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AN OVERLAPPING THEOREM WITH APPLICATIONS

JAVIER CILLERUELO AND GERALD TENENBAUM

ABSTRACT. We establish a general and optimal lower bound for the complete
sum of the probabilities of k-intersections of n events. We then describe var-
ious applications to additive and multiplicative number theory, graph theory,
coding theory, study of lattice points on circles, and divisors of polynomials

1. INTRODUCTION

Let p be a positive measure on a set Q, {E; }?:1 a family of measurable subsets,
and set
=Y wEnnnE,)  (mz).
1< < <jm<k
We address here the problem of obtaining lower bounds for 7, in terms of 7. For
m > 2, the quantity 7, may be thought of as the global amount of m-overlapping
in the family {E;}%_,.

Many problems in Combinatorial Number Theory may be tackled by using esti-
mates for 7,,. According to the specific situation under consideration, appropriate
choices of the set €, the family of subsets {Ej};?:1 and the measure p may be
performed.

The integer parameter m > 1 being fixed, our results will be conveniently de-

scribed in terms of the continuous, piecewise linear, interpolation of the binomial
coefficients (') (n € N). Thus, we define

)= () () o= ()@ () a ) wern

m m—1 m m

where |x] and (x) denote respectively the integer part and the fractional part of .
We have
Qu(z) > (x) (z € RY),

m

for the right-hand side is a convex function of x, with equality when x is an integer.
We also note that Q1(x) = z, and that, for all m, the function @, is continuous,
convex and satisfies @, () = 0 whenever x < m — 1.

We state our main result in a probabilistic setting.
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Theorem 1.1 (Overlapping Theorem). Let (2, A, P) be a probability space and let
{E; }?:1 denote a family of events. Write

O = > P(E;,N---NE;) (m=>1).
1<j1 < <jm<k

Then we have
(11) Om = Qm(a'l)-

The case m = 2 is essentially due to Gillis [6]. The general bound has been
outlined by Klazar in [7]. By a different method, we prove, the above result in the
next section, together with the fact that inequality (1.1) is optimal in its generality.

In section 3, we describe various applications. The results obtained there are not
all new: our main purpose is to point out that they all allow a unified approach.

2. THE OVERLAPPING THEOREM

We first prove Theorem 1.1. Put f(w) := 3>, ;<) 1g; (w). Then
1+/@ = T[] +1gw)it) (weQ).
1<j<k
Equating coefficients of ¢ on both sides, we obtain
f(w)
wi=(") = ¥ amamm, @ew.
11 < <Jm<k

Integrating with respect to dP(w), we obtain oy, = E(Qm(f))-
Since @, is convex, we may apply Jensen’s inequality (see, e.g., [11], Theo-
rem 3.3) to get

Qm(01) = Qm(E(f)) S E(Qm(f)) = om
0

It is not difficult to see that Theorem 1.1 cannot be improved. Let I = R/Z
be equipped with the Haar measure. For given 0 < ¢ < k € N and all integers 7,
1 < j <k, we define

Ei={zel:0<z+j/k<o/k(modl)},

so that each E; has measure o/k. Put v = |o]. Then each z € I belongs to exactly
vor v+ 1 sets Ej, the latter case being excluded if o € N. Thus

f@)= > 1@ efrv+1} (zel).
1<j<k
Writing A, := f~1({k}), we infer that
E(f)=0=vP(A)+ v+ 1)P(Av11) =v + P(Av11).
This implies in turn, with w :=P(4,41) =0 — v,
B(@u(N) = (71 ot (1) 0= 0 = Quto)

Actually, equality holds if and only if f =>"1 E, takes no more than two consecutive
integer values and E(f) = 0.

For most the applications, the next corollary, which is also optimal, is sufficient.
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Corollary 2.1. Let (2, A,P) be a probability space and let {E; }§:1 denote a family
of events. Then, for each m > 1, we have

(’“) max  P(Ej, N---NEj,) > Qo).

m 1<j1<"'<j7n<k

Proof. This is obvious since o, is a sum with (7’;) summands. a
We now proceed with our optimality assertion.

Theorem 2.2. Let 0 < 0 < k € N. There exist a probability space and a sequence
of events {E; };?:1 such that every intersection

EyNn-NE,, 1<ji<-<jm<k
has probability Qm(a)/(rlfl)
Proof. Let k € N; A:=[1,k]NN, Q := P(A), and define
Ei={JCA:jeJ}eQ (1<j<k).

Let v := |o], w:= 0 — v, and let 2, denote the subset of Q comprising all sets E
with v elements. Then, obviously,

fE)Y= Y 1g(E)=v, Y 1Ejl(E)...1Ejm(E):(

1<k J1<<Jm

v
m

> (Ee€,).

Hence, selecting P as the uniform measure p, supported on €2,

=((0)-()

Furthermore, by symmetry, all &, N---NE;, = have the same probability. By linear
combination, the above is also true for P = wpy, 41 + (1 — w)p,. Therefore we get

for this choice )
v+ v
Om w( m > +(1 —w)<m> = Qm(0).

3. APPLICATIONS

3.1. Primes. Our first application is an unusual proof of a well-known estimate
for the sum of the reciprocals of primes.

Theorem 3.1. Forn > 3, we have

Z 1 < 1oglolg(2721 +1) 41

p<n p og

Proof. Let X denote the random variable defined by
P(X =r)= {

1/n for 1<r<n
0 otherwise,

and, for each prime p < n, select E, := {w: X(w) =0 (mod p)}. We have,

1 1
o= Y PE, B )== Y L#J<Z;.

P
Piy <+ <Pipy <N Piy <+ <Pip <N m 1<r<n
v(r)=m
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where v(r) denotes the number of prime factors of r. This also holds for m = 0 if
we set g = 1. Therefore

g1 1
29t = < < - < :
S (7)< X ons X 1 <lontznr)
m2=0 m=0 1<r<n
the stated bound follows, since we have from above

01=%ZFJ>ZE—1.

p<n p psn p

3.2. Graphs. The study of extremal problems in graph theory was initiated by
Erdés and Turan. The theorem below was originally proved by Kévari, Sés and
Turdn [8]. The complete bipartite graph K, , is a graph with two sets of vertices,
one with » members and one with s, such that each vertex in one set is adjacent to
every vertex in the other set and to no vertex in its own set.

Theorem 3.2. Let r, s be positive integers and G be a graph with n vertices con-
taining no subgraph K, s. Then G contains at most

%(r —1)Vsp2-1/s 4 %(s —1)n
edges.

Proof. Let V be the set of vertices of G, so that |V| = n, and E be the set of edges.
Define a random variable X : Q@ =V — V with law P(X = v) = 1/n and, for each
veV,let B, :={w:{X(w),v} € E}, deg(v) := |Ey|. Then P(E,) = deg(v)/n and

_1 _ 2|E|
g1 = ﬁ Zdeg(v) = T
veEE

Since G contains no subgraph of type K, s, we have P(E,, --- E,,) < (r —1)/n
whenever the E,; are pairwise distinct. Therefore,

r—l(n)
s < .
n \s

Now we apply the overlapping theorem to obtain

1) ToAm ol (n> . <01) _ (2|E|/n) _ QIBl/n—(s 1)

n s n s s s s!

This yields the required inequality. O

Remark. Tt is known that the constant (r — 1)/2/2 is sharp for s = 2.
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3.3. Sidon sets. A set of integers A is called a Sidon set if all sums
a+ad (a<ad,ac A deA

are distinct. A major problem in this theory consists in estimating the size F'(V)
of the largest Sidon set contained in {1,..., N}. Erdés [5] proved the upper bound

F(N) < NY2 4+ O(NY*%)

and Lindstrém [10] gave a more precise estimate (stated and proved below) which
has not been improved in 37 years. Ruzsa [12] gave a new proof of it, using an easy
but interesting lemma, which we prove via the overlapping theorem.

Lemma 3.3. Let A and B be two finite sets of integers. If A is a Sidon set then
[A]?|B]

Al +|B| -1

Proof. Let X denote the integer random variable with law given by

P(X:m):{1/|A+B| if meA+B

A+ B| >

0 otherwise.

For each b € B we set E, = {X € A+b}. Then P(E}) = |A|/|A+ B| and
L 1AlB
|A+ B|
On the other hand, if b # ¥, P(EyEy) < 1/|A+ B, for A is a Sidon set, whence
o2 < (51Y/|A + B|. Finally,

|B| 1 oo —1)  |A[IB] [ |A]|B]
(2 TR S sA+ B \[A+B] ')

and the stated inequality follows. O

Theorem 3.4 (Lindstrom). If A C [1, N] is a Sidon set, then |A| < NY/24N441.

Proof. Write |A| = m, take B = {1,...,n} with n = [(mN)'2] + 1 and apply
above lemma. We get

2 2(mN)1/2
N4 (N2> Nin-1>|A+B|> " 5 m(m
2
fromwhichwederivethatmé(1/N1/2+i+%) < NV2 L NV4 41, O

3.4. Coding theory. Write Z, := [1,¢q] " N. The Hamming distance d(w,w’) of
two words w, w' € Zy of length n, is the number of locations at which the letters
from w and w’ are different. A classical problem in coding theory is to estimate
the cardinality A,(n,d) of the largest code in Zg with given minimal Hamming
distance d. Applying the overlapping theorem, we establish an upper bound for
this problem, known as Plotkin bound.

Theorem 3.5 (Plotkin bound). Assume qd > n(q—1). Then

qd
Agn,d) < — 1%
(. 4) qd —n(q—1)
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Proof. Let Q :={(k,h) : 1 <k <n, 0<h<qg—1} and define a random variable

X such that )
P(X = (k,h)) = —.
(4 = () = -
Assume C = {w; : 1 < i < Ay(n,d)} is a code such that min;»; d(w;, w;) = d.

Writing k; for the kth letter, or k-component, of w; we consider the events

Ei= |J {X=(kk) (1<i<A(dn).

1<k<n

Then P(E;) = 1/q and 01 = A4(n,d)/q. Also
EiEj = U {X = (k7 ki) = (kvkj)}a

1<kg<n
SO p p
qn qan
Therefore,
<Aq(n,d)> n-d =03 2 Qa(01) > (Aq(n, d)/q)
2 qn 2

and the required bound follows. a
3.5. Divisors. Given integers a1, ...,ar, we denote by (ai,...,ax) their greatest

common divisor.

Theorem 3.6. Let o €]0, 1], n € N* and {dj}§:1 a set of divisors of n such that
min; ¢k dj = n®. Then, for allm > 1, we have

max diyy..oyd; ) >nm
1<j1<-~~<jm<k:( oo i)

where ay, == Qm(ka)/(nkz)
Proof. Let X denote the random variable defined by

_ log p
~ logn
Let E; = {w : X|d;}. Then P(E;) = (logd;)/logn and

_ IOg(djl geen 7dj7n,)

(3.2) P(X =p”) (p"[n)

P(E. ---E.
( J Jm,) logn
We observe that o1 = Z?zl P(E;) > ka. We may hence apply Corollary 2.1 to
infer that there exist dj,,...,d;, such that
log(d;, ..., d;,) k7 k!
— I ms = P(E B ) = Qm Z Qm(k .
log 12 (Ej im) 2 Qm(o1) m Qm(ka) m

For all values of k,m and «, the exponent a,, is optimal.

Theorem 3.7. For any positive integer k, and for any o, 0 < a < 1, there exists
infinitely many integers n with k divisors n® < dy < --- < di < n and such that, for
eachm, 2 <m < k and for any d;, < --- < d;,, we have (d;,,...,d;, ) < nomto),
where ay, == Qm(ka)/(ffl).

tm
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Proof. The result is obtained in a straightforward manner by adapting the con-
struction of Theorem 2.3. We omit the details. a

The case m = 2 was studied in [3], where the following result was stated.
Corollary 3.8. Fora >0, k € N*, ay = Qg(ka)/(g), the interval In®, n® + n®2],
contains at most, k — 1 divisors of n.

Proof. Apply Theorem 3.6 for m = 2, noticing that if d;, d; belong to an interval I,
then (d;,d;) < |I]. O

Remark. 1t is an interesting and difficult problem to decide whether the exponent
s in the corollary is sharp.

It is a natural problem to consider the divisors of an integer lying in an arithmetic
progression. We give an easy proof of the following theorem of Lenstra [9]

Corollary 3.9 (Lenstra). Let a > 1/4, n,q € N*, ¢ > n®. Then, the number of
divisors d of n such that d = a (mod q) is bounded by a function of « alone.

Proof. Write ¢ = n(!/+2¢. We prove that the number of divisors in the form
d; = a+mq lying in the interval I, = [n", n("+1<] is bounded by 1+ 1/¢ for each
integer r with 0 < r < 1/e. This indeed implies that the total number of divisors
in the arithmetic progression a(mod ¢) is bounded by (1 + 1/¢)?.
Let k be the number of divisors in I,.. Then, there exist ¢, j such that
nE > 4 — d; = q(my —my) = q(ma,my) = q(diydy) = n/O+2enQ0m9)/ (),
Thus, re +& > 1 + 2 + {kre(kre — 1)} /{k(k — 1)}, which may be rewritten as
1 < (1/4) +¢
k—17 re(l1—re)
Since re(1 — re) < 1/4, we obtain k < 1+ 1/e, as required. O

The following result was suggested by R. de la Breteche and was used in [1].

Corollary 3.10. Let e €]0,1] and « € [0,1]. For alln € N* and all a, q such that
(a,q) =1, g > nomo'+2

{d|n:d=a(modq), n* <d<n*"[}| < (a—a?+e)/e.

Proof. Let dj = a+mjq (1 < j < k) be divisors of n in |n®,n®*¢[. From Theo-
rem 3.6 with m = 2, we see that

, we have

. . a2
1<r?g?ik(dl,d]) > n®2,
However, we have (d;,d;) = (miq + a, (m; —m;)q) < |m; —mj;| < n*te /g < no’ =<

for all 4, j with 4 # j. This is sufficient. O

Changing the probability measure in Theorem 1.1, we get interesting variants of
the above results. An example, given here without proof, is the following, where
v(d) denotes the number of distinct prime factors of d.

Theorem 3.11. Let Let 0 < o < 1 andn > 1. Assume {dj}fz1 is a set of distinct
divisors of n with v(d;) > av(n) for all j. Then

1<I?g?(<ky((di’ d;)) > asv(n).
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3.6. Lattice points on circles. It is known that the number of lattice points on
the circle 22 + y? = n is not bounded uniformly in n. Schinzel proved that, on
the circle 22 4+ y? = R?, an arc of length R'/3 contains at most two lattice points.
In [2], Cérdoba and the first author proved a more general result for which we now
provide a simpler proof using Theorem 1.1.

Theorem 3.12. Let 2° + y* = R? be a circle, k € N*, and v, := 1/(4[k/2] + 2).
Then, an arc of length RY/?>=7 contains at most k lattice points.
Proof. Let 22 +y?> = R? =n = [Ticoct |Ts|>™ be a circle, where the 74 € Z]i]
are Gaussian primes, and m, € N* (1 < s < t). Assume that there are k + 1
lattice points vy, ..., k41 of Z[i] on an arc of length RY. Let X denote the random
variable defined by

P(X =75%) = P(X = 7°) = log|m,|/logn (I1<s<t 1<a,b<<mg).
For each j € [1,k+ 1] put E; := {X : X|v;}. Then

log|v;| 1
P(Ej) =+ =
logn 2
d
o log |(vi,v;)| _ loglvi —v;|  logRY  ~
P(E;E;) = RAEEANS < =L,
J logn logn logn 2

Thus, o2 < %(’Hl)’y and o1 = (k + 1)/2. Therefore

)

and 807>2Q2(k%1)/(k;1) =1 —1/(4[k/2] + 2). O

l<:—|—1)7

o2

> 09 = Q2(01) 2 Qz(

We do not know whether the number of lattice points on arcs of length R'/2
can be bounded independently of R. The above theorem yields that the number of
lattice points on such arcs is < log R.

3.7. Polynomials. The overlapping theorem may be used to provide an alternative
proof of the following result, due to Jiménez and the first author [4].

Theorem 3.13. Let v > 0, M(x) € Z[z] and Fi(z),..., Fp(z) be k divisors of
M (x) in Z[z] such that mini <, deg F; > ydeg M. Then there exist i, j € [1,k],
1 # j, such that
K\ 1-
deg(F; - 15) > (g M)Qalin) () > degar {52 = 1=,
Proof. Write M = p{* --- p{"* a decomposition of M (z) as a product of irreducible
factors in Z[z]. Let X denote the random variable defined by

deg ps
p(X:pg):dsgz (1<s<t 1<a<ay).

Let E; = {w : X|F;(x)}. Then P(E;) = (deg F;)/deg M > ~. By Corollary 2.1,
there exist distinct indices 4, j such that

k _1> 27’)’(1*’7)
2 ~ E—1

b > e (5) > @
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We complete the proof by observing that

(1]
2]
(3]
(4]
(5]
[6]

[7]

(8]

[9]

deg(F;, F;) _ deg(F; — F;)
P(E;E;) = Lot =
( i) deg M deg M
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