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Sojourn time of some reflected Brownian motion in
the unit disk

by

Madalina Deaconu !, Mihai Gradinaru, Jean Rodolphe Roche
Institut de Mathématiques Elie Cartan, Université Henri Poincaré,

B.P. 239, 54506 Vandceuvre-lés-Nancy Cedex, France

ABSTRACT. - We study the heat diffusion in a domain with an obstacle inside. More precisely,
we are interested in the quantity of heat in so far as a function of the position of the heat source
at time 0. This quantity is also equal to the expectation of the sojourn time of the Brownian
motion, reflected on the boundary of a small disk contained in the unit disk, and killed on the
unit circle. We give the explicit expression of this expectation. This allows us to make some
numerical estimates and thus to illustrate the behaviour of this expectation as a function of
starting point of Brownian motion.

1991 Mathematics Subject Classifications : 60J65, 60H30, 35K20, 35J25, 30C35, 30E25.

Keywords : Reflected Brownian motion, boundary value problems, fractional linear transformation, nu-
merical computations.

RESUME. - Nous étudions la diffusion de la chaleur dans un domaine qui contient un ob-
stacle a l'intérieur. Plus précisement, nous nous intéressons & la quantité de chaleur en tant que
fonction de la position de la source de chaleur a I'instant 0. Cette quantité est égale, par ailleurs,
a l'espérance du temps de séjour du mouvement brownien dans le disque unité, réfléchi sur la
frontiere d’un petit disque contenu a l'intérieur du disque unité. Nous donnons une expression
explicite de cette espérance. Ceci permet d’avoir des estimations numériques et ainsi d’ illustrer
le comportement de cette espérance comme fonction de point de départ du mouvement brownien.

TITRE EN FRANCAIS : Temps de séjour dans le disque unité d’un certain mouvement brownien réfléchi

INTRODUCTION

Assume that a heat source is placed in a bounded domain D with a heat absorbing boundary
0D. Also a small obstacle O with heat reflecting boundary 90O is placed inside the domain. A
natural question arise: given a position of the obstacle, what will be the point z € D\ O where
we must place the heat source, such that the quantity of heat

Q(z) = /D\O dw /000 dt u(t, z,w)

will be maximum? It is a classical optimisation problem for linear partial differential equations
(see also, [12] and references therein). Here u(-, z,-) is the unique solution of the heat equation
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with mixed boundary conditions

(au/at ('7 Z, ) = (1/2)Au(7 Z, ')7 in Rj— X (D \ O)
U(O, 2, ) = 62()

(Ou/On)(+, z,w) = 0, for w € 00

u(-, z,w) =0, for w € 9D.

The purpose of this paper is to give an answer to this question, for the simple case where
D is the unit disk in the complex plan and O is a small disk inside D, using some probabilistic
remarks.

To modelise heat as a probabilistic object, we need to consider the Brownian motion starting
from z € D. The reflecting and the absorbing features are ensured by imposing that the
stochastic process is reflected on dO and killed on dD. Then the quantity of heat is related
to the sojourn time of this stochastic process in the domain D \ O. By a simple stochastic
calculation we can see that

Q(z) = cst. - E, (1),

where 7 is the first hitting time of 0D by the stochastic process. Hence, finding the quantity of
heat is equivalent to finding the preceding expectation (see also [4], Chap. II).

Let us note that we may follow the potential theory point of view: the quantity of heat
is the integral on D \ O of the fundamental solution (Green-Neumann function or 0-potential)
associated to the stochastic process. If D \ O is an annulus centered in the origin, the Green
function for the Dirichlet problem was explicitely calculated by many authors: [13], p. 140, [3],
p. 386, [11], p. 6.41 (see also, [2], §11.7 and notes therein). In [6] (1986) a general Neumann
problem is also described (see, § 15.2, 15.7). At our knowledge, theres is no reference for a mixed
boundary problem on the annulus.

It must be noticed that, since the expression of Q(z) which we obtain is complicated, in
general, computing its maximum is not easy. We illustrate the behaviour of this function using
some numerical computations.

1. SETTING AND MAIN RESULT

1.1. Setting

Let us consider a complex Brownian motion B starting from a point z, with |z| < 1. Tt is
well known that the expectation of the exit time from the unit disk of B is (1/2)(1 — |2|?), and
it is maximum when the starting point is z = 0.

Assume that a reflecting obstacle is placed in the unit disk. What will be the expectation
of the exit time from the unit disk of the Brownian motion which is reflected when it hits the
obstacle? Let us denote by (x) : t > 0) the process which is a reflected Brownian motion on a
inner small circle g, of radius Ry, killed at the first hitting time of the unit circle ;.

It is a simple calculation (see also [11], Chap. 6) to show that, if the circles 79 and ~; are
concentric, then the expectation of exit time from the unit disk of 2? is (1/2)(1—|z|>+ R2 log |2|?).
This expectation is maximum when the starting point lies on the circle ~p.

We shall also consider the process (z} : t > 0) which is the Brownian motion reflected on
the unit circle y; and killed at the first hitting time of 7y (see also Figure 1).
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Figure 1: Reflected Brownian motion on 7y or on ;.

We may assume, without loss of generality, that g is centered on the real axis. Take
co €] —1,1], Ro €]0,1 — |¢p|[ and denote the domain between the circles vy and ;1 by

Q={z€C:|z| <1, |z—co| > Ro}
For j = 0 or 1, we shall denote by 7; the first hitting time of ;_; by the process al:
(1.1) 7 =inf{t >0:a] € 11_;}.
It is known that, for any z € €2, for j = 0,1, 7; is finite P,-a.s.
1.2. Main result

We are interested to compute the expectation of the hitting time, E.(7;), j = 0,1 as a
function of the starting point z. These functions are given in the following main result:

THEOREM 1.1. - The expectations of the hitting times are given by

(1.2) E.(m0) = (1/2) (]z sinh p — cosh p|? — |z coshp — sinhp[2)

|z coshp — sinh p| |z ¢ sinh 2p — r|

—1lo
& |z sinh p — cosh p| |z 7 — ¢ sinh 2p|

+R_2 og |z c.oshp —sinhp| |z r - gsinh 2p| |z 2¢(1 — ¢) sinh 2p — 5] i 5O (z.p. R)
72 |z sinhp — cosh p[ [z gsinh 2p — r[ ]2 s — 2¢(1 — ) sinh 2p| ~ <=
and
(1.3) E.(r1)=(1/2) (|z sinhp — cosh p|? — |z coshp — sinhp|2)

2

R |z coshp — sinh p| |z coshp — sinh p| |z ¢ sinh 2p — r|

—1 —1
°8 |z sinhp — cosh p| |z 7 — g sinh 2p|? * rz 8 |z sinhp — cosh p| |z s — 2¢(1 — ¢) sinh 2p|

¢ |2(1 + cosh 2p) — sinh 2p|? — R*|2(1 — cosh 2p) + sinh 2p|? n i sz p. R).
n=1

r |2z r — 2q sinh 2p|?



Here we denoted:

1 (1—|—C(]) RO (1—|—R0) —CO
1.4 =-log —————= = tanh 1 —_—
(14) p=gle g ey B tn SR p—

(1.5) q=(1—R?)/2, r = cosh?p — R?sinh®p, s = cosh? p — R*sinh? p.

The sequences (sg)(z,p, R))n>1, are explicit (see (3.6)) and converge to zero as R, uniformly
for z € €.

9) are sums of logarithms and fractions of the same type as the other terms

The quantities sy,

n (1.2) and (1.3).

Let us note that for ¢y = 0, we find the formulas of the concentric circles case. The expec-
tation of the exit time of the Brownian motion from the unit disk (without obstacle) can be

obtained taking ¢y = Ry = 0.
1.3. Main ideas and plan

The reflected process that we study can be written, for j =0, 1, as

(1.6) ol =By, — K,
with

. . t . ) . t .
(1.7) 6= 0.k = [ el dp o, ) = [T il

where n; is the outward normal at v; to €2, and, for j =0, 1, (k;i 1t > 0) are adapted continuous
and locally bounded variation processes (see also, [10], p. 512).

The expectation of the hitting time 7; is then expressed as a function of the starting point
z:

(1.8) E.(rj) = —2Hj(z), j =0, 1.

Indeed, for j = 0, 1, let H; be a smooth function which satisfies the mixed boundary con-
ditions (Dirichlet-Neumann) problem

(1.9) AH; =1, in Q,

1.10 OH;/On; =0, on ~;,
7/ oMy J

(111) Hj == 0, on ’71—j-

By Ito’s formula we can write
) 3 ) t ) ) ) t ;
Hyal) - Hy(2) = [ VH(wD)aB, ~ [ VHan )|, + (1/2) [ AH(al)ds
0 0 0

To get (1.8) it suffices to put ¢t = 7; and to take the expectation.
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Hence, it suffices to compute the function H;. But, for j =0, 1,
(1.12) Hj(z) = /QGgm(w,z) dw, z € Q,

where G§Q) is the fundamental solution for the problem (1.9)-(1.11). For j =0, 1, G§Q) satisfies

() —
(1.13) AG; 7 (w, 2) = 0y(2), for z € Q,
(1.14) (E?GS-Q)/(‘)nj)(w,z) =0, if z € v;,
(1.15) G\ (w,2) =0, if z € 11_j.

In (1.13) and (1.14) the differentiation is with respect to z.

If the circles 7y and 7, are concentric, the expression of this fundamental solution can be
obtained as for the reflected linear Brownian motion (see §2). By using a suitable linear fractional
transformation we reduce the general case to the case of concentric circles (see §3.2).

The proof of Theorem 1.1 is given in §3.3, except for some technical lemmas postponed to
the Appendix. Finally, §4 presents graphs of the expectation as a function of z.

2. CONCENTRIC CIRCLES CASE

2.1. Expectation of the hitting time

In this section we shall assume that ¢y = 0, that is g is centered in the origin. For the sake
of completeness, we recall some classical results (see also, [11], Chap. 6).

PROPOSITION 2.1. - The expectations of the hitting times are given by

(2.1) E.(10) = (1/2) (1 — |2|* + R log 2[*),
and
(2:2) E.(m1) = (1/2) (Rg — |2|* + log (|2I?/ R})).

Remark. We have already noted that (2.1) and (2.2) are nothing but (1.2) and (1.3) with ¢g = 0.

Proof of Proposition 2.1. It is classical: for j = 0,1, the function
Hj(z) = —(1/4)(aj — |2|* + bjlog |2[*), a;,b; € R,
satisfy (1.9) in the annulus
Ap, ={w e C: Ry < |w| < 1}.

Then we find a;, b; such that the boundary conditions (1.10), (1.11) are fulfiled. Therefore (2.1)
and (2.2) are obtained by (1.8). O



REMARK 2.2. - The maximum of the function z — E,(79) lies on the circle 79 and the one
of the function z — E_.(71) lies on 7. O

Remark. It must be noticed that, in this case we have the ”intuition” of the solution for
the problem (1.9)-(1.11) because the domain, the annulus Ag,, is very particular.

2.2. Fundamental solution for the annulus

We shall point out the fundamental solution of the problem (1.9)-(1.11) for the annulus Ag,.
This function will be denoted, for j = 0, 1, by Gg-RO), and it satisfies (1.13)-(1.15) with Ag,
instead of (2.

The idea comes from the study of the linear Brownian motion on ]0, 1], reflected at 0 and
absorbed at 1 (see also, [4], pp 77, 79, or [9], p. 97). This process has the density

o0

S ey, —z+4n+2) + @y, + 40+ 2) — qu(y, —z + 4n + 4) — q(y, = + 4n)],

n=—oo

where q;(y, z) := (2mt) /2 exp(—|z — y|?/2t).

For the 2-dimensional case, we shall use the homothetic transformation pu(z) := z/Ry and
the inversion v(z) := R2/Z instead of the translation and of the symmetry (see also, [11], §4.3).
The a-potential associated to the process 27 is obtained by integrating in ¢ the product by e~
of the following density

[e.9]

> [pe(w, (12 0 v)(2) + pe(w, 12 (2)) = pr(w, (1 o w)(2)) = pelw, 1" (2))),

n=—oo

where p;(w, z) = (27t) "' exp(—|w — 2|?/2t). It is known that
/ e~ (w, 2)dt = (1/27) Ko(v/2a [w — 2|),
0

where K denotes the modified Bessel function of index 0. Moreover, Ky(3) ~ log(1/3), as 5] 0
(see, for instance, [8], p. 133).

Letting o | 0 in the expression of the a-potential for the process =7, we get the O-potential
or the Green function

& e a @) e (o n) ()
o, 2 T (o ) = ]

n=—oo

To obtain the solution of (1.13)-(1.15) on Ag,, we need to add a harmonic function (see also,
[13], p. 140, [3], p. 386, [11], p. 6.41 for the Dirichlet problem):

ProrosITION 2.3. - For j = 0,1 and for w # z, we introduce

1o 2?1 & Jw—z/REPlw —1/2Ry" P
2. (fo) = —log — + — 1 T - :
( 3) G] (’U), Z) I og jo + yp n:Z_OO 0og |w _ 1/ZR401n—2j|2|w - Z/Réoln+2|2

Then, GE»RO) satisfies (1.13)-(1.15) on the annulus Ag,.
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Proof. We prove the result for j = 0, the case j = 1 being similar. The function G(()RO) is

well defined. Indeed, the series in (2.3) is convergent. For instance, if n € IN, the series behaves
as kY%, R4, which is convergent since 0 < Ry < 1 (here k = —w/z — wzZR3 + wz + wR2/2).
Since, for z € 71, 2z = 1, the general term of the series in (2.3) equals 0 and (1.15) is obvious.
For the proof of (1.14) let us denote z = pe?. To compute the normal derivative it suffices
to differentiate with respect to p, since the circles are centered at the origin:

(*) (0GS™ [9p)(w, pe'®) = 1/(2mp)
_|_i i _eiG/Rgn ei@ /p2Rgn+2 B ei@/p2Rén ei@/Rén—i-Z
2 —~ \w-— pel JRE™ T w — e“”/pRé”*’2 w— e /pRin T w — pei(’/Rg"Jr2 '

Clearly, the series is uniformly convergent. For instance, if n € IN, the series behaves as
kS0 o RA™, where k = w(l + p?)(1 — R2)/(p?e”). For z € Ag,, p 2+ 1 < Ry? + 1, so
the series converges.

Then we can verify (1.14), since, by (*) we get,

OGSRO) i0 1 1 . n=N —ett / Rf‘;" 10 / Rén+4
(w,p€7)|p=py = =5+ =— lim - s
Ip 2mRy 2w Nieo —~ \w — e /Ry" w— e /Ry"

o Re T 2m N

1 1 1 i _eiG/RO—4N ei@/RéN+4 _
w— e /Ry Ty — e JRINTS

Finally to prove (1.13) we note that, for n € Z, the points A, of the form
wRA™, 1/wR§”+2, 1/wRy", wRé””,

lie in the complementary of the annulus Ag,, excepting w. Hence, the functions log |z — Al
log |Z — A |? are harmonic in Ag,, and

AGE) (w, 2) = (1/2m)A. (log |z — w]| + log |2])) = bu(2).

a

REMARK 2.4. - The function G;RO) is not symmetric in (w, z). However, we can prove that, for
J=0,1,

(2.4) AL GY (1w, 2) = 5. (w), for w e Ap,.
Indeed, we note that, for n € Z, the points of the form
2/R", 1/ZRy" 7% 1/zRy" Y| 2/ Rin?

lie in the complementary of the annulus Ag,, excepting z. Then we can proceed as for the proof
of (1.13). O

2.3. Find the expectation using the fundamental solution



By integrating (2.3) on Ag, we find the expectation E,(7;), j =0, 1, that is (2.1) and (2.2)
up to the multiplication by —2 (see, (1.8) and (1.12)).

Let us remark first, that the integrals of the terms of the series are zero except for the term
corresponding to n = 0. Indeed, this is a consequence of the facts that, for j = 0,1,

> 1, if neZ

in = pAn+2-2; = pdn—2j An+2
|2/ Ry"[, [1/2R, , [1/ZR, |} [2/Ry""| are { <Ry, ifnelZr,

and of the following:

LEMMA 2.5. - We have

27(1 — R2) log ||, if [\ >1
(2.5) / log [¢ — A%d¢ = { —2r R2log |\ — m(1— [A2), if Ry < | <1
AR —21 RZlog Ry — w(1 — R3), if |A| < Ro.

The proof of this lemma is postponed in the Appendix.
On the other hand,

_12—2j
L B L
AR,

1
G\ o) w, z dw:—/ log —s=dw + — .
/ARO i) Am Jap, gRS’ 4 lw—1/2Ry ¥ |2jw — 2/ R2|?

Since, for j =0, Ry < |z| <1, |2|/R% > 1, 1/|z|R2 > 1 and 1/|z| > 1, using again (2.5), we get
/ GUF) (s, 2)dw = (1/27) log |z|/ dw + (1/47) (~2m R log |2| — (1 — |])
AR, AR,

+2m(1 — R3) log (1/|2|R) — 2m(1 — R)log (1/|]) — 2m(1 — R3)log (|2|/R3))

= (1/2)(1 = B})log 2| + (1/4) (|2 — 1 = 2log|2|) = (=1/2) Bx(ro).

The calculation is similar for j = 1, by noting that R2/|z| < Ry. O

3. FRACTIONAL LINEAR TRANSFORMATION AND GENERAL CASE

3.1. Fractional linear transformation

Let us consider, for ¢ € IR, the transformation:

¢ cosht + sinht
3.1 =
(3.1) a(¢) ¢ sinht 4 cosht

,ceC

This is an one-parameter transformation group: a;as = arys. We recall below some well known
properties of these transformations.

REMARK 3.1. - The image of the circle centered in the origin, with radius tanhr by the frac-
tional linear transformation a; is a circle centered on the real axis. Moreover, this transformation
leaves the unit circle invariant.



Indeed, it is no difficult to see that |a;(¢{)| = 1, provided || = 1. On the other hand, by
classical properties of the fractional linear transformations, the image of an orthogonal circle to
the real axis is a circle orthogonal to the real axis. Therefore, the center of the image circle lies
on the real axis.

Moreover, the images of the points tanhr and — tanhr are, respectively, tanh (¢ + ) and
tanh (t — r). Hence, the image circle has the center (1/2)(tanh (¢t + r) + tanh (¢t — 7)) and the
radius, (1/2)(tanh (t +7) — tanh (t — 7)).

In particular, the circle 7y, centered in ¢g, with radius Ry, is the image of a circle centered
in 0 having the radius R, by the transformation of parameter p, where R, p are given by (1.4).0

REMARK 3.2. - Let a and o~ ! be the solutions of the equation
at+a =0+ —RY/c.
By a geometric reasoning we can see that, for j = 0,1,
(3.2) ‘(( —a)/(C — oz_l)‘ = cst. , provided ¢ € v;.

Therefore, 7o and ~; are in the family of Apollonius circles with respect to a and a~! (see,
[1], p. 84). There exists an orthogonal family of circles which pass through the points « and
a~ !, and satisfies

(3.27) arg (C — a)/(¢ —a™t) = cst.
(see also, [7], p. 53). O
3.2. Fundamental solution for the general domain

We shall point out the fundamental solution for the problem (1.9)-(1.11) using the one on
the annulus Ag, and the linear transformation defined above(see also, [11], p. 6.19):

ProroOSITION 3.3. - For j = 0,1 and for w # z we introduce

(3.3) G\ (w, z) == GV (a_p(w), a_y(2)),

where G§-R) is given by (2.3) with the parameter R given in (1.4). Then G§-Q) satisfies (1.13)-
(1.15).

Proof. Let us first notice that
(*) a_p(z) € Ap={C € C: R <|(| <1}, provided z € Q

(see also, [11], p. 4.29). It follows, by a similar reasoning as for the proof of Proposition
2.3, that

NG (w,2) = MGV (a_p(w), a_p(2))

= (1/2m)A. (loga_p(2) — a_p(w)| + log(la_p(2)|/R))) .

9



Since a; is a holomorphic function, the second term in the above sum is a harmonic function.
Then, by (3.1), we get

la_p(2) — a—p(w)| = |z —w|/(] — zsinhp + cosh p| | — wsinhp + cosh p|).

Therefore,
A.Gj(w,z) = (1/2m)A; (log |z — w| —log |(1/ tanh p) — 2|)
and we get (1.13), since tanhp < 1.
In order, to obtain (1.14) we use the corresponding property of GE-R), (*) and Remark 3.2.
(©)

Indeed, to calculate the derivative of G, in the normal direction to the circle v; we can use
an infinitesimal shift along an arc of circle from the orthogonal family given by (3.2’). We have
already observed that a_, send the Apollonius circles (3.2) in the concentric circles in 0 and
the orthogonal family (3.2’) in straight lines through 0 (that is, into another two orthogonal
families of circles in wider sense, see, [1], p. 79). Therefore, using an infinitesimal shift along

a segment on a line through 0, the upper derivative is equal to the derivative of G§-R) in the
normal direction to the image circle centered in 0. But this derivative is zero and (1.14) follows.

Finally, (1.15) is a consequence of (*) and the corresponding property for G§-R). O
3.3. Expectation of the hitting time: proof of Theorem 1.1
As in §2.3 we shall find the expectation of the hitting time using (1.8), (1.12) and the

fundamental solution obtained in Proposition 3.3.
By (3.3) and (*) from the proof of Proposition 3.3, we can write, for j =0, 1,

= [ 6w ap@Naw= [ GG 0y () aneC)ldc

where Jac(() is the Jacobian of the transformation a,. Let us write this Jacobian as

Jac(¢) 1 1 1 1 A < 1 >
ac = = = ’ )
|Csinhp + coshp|*  sinh*p|¢ —k[*  4sinh*p ¢ ¢ — k?

where k = —1/tanhp < —1. Therefore,

m/ G(R (¢ a—p(2))A¢ <ﬁ> dg.

Using Green’s formula, we obtain

Hj(z) =

- P N (R)
() 1) = g [, G (o (4) - e
1 0 1 1 0 i i
m \/;AR <G§R)(<7a_p(z))% |C — k‘|2 — |<_ ]{;|28_G(R (C,a_p(z))) do = Agj) _|_Ag])7

where the normal derivatives and the surface integral are with respect to (.
By (2.4), the first integral in (i) is the same for 7 =0, 1, and equals to

10



_ 1 1 _ 1 tanh? p
"7 4sinh?p la_p(z) — k|?  4sinh*p |1+ a_p(z) tanhp|?’

(i)
By (2.3), the second integral in (i) can be written as

; 1 la_,(2)? 0 1 1 0 la_,(2)[?
AY) = 7/ log 14=p\Z)1” I - 9 o 19=2E) )
(i) 2 T T6msinh'p Joa, \ & RE  om|C kP |C—KPon ¢ RrH )Y

L S 9 1 19
+167T sinh? p n:z_:oo /aAR (tj,n(C,a_p(z),R)% IC—Kk2  |C— k2 %tj,n(ﬁ,a_p(z),R)> do

= A+ 0,

where _
¢ —ap(2)/R"PIC = 1/a_p(2) R

® 10— 1/a, (R PIC — ay ()[R

Since the derivatives are in (, the first integral in (iii) equals to

; 1 g 1 g 1 la_p(2)|?
AP =~ / g~ 4 —/ < do | log 1222 21"
2t 167rsinh4p<{|<|=1} m[C—kE " Jugery onlC— k2 ) TR

To compute the preceding quantity we shall use the following:

tj,n(C> a—p(z)v R) = 10

LEMMA 3.4. - For 0 < p <1,

1 o 1 0>
3.4 - / 9 =
G T Jycep AIC— R = G2 P

We postpone the proof of this lemma in the Appendix, and we use its result to obtain
1 2 _ 2 1 2 _ 2
L R log 142G _ 1 () BN e
4 (k2 — R2)2/(k? —1)2 R% 4 r2 R2%i

since k2 — 1 = 1/sinh? p and here 7 is given by (1.5).
The second term in (iii) can be written as

(iv)  AY =

0 A = g 3 {0y ()R~ I /)
+ (T 1/ (2 REH) — (R 1/ (2 RH))
= (J,1/ap(2) R"H) — (R 1 fa (2 R™))
~ (L B) — TRy R )} = S AG),
where S
o K= [ (0816 =M e e sl =

11



The expression of J(p, A) is contained in the following result, which proof will be given in
the Appendix:

LEMMA 3.5 -For0<p <1,

T, 2 .
\) = (kzs_#)zlog’)\—Pz/k‘z if [Al>p
(35) J(p’ )_ 8mp? 1 1= )Nk 4w 1-|A/k? it I\
mogfﬂ - /|—kz—_p2m, if [Al < p.
Recalling that 1/k = —tanhp, by (vi) and (3.5) we can compute the general term of the

series in (v)

Llog [A + tanhp| — &5 log |\ + R2tanhp|,  if [A| > 1,

2r2
+log |1 4+ Atanhp| — %bgp\ + R? tanh p|

J(l,)\) — J(R, )\) 1 1—|A[% tanh? p

(Vll) 167T Slnh4p = _4sinh2p * |1+)\tanhp\2 9 lf R < ‘)\‘ < 1
+log |1 4+ Atanhp| — % log R|1 + Atanh p|
_ g . 1\ tanh®p if |\ < R.

2r * JI+Atanhp[? ’

Here ¢, r are given by (1.5) and
Ne {ap(2)/R" 1 /ap(2)R™ 7%, 1/a_y(2) R 0 (2)/R™? in € Z,j = 0, 1}
In order, to apply (vii) for the calculation of A%)n, we need to study the modulus of the

complex in the preceding set, for n € Z and for j = 0, 1.
For n =0,

R < |a_y(2)] < L,11/a_p(z)B| > 1, [1/a_p(2)| > L |L/a_(z)R | < R.|a_y(=)/R*| > 1.

Therefore,
© _ 1. [1+a_p(2)R*tanhp 1 1— Ja_p(2)|* tanh?p
(viii) Agopy = = log . - !
2 la_p(2) + R?tanhp|  4sinh?*p |1+ a_p(2)tanhp|
_R_2 o la_p(2) + R?tanhp| |1 + a_,(2) R* tanh p)|
2r2 08 11+ a—p(z)R? tanh p| |a_p(2) + R* tanh p|
and
1 21+a hpl? 1 1 — la_ ()12 tanh2
(ix) Aélz)o ~ Liog R*[1+a p(é) tan p|2 I la_p(2)|” tan 59
2 la_p(2) + R? tanh p| 4sinh?p |1+ a_p(z) tanh p|

12



_R_210 R|1+a_p(z)R2 tanh p| _'_i |a—p(Z)|2—R4tanh2p
272 &) |a_p(z)+R4tanhp| or |a—p(z)+R2tanhp|2’

Forn € Z7% and j =0, 1,
la—p(2)/RY], [1/a—p(2) R 272 L fay (2) R, Jap(2) /R™2| > 1,
while, for n € Z* and j =0, 1,
la—p(2) /R, [1/a—p(2) R4 |1 /a_p (2) R %], Ja_p(2) /R T?| < R.

Thus, for n € Z7, and j = 0, 1, the computations gives:

) AG +AY L = <10 |a_p(2) + R* tanh p| [1 + a_p() R™+2~% tanh p|
n - 2

2 |1+ a_p(z) R4"=2 tanh p| |a_p(z) + R4"*2 tanh p|

L log 11+ a_p(z) R tanhp| |a_p(2) + RIV—212 tanhp])

la_p(z) + R+2i tanh p| |1 + a_,(z) R4~2 tanh p|

R? la_p(2) + R 2 tanh p| |1 + a_,(z) R 1727 tanh p|
2r2 11+ a—p(z) R¥"+2-2 tanh p| |a_,(2) + R4 tanh p|

+ log

|1+ a_p(2) R* tanhp| |a_p(2) + R 2% tanh p|
la_p(z) + R¥+2i tanh p| |1 + a_p(2z) R1"~2 tanh p|

q (1—|a_p(2)]*R®" tanh?p N la_p(2)2 — R®"=4+4 tanh? p
2r \ |14+ a_p(z) R*"tanhp|? = |a_p(z) + R=2+2j tanh p|?

la_p(2)]? — R¥"* 9 tanh?p 1 —|a_,(2)2R*"*tanh?p
la_p(2) + R *+2 tanhp|? |1+ a_p(z) R 2tanhp|? |’

where ¢, r are given by (1.5) and a_,(z) = (z coshp — sinhp)/(—zsinh p + coshp).
Combining (i), (ii), (iv), (vii) and (xi) we get

. 0 0) | =, (0 0
(xii) Ho(z) = Ay + AY) + Ag2)o + Z(Agz)n + Aé2)(—n))’
n=1

while, from (i), (ii), (iv), (ix) and (3.6) we get

1 1) | =, (1 1
(xiii) Hi(z) = A+ Ay + Ag2)o + Z(Ag;n + Aé2)(—n))'
n=1

Thus, (1.2)-(1.3) are obtained using (1.8) and (xi), where we have denoted by

(3.6) s (2,p, R) == —2(AS), + AY)_ ), n € N*, j =0, 1.

13



In order, to end the proof, let us show that for j = 0, 1, the series with general term given
by (3.6) are convergent. For instance,

Z log la_p(2) + R tanh p| |1 + a_,(z) R 272 tanh p|
]1 + a_p(z) R*=2 tanh p| |a—p,(2) + R**2 tanh p|

has the same behaviour as k>0 | R, where k = (1/a_p(2) + a_p(2)R?>% — a_,(2)R™% —
R%/a_,(2)) - tanhp. The other series with logarithm can be treated in the same manner. Simi-
larly,

Z 1 — |a_p(2)|?R®" tanh? p N la_p(2)[? — R8n—4+4 tanh2p_
|1+ a_p(z) R tanhp|? ~ |a_p(2) + R=2+2 tanh p|?

la_p(2)]> — R4 tanh? p _ 1—Jap(2)PR* " tanhp
la_p(z) + R¥*+2i tanhp|? |1+ a_p(z) R*"2 tanh p|?

behaves as k Y00 | R*", where k = (—2tanhp)(1 — R~2)(|a—_p(2)| — R¥ /|a_,(2)|). This ends the
proof of the theorem except for the proofs of the lemmas. O

4. NUMERICAL RESULTS

In this section we present numerical approximations of the analytical representation of the
expectation, given in (1.2) or (1.3). We plot two views of the expectation as a function of the
starting point: three-dimensional graph and its vertical section.

Figures 2 and 3 illustrate the case j = 0. Recall that for the concentric circles case the
maximum lies on 7. Suppose now that ¢y # 0. When Ry is small the position of the maximum
is close to zero as we can see in Figure 2. The increase of Ry gives a displacement of this
position towards ;. This is quite different with respect to a deterministic motion in which is
quite natural to think that z must be far from this circle.

Figures 5 and 6 correspond to the case j = 1. The maximum lies on ~; and its value is a
decreasing function with respect to Ry.

In parallel to semi-analytical method present in this paper we consider a classical finite
element method to solve the partial differential equation (1.9), (1.10) and (1.11). A solution of
this problem is in H2(Q2), the Sobolev space of function u such that u, Vu and Au belongs to
L%(Q). By the finite element we compute a approximation of H ; belonging to a sub-space V},
of continuous function piecewise linear in ). The result obtained by the finite element method
are similar to those obtained by the semi-analytical method considered in this paper. One
difference between the two methods is that the maximum obtained by the finite element method
is a approximation with an error of order h?, h being the discretisation parameter. We represent
in figure 4 and figure 7 results computed by the finite element technique, which correspond,
respectively to figure 2b and figure 6b.
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Figure 2: Case j = 0 with ¢g = 0.1 and Ry = 0.01.
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Figure 3: Case j = 0 with ¢g = 0.2 and Ry = 0.4.
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Figure 4: Case j = 0 with ¢y = 0.1 and Ry = 0.01, by finite element technique.

15



Now s

-
cutruNOIWO s O

-0.5

Figure 5: Case j = 1 with ¢g = 0.3 and Ry = 0.01.

Figure 6: Case j = 1 with ¢g = 0.3 and Ry = 0.4.
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Figure 7: Case j = 1 with ¢g = 0.3 and Ry = 0.4, by finite element technique.
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APPENDIX

We give here the proofs of lemmas which we used.

Proof of Lemma 2.5. Let us denote ¢ := pe?, A\ := ge'™ and for ¢ # 0, a := (p/o)sinT
and b = (p/o)cosT. We can write

1 2T
I:= / log |¢ — A|?d¢ = / pdp d log(p* + 0> — 2po cos @ cos T — 2posin fsin )
ARO Ro 0

1 2T
:/ pdp<27rlog02—|— de log(1+a2—|—b2—2acos(9—2bsin9)>.
Ro 0

Since,
21

df log(1 + a® + b* — 2acos § — 2bsin ) = 2 gq2 41251y log(a® + %),
0 >

(see also [5] p. 528, 4.225.4), we obtain

1
I=2n / pdp (log 0% + Lipoy log (p°/ 02))
Ro

277(]?20 pdp) log o2 if o>1
=q 27([, pdp)log o +2r f; plog p?dp, if Ry<o <1
2 féo plog p?dp, if 0 < Ryp.
The preceding equality lies also for o = 0, and we get (2.5). O

Proof of Lemma 3.4. Let us denote ¢ := pe? and a := p/k < 1. We can write,

(el=py D0 IC— k2T P o dp p* + k2 — 2kpcos 0

B i/% (20 +2cosf)df  a i/% b _a d 27
k2 )y (14a2—2acosf)?  k?dalo 1+a?—2acos k% dal—a?
From this we get (3.4). O

For the proof of Lemma 3.5 we need the following result:
LEMMA A.l. - For )\ € C,

(A1) / log|c AP, 2o [log|A— g2k, it > p
{icl=p} 1€ = KP? K2—p2 | logp?[1 — NE|%, if [A] < p.

Proof.  Let us denote ¢ := pe®, X\ := 0¢'™, a := p/k < 1 and for 0 # 0, b := p/o. We

can write og| )\|2 ) 1 ,
og|¢ — a/ a ogao
/{czp} =2 7 ko 1+ a2 — 2acosf
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La 2 » log(1 + b — 2bcos f cos T — 2bsin fsin T)
k Jo 1+ a? —2acosf '

The first integral is equal to (27 logo2)/(1 — a?). Then (A.1) is easily obtained for real A (that

is for 7 =0 or 7 = ) since:

2r log(1 + b? — 2bcos ) A { log(1 —ab), ifd? <1

de — . :
0 1+ a2 —2acosf 1—a? log(b—a), ifb?>1,

(see also [5], p. 594, 4.397.16).
Then, by a classical argument of analytic continuation, we obtain

/ log(¢—N? . 2mp  [log(A\=p*/k)*, if[A|>p
{ci=p  I¢— kP2 K2—p2 | logp? (1= A/k)%, if [N < p.

The preceding equality lies also for o = |A\| = 0 and its real part is nothing but (A.1).

Proof of Lemma 3.5. We shall use the same notations as in the proof of Lemma A.1l.

write J(p,\) = I — I, where

o 1
I ;2/ log [¢ = \2P————do
' {I¢|=p} | | on |¢ — k|?

2 0 1

=p ; do 10g(p2+02_2pUCOSHCOST_2pUSiDHSinT)8_pp2+/<;2—2kpcos€

27 -2 2 9
a4 do log(p2 +o2— 2po cosf cos T — 2posinfsin ) @+ 2cos

k2 (14 a?—2acosf)?
a 0 (27  log(p®+ 0% — 2pocosfcosT — 2po sin O sin )
= —— db )
k2 da Jo 1+ a2 —2acosf
and ) 9
= ———— —log|¢ — \?*do
/{czp} ¢ — K[* On
= /27rd9 ! glo (p? + 0% — 2po cos B cos T — 2po sin O sin )
=7 0 p? + k2 —2kpcos 6 dp glp P P
_b 2ﬂd0 1 2b —2cosfcosT — 2sinfsinT

0 p2+k‘2—2k‘pcosﬁ.1—|—b2—2bcos€cos7‘—2bsin951n7'
—bg 2”d910g(1+b2—2bcos€cos7'—2bsinﬂsin7')
~ob Jo P2+ k2 — 2kpcosf '

But (A.1) can be written as

(A2) 2m &0 log(p? + 02 — 2po cos O cos T — 2po sin O sin )
' 0 14+ a2 —2acosb

~—

2 log p2(1/b% + a® — 2(a/b) cos T), if [A| > p
C1-—a? log p?(1 + a?/b? — 2(a/b)cos T), if |A| < p,

18
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or as

2rlog(1 + b? — 2bcos f cos T — 2bsin O sin )
A.
(A-3) 0 d0 p? + k2 —2kpcos b

_2r | log(1+ a’b? — 2abcosT), if |\ >p
k2 p2 log(b? + a? —2abcosT), if [\ < p.

By derivation of (A.2) and (A.3) with respect to a and b respectively, we get

47 p? 2— |k 8mp? 2 .
B it e 08| A = PRl A >
I, =
x A(IA|—kcosT 8p2 .
Py PRSEET + en log p |1 = MK|, i A < p,
and ) sk
4 pe— cosT .
k2(k2p_p2) TR if |A| > p
I, =
4 1-[N/k|cosT .
K2=p?) " 1-A/KP if Al <p
and the proof of Lemma 3.5 is done. O
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