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Abstract: Given an integer m, a probability measure v on [0, 1], a process X and a real function
g, we define the m-order v-integral having as integrator X and as integrand g(X). In the case of
the fractional Brownian motion B¥, for any locally bounded function g, the corresponding integral
vanishes for all odd indices m > ﬁ and any symmetric v. One consequence is an It6-Stratonovich
type expansion for the fractional Brownian motion with arbitrary Hurst index H €]0,1]. On the other
hand we show that the classical It6-Stratonovich formula holds if and only if H > %.
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Résumé: Un entier m, une mesure de probabilité v sur [0, 1], un processus X et une fonction réelle
g étant donnés, on définit une v-intégrale d’ordre m ayant X comme intégrateur et g(X) comme
intégrand. Dans le cas du mouvement brownien fractionnaire B on prouve, pour toute fonction lo-
calement bornée g, que I'intégrale correspondante s’annule pour tous les indices m > ﬁ et pour toutes
les mesures symétriques v. Comme conséquence, on obtient une formule de type Ito-Stratonovich pour
le mouvement brownien fractionnaire d’indice de Hurst quelconque dans ]0, 1[. D’autre part, on montre
que la formule d’It6-Stratonovich est valide si et seulement si H > %.

1 Introduction

The present paper is devoted to m—order v-integrals and an It6’s formula for non-
semimartingales. Classical It6’s formula and classical covariations are fundamental tools of
stochastic calculus with respect to semimartingales. Calculus involving integrators X which
are not semimartingales has been developed essentially in three directions in the last twenty
years:

*e-mail: Mihai.Gradinaru@iecn.u-nancy.fr



e The case when X is a Dirichlet process.
e The case when X is a Gaussian process.

e The case when X has paths with p-variation greater than 2.

The implemented techniques for this purpose have been of different natures: the Dirichlet
forms approach, the Malliavin (or white noise) calculus approach through the theory of Sko-
rohod integral, the Lyons rough path approach and the discretization-regularization approach.

It is impossible to list here all the contributors in previous topics; nevertheless we try to
sketch some related short history; a survey with a more complete literature could be found
in [15].

1. A Dirichlet process may be seen as a natural generalization of a semimartingale: it is
constituted by the sum of a local martingale and a zero quadratic variation (instead of
a finite variation) process. Such a process is in particular a finite quadratic variation
process. Calculus with respect to Dirichlet processes has been developed within two
axes. Omne uses the Dirichlet forms approach, from which the term Dirichlet process
was inspired: a fairly complete monography on the subject can be found in [13]. In
this framework one can quote for instance [18, 17, 26]. The second approach uses the
discretization of the integrals (see e.g. [11, 12, 7]). A counterpart of this approach is the
regularization approach (see e. g. [22, 23, 24, 8, 14, 27, 29]). In particular those authors
make use of the forward integral, which is a natural generalization of It6 integral, and
the symmetric integral, which is a natural extension of Stratonovich integral. For those
definitions, we refer to section 2.

2. The Skorohod integral, and more generally the Malliavin calculus (see e.g. [20]), has
been revealed to be a good tool for considering Gaussian integrators, and in particular
fractional Brownian motion. For illustration we quote [6, 1] and [21] for the case of X
being itself a Skorohod integral.

3. The rough path approach has been performed by T. Lyons [16], and continued by several
authors; among them, [5] has adapted this technique to the the study of SDEs driven
by fractional Brownian motion.

The regularization approach has been recently continued by [9, 15] to analyze calculus
with respect to integrands whose n-variation is greater than 2, developing the notion of
n-covariation. In particular, [9] introduces the notion of 3-variation (or cubic variation)
of a process, denoted by [X, X, X].

We come back now to the main application of this paper, that is fractional Brownian motion.
This process, which in general is not a semimartingale, has been studied intensively in stochas-
tic analysis and it is considered in many applications, e.g. in hydrology, telecommunications,
fluidodynamics, economics and finance.

Recall that a mean zero Gaussian process X = B is a fractional Brownian motion with
Hurst index H €]0, 1] if its covariance function is given by

1
Kpg(s,t) = 5(’8’2H + [t — |s — t]*H), (s,t) € R% (1.1)
An easy consequence of that property is that
E(B/T — BJ)? = [t — s (1.2)



When H = %, BH is the classical Brownian motion. It is well-known that B is a semi-
martingale if and only if H = % On the other hand, if H > %, B is a zero quadratic
variation process, therefore (trivially) also a Dirichlet process. As we said, if H > %, BH is
a finite quadratic variation process, therefore an It6’s formula involving symmetric integrals

holds, and it can be deduced from [23, 11]. If f is of class C?, we have
t
FBI) = 5B + [ 1B, (1.3
0

If H > 1, [BH, BH] vanishes and the symmetric integral fg f(BM)d°BH coincides with the
forward integral [ f/(BI)d~BI.
Setting f(x) = 22, (1.3) says that

t
(Bf)? = (BH)? + 2/ BHa°BE. (1.4)
0

If H < § the forward integral fg BId~=BH does not exist, but (1.4) is still valid. In fact,
using the identity

(BIL)* = (BI)? 4+ 27

(Bgi-a - Bf)v (1'5)
integrating from zero to ¢ both members of the equality, dividing by € and using the definition
of symmetric integral, we can immediately see that (1.4) holds for any 0 < H < 1. The natural
question which arises is the following: is (1.3) valid for any 0 < H < 1?7 The answer is no. In
reality, taking f(z) = 3, similarly to (1.5), we can expand as follows

(BE)? + (BI)?

(Bgﬁ-e - BE)S
5 _—

(Bgrs)?’ - (BSH)S +3 2

(nga_Bf) -

Proceeding as before, (B}?)? could be expanded as

t BH BH BH
ity =l + 3 [ ity - E I (1.6
0
moreover previous symmetric integral will exist if and only if [BH, B BH] exists.
In reality, that object exists if and only if H > %: in that case the mentioned cubic

variation even vanishes. This point comes out as a consequence of Theorem 4.1 2. when
m = 3. This shows that the It6-Stratonovich formula (1.3) cannot be extended to the case
H < %. On the other hand this observation asks the following important question: is (1.3)
correct for all H > %?

In [15], one defined the forward (resp. backward, symmetric) integrals of order m = 3, de-
noted by fot Y,d=(™ X, (resp. fg Y,dtm X, f(f Y,d°(™ X, ). Given a locally bounded function
g, there, it was proved that the forward integral of third order type fg g(BH )d(*?’)Bf exists

1 1
for H > 1. More precisely, if H > 1, fg 9(BH)a=®) BH vanishes; if H = 1, fot g(B#)d=®) B

is non zero and it is related to the local time of B i; if, furthermore, g is of class C!, we have

t 1 1 3 [t 1
/ g(BHd~®Bi = -2 / ¢ (B)ds. (1.7)
0 0



In particular, one deduced that the 3-order symmetric integral fg g(BH )d°(3)Bf exists and
vanishes for H > i. However, it is possible to see that for H < %, previous forward 3-order
integral does not exist in general, see Theorem 4.1 1.

In this paper, we can show that the previous symmetric 3-order integral still exists (and
vanishes) for H > &. This allows us to extend Ito’s formula (1.3) to the case H > £ and to
show that H = % is a barrier for validity of formula (1.3). We also investigate the existence
of symmetric m-order integrals for m > 3. We have to distinguish two cases, according to the
evenness of m.

e if 2nH > 1 then integral fgg(Bf)do(Q")Bf exists and vanishes;
e if (2n — 1)H > § then integral fot g(BHaen=1) BI exists and vanishes;

see Theorem 4.1 for a precise statement. We prove that we can not go further if 2nH < 1 or
(2n—1)H < %, since the integrals above do not exist. We also investigate the cases 2nH =1
and (2n — 1)H = 3.

Next natural question is the following. Is it possible to extend somehow (1.3) if H < %?
For this purpose, we prove Theorem 3.6 which gives a general [t0’s expansion of pathwise
type and we establish the important Theorem 4.4.2 for the fractional Brownian motion with
Hurst index 0 < H < 1.

One relevant feature of this paper, is the definition of a new class of integrals. Let X
be a continuous process. Given a positive integer m and a probability measure v on [0, 1],
we introduce the following m-order v-integral of g(X) with respect to X, g being a locally
bounded Borel fonction:

t 1 t 1
/ g(Xy)d"™ X, ::h{gprobé_/ du(Xu+€—Xu)m/ 9( Xy + a(Xyye — Xu))v(da). (1.8)
0 € 0 0

If X is a continuous semimartingale and v is a probability measure on [0, 1], these integrals
were introduced in [28] for the case m = 1.

A m—order forward (resp. backward and symmetric) integral of g(X) with respect to X
can be expressed in the framework of m-order v-integral, with v = §y, the Dirac measure at
0 (resp. 01, 50‘561).

When v is symmetric the corresponding integral is a natural extension of symmetric
integrals of Stratonovich type. Proposition 3.3 characterizes that integral in terms of a sum

of integrals involving g(*) (X) as integrand and v = 1 and Theorem 3.6 establishes a general

1t6’s expansion. The probability measure v may alsoZbe absolutely continuous, but it will be
less interesting: if v is Lebesgue measure, the integral becomes trivial.

Section 4 is devoted to applications with respect to fractional Brownian motion. There
we distinguish two main levels of results.

e The Ito-Stratonovich formula (1.3) can be extended to H > % (Theorem 4.4.1 and
Remark 4.5 1.) and cannot be improved.

o If HL %, it is still possible to expand f(B}!) through a pathwise type It6 formula. It
is the aim of Theorem 4.4.2 which considers an integral of a r-symmetric integral being
in fact a renormalized Stratonovich integral.

We conclude this introduction insisting on the novelties introduced by this paper with
respect to some recent contributions.



1. Concerning It6 formula for B with respect to any 0 < H < 1, there are contributions
when the driving integral is an extend Skorohod integral, see for instance [2, 4] and [3]
which has emphasized a % as a critical value in their framework.

2. At our knowledge, this is the first paper which treats an It6 formula with respect to a
symmetric-Stratonovich integral, which is closer to the spirit of Riemann sums limits.
We define for that purpose a class of high order integrals, which, from our point of view,
have an interest by themselves.

3. We are able to treat an It6 formula with respect to somehow any symmetric integral,
introducing a large class of symmetric integrals via regularization, i.e. f(f g(BIa-tBH.
Moreover we are able to treat all the pathologies related to such It6 formula. For
instance, an It6 formula with respect to the classical symmetric integral only holds for
any H > %.

4. When H < %, our procedure is inspired by numerical analysis and provides the exact
renormalizations we need to allow convergence of our regularization scheme; a similar

analysis could be adapted using a discretization approach.

5. Fractional Brownian motion is not the only process for which our It6 formula is valid;
there are easy extensions to a more general class of processes. We believe however
that fractional Brownian motion is a peculiar example for formulating necessary and
sufficient conditions, through the Hurst parameter which guides the regularity of paths.

2 Notations and recalls of preliminary results

We start recalling some definitions and results established in some previous papers, see
[22, 23, 24]. In the following X (resp. Y') will be a continuous (resp. locally bounded) process.
The space of continuous processes will be a metrizable Fréchet space C, if it is endowed with
the topology of the uniform convergence in probability on each compact interval (ucp). The
space of random variables is also a metrizable Fréchet space, denoted by L%(€) and it is
equipped with the topology of the convergence in probability.

The forward integral and the covariation are respectively defined by

t 1 t
/ Y,d” X, := limucp / You(Xute — Xu)du (2.1)
0 el0 € Jo
and
1 t
(X, Y] = lsilrgl ucp 5/ (Xute — Xu) (Yuge — Yu)du. (2.2)
0

The symmetric (Stratonovich) integral is defined as
¢ 1 [ty Y,
/ Y,d° X, := lim ucp / L“(XHE — X,)du. (2.3)
0 el0 € Jo 2

The following fundamental equality is valid

t t
1
/ Y. X, / Yad Xy + 5[X, 7], (2.4)
0 0



provided that two quantities among three exist. However, as we will see in the next section,
the left member may exist even if the covariation [X, Y] does not exist.

If X is such that [ X, X] exists, X is called finite quadratic variation process. If [ X, X] = 0,
then X will be called zero quadratic variation process. In particular a Dirichlet process is a
finite quadratic variation process. If X is finite quadratic variation process and if f € C?(R),
then the following It6’s formula holds:

(X0 = F(Xo) + / P Xt 5 [(X). X (2.5)

We recall that finite quadratic variation processes are stable through C!'-transformations. In
particular, if f,g € C! and vector (X Y) is such that all mutual covariations [X, X], [X,Y]

and [Y,Y] exist, then [f(X),g9(Y)]: = fo f(Xs)g' (Ys)d[X,Y]s. Hence, formulae (2.4) and
(2.5) give:
f(Xt) = f(Xo) / (X : (2.6)

Remark 2.1 1. If X is a continuous semimartingale and Y is a suitable previsible process,
then fo Y.d™ X, is classical It6’s integral.

2. If X and Y are (continuous) semimartingales then [;¥,d°X, is the Fisk-Stratonovich
integral and [X,Y] is the ordinary square bracket.

3. If X = BY | then its paths are a.s. Holder continuous with parameter strictly less than
H. Therefore it is easy to see that, if H > %, then BH is a zero quadratic variation
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process. When H = 3, B = B” is the classical Brownian motion and so [B*, B*]; = t.
In particular Ito’s formula (2.6) holds for H > 3.

Since the quadratic variation is not defined for B¥ when H < %, we need to find a

substitution tool. A concept of a-variation was already introduced in [24]. Here it will be
called strong a-variation and it is the following increasing continuous process:

a Xu Xu
[X]g = 11{51 ucp / ot = Xul? | (2.7)
£

A real attempt to adapt previous approach to integrators X which are not of finite quadratic
variation has been done in [9]. For a positive integer n, in [9] one defines the n-covariation

[X1, ..., X" of a vector (X!,..., X™) of real continuous processes, in the following way:
XL - Xxh. o (Xp, - XD
(Xh .. X", hﬁ)l ucp / (Xue w) o (Kuie U)du. (2.8)
&€ 0 g

Clearly, if n = 2, the 2-covariation [ X!, X?] is the covariation previously defined. In particular,
if all the processes X* are equal to X than the definition gives:

t X — X"
[X,..., X](t) := limucp / Mdu, (2.9)
—_—— €l0 0 IS
n times

which is called the n-variation of process X.



Remark 2.2 Clearly, for even integer 2n, [X]®) = [X,..., X]. For this reason, in the sequel,
—_——

2n times
if we formulate the assumption that the (2n)-variation of X exists, that will mean that the

strong (2n)-variation of X exists.

The following properties have been established in [9].

Remark 2.3 1. If the strong n-variation of X exists, then for all m > n, [X](™ and
[X,..., X] exist and vanish.
—_——

m times

2. If [X,..., X] and [X]™ exist then, for g € C(R),
——

n times

Xu)

t Xu _ n t
limucp/ g(Xu)(ﬁdu_/ g(X)d[X, X, ..., X]. (2.10)
el0 0 g 0

Furthermore, if f1,..., f, € C}(R), then

LX), Fa(X))(E) = /O A - FAX)d (X, X] ().

n times n times

~~

3. Let us come back to the process X = BH. If H > %, its strong 3-variation [BH}(?’)

exists and its 3-variation [BY, BH| BH] exists and vanishes. In [15], it is proved that

/t (Bf—i-s B B’lIL_I)3
0 13

lim prob du

€l0
exists and vanishes, even for H > %.

Remark 2.4 In [24], Proposition 3.14, p. 22, it is proved that the strong %—Variation of BH
exists and equals p 1 ¢, where pu, = E[|G|?], with G a standard Gaussian random variable.
H
For instance,
Han t, it H = ﬁ
(BT = (2.11)
. 1
0, lf H > 5"
Proposition 2.5 Let n be a positive integer. If BH is a fractional Brownian motion with
Hurst index H €]0, 1] then

L . Yg(BMyds if H =
[g(B )aB 7"'7B }t:MQn
on 0 if H> 3

Proof. It is a consequence of Remark 2.3 2) and Remark 2.4. [



Remark 2.6 From now on we relax the definitions of n-covariation and n-variation in the
sense that the limits (2.8) and (2.9) are assumed to hold in probability and the limiting L°(Q)-
valued functions have continuous versions. Nevertheless, for even integers 2n, the existence of
the (2n)-variation of the process X (in this weaker sense) implies the strong existence (that
is as an ucp limit). This follows by the Dini type result constituted by Lemma 3.1 in [24]:
this says that if a sequence of increasing continuous processes converges in probability at each
time toward a continous process, then the convergence actually holds uniformly in probability
on each compact interval of time (ucp). In the sequel this remark will be used without further
comment.

A natural extension of (2.1) and (2.3) is the following.

Definition 2.7 Let X (resp. Y ) be a continuous (resp. locally bounded) processes. Let
m > 1.
We denote

Y. +Y,
/ Y, d°™ X, = hm prob— / Q(XHE — Xu)"du; (2.12)

this quantity is called (deﬁmte) symmetric integral of m-order type of Y with respect to X.
Similarly we can define the m-order integral of forward (resp. backward) type.
We set

t 1 t
/ Y,d~™ X, = lim prob— / Yo (Xupe — Xo)du; (2.13)
0 el0 € Jo

this quantity is called (definite) forward integral of m-order type of Y with respect to X. The
backward m-order (definite) integral will be defined as follows

t
/ Y, d+mx —hmprob / Yise(Xuge — Xu)"du. (2.14)
0

Remark 2.8 a) We have

/Yd°<1>X /Yd° " /Yd‘l u_/Yd X,.

b) If X is a finite quadratic variation process, then fg Y, d°? X, = f(f Y, d[ X,

¢)If X =B" H>1geCR),then [ g(BY)d*®) B = 0.

a) and b) are straightforward, see [22]. The proof of ¢) was performed in [15], showing
separately the existence of the 3-forward integral, which in some cases is non zero, see also
(1.7).

Remark 2.9 Let n, m > 1 be two integers. Provided that two quantities among three exist,
the third exists and the following equalities hold:

t t
a) [V, X,...,X]; = / Y,d*n-Yx, — / Y,d--Vx,
2 o 0
t 1 t ¢
b) / Yd*mx, = o [ / Y, d™ ™ X, + / Y,d—(m Xu].
0 2 0 0

In general forward and backward integrals fg Y,d*(™ X, do not exist, while the symmetric
integral f(f Y, d°(™ X, may exist.



3 me-order v-integrals and It6’s formula

We start here defining the concept of m-order v-integrals; when the integrator is a semi-
martingale and in the case m = 1, this concept has been defined by [28] p.521. As previously,
X will be a continuous process. Henceforth, v will denote a probability measure on [0,1]. We
shall denote my, := fol a*v(da) the k-th moment of v.

Definition 3.1 Let m be a positive integer. For a locally bounded function g : R — R, the
m-order v-integral of g(X) with respect to X is given by

t 1 t 1
/ 9(Xy)d"m X, = hfgl probg / du(Xyte — Xu)™ / 9( Xy + a(Xyte — Xy))v(da) (3.1)
0 € 0 0

Remark 3.2 This integral with respect to X is only defined for integrands of the type g(X).
Nevertheless, in some cases, see for instance b), ¢), d) below, we can take an arbitrary
integrand Y.

For example, we have the following.

a) If g = 1 then, for any probability measure v, fot dV"" X, is the m-variation of X, see
(2.9).

b) If v = §p and m € N*, then fo w)d" X, is the forward integral of m-order type, see
Definition 2.7.

¢) If v = 61 and m € N*, then fo w)d”™ X, is the backward integral of m-order type,
see Definition 2.7.

d) If v = m and m € N* then fo «)dV"™ X, is the symmetric integral of m-order
type, see Deﬁnltlon 2.7.

In the following, we continue to use notations

t t
/ g(Xu)di(m)Xu (resp. / g(Xu)d+(m)Xu7 g(Xu)do(m)Xu)
0 0

instead of

3 ) 5
/ 9(X)d%™ X, (resp. / X,)d" X, / )X,
0

The probability measure v will be called symmetric if v is invariant with respect to the map
t — 1 —t. For example, the probability measures §; o, 50;51 and Lebesgue measure on [0, 1]
are symmetric.

The symmetric probability measure 4,/ plays a central role, as we can see by the following.

Proposition 3.3 Let (k,m,n) € N x N* x N* be such that k +m > 2n. Assume that X
has a (2n)-variation [X,X,..., X] = [X]® and g € C¥(R). If v is a symmetric probability
measure then, provided that all the integrals excepted one exist, the remaining one exists and
we have

¢ v moi ¢ i i
/0 9(Xu)d™" X = Z; <212>'/0 9@ (X,)d2 ™2 X, 4 Ry, (3.2)



with mg = fol (2 - a)j v(da) and

(3.3)

R O ifk+m>2n
= k
! SO (g (X, dIX, X, X if k4 m = 2n.

Remark 3.4 1. If K =0 the sum in (3.2) is taken to be 0. In this case

t 0 if m > 2n
Xu V7mXu = .
/0 9(Xu)d { JEg(Xu)d[X, X, ..., X], if m = 2n.

2. Note that m? equals zero for odd integers j thanks to symmetry of v.

Proof of Proposition 3.3.
a) First, we prove (3. 2) for the case when k =0, m > 2n + 1 and g is bounded. Precisely, we
prove that integrals fo w)d”™ X, exist and vanish. We have almost surely:

1 t 1
é_/ du(Xu+€—Xu)m/ 9(Xu + A Xuse — Xo))(da)| < S5 / | Xure — Xo|™du — 0,
0 0

as € | 0, by Remark 2.3 part 1. The convergence in probability follows.

b) Second, we prove that integrals fo w)d”™ X, exist and vanish when m > 2n + 1 but g
is only locally bounded. In this case, we perform the following localization argument, which
will be used several times. Let 8 > 0; we will show that

5)-

limP <
€l0 £
¢ 1
/ du(Xype — Xu)™ / 9( Xy + a(Xyte — X)) (da)
0 0

t 1
1/0 du(Xyte — XU)m/O 9(Xuy + o(Xype — Xo))v(dev)

Let M >0, Q,, ={w: [Xy(w)| < M;Vu e [0,t+1]}. On ,,, we have

™ | =

1
= [ du(Xye = X" /0 0y (Xu + (X s — X,))(da)

,_\
o\“

where g,, = gli_a -
We can write

p(1

g /Ot du(Xype — Xu)™ /01 9(Xu + a(Xute — Xo))v(da)
o

e

)

> ﬁ) +P(QS).

t 1
/ du(Xyte — XU)m/ 9 (X + a(Xyte — Xu))v(da)
0 0

Take 6 > 0; we choose M large enough, so that P(£2,) < g. By convergence in probability, for
the bounded function gM, there exists 1 > 0 such that for each € < 7 the first term in previ-
ous inequality is less than . We obtain the existence and the cancellation of fo (Xu)d" Xy,

10



¢) For the general case, using a Taylor expansion, we can write:

X+ alluse = %) =g (T2 - (- @)X - X))

k—1 1 i 1 k
(D" (3 =) (i) Xute + Xy i 55—«

with 6, between X, and X, .. Since mgi 41 = 0 for integers i, we deduce,

L /0 (Xt (X X)ulda)) (Kuve — Xo)

e

- mm 1 (2i) u+5 + Xy _ m—+2i
Z 22 '6/ ( 9 )(Xu+€ Xu) du

+(—1)k]:!/0 (/01 Q(k)(%)(% — oz)ku(doz)> (Kupe = Xo)™* du.

€

We can assume that ¢(*) is bounded, by localization argument, as previously. Therefore last
term on the right-hand side tends to R ucp using Remark 2.3. The proof of the proposition
is now established. u

We can state now a straightforward (even though not very useful) Itdé’s formula, with very
few assumptions.

Proposition 3.5 Assume that v is the Lebesgue measure on [0,1]. If f € CY(R) and if X is
any continuous process, then the integral fg f1(X,)d" X, exists and we have:

F(X0) = £(Xo) / FX)EX, (3.4)
Proof. Since f belongs to C!(R), by classical Taylor formula:

1
f(Xuge) = [(Xu) + (Xuge — Xu)/o f/(Xu + a(Xyge — Xu))da.

Integrating in u on [0,¢] and dividing by &, we obtain:

1 t+e 1 5
D seae- [

€ Jt

1 [t !
- g / du(Xqus - Xu) / f/(XU + a(X“+5 - X“))da
0 0

The left-hand side converges, as ¢ | 0, to f(X;) — f(Xo). Therefore, the right-hand side is
also forced to have a limit in probability and equals f(f (X)) d" X, ]

We are now able to state the main result of this section.
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Theorem 3.6 (Ito’s formula)
Let n and ¢ two positive integers. Assume that v is a symmetric probability measure on [0, 1]
such that

1
, 1
R 2j — -
Mo, := a“v(da) = , for j=1,--- £ —1. 3.5
2j /0 (dav) 2 +1 for j (3.5)

If f € C*™(R) and if X is a continuous process having a (2n)-variation, provided that all the
integrals excepted one exist, the remaining exists and the following Ité formula holds:

F(Xe) = f(Xo) / Fl(Xu)d™ Xy +ka / FED (X, )d2H X, (3.6)

where the sum is taken to be 0 for £ >n — 1. Here ké’j are suitable constants.

Remark 3.7 A significant application comes out when v = %. We obtain in that case
f(X2) = f(X0) / J(Xu)d X+ Z K / FEED (X, a1, (3.7)
Proof of Theorem 3.6. Let us remark that (3.5) implies
N T (3.8)
m] - ] + 1’ j - b ) * .
Indeed, we have
1 ‘ 1 A 25+1
magir = [ 0¥ iu(da) = [ (1= P iu(da) = Y (1)°Cly .
0 0 k=0
and, by induction,
2 1 1
_ k vk _
2maji1 = kzo(_l) C2j+1m Tt
It suffices to prove that, for any a,b € R,
1
f(b) = fla) + (b —a) /O flla+a(b—a))v(da) (3.9)
n—1 a+b )
+ 3 k(=) (b — a)P T + (b — a)*"C(a, ).
Jj=¢ 2

where C' € C(R?) verifies C(a,a) = 0. Indeed, setting a = X, and b = X, .., integrating in u
on [0,t] and dividing by € we get:

t t 1
2 [ o - g0t =1 [ x) ([ 78+ aCte - X)) du
n—1
BT LGS PN i
=L
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1 t
+g / C(Xuy Xure) Xute — Xu)*du.
0

By a simple change of variable we can transform the left-hand side as

1 t+e 1 €
S reoa- [

€ Jt

which tends as ¢ | 0, toward f(X;) — f(Xo). By the existence of the (2n)-variation for X,
since sup,eo C(Xuy, Xute) tends to zero, the last term on the right-hand side of the previous
equality tends to zero, too. The convergence of all the terms excepted one on the right-hand
side is insured by the hypothesis. Therefore, the term which remains on the right-hand side
is also forced to have a limit in probability and we obtain (3.6). Hence, we need to prove
formula (3.9). Thanks to Taylor expansions, we can write,

£(b) - f(a) = (b— a) /0 f'(a+ a(b— a))v(da)

1 +E!_21>i+1 B ; _11>! /01 (a - ;)i_ly(da)

Moreover, since v is symmetric, each integral fO (a — 5)%“ v(da) vanishes for k =0,...,n—
1. On the other hand, by using (3.8), easy computations allow to obtain that

1t 1\ 1 ,
(2.7)‘/0 <C¥—2> V(da):m,j:07,£—l

Finally, formula (3.9) follows and the proof of the theorem is concluded. |

+ O(b — a)*.

=3 £ - gy

4 The case of the fractional Brownian motion

In this section, we investigate the existence of fg g(X,)d"™ X, when X = B is a frac-
tional Brownian motion with Hurst index H €]0, 1[. ua, will stand again for the 2n—moment
of a standard Gaussian random variable.

Theorem 4.1 Let m > 2 be an integer and v a probability measure on [0, 1].
1. Assume that m = 2n and g is a locally bounded function. Then
(a) if 2nH > 1 then fO (BH)d»*nBI exists and

t t t H ;
B )du if2nH =1
BHyw2ngH — / BHYgI gH(2n) _ " fo 9(By

(4.1)

(b) if 2nH < 1 then fo (BHYd»?"BI does not exist in general.
2. Assume that m = 2n + 1 and g is locally bounded. Then

(a) if (2n+1)H > % then fo (B @o1/22 L BH eists and vanishes;

13



(b) if 2n+ 1)H = % then %fg(Bfﬁ — B2+ ldy converges in law to a centered
Gaussian random variable, as € | 0;

(¢) if (2n+1)H < 5 then fo (BEY @122 BH qoes not exist in general.
3. Assume that m = 2n + 1, g belongs to C*"TY(R) and v is symmetric. Then

(a) if (2n+1)H > % then fo @v2n+t1 B exists and vanishes;
(b) if (2n+1)H < § then fo g2t BH - qoes not exist in general.

The proof of Theorem 4.1 is technical and it is postponed to the last section.

Corollary 4.2 Let n be a positive integer, g a continuous function and t > 0. Then, if
(2n+1)H > %, for all integers £ > n, integrals f(f g(Bf)d‘sl/%%HBf ezist and vanish.

For instance,
o if H> %, integrals fg g(BX Y 2’4351 exists and vanishes for any odd integer ¢ > 3.

o if 0 < H < é, integral fo (BH) d61/2’3BH does not exist in general, while integral

fo (BH) dov/ Q’ZBH exists and vanishes for any odd integer ¢ > 5.
Theorem 4.1 entails some results concerning non symmetric integrals, see also (1.7).

Corollary 4.3 Let n € N* and g € C*""1(R). Assume that BY has a (2n)-variation (i.e.
2nH > 1). Then the following (2n — 1)-order forward and backward integrals exist:

0 if 2nH >1
t
—“;n/ d(BH)du if 2nH =1
0
(4.2)

t t
[ BBl - [ g(pmarernp -
0 0

where o, denotes the 2n-moment of a standard Gaussian random variable. In particular,
(2n — 1)-order forward and backward integrals are not always equal to zero.

Proof. = We choose v = % in Theorem 4.1. Since g € C*"1(R) (see point 3.) and
(2n — 1)H > 3, we deduce fgg(Bf)do(Q”_l)Bf = 0. (4.2) is now a consequence of Remark
2.9 a), b) and Proposition 2.5. ]

We return now to Ito’s formula for fractional Brownian motion. Theorem 3.6 says that,
in the expansion of f(Bf), the sum of stochastic integrals exists but each integral may
be meaningless individually. What are the consequences in the applications to fractional
Brownian motion? If we insist on working with symmetric Stratonovich integral, see (2.3),
we are obliged to suppose H > %. However if H < %, an It6’s formula is still valid provided we
proceed through a different regularization of the symmetric integral which involves particular
symmetric probability measures.

Theorem 4.4 1. If H> ¢ and f € CO(R), then the integral fg f/(BEYa1 BT exists for
any symmetric probability measure v and we have

S8 =50 + [ 7B B (43)
0

14



2. Letr > 2 be an integer. If (2r+1)H > 1 and f € C"+2(R) then integral fg f(BHYa' B
exists for any symmetric probability measure v verifying

1
- 1
R 2j - : —
Mo; = a“v(da) = , for 7=1,--+ ,r—1. 4.4
2j /O (da) 2+ 1 Jor j (4.4)

Moreover, we have:
f(B = f(BE) /f (BHYa' B (4.5)

Proof. If H > {, integrals fo FO(BH)d% /23 BH and fg OV (BH)d%1/25 BH exist and vanish
through Corollary 4.2. Theorem 3.6 applied to n = 3, £ =1 gives (4.3).

Again by Corollary 4.2, if H > ﬁ, integrals fot FRED (B 0172241 BH oxist and vanish
for £ > r. Theorem 3.6 applied to n = 2r + 1, { = r and v given by (4.6) entails (4.5). ]

Remark 4.5 1. The symmetric probability measure 60;51 satisfies mg; = % for any integer

j > 1. Consequently, the second part of previous theorem does not apply. However, by
the first part, we have, for H > ¢ and f € C5(R),

FBHY = £(0) + / f(BH)yaBH.
0

1
6

1
Also it is the sharp extension of the result of [15] obtained for H > 7

This explains why H = = is a natural barrier for the validity of It6-Stratonovich formula.

2. An example of probability measure satisfying (4.4) is given by

2(r—Du—k
Z j 0j/(2r—2), With ;= / [[——— . (4.6)

0 ket

Indeed, we can write, thanks to Newton-Cotes formula, see also [25], p. 118:
1
P() = P(0) + / P'(@)(dz), with P € Ry 1[X].
0

Choosing P(X) = X%+ for j € {1,...,r — 1}, we obtain 1 = (25 + 1)ma;.

3. For instance, for r = 2, choosing v = %50 + %51/2 + %51, we obtain Itd’s formula (4.5)
for H> 7 and f € C'(R).

Remark 4.6 As we said, fractional Brownian motion is a peculiar example of validity of It
formula. In reality, extensions are possible in several directions.

e First of all, the result would remain valid for any Gaussian process having a similar
covariance structure. Considering the technicality of a more general statement we have
preferred to restrict it to fractional Brownian motion.

e Another possible extension goes in the direction of perturbing the fractional Brownian
motion BY with a finite variation process; typically one can imagine a fractional Brow-
nian motion with drift B + fot usds, where (us) is a locally integrable process. As it has
been observed in [19], Ité6 formula can be extended to processes of the type f(B,V)
where V is a bounded variation process.
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5 Proof of Theorem 4.1

Step 1: Proofs of easily deducible statements.
N will denote a standard Gaussian random variable.

e (proof of 1) In [14] it is proved that, if C' is a continuous process, as € | 0,

! C BT?‘FE — B’{L—I 2 d !
v\~ _g U — [2n Cudu
0 € 0

almost surely uniformly on each compact interval. Using this result, when € | 0, we
easily obtain

1

t 1 t
> [ ausll =B [ a(Bl ol - Bwe) ~ N, [ a(Ba

almost surely uniformly (in ¢) on each compact interval and the statements in the first
part of Theorem 4.1 follow.

e (proof of 2.b) Let m be an odd integer such that m > 3 and assume that H = 5—. Let
also fix t > 0. [14] implies, when € — 0,
m
1 t B 27n B 27n (law)
L (B - B2 du= —wte " | g tN
A R A e K

see also Proposition 2.3 and Remark 2.4 in [15].

e (proof of 2.c) Assuming that fg(Bf+€—Bf)mdu converges, as € — 0, toward a random
variable Z in probability, we deduce that

1
aimeE / (B, — BEY"du (1—20 as e — 0.
0
H
But this quantity equals ﬁ fg <“’§7HB> du which, by [14], converges in law toward

cm,mt N. This constitutes a contradiction.
e (proof of 3) This point is a direct consequence of Proposition 3.3 and point 2.a) .

We proceed now to the proof of point 2.a)

Step 2: First reduction.

e By a localization argument, see also the proof of Proposition 3.3, we can assume that g
and all its derivatives up to order m are bounded.

e For simplicity, we fix t = 1.

1

e We can assume that H < % < 5. Indeed, thanks to the following inequality

1 (Y BE 4+ BE t.
E / g(Cu T Duvey gl pHymg, | < ’ @ / E[BE _— BH|™dy = cst. ™1,
0 IS

€ 2

we can easily show that integral fol g(BH )d‘sl/?’me exists and vanishes, if H > %
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e Therefore, it suffices to prove the following.

Lemma 5.1 Let m > 3 be an odd integer If g : R — R is a bounded function, then integral
fo (BHYd%/2™BH egist and vanish for s <H <L <l

e In proving Lemma 5.1 we need to consider

m 1 [t B+ B m
R e e (I

and to prove that

E{J™ (g)%} (5.7)

Bf +BI  BH_+ BI N -
- // o B P Ploe B2 o ity — iy e

tends to zero as € | 0. Here Dy :={0 <u <v < 1}.

e It suffices to analyze the integral in (5.7) only on
D.:={e'""? <u<wv<l, e <v—u<1}, with p> 0 small enough.

Indeed, using the hypothesis on g, the absolute value of

1 BE +pBH BHE_ 4+ BH . .
') = [ [ BloT= (P ER Bl — B (BE ~ B dude
DO\DE

can be bounded by
t.
e / E[|BE . — BI™ Bl . — BI|™] dudv < cst. ™ *mes(Dy \ D,)
DO\DE
< cst. g2mH—1=p,

Choosing 0 < p < 2mH — 1 we can see that J'(¢) converges to 0, as ¢ | 0. Hence it is
sufficient to prove that

1 B 4+l BH 4 Bl m
T() = o [[ Blo(PE= (P EE Bl - BB, - B dudy

tends to zero as € | 0.

Step 3: Linear regression.
For notational convenience, we drop the index H in B¥. Let us fix ¢ > 0 and (u,v) € Dq.
We will operate Gaussian analysis on the mean zero Gaussian vector (G1, G2, Gs, G4) where

(Gla G27 G37 G4) = (BU+6 + Bua Bv—l—s + BmBu-l-e - Bua Bv+s - Bv)'
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Its covariance matrix is given using blocks by
N ( An A% )
Aoy Ago )7
where Ajj (resp. Agg) is the covariance matrix of (G, Ga) (resp. (G3,Gy4)) and

A . COV(Gg,Gl) COV(Gg,GQ)
27\ Cov(Gy,Gr) Cov(Gy,Gs) )

Classical linear regression says that

(6)=4(6)+(2)

where (Z3, Z4) is a mean zero Gaussian random vector independent from (G1,G2) and

A= AglAfll.
We have
o (Kf(u,u) K°¢(u,v)
A =2 (Ka(u,w Ke(0,v)) (58)
with
1 1 1
K*(u,v) := 5((u+6)2H+(v+6)2H+u2H+v2H— ]v—u\QH—§\v—u—5]2H—§]v—u+€|2H). (5.9)

Note that lim._,o K¢(u,v) = Kg(u,v), the covariance of B,, and B,. We have

Aot — ale,u) ale,u) + ale,v —u) — Sa(—e,v —u)
217 \a(e,v) + sa(e,v—u) — 3a(—c,v —u) a(e,v) ’
with
ale,u) = (u+e)* —u?H = 6u2H_1\I/(§), (5.10)

2H
where ¥ : R — R is a bounded function, defined by ¥(x) = (Hx)fl
Since A1; is a symmetric positive matrix, we can express Aj; = M M*, M being the Cholesky
matrix of A1, that is

VK& (u,u) 0
M = \/i K¢ (u,w) \/KE(U 1)) K& (uw)?
/K< (uu) ? K¢ (u,u)
Then, if we define the mean zero Gaussian vector (N1, N2) by

(63) = (&)

the random variables N1 and Ns are independant and we have

(gi> - @;) * <§i) ’ (5.11)
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with R = Aoy M*~1 = {mj}lg,;,jgg. For convenience we set

I3 G1> <N1> (7“11]\71 + 7“12N2>
= A =R = . 5.12
<F4) <G2 No r91.N1 + 122 N2 (5:12)
Step 4: Splitting J (€) in three terms.
We compute

=3 2/ {g )GmG }dudv
= / [ Eta(GHe( )T + 20" (T + 20" dudo = (o) + ale) + Talo)
where . o o
Te) = 5 / | (e )z 2 yaudo,
Ile) = o / | Btal Gl) () 0y 20+ 0a25 27yl
and

G m m . .
=52 // {g D9(5) DD ChCRTAZ T2 4 T2 T2 ) Ydudv.
7=0 k=2

e We remark that J2(¢) =0
Indeed, by the independence of (G1,G2) and (Z3, Z4), we can write

G, ,Ga

oo 2y~ 2 + Tazg 27 = Blo(Ghe( 2

s} B{Z5" 7 Zi"}

Crapizyzyy =0,

+B{g(SL )(

as we obtain by the first part of the following result.

Lemma 5.2 Let (Z3,Z4) be a centered Gaussian random vector and m a positive integer.
Then

E{Z] 171y =0 (5.13)
and
[=54] ' ' '
B{ZyZI}y = Y ¢;E{Z3Zs}™ Var(Zs) Var(Z,)/, (5.14)
j=0

with ¢; some universal constants.
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The proof of this result is postponed to Step 5.

e We shall prove that each term in J3(¢) tends to zero.
(5.12) entails

E{Z?} = E{G?} — E{T?} < E{G?}} =* 1 =3, 4. (5.15)

Let j # 0 and k > 2. Since g is bounded,

s [f [P iz

by Cauchy-Schwarz inequality, previous term is bounded by

/ / (BT 72720 BT 222} dudu;

cst. . .
dudv < 82 //E{|F§Z§n Tk Zm=k Y dudo;

cst.

using the independence of (G, G2) and (Z3, Zy4), it equals
= / [B{TS Y {25 ¥ Y2 [B{T3F Y E{ 23} ]2 dudy;

again by Cauchy-Schwarz inequality, this is less or equal than

CSt / E{TYYE{ 22" % dudy / A2} B{Z2m=2KY dudy

=

Using (5.15) and Lemma 5.3 we obtain the following bound:

cst. eZm—i—kH / E{T3Ydudv // E{I'**}dudv | < est. 271,

This converges to zero because H > ﬁ The last inequality is a consequence of the following
technical result which proof is postponed to Step 5.

Lemma 5.3 Let k > 2 be a integer. Then

/ E{|Ty|*Ydudv < cst.e' ™ ¢ =3, 4.

De

If j =0, and k > 2,

%Jﬂw ) zyrizyy

—m/Ewumwwkmmﬁf/mﬂ%mﬂ“%mwwm

t.
dudy < &% / B{Z0TE 20 Ydudv
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< cst. 5(2mk)H2/ E{|T4|*}dudv < cst. 2™,
D
Therefore, lim,. o J3(¢) =0

e We need to prove that lim. o Ji(e) = 0.
By independence of (G1,G2) and (Z3, Z4), we can write

516 = 5 [[ BN B2y 27 ydude
D

and, since g is bounded,

cst.

|J1(e)] < / \E{Z5* Z"} | dudv.

De
We state the following result which will be proved in Step 5.

Lemma 5.4 For every j € {0, ..., mT_l}, we have

/ |E{Z3Z4}!m72jdudv < cst. gl t2m=2)H

De

Now, we can show that [J1(¢) tends to zero as ¢ | 0 as follows. We know that Var(Z;) < 2/,
i = 3,4; by using (5.14) and Lemma 5.4, we can write

cst.

|T1(e)] < = Z/ dv/ du|E{Z3Z,}|™ % Var(Zs)? Var(Z4)’

m—l
< cst.
=22

4]H/ dv/ du|E{Z3Z4}|™"% < cst. ?mH 1
—0 2e

and Ji(¢) tends to zero as € — 0 since H > 5.

Step 5: Proofs of Lemmas 5.2, 5.8 and 5.4.

Proof of Lemma 5.2.

i) (5.13) is obvious because the random vectors (Z3,Zs4) and (—Z3,—Z4) have the same
distribution.

ii) We denote 0 = E{Z3Z4} and o? = Var(Z;), i = 3,4. By linear regression, we can write

v 6
Zy = —3 75 + (0'3”42) N

2
03 03

with N a standard Gaussian variable independent of Z3. We denote ug, the (2k)-moment of
N. We have

[mTil] 0 m—2k 2(m—k) 020 02
ppzpy= 3 ot (L) oy (AR,
k=0 3

o3
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(3]

Pk (1) Cra 0™ 2'“2 1){CLe* o205 2k0

]

k=0 =0

(2] & [=5] o
= 30 Y g 02020 G200 S g2 252
k=0 (=0 =0

Proof of Lemma 5.3.
We have, by (5.12)

//|F3|kdudv < cst. //|7’11kE{\N1|k}dudv+/ |r12|F E{| No|* } dudv
D D, De

= cst. //\r11|kdudv+/ |r12|F dudv
D, D.

and

//|F4|kdudv < cst. //|r21kE{\N1|k}dudv+// |roo|F E{| No|* } dudv
D D, De
= cst. //\Tgllkdudv—i—/ |roo|F dudu
D. D:

The proof will be done once we show

/ |74 Fdudv < cst.e'TRH

De

for all 4,5 € {1,2}. Recall that

R= A21M*71 _ <T11 T12>

21 T22
with
1 o K*(u,v)
-l L[ VR VR A ()
K= (uu) ’
V2 0 A (o)
and

A (u,v) == K*(u,u)K*(v,v) — K*(u,v)?, with K(u,v) given by (5.9).
Moreover, by (5.10),

Agl[l 1] _E’LL2H I\IJ(E
U

);

)+ = (v —u)? (=

An[L,2] = ew?U(E) + S(o — )= )

\V)

vV—1Uu v—1u

22

(5.16)



Aoi[2.1] = e p2H-1yp £ & 2H-1y, &
21[2,1] =¢ev (U)+2(v u) (U_u 5
A91[2,2] = EU2H_1\I/(%).

At this point we need to establish some useful estimates.

)+ 5 —w (-

9

)7

v—1Uu

Lemma 5.5 There exist positive constants ¢1 and ca such that, for any € > 0 and any

(u,v) € D., we have
crut! < Ke(u,u) < cou®?, K¥(u,v) < coutlo®
A (u,v) > ey u (v —u),

Thanks to Lemma 5.5 and boundedness of ¥, we deduce

Irin] < cst.eutL

‘ | - . v2H—1 N (’U o ’LL)2H_1
T cst. €
21 ~ UH UH )

‘ ’ - . uH_lvH N u2H—1 +( )H—l
T CSt. € vV—Uu
o= (v—wH " (v —u)H ’

- ,U3H71 U2H71 ’UH(U _ u)Hfl
|roa] < cst.e o i T T T :

v —u) (v—u) u

(5.17)

(5.18)

(5.19)
(5.20)

(5.21)

(5.22)

(5.16) will be now a consequence of last four inequalities. This ends the proof of Lemma 5.3

excepted for the proof of Lemma 5.5. [ |
Proof of Lemma 5.5.
Since 0 < 2H < 1, we have, for any x,y > 0
(l’+y)2H > 22H_1($2H +y2H) > %( 2H +y2H)
We deduce
e 2H o €M 3 on
K (u,u) = (u+¢e)*" +u - > U
and
K& (u,u) < 2027 + 1),
since u > el 7P > e.
By Cauchy-Schwarz inequality, we have
B 1 1 - 1o 1 H H H
2K®(u,v) = E{G1G2} < Var(G;)2Var(G2)? = 2K (u,u)2 K°(v,v)2 < 4(2" + 1)u"v".
It remains to justify the lower bound for A®. We set
A (u,v) e v
W2H (y — y)2H ~ SD(E’ ﬂ)
with ¢ : [0, 1]x]1, 400[ defined by
p?H(p—1-6)2H (14 6)2H2H 1

4p(8, ) = 2 2027+ 2(1+ 6 +2(x +0)*H — ———

(6, z) (w = 1A + w1 + 20" +2(1+6)"7 +2(x +9) @1

23



4H

—(x—l)QH— z +(1—|—5)2H(x—1+5)2H_1($—1+5)4H_252H(95+5)2H
(x —1)2H (x —1)2H 4 (z—1)2H (x —1)2H
L(x—1-0)2H(x -1+ (14 6)2Hs2H (1+06)%1
-5 T TR —(gc—1+5)2H—(g;—1—5)2H—2m
$2H($ — 14+ 5)2H (1‘ 4 5)2H($ —1— 5)2H 2(1, 4 5)2H1,2H 5 52Hx2H
e e @12 B R 7 e PR D
(x40 M@ —-146 A+ (146 (@-1-8>*  (x-1-6>" Lo
(x —1)2H (x —1)2H (x —1)2H (x —1)2H
1(z—1-0)%" 5 (z +0)%H 5 §2H (x—1+0)%H §4H
4 (z—1)2H * (x—1)2H  “(z—1)2H (x —1)%2H (x —1)%2H
(14 0)2H (x + 6)2H 22 (z +0)*H
S PO} Y S YR § T B PR DL
We remark that

L \2H 1 \2H . - 22\ 2H
4 =2 — — -1 242 — .
(0, x) (a: — 1> (a: — 1> (x—1)"" +2+4 2z ( )

x—1
In fact, if v > u, (0, 2)u*" (v — u)*! = A%(u,v) is the determinant of the covariance matrix
of (By, By). Consequently

VY > 1, p(0,z) > 0.
It is not difficult to see that

11?11 0(0,z) = liTm (0, x) = 4.

We deduce that the infimum of ¢(0,-) is reached and it is strictly positive. Precisely, there
exists a constant c¢; > 0 such that, for all v > u

v
0,—) > 2c.
p(0, ) 2 2a1
The lower bound (5.18) will be obtained by proving

de,a0 > 0, Ve > 0, V(u,v) € D, : go(%, %) — (0, %) < ce™. (5.23)
Indeed, if € > 0 is small enough and if (u,v) € D, then (5.18) holds. In order to show (5.23),
we prove

Je,a>0,¥8 >0,V >14+6"7: |6, 2) — ¢(0,2)] < ¢ (5.24)
Indeed, if (5.24) holds we have, by putting x = £ and § =

g

w?
(03
Ve > 0, V(u,v) € D, : ‘go(i, E) — (0, 3)‘ <c (E) < cefe.
u u u u
In order to show (5.24), we prove that each term in the definition of ¢ (4, ) verifies inequalities
of type (5.24). For instance, the first term of ¢(d,z) can be handled as follows:

2?H(x —1-6)%H

2H
(x —1)2H

Gl = 1= 8 = @ = 1]

$2H($ _ 1)2H -
(x —1)2H | —
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2H 2H
1
S cst. 62Hx72[{ = cst. (SQH <1 + )

(x —1) r—1
521, if x> 2
< cst. { §2H HslP <o 1<1 Scst_(SQpH.
§(1—p)2H > = —=

In the previous third inequality we used the following fact
y >8>0 = |(y+0)* — 21| <2H5,
The proof of the Lemma 5.5 is now concluded. [ |

Proof of Lemma 5.4.
Since
D.Cc{e<u<v<le<v—u<l}

it suffices to prove that
1 v—e€ . .
/ dv/ du|E{Z3 Z4}|™ ™% < cst. ! T2m—2)H
2¢e €

Since (G1,G2) and (Z3, Z,) are independent, we have
E{G3G4} = E{(F3 + Zg)(r4 + Z4)} = E{F3F4} + E{Z?,Z4}

and
|[E{Z5 23" % < est.(|E{G3Ga} "% + [E{T3La} ™).

i) We can write

m—2j

1 v—€ ) 1 v—e m—2i
/ dv / du| E{T'sT4}[™ % < / dv / duB{T2} "7 B{T2} "
2e € 2e €

1 v—€ ) % 1 v—e . %
< </ dv/ duE{F%}m2J> </ dv/ duE{Fi}m27>
2e € 2e €

1 1
1 v—€ . 2 1 v—€ ) 3 A
< cst. </ dv/ duE{Fg(m—%)}) </ dv/ dUE{FZ(m_QJ)}> < cst. gHHAmM=2)H
2¢e € 2¢e €

where the last inequality is obtained using Lemma 5.3.
ii) We have

1 1
E{G3G4} = §(U —u+e)?H ¢ 5(1} —u—e) — (v —u)?" = (v - u)QH_QQ(ﬁ),

where ® : R — R is a bounded function given by ®(z) = (1+2)* 02" 2 " yye deduce that

222

1 v—€ ) ) 1 v—e ‘
/ dv/ du| E{G3G4}|™™% < cst. 20m=2) dv/ du(v — u)FH=2)(m=2))
2e € 2e 0

1 1 v 1
< cst. g2(m=2j) dv/ dv/ wRH=2)(m=2j) gy, < cst. g2(m=2j) / w2H=2)(m=2j) g,
2e 2e 5 €
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< cst. [€1+2(m—2j)H 4 EZ(m—Qj)].

Since H < § and m—2j > 1, we have 1+2H (m—2j) < 1+m—2j < 2(m—2j). Consequently,

1 v—€
/ dv/ du| E{G3G4}|"™¥ < cst. ! T2m=2)H
2e €
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