the whole space Hp.
(ii) The support of the probability measure Pr on (Hp,B(HF)) is

So :={¢(s) € Hp : ¢(s) # 0 for any s € D(op) or ¢(s) = 0}.

Now we apply Propositions 3.1, 3.2 and 3.3 to prove Theorem 1.

Let K be a compact subset of Do, (0r) with connected complement. Let ¢(s) be a non-
vanishing continuous functions on K which is analytic in the interior of K. By Lemma 11 of
[13], for any € > 0 we can find a polynomial p(s) such that p(s) # 0 on K and
(3.8) sup [p(s) — p(s)| < ge.

seK
Since p(s) has only finitely many zeros, we can find a region G; such that K C G; and p(s) # 0
on G1. We choose logp(s) to be analytic in the interior of G;. Applying Lemma 11 of [13] to
log p(s) again, we find another polynomial ¢(s) such that

(3.9) sup |p(s) — eq(s)‘ < ie
sek

From (3.8) and (3.9), we deduce, for any T > 0,

(3.10) {t €10,T] :sup‘L(s+it,F)feq(S)| < E} C {t €[0,7T) : sup |L(s+it, F) — p(s)| < 5}.
sek 2 sek
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On the other hand, the set
G := {g € Hp : sup ’g(s) — eq(s)’ < %5}
seK
belongs to G € B(Hp) and is open in Hp, thus we have

(3.11) Prr(G) = %meas{t €10,7]: L(s+1it, F) € G}

1
= —meas{t €[0,7] : sup |L(s + it, F) — e‘Z(s)‘ < %5}
T seK

By Proposition 3.1, the measure Pr 1 (G) converges weakly to Pr(G) as T — oo. With (3.10)
and (3.11), Theorem 1.1.8 of [11] leads to

1
lim inf —meas{t €0, 7] :sup|L(s+it,F) — ¢(s)] < E}
T—oo T SEK

1
> lim inf —meas{t €[0,7] : sup |L(s + it, F) — eq(s)‘ < %E}
T—oo T seK

> Pr(G).

Obviously e4(*) € Sy = S(Pp) and G is a neighbourhood of ¢4(*). Therefore Pr(G) > 0.
This completes the proof of Theorem 1.

§ 4. Proof of Proposition 3.1

In order to prove Proposition 3.1, we first apply our result in Section 2 to establish a
preliminary lemma, which is a generalization of the key lemma in Laurin¢ikas & Matsumoto
[13].

Lemma 4.1. Let 1 <m <4, 2|k such that k =12 or k > 16 and f € H}. For every € [0,1),
define
Ps = Ps(sym™ f) := {p : p is prime such that |A;(p™)| > 6}

Let n > 0 and ¢ > 1+ n be two fixed constants. For any a > 2 and (1 + n)a < b < ca, we have

1 1— 62 1
Z = {(m+ 1)2 — 52 +0076,n(1)} Z >’

pers P a(14+m)<p<b
a<p<b

where oc5.,(1) is a quantity tending towards 0 as a — oo.

Proof. Define
ms(z) = #{p <x:pePs}.

In particular we have Py = P (the set of all prime numbers) and mo(z) = m(z) := #([1, 2] NP).
Clearly it is sufficient to prove that for any (14 n)a < u < b,

(@) ) = 13(0) 2 { o+ 0nan(D) } (700 - @)

since the desired inequality follows from (4.1) via a simple integration by parts.
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For a < u < b, the Deligne inequality [A¢(p™)| < m + 1 allows us to write

(4.2) S <mr? Y 1+ Y

a<p<u a<p<u,pEPs a<p<u, p¢Ps

< [(m+1)* = 6°][ms(u) — ms(a)] + 6% [n(u) — m(a)].
According to (2.4) of Proposition 2.1, we have

ST ™) = ww){l +o(1)} — m(a){1+o(1)}

a<plu

= m(u) — 7(a) + o(m(u)).

Since (1 +n)a < u < ca, a simple calculation shows, via the prime number theorem, that

7(u) — m(a) = ﬁ{l +o(1)} - é{l +o(1)}
na
log;a{1 + Oc’"(l)}

n
%ﬂ(u)

Y

Y

Combining these two estimates yields

(4.3) ST @™ = [ru) — m(@)] {1+ 0cy (1)}

a<p<u

Now the desired inequality (4.1) follows from (4.2) and (4.3). O

Now we are ready to prove Proposition 3.1.

Proof of Proposition 3.1. Fix a @° = {&)} € Q, then the series

(4.4) Ly (s, ;&%) := = > @flog (1 - Ar(p)p™)

pP>Ppo

converges in Hp. To prove assertion (i), we shall apply Lemma 4 of [13] to this series. In fact,
it suffices to verify the condition (a) there, since conditions (b) and (c) are plainly satisfied.

Let i be a complex measure on (C, B(C)) with compact support in D(or) such that

(4.5) Z /(Clog (1=Ar(p)p~*) du(s)| < oo.
P

Since op > %, we see easily

(4.6) > r®)llp(logp)| < oo

p

with

)= [ e dus).

We shall prove that (4.6) leads to

(4.7) p(z) =0,
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which implies the validity of condition (a) in Lemma 4 of [13] since for any non-negative integer
7, Jos"du(s) = 0 by differentiating (4.7) r-times with respect to z and taking z = 0. Noticing
that

L) (s, F;@) = L) (s, F; (@/@")2°) and &/3° = {@,/@0} € Q,

Lemma 4 of [13] shows that EEPO is dense in Hp.
It remains to prove (4.7). Firstly we write

o) = [ (o),

where the measure p_ is defined by p_(A4) = u(—A) for A € B(C) with —A := {—a:a € A}.
Clearly i supports in {s € C: —1 < o < —3}. Thus p(z) verifies all conditions of Lemma 5 of
[13]. If p(z) # 0, then this lemma implies

1
(4.8) lim sup log|p(r)] > —1.
r

T —00

Next we shall apply Lemma 7 of [13] to deduce an opposite inequality. This follows a
contradiction, and hence (4.7) holds true.

Since the support of u is compact and is contained in D(or), we have

Ip(iy)| < MY /@ [du(s) (5> 0),

where M = M,, is a positive constant such that p supports in (o, 1) x [-M, M]. Thus p(z)
satisfies condition (a) of Lemma 7 of [13] with & = M. Fix a positive number § < /M, which
assures condition (d) of Lemma 7 of [13].

A similar calculation to (2.13) allows us to obtain

Ap(e™) i F =sym™f,
(4.9) F(p) =
‘)\f(p’")‘2 if F'=sym™f x sym™f.

Define
L:={eN:3re((t—-1)8, ((+ 1)B] such that |p(r)] < e "}.
By using (4.6) and (4.9), we can deduce, for any fixed § € [0, 1),

00 > > " [Ar(p)llp(logp)| > 6% Y |p(logp)|

pEPs

>62) > p(log )|

¢r pEP;s
(6—%)B<logp<(£+3%)8

> > p

¢r pEPs
(—1)B<logp<(€+73)8

Now we apply Lemma 4.1 with

a:=exp{({ — )3}, b:=exp{({+ 1)B}, ¢ = exp{30}
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and n > 0 such that 1 +n < c. It follows that

52(1 — §2)
S (T AU OIS

4L (14m)a<p<b

(ot o (3 ) o)

4L

1
p

which implies

(4.10) > % < 0.

(gL
If we write £ = {a1,az,...} with a1 < ag < ..., it is easy to see that
(4.11) lim 2% =1.

n—oo N

In fact we have [z] = |£N[1,z]| + [(NNL) N [1,z]|. But (4.10) implies

INNLALa <vVz+ > 1<Va+az Y 1/0=o(x).

Vr<t<z, b¢L 0>z, 4¢L
Thus |£N[1,z]| ~ z, which is equivalent to (4.11).
By the definition of £, there exists a sequence {r,} such that

(an—HB<rn<(an+1HB and  |p(r,) <e ™.

Then
log|p(rn)|

—1.

. Tn .
lim — =7 and lim sup
n—oo M n—oo Tn

This shows that condition (¢) of Lemma 7 of [13] is satisfied.
For any integers m and n such that m > n > 1, we have

(am —an)B > L(m —n)B.

N [=

rm*TnZ(am*anfé)ﬂZ

Thus the condition (b) of Lemma 7 of [13] is also satisfied.

Now we can apply Lemma 7 of [13] to write

log |p(rn)|

—1.

= lim sup
n— oo Tn

lim sup
r—00

log |p(r)]
T

This contradicts to (4.8), and the proof of assertion (i) completes.
Next we shall use the result in assertion (i) to prove (ii). Let K be a compact subset of
D(or) and ¢ € Hp. For any € > 0, we take pg > 3 such that

(4.12) sup » Y Re@)l”

Since
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assertion (i) shows that there is @ = {@,} € Q such that

(4.13) sup [¢
seK

+ ) log (1= Ap(p)p~*) — Ly, (s, F; )| <

p<po

wlm

Taking

1 ifp<
W, { P=po and o' ={@,},

Oy =19 . .
P wp ifp>po
the inequalities (4.12) and (4.13) imply

sup |¢(s) — Li(s, F;&")| < sup o

+ > log (1= Ap(p)p™?) = L), (s, F; @)

seK seK P<po
+ sup Z ’ log (1 — Gp)\p(p)p_s) — Wp log (1 — )\F(p)p_s)‘
€K p>po
A
< Cpsup Y 3 Rr@F L
Ser>p0 v>2
< €.
This completes the proof. (I

§ 5. Proof of Proposition 3.2

Obviously Proposition 3.2 is a particular case of Theorem 2 of [12]. Thus it suffices to verify

all assumptions there, that is, to show that there is a positive constant ¢ for which

(5.1) L(s,F) <y |7|° (6 >op, || > 1),
and
T 2
(5.2) / IL(s, P)|*dr <4 T (0> 0p, T >1).
1

By using (1.11), (1.12) and (1.13), a standard Phragmén-Lindel6f argument allows us to
obtain the convex bound for L(s, F'), i.e. (5.1) with ¢ = (m + 1 + dgy,)/4 if F' = sym™ f and
c=(m+1)?/4if F =sym™f x sym™f. A detailed proof can be found in [10].

In order to verify (5.2), we can apply theorem 4 of Perelli [17], where an estimate of this
type was established for a general class of L-functions. In view of (1.11) and (1.12), it is easy
to see that L(s, F') lies in the class considered in Perelli [17] with evident choice of parameters.
Therefore Theorem 4 of Perelli [17] gives

T
(5-3) / |L(s, F)|” dr <4, T~/ (=or)te
1
uniformly for 3 < o <1 and T > 1, which implies (5.2). This completes the proof. 0

§ 6. Proof of Proposition 3.3

By the definition, {w,} is a sequence of independent random variables defined on the prob-
ability space (€, B(€), un), and the support of each w,, is the unit circle y. Hence

{10 <§W;AF )}
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is a sequence of independent H p-valued random elements, and the set

{(,DEHF (s log(Za”)\F ”s),aev}

v>0

is the support of Hp-valued random element log (Zy>0 wpAr(p¥)p~ S). Consequently, by the-
orem 1.7.10 of [11] (see also [13], lemma 10), the support of the Hp-valued random element

log L(s, F;w) Zlog <Zw”>\p ”5>

v>0

is the closure of ETF, i.e. the whole space Hp by Proposition 3.1(ii). This proves the first
assertion.

Now we consider any element ¢ = ¢(s) of Sp~{0} and its neighbourhood G in Sy~{0}.
Since the map exp : Hr — So~{0} is onto and continuous, we see that exp~1(p) € Hp exists,
and exp~!(G) is a neighbourhood of exp~!(p) in Hp. According to (i), Hp is the support of
log L(s, F;w), so Qr(exp™1(G)) > 0, where QF is the distribution of log L(s, F’;w), defined by
(3.7). But

Qr(exp™!(G)) = Pr(Q),

where Pp is the distribution of L(s, F';w) given by (3.6). Hence Pr(G) > 0. This implies that
any ¢ € So~{0} is an element of the support of L(s, F’;w). Thus

So~{0} C S(Pr).
By Lemma 9 of [13], we have So~{0} = Sy. Since S(Pr) is closed, we deduce
(6.1) So C S(Pr).
Let © C Q be described as in Section 3. Then for any w € ﬁ, we have

H H 1 — wpas(p )m*?jpfs)i1 if ' =sym™f,

p 0<j<m

H H 1 — wpay(p )2(7”71-7]-)1)75)71 if FF=sym™f x sym™f.

p 0<Z%,7<m

(6.2) L(s,F;0) =

Since every factor on the right-hand side of (6.1) is non-zero, the function L(s, F;w) is also
non-vanishing. Thus

{L(s,F;w):we ﬁ} C So~{0}
and
Pr(So~{0}) = pn({w € Q: L(s, F;w) € So~{0}) > un(Q) =1 = Pp(So) = 1.

Since S(Pp) is the smallest closed subset of Hp such that Pp(S(Pp)) =1 and Sy is closed, we
must have

(6.3) S(Pr) C So.

Now the required result follows from (6.1) and (6.3). O
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§ 7. Proofs of Corollaries 2 and 3

The proofs of Corollaries 2 and 3 will follow closely those of Theorems 2 and 3 of [14], but
we reproduce here the details for the convenience of readers.
Let sg,...,s57-1 be complex numbers such that sy # 0. Inductively on J, we easily see that
there is a polynomial p(s) = Zj;ol b;s? such that
(ep(s)) (4) |

=5 (0<j<J-1).

Let op < 01 < 1, and K be a compact subset of D(cp) with connected complement such
that oy is contained in the interior of K. We denote by § the distance of o7 from the boundary
of K. Then for any € > 0, Theorem 1 assures that we find a real 7 for which

Sup‘L(s +ir, F) — ep(sf‘”)’ < i]
seK ’ 27J!

holds. Then, using Cauchy’s integral formula we have

. 1l L i F) — ep(s—01)
’L(j)(O'l +iT,F)—sj‘:]— / (s +i7, F) ,61 ds
21 | Js—o1|=5/2 (s —o1)i*
<e
for 0 < 57 < J — 1, which implies Corollary 2. (I

Next we prove Corollary 3. Without loss of generality, we suppose g; #Z 0. Then there
exists a bounded region G C C” and a constant By > 0 such that |g;| > By in G.
Let 0 € D(op). According to Corollary 2, we can find a sequence of real numbers 7,, — 0o
such that
Xn = (L(o + im0, F), L' (0 + i1y, F), ..., LY V(0 +i1,,, F)) € G.

By the assumption of Corollary 3, we have
J-1
> 57g;(L(s, F), L' (s, F),...,.LY" (s, F)) = =579, (L(s, F), L' (s, F),..., LY~V (s, F))
j=0
for all s € C. Letting s = o + i7, and dividing both sides by (o + i7,,)”, we obtain
J—1
> (0 + i)™ g;(X0) = —gu (X,

Jj=0

Since G is bounded, |g;(Xy)| is bounded (0 < j < J — 1). Hence the left-hand side of above
tends to zero as n — oo. On the other hand, |¢g;(X,)| > Bo > 0. This contradiction finishes
the proof of Corollary 3. (|
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