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1. Introduction

Digital electrical engineering is a non-formalized theory and one of the major causes of this
situation consists in the complexity of Mother Nature, things cannot be completely different
from those in medicine, for example. We are too restricted to finding quick solutions to the
problems that arise in order to take the time to strengthen a sound theoretical foundation of
the reasoning that we do. Obviously, the political, military, economical and technological
importance of digital electrical engineering is itself an obstacle in the spreading of

consolidated theories.

In fact, the reader of such literature can remark the existing distance from the
deductive theories, the way that the mathematicians use them. We reproduce a point of view
that we consider to be representative in this direction belonging to L. Rougier: ‘Reasoning is

deductive or is not at all’.



The consequences of non-formalization are known. Many researchers do not give the
right importance to the scientific language and words like definition, theorem, proof are titles
of descriptive paragraphs rather than having the meaning that is accepted by the logicians. A
fascinating job is, in this context, the translation is a precise mathematical language of what is
intuitively, imprecisely explained with natural language by the engineers and this can be done
in several ways. Our work has many such examples, let’s just mention here the notion of
inertia that is important and confusing at the same time. By reading with a ball-point pen in
our hand, we infer that the inertia’s inertia is not inertia, a paradox that should end the
discussion on the validity of a theory. The theoretical construction continues however,
without visible implications on the subsequent results, by using the methods of the non-
deductive investigations.

The purpose of delay theory is that of writing systems of equations and inequalities
with electrical signals, that model the behavior of the asynchronous circuits.

The (electrical) signals are the functions f:R —{0,1} where R, the set of the real
numbers, is the time set. We ask that they:

- be constant in the interval (—e0,0), with the variant that we have used elsewhere: be
null in the interval (—e0,0), in other words 0 is the initial time instant

- be constant on intervals [#',7") that are left closed and right open

- have a finite number of discontinuity points (i.e. a finite number of switches) in any
bounded interval.

The asynchronous circuits (also called asynchronous systems, or asynchronous
automata or timed automata in literature) are these electrical devices that can be modeled by
using signals.

The fundamental (asynchronous) circuit in delay theory is the delay circuit, also called
delay buffer, the circuit that computes the identity 1;oy and the fundamental notion is that of

delay condition, or shortly delay, the real time model of the delay circuit.

We show the way that the ‘inertia’s paradox’ has been solved. First, the definition of
the delays is given. Second, the pure delays are defined. Third, all the delays different from
the pure delays are considered to be by definition inertial. Fourth, the serial connection of the
delays is their composition, as binary relations. The serial connection of the inertial delays
results in an inertial delay, but the type of inertia is likely to differ. The bounded delays have
the nice property that, under the serial connection, the delays remain bounded and thus the
type of inertia remains the same; the absolute inertial delays are in the same situation. The
relative inertial delays are not closed under the serial connection, the ‘paradox’.

We shall describe now, informally, the work of the delay circuit.
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Fig 1

We have noted with u: R — {0,1} its input and with x:R — {0,1} its output. Both u,x are
signals. In Fig 1, the couples of binary numbers, temporarily called states, represent values
(u(t),x(t)), with te R and a,b,c,d are the labels (= the names) of the transitions

(u(t"), x(t')) = (u("), x(¢")). In such transitions, we suppose that #'<¢" and that "—¢' is a
small infinitesimal. A suitable notation for this is #'=¢"-0.



The real numbers 0<d, iy £d, max are given, the meaning of the index ‘r’ being
that of raise (switch from O to 1) of a signal, event symbolized by the validity of the equation
x(t=0)-x(r)=1
Dually the real numbers 0<d  nin <d ¢ nax are given, the meaning of the index f°

being that of fall (switch from 1 to 0) of a signal and that event is symbolized by the validity
of the equation

x(t—0)- x()=1
We suppose that at the initial time instant # =0 the circuit is in the initial state (0,0):
VEe (—o0,10),u(§)=0
VEE (—oo,19],x(6) =0
This state is stable, meaning that the delay circuit could remain indefinitely long there, if the
input is 0:
Vh>0,VEe [tg,19 +h),u(§) =0= x(ty +h)=0
A switch of the input takes place at 7
u(to = 0)-u(tg) =1
and the delay circuit follows the trajectory labeled a, i.e. (0,0) — (1,0) . The hypothesis states
that both the input and the output remain constant in the interval [#(,7;)
VEe [ty,1),u(€) =1
VEe[tg,1), x(E)=0
and the problem is to describe the behavior of the circuit at #; . Three possibilities exist, those
of running one the transitions b, c,d , depending on the values of #; and u(#;).

b: it is necessarily run at 7 if #; —#9 <d, p;; and if u switches from 1 to O at the time

instant £

g <t <tp+ dr,min and M(fl -0)- M(ll) =1and x(tl -0)- x(tl) =0
The interpretation is that the circuit’s inertia did not allow a fast switch of x from O to 1
happen.
b,c: any of them is possible to be run at #; (x(t;)=0 for b and x(¢;)=1 for c) if
dy min St —1g <d, max and if u switches from 1 to 0 at 7

) +dr,min Sll <y +dr,max and u(tl —0)-u(t1)=1and X([l -0)- x(t1)=0

to +d, min St <to +d; max and u(ty —0)-u(ry) =1land x(t; - 0) - x(t1) =1
if 1) =19 =d, max and if u switches from 1 to O at #1, then ¢ is necessary

11 =tg +d, max and u(ty —0)-u(ty) =land x(t; — 0) - x(#;) =1

d: if u(z)=1, then it is possible at 7| for d, yin <11 =19 <d, pax and it is necessary at
f for ty —ty =d; max:
to +dymin St Sto +d . max and u(ty —0)-u(t;) =0and x(t; —0) - x(1) =1
The intuitive description of the circuit continues by asking that the dual statements
hold also, as resulted by the replacement of ‘7, 0, 1 with ‘f,1,0.

The circuit computes the identity on {0,1} because the states (0,0), (1,1) are stable and
these are the only stable states of the circuit.



A possible manner of describing the previous facts is given by the system

u@© <xy<  Ju®)

ge [f—drvmax J) ée [l_df,max ’l)

x(t —0)- x(1) < u©

Eelt—dy min 1)

x(t-0)-x<  [u®
Celt—d £ min-t)
and this might seem not quite obvious for the moment.

The chapter is organized in sections, numbered with 1, 2, 3, ... the sections have
several paragraphs: 2.1, 3.2, ... and the paragraphs are usually organized in subparagraphs:
2.1.1, 4.5.2, ... The important equations and inequalities have been numbered, as well as all
the figures and tables. The notation 3.2 (2) refers to equation or inequality (2) of paragraph
3.2 (that has no subparagraphs, in this case) and the notation 4.1.2 (3) refers to equation or
inequality (3) of the subparagraph 2 from the paragraph 4.1.

In Section 2 we give several examples of models for the sake of creating intuition and
this is a presentation of our intentions. The theory starting with section 3 is supposed to be
self-contained.

In Section 3 we fix some fundamental concepts and notations on the R — {0,1}
functions.

Section 4 defines the signals and gives some useful properties on them.

In Section 5 we present the informal definitions of the delays, with long quotations
from several authors.

The sections that follow represent the core of this chapter. In Section 6 we define the
delays, as well as their determinism, order, time invariance, constancy, symmetry and serial
connection. Section 7 is dedicated to the bounded delays and in Sections 8, 9 we define and
characterize the absolute and the relative inertial conditions and delays. Section 10 shows
some variants of the concepts from Sections 7, 8, 9 and introduces a special form of
deterministic delays. Section 11 closes the chapter with new examples and a generalization.

We thank in advance to all those that will want to bring corrections and improvements
to our results.

2. Motivating Examples

2.1 Example 1 The Delay Circuit

The symbol of the delay circuit is the next one

i ; 3
Fig 2

We consider different possibilities of modelation of this circuit, a way to anticipate the facts
that will be presented later. u#, x are R — {0,1} functions and moreover they are signals, with

constant values for any 7 <0.



SC Stability] (unbounded delays) If u is of the form

(0 = (0) X, om ) (1) @ 11(00) X 1.00) ()
then x is of the form

xX(1) = X(1) * X (—oo,17) (1) @ u(t) - X[1,00) ()
where 79 20,2; 20 and () : R —{0,1} is the characteristic function.

BDC’ Upper bounded, lower unbounded delays d, >0,d y >0 exist so that the next system

1s satisfied:

u®©<x)<  (Ju©)
Eelt—d, 1) &e[t—df 1)

BDC Bounded delays 0<m, <d,,0<my <d ; exist and the system is the next one

u® <xn< Yu®

Eelt—dy t—dp+my] Eelt—d fot=dg+my]

FDC Fixed delays (ideal delays) The relation between u and x is, for d >0
x()=u—-d)

AIC Absolute inertia 8, 20,8 y 20 exist so that x satisfies
x(t-0)-x(<  (x©)
Eelr,t+9, ]
x(t-0)-x(<  (x©)
&e[t,t+8f]
This inertia condition is added to one of SC, BDC’, BDC, FDC.
RIC Relative inertia 0S|, <8,,0Spr <8¢ are given so that
x(r—0) - x(1) < u©
Eel[1—8, 1=+, ]

x(t=0) - x(t) < u©
Ee[t-0 f ) FHUf ]
are satisfied. Similarly with absolute inertia, relative inertia is a request added to one of SC,
BDC’, BDC, FDC.

DBRIDC Deterministic bounded relative inertial delays 1f in BDC+RIC W,,8,,1u 7.8

coincide with m,,d,,m 1o d f the system takes the special deterministic form

x(t=0) - x(t) = x(t = 0)- u®)
Eelt—dy i—dy+my ]
x(t=0)- x(t) = x(t = 0) - Nu@)

ﬁe[t—df t=dg+my]

SDBRIDC’ Symmetrical deterministic upper bounded, lower unbounded relative inertial
delays, version of DBRIDC consisting in the next equation

! In the abbreviations that we use: SC, BDC,... the letter ‘C’ comes from ‘condition’: stability (condition),
bounded delay (condition),...



Dx(1) = (x(t=0)@u(—0))- | JDu() X[g.00) (1)
Ee(t—d 1)
where
Dx(t)=xt—-0)-x(@)ux(—-0)- % =x(t—0) @ x(¢)
is the left derivative of x.
All the solutions of BDC’, BDC, FDC, DBRIDC, SDBRIDC’ satisfy
x(0—0)=u(0—-0) and some of the previous systems satisfy also supplementary conditions of

consistency (i.e. the existence of a solution x for any u ).

2.2 Example 2 Circuit with Feedback Using a Delay Circuit

In the circuit from 2.1 Fig 2 we suppose that ¥ = x and this corresponds to the next circuit

™S

Fig 3

SC The satisfaction of SC does not bring any information on x, as it consists in a tautology
of the form —A v A, where the proposition A is the equation

3t 2 0,x(2) = x(2) - Y (~co,1) (*) ® x(tg) - Altg.00) ()
Interpretation: the circuit can be stable or unstable.
BDC’ The system is
Nx@<xn<  [Jx®)
Eelt—d,.1) Eelt—d g .1)
with d, >0,df >0. Let 1ty 20 so that Vt<ty,x(t)=0. Because Ux(&)zO, we get
Celro—d f.10)
x(tg) = 0. Similarly, let 7y 20 so that V¢ <ty,x(f)=1. Because ﬂx(ﬁ) =1, we obtain
Eelip—dy-10)

x(tg)=1. ty was arbitrary previously, so that the only solutions of BDC’ are the constant

functions.
On the other hand, the constant functions satisfy any supplementary inertial condition

AIC, RIC because x( —0)- x(¢) = x(t —0) - x(t) =0.

BDC We have the system
x©) <x(0)< Ux®

Eelr—d, t—dy+my] Eelt—d fot=dgtmy]

where 0<m, <d,,0smy <d;. Let us suppose in the beginning, when solving it, that

x(0—0)=0. The solutions are the next ones.

Case d fomyg> 0

We can show analogously with BDC’ that the only solution is x(¢)=0.

Case dyp —my =0,d, >0

As the inequality x(7) < U x(€) is satisfied by all x, BDC has in this case the same
Celt—-dy 1]

solutions like (in other words: is equivalent with)



Nx© <x@) 0]
Eelt—dy t—dp+my ]
and any solution can be written under one of the forms

x(1)=0 ()
x(1) = X [19,00) () 3)
X0 = X119.0) D @ A [12,63) D@ . O Y15, 15, 1) (D) 4
X0 = X119.1) O @ A[19,63) D@ . @Y 15 19,01 D) P X[19,,19,00) (D) )
X0 =L1rg.1) O B Xf1.3) D) @ - X1y 1,4) D @ oo (6)

(2),...,(6) represent all the signals x with x(0-0)=0, where 0<ty <t <ty <... is
unbounded, arbitrary. (2), (3) satisfy (1) without supplementary requests. Because if the term
Xltog o4y Satisfies top iy —typ >m, we have that
(VAtrge ag 1) © = Xirag ey aagesr+dy-my) O
Eelt—dy i—d+my ]
is not null, in order that (4),...,(6) be solutions of (1), the next property should be true for all
k=0:
k1 —tog >my = [ty +dy,topyy +dyp —my) C supp x

We have noted supp x ={t|x(t) =1} the support set of x.

A special case of (1) is the one when m, =0

x(t—d, )< x(t) (7
and then for all k£ >0 the next inclusion
[tox +dytogy +d,) S supp x
is fulfilled. For example, the ‘periodical’ functions
X =Xrg.p) O @ Xrg+dy y+dp) O @ - @ X 1o +ndy sty +ndy) O © ..

where 0<t, <t <t( +d, satisfy (7) because
X(t=d)) = Xg+dy 1y +dy) O Ao +2d, 1 +2d,) (O D - @A 1g 4 (n+1)-d 1y +(n41)-d ) D Do

An interesting situation in BDC+AIC is the special case 8, 2m,,8 =0 when the
inclusion

(12 +dysto 1 +dp —m,) C supp x

is true for all k>0 and all solutions x, the hypothesis 7,5, —f2; >0, >m, being satisfied

due to AIC.
Adding RIC in the case d fomyp = 0,d, >0 of BDC, under the form

x(t—0)-x(1) < [x(©) (8)
Ee[t—08,,t—8, +1, ]
x(1=0)-x(1) < Nx© ©)

ge[t—Sf A= f+uf]
implies if 9,>0 that x(tf)=0. For §, =0, inequality (8) becomes trivial:

x(t—0)-x(t)<x(t) and then, if & > 0, the restrictions corresponding to RIC on the
solutions x of BDC are expressed under the form, see (4),...,(6)
X{tl,t3,...}(t) =x(t-0)-x(t) <



s ﬂx(&;) :X(—oo,t0+8f—uf)v[t1+8f,t2+8f—uf)\/[t3+8f ,t4+8f—uf)\/...(t)
ﬁe[t—ﬁf =8+ g]
i.e. equivalently
{ll,l3,...}C(—°°,l0 +8f —l.lf)V[Il +8f,l2 +8f —uf)V[I:; +8f,l4 +8f —uf)V

8, =8 =0 means triviality for RIC.
Case df —my =0,d, =0

BDC consists in

xn<xn< | Jx©)
Eelr—d £l

and all the signals x satisfy it.

By duality, the possibility x(0—0)=1 is analyzed. We observe for example that if
dy—mys>0,d,. —m, >0 then the only solutions of BDC are the constant functions.

FDC The equation to be solved is

x(t)=x(t—-d),d =0
If d >0, then the solutions are the two constant functions and if d =0 then the solutions are
all the signals.

DBRIDC The system is
x(t=0)- x(t)=x(t - 0)- [ x©) (10)
Eelt—d, t—dy+my ]
X(t = 0)- (1) = x(1 = 0)- Nx® (11)

&e[t—df d=df+my]

and we suppose like before that x(0—-0)=0.
Case d, >0

The only solution is x(¢) =0.
Case d, =0,df =my >0

The switch from 0 to 1 is possible, because (10) takes the trivial form
x(t=0)-x(t)=x(—0) - x(t) . From this moment ﬂ?&) is null, thus the solutions have

Eelt—d £l

one of the forms (2), (3).
Case d, =0,dy =my =0

All the signals x satisfy the system, (10), (11) being both trivial.
Case d, =0,dy >my 20

The switch from O to 1 seems possible and let 7 be the moment of the first such
switch, thus x(ty —0) - x(z¢) =1. At the time instant #; > ¢ characterized by [t,t]) C supp x,
(11) becomes

x(ty) = x© (12)
Celn—dg.n—-dg+my]

For all 1 —df +my <ty, re.if 0<t —1¢ <df —my, the right member of (12) is 1 and the

switch of x from 1 to O necessary. We have reached a contradiction showing that DBRIDC
has no solution x(z) #0.



The analysis of the situation when x(0—0)=1 is similar.

SDBRIDC’ The solutions of the equation
Dx(t)=0
are the constant functions.

2.3 The Logical Gate NOT
The logical gate NOT that computes the complement in the set {0,1} is symbolized like in the

next figure

Fig 4

where the gate and the two wires are characterized by delays. It is modeled by one of the next
circuits

v : % ;}’ 1 :v ; x i :v : x :}"
a) b) c)
Fig 5

In Fig 5 the logical gate is ideal

(1) = X(0 = 0) % (o0,0) (1) D V() X0,00) (1) (1)
as well as the wires and the delays are localized in the delay circuits. Writing the relations
between u,v, respectively between x,y follows, like at 2.1. The last step is the elimination

(if possible) of the intermediary variables: x at a), v at b), v and x at c). We give some
examples.

SCFig5c¢)
The fact that u is of the form

u(t) = u(t) - Y (co,0) (1) D u(tg) - X100 (1) (2)
implies that v is of the form

V(1) = V(1) X, (oo gy (1) @ ut0) - X.00) () 3)
thus, from (1), x is given by

X(8) = X(0) Y (—om ) (1) @ Ut0) * X 1.00) (1) 4)
and by using SC again for the second delay circuit we get

V)= YO X (o) (1) @ (1) * X1 ) (1) 5)

In (2),...,(5) ) ZO,tl 20,1‘2 >0.

BDC’ Fig 5 a)
Nx® <y [JxE) (©6)
Eelt—d, 1) Eelt—d f )

(0= 0) X (—eo,0) (&) @ V(E) %1000 () < ¥(1) <
Eelt—d, 1)



< J@O0=0) % (oo 0) () @ V(E) K00 (E) (from (1), (6)) (7)

Eelt—d £
BDC’ Fig 5 b)
Nu@®<vins  Ju®) ©)
Eelt—d, 1) Eelt—d f 31)
Nu®<vins  Ju® (from (8)) ©)
Eelr—d £ Eelt—dy 1)
X(0=0) X(-o00) D ® (@) Aj0.00) (1) < x(1) <
Eelt—d £
<x(0-0) %00y DD [ Ju(®) %000y (1) (from (1), (9)) (10)
Eelt—dy 1)

SDBRIDC’ Fig 5a) Some of the next equations are better understood if we take into account
the fact that Vae {0,1},a=a ®1:

X( = 0) = X(0 = 0) - X (—e0, 07 (1) ® V(1 = 0) - Y (0,00 () (from (1)) (11)
V(1 = 0) =v(0=0) Y (<001 () ® V(I = 0) - X (0,00) (1) (12)
V(1 =0) = V(0= 0) (20,0 (1) D V(I =0) - (0.00) (1) (from (12)) (13)
x(1=0)=(x(0—0) ®v(0—0)) - X (—c0,01 (1) @ v(t — 0) (from (11),(13)) (14)
Dx(t) = x(0 = 0) - X (—c0,0] (1) @ X(0 = 0) - X (—0.0) (1) D

D (1 =0) - X(0,00) (1) @ V(1) - X[0,00) (1) (from (1),(11))

=x(0-0)- %0y @) @ v(t —0) X (0,c0) (1) ® v(0)- X0y () @ V(1) X (0,00) (1)
=(x(0—0) ®v(0)) - %0y () ® (Wt —0) ® V(1)) * X (0 0) (1)

= (x(0—0) ® v(0)) - X0y (1) ® DV(t) - X (0,00) (1) (15)
Dv(1) =(v(0—-0) ®v(0)) - X (0} (1) © Dv(1) - X (0,00) (1) (16)
Dx() = (x(0~0) ® v(0) ® v(0 — 0) ® v(0)) - oy (1) ® Dv(t) (from (15),(16))

= x(0—0) ® v(0—0) - X0y (1) ® Dv() (17)
Dy(t)= (y(t—0)® x(t—0))- | JDx(E)-Xgomy(®) (the hypothesis SDBRIDC")

Ee(t—d 1)

= (9t = 0) @ (0= 0) - Y (oo, (1) D VIt = 0) - 7,0 00 (1))
JE0-0) @ v(0—0)- %0y &) ® DV(E) Y(g.oo)®  (from (11),(17))

Ee(r—d.1)
= (y(t=0) ®v(t = 0)) - X (0,00) () - (y(0-0)=x(0-0))
U &(0-0)@v(0-0)-%(0) (&) © DV()) - X{d,00) (1)
Ee(t—d 1)
=y(t-0)®v(r—-0)- [ JDV(E) X [g.00) D) (18)

Ee(r—d. 1)
SDBRIDC’ Fig 5b)



Dv(t)=((t=0)@u(t-0))- | JDu(&) X[g.)(®) (the hypothesis SDBRIDC’) (19)

Ee(t—d,t)
vt —0)=x(—-0)® x(0-0) D v(0—0) % (-00,01(?) (from (14)) (20)
(= 0) = (0= 0) 1 (_eo, 0] (1) @ u(t = 0) - Y (0 0o (1) @1
Dx(t) = (x(1 = 0) © x(0-0) @ v(0—0) - ¥ (—c0,0] (1) D u(t - 0))- U Du(§) - X[d o) ()
Ee(r—d 1)
@x(0-0)@v(0-0)- X0y () (from (17),(19),(20))

=(X(0=0) * X (00,01 () @ x(1 = 0) - X (0,00) (N D
® (x(0=0) & V(0= 0)) * X (—eo,0) (1) @ (0 = 0) * X 0,07 (1) @ et = 0) - X (00 (1)) -
UDu®)  Xg.00) @) @ x(0=0) @ V(0 ~0)- %10y () (from (21)

Ee(r—d.1)
=(x(t=0) @ u(t=0)) %00y )+ |JDUE) X .00) (1) ® x(0=0) @ u(0—0) 0, (1)
Ee(t—d,1)
(u(0-=0)=v(0-0))
=x(t-0)@u(-0)- UDu(?’;)-x[d’w)(t)@x(O—O)@u(O—O)-x{O}(t) (22)

Ee(r—d 1)
A comparison between the forms of (18) and (22) is interesting.

2.4 Circuit With Feedback Using a Logical Gate NOT

Let the next circuit, where the logical gate and the wires have delays

>t

Fig 6

and the circuits to be analyzed are the next ones

Fig 7



Fig 7 a), respectively Fig 7 b) result from and keep the notations of Fig 5 a), b) (the modeling
coincides), respectively of Fig 5 c). In Fig 7 the logical gate is supposed to be ideal

x(1) = x(0=0) X (—o0,0) (1) V(1) - X[ 0,00) (1) ()
as well as the wires and the delays are localized in the delay circuits. We shall write the
relations between u,v,x,y and we shall try to eliminate three of the four variables.

SC Fig 7 a)
We suppose that x is of the form
X() = X(0) K om 1) () @ X(£0) X 1.00) () 2)
and from SC this implies that v is of the form
V(1) = V(1) Y (=o0,17) (D @ V() A1) ,00) (1) 3)
where
x(tg) = v(11) C))
and 75 20,7; 20. On the other hand (1), (2) and (3) show that
x(tg) = v(iy) (5)

(4) and (5) are contradictory, meaning the falsity of the hypothesis (2). A major difference
exists between the facts from 2.2 and the present ones: SC did not bring there information on
X, that circuit could be stable or unstable, unlike here where (2) is false, the circuit is unstable
and instead of (2) we can write

X(1) = 20 =0) X (—em 1) () @ X0 =0) X011 () @

@ x(0-0)- X[tl’tz) D x(0-0)- X[fz,t3) HD... (6)
where 0<7; <t| <t, <... is unbounded.
BDC’ Fig 7 a)
The system is the next one
Nx@<vins [ Jx©) (7
Eelt—d 1) &e[t—df 1)
thus from (1):
[ (X0 = 0)* X (=c0,0y (&) @ V(E) - X[0,00) (€)) S v(1) <
Eelr—d, 1)
< JEO0=0) % (—e0.0) (€) @V(E) (0,00 () )
Eelr—d )
Case x(0-0)=0
The functions  [\V(&) X[0.ee) ) (D), [JV(E) X000y (&) are all null for £<0.
Eelr—dy 1) Eelt—d f )
At the right of 0, because m =1, UTE)-X[O,%) (§) becomes 1 and if v continues to
F,e[t—df 1)
remain 0, in the point # =d,, ﬂ@ “X[0,00) (§) becomes 1, thus 0<17y <d, exists so that
Eelr—dy 1)
v(tg) =1. At the right of 7, because v(t() =0, ﬂ@ “X[0,00) (§) is 0 and if v continues to
Eelt—d, 1)



be 1, in the point 7o +d s, UTE’;) “X[0,00) (§) becomes 0, in other words 1y <t <t +dy
Eelr—d £
exists so that v(t;) =0 etc. The conclusion is that the unbounded family f,;,1,,... exists so
that
0<1y<d, )

tg <ty <tp+ df

n<t < n+ dr

Iy <tz <itp+ df

and
V(O =X110.0) D @ X195 (D D (10)
Case x(0-0)=1
In similar conditions with the previous ones, the solutions v of (8) are of the form
V() = X (oo (O © Xty 1) () © Xj13,14) () © (11)
where
O<1g=<dy (12)
tg <t <tg+d,
n<ty<n+dy

I <I3 Slz +dr

Adding AIC to BDC’ gives the minimal length of the O-pulses, respectively of the 1-
pulses

in (10): 6,, <Dk+1 — Ik (13)
8 p <tog42 —12%+1
in (11): 6f <Ior+1 — 2k (14)
8, <lypy2 ~12k+41
forall k>0.
RIC is the next one:
v(t=0)-v(1) < x®) (15)
Eelt—8,,t=8, +1 ]
v(t—0)-v(r) < (x©) (16)

Celt=0 . t=8p+1r]
(10) gives (case x(0—0)=0):

v(t=0) (1) =X (10 1914, (D (17)
V&) X[0.00) (E) = (M 10.10) & @ Xir.19) &) O Xjr3,14) &) @) =
Eel[t=8,,t-8,+U,] Eelt=8,,t=8,+U,]
:X[Sr,t0+8r—pr)(t) ®X[tl+5r,12+5r _Hr)(t) @X[t3 +8,.14 +8r_ur)(t) @... (18)
and inequality (15)

X{tg.12,14 7_“}(1‘) < Xi3, .10 +8,—1r) @ Kl +8,,00+8,—1p) O X348, .14 +8,—1,) H®..
is equivalent with



{tg.t2.14,...} C[8,,00 +0, =W, )VI[t; +08,.10 +8, =W, ) V[t3+0,.,14 +8, -1, ) V...
Similarly, from (10) and (16):

{tt3st5,. (=08 —p)VItg+8 p, 11 +8 p —U ) VIEa +8p 1348 — ) V..
Equation (11) (case x(0—0)=1) combined with RIC gives restrictions of the same nature.

FDC Fig 7b)
(1) is true together with

u(t)=x@—d) (19)
v(t)=u(t—dy) (20)

where d| 20,d, 20 and by eliminating u,v we obtain
x(1) = x(0=0) * X (00,0) () D x(t —dy —d2) - X[0,00) () 2D

Case d] + dz =0

Equation (21) is incompatible.
Case d] + dz >0

The solution of (21) is

X() = X(0=0) X —e0,0) () ® X(0=0) X0,y +d) (1) @
D x(0=0)Apdy +dp.2(d1 +dp ) O @ X(O=0)X[2(d) +d7).3(dy +d ) (DD (22)

DBRIDC Fig 7 a)
(1) is true together with
v(t—=0)-v(t) =v(t—0)- (x© (23)
Eelt—dy t—dy+my]
v(t=0)-v(r) =v(t-0)- Nx® (24)

Ee [t—=df.t—df+my]
where 0<m, <d,,0< my < df ,v(0—0)=x(0—0) and by eliminating x we get

v(t=0)-v(®) =v(t-0)- () (X(0=0) - % (—e0,0) (&) D V(E) - X[0,00) (&) (25)
Eelt—dy t—dp+m;]
V(e =0) (D) = v(t=0)- [V (X(0=0) X(—<0,0) (&) @ V(E) - X[0,00) &) (26)

&e lt-df.t—df+my]

We suppose that x(0—-0)=0.
Case d, —m, >0,dy —my >0

Because in (25) we have VEe[0,d,),v(§) =0, the implication is v(d,)=1. Because
in (26) we have V&eld,.d, +dy ),v(&)=1, the implication is v(d, +d)=0 etc. The
solution is

VO =X1d,.dy+d ) DOX[2d, +d p 2d,+2d ) DO X[3d, +2d £ 3d,+3d ) D@ 27)
Case d, —m, =0o0rdy —my =0

We suppose that d, =m, >0 is true. (25) is in this situation

v(e=0) v =v(t=0)- [V Xjoeo)E)=v(t=0): [ V(E) X[0.0)(E) V(1) (28)
Eelr—d, 1] Eelt—d, 1)



For t<d,,v(t)=0 and at t=d, we get the contradiction v(d,)=v(d,). The system is
incompatible.  The possibilities d, =m, =0,d f=mye > 0,d f=my = 0O result 1in
incompatible systems too.

The situation when x(0—0)=1 is to be treated similarly.

SDBRIDC’ Fig 7b)
(1) is true together with
Dy(0)=(y(t=0)®x(t=0))- [ JDx(E)  A[gy,00) @) (29)
Ee(r=dy.t)
Dv()=(v(t-0)® y(t-0)- | JDy(©)- X[dy,0) (1) (30)
Ce(t—dp.1)

where d; >0,d, >0. We have x(0—0)=y(0-0)=v(0-0).
We suppose that x(0—0) =0 and (30) used under the form Dv(0)=0 gives v(0)=0.
From (1), x(0)=1. From (29), y becomes 1 at the time instant d;. From (30), v
becomes 1 at the time instant d +d,, when in (1) x becomes 0. The conclusion is:

X0 =X[0,dy +dn) D PA2dy +2d5 3dy +3dr) (D D .. €2y
YO = Xdy 2d1 +dn) (D @ X[3ay+2d5 4dy+3dy) (D D ... (32)
V(1) = X[dy +do ,2d) +2d2) (D) @ X[3d)+3dy 4dy +4dy) (D D .. (33)

The situation when x(0—0) =1 is similar.
The solutions are in this case the same like at FDC.

2.5 First Conclusions

Some of the facts that were presented in this section have been studied by us some
time ago and they have brought a direction of research called pseudo-Boolean differential and
integral calculus that is interesting by itself, being related with mathematical analysis ([22]
and others). We can define for the functions R — {0,1} derivatives, integrals, convolution

products, distributions etc and many notions and results from the real mathematical analysis
have analogues of this type. It is interesting also the study of the equations and of the
inequalities written with such functions, in no direct relation with digital electrical
engineering.

Another direction of research is the present one, related with the asynchronous
circuits. Starting from the known models as well as using the intuition suggested by the
literature, modeling is abstracted by defining the delay conditions, shortly the delays, as real
time models of the delay circuits. From this moment, the construction of new models is
natural. On the other hand, the way that the delay circuit is generalized by the C-element of
Muller, the delays are generalized by the 2-delays and generally by the n-delays, that are the
models of the C-elements of Muller. An example of this nature is sketched at 11.3.

3. Preliminaries

3.1 The Boole Algebra with Two Elements

3.1.1 Definition The set B ={0,1} is called the binary Boole algebra, or the Boole algebra
with two elements. It is endowed with:
- the order 0<1



- the laws:
unary: ' ', the complement
binary: 'U' the reunion, '-'

defined in the next table:

_OIUOI‘OI@OI
~‘ﬁ)001000 0]0 1
1rjr1 101 1|1 O

We give the usual meaning to the binary relations on B: >, <, >.

the intersection, '®' the modulo 2 sum

3.1.2 Remarks (B,_,u,-) is a Boole algebra indeed and (B,®,-) is a field, where the

inverse of a relative to @ is a itself: a ®a =0. The relation between the order and the laws
of B is expressed by:

Va,be Ba<b<a>b
Va,be B,aub=max(a,b),a-b=min(a,b)
Va,b,ce B.b<c=(aub<auc),b<c=(a-b<La-c)

3.1.3 Definition Let the binary generalized sequence (x j) jes - We define

Lif et x; =1
ij={ R P

jed 0, otherwise e

B O,ifEIjeJ,szo B
(V5= o =1
jel , otherwise jed

3.1.4 Definition The functions f:B" — B" n,m>1 and as a special case the functions

f:B" = B are called Boolean functions.

3.2 Generalities on the R — B Functions

3.2.1 Definition The next order and laws are induced on BX by those of B':
fsgeVve f()<g@)
Vi, f()=f()
ViL(f v g =f()ug)
Vi, (f - 8)0) = f()-g(0)
Vi,(f @ g)®) = f(1)®g@®)
where f,g:R — B and re R . The fact that we have abusively used the same notations for
different orders and laws will cause no misunderstanding.

3.2.2 Definition We note with x 4 : R — B, where A C R, the characteristic function of the
set A:
l,te A

XA(t):{O,teEA

3.2.3 Definition The support of the function f: R — B is the set supp f — R defined by
supp [ ={tlte R, f(t) =1}



3.2.4 Remarks The next properties are true for all rf€ R and all f,g: R — B :
Xz @) =0,xg(@)=1
f(f) = Xsuppf(t)
fsg e supp fsupp g

supp f =R~ supp f

supp (f O g)=supp f v supp g

supp (f - g)=supp f A supp g

supp (f © g)=supp f A supp g

In fact we can identify B® and 2% from the point of view of the order and of the algebraical
properties.

3.2.5 Definition We say that f : R — B has a limit when t tends to infinite if
' Vet f() = f(t)
The number f(¢') that does not depend on ¢' is noted with lim f(z).
t—>o0

3.3 Limits and Derivatives. The Continuity and the Differentiability of the R —> B
Functions
3.3.1 Definition Let f : R — B. If the function f~ : R — B exists so that
Vte R,3e>0,VEe (t—¢,1), f(E)= f (1)
i.e. if for any ¢ and any &<t sufficiently close to ¢, f(§) depends on 7 only and not on &,

we say that f has left limit or that the left limit of f exists. Similarly if f*:R — B exists
having the property that

Vte R,3e>0,VEe (1,1 +¢), f(E) = f (1)

is true, we say that f has right limit or that the right limit of f exists. In the hypothesis that
both previous properties are satisfied, we use to say that f is differentiable. f~(¢), f (1) are
sometimes noted with f(¢#—0), f(¢#+0) and are called the left limit, respectively the right
limit (function) of f .
3.3.2 Definition The functions

Dy f(0)= f(t=0)- (1), Dyof (1) = f(t=0)- f(2)

Diof ()= f (D) F(t+0), Dorf (1) = F () f (1+0)
are called the left and the right semi-derivatives of f and the functions

Df()=f-0)® f(t)=f(t=0)-f(HL f(1=0)- f(1)

D*f()=f(t+0)® f(t)= f(1+0)- fF()U f(t+0)- (1)
are called the left, respectively the right derivative of f .

3.3.3 Definition f is left continuous, respectively right continuous, if
Ve, f() = f(t-0)
Ve, f(1) = f(t+0)
3.3.4 Remark We can prove [22] that the only differentiable R — B functions that are both

left continuous and right continuous (on an interval) are the two constant functions (on that
interval). If the differentiable function f is right continuous, then it is constant (on an



interval) iff Df(¢r) =0 (on that interval) and a dual property holds for the differentiable left
continuous functions.
3.3.5 Examples a) f@=Xpn®e X2y (1)
is a differentiable function, that is neither left, nor right continuous. More precisely
S@=0)=%001®), f(+0)=%0.1)(®)
Df (1) = %10y (1) @ X2y (1), D* [ (1) = X1y (1) D Y2y (1)
b) The function

fo=Ur 1 1,0

> 2n+l’2n
is left continuous, as it has the property that f(#—0) exists and it is equal with f(¢). f(z+0)
does not exist however, because for t =0, we have

ve>0,3€,8 (0,e), f(§) # (&)

3.4 The Properties of the Limits and of the Derivatives

3.4.1 Theorem If f,g have left limit, respectively right limit, then the next properties hold
a) Df =Df
b) D(f®g)=Df ®Dg
¢) D(f-g)=f-Dg®g -Df ®Df -Dg
respectively the dual properties.
Proof a) Df(H)=f(t-0)® f()=f(—-0)® f()=1® ft-0)®1D f(1) =
=ft=0)® f(1)=Df (1)

3.4.2 Theorem a) If f has left limit, then f has left limit and

f )y =r
b) If f is differentiable, then f  has right limit and
(SO =57

the dual statements of a), b) being also true.
Proof a) Let ¢ arbitrary and fixed, '<t and f~ with the property

VEe (1.1, f(©) =f (1)
We fix the numbers &, arbitrary with #'<§<m<r. We have f(§)= f(w) and, as f(§)

depends only on @ -not on §- we get f(§)= f (®). On the other hand f~ (w)= f (¢) thus
f~ (w) is independent on ® -it depends only on ¢-and we get f (w)=(f" ) (¢). We have
obtained (f ) ()=f (@)=f" ().
3.4.3 Corollary a) For f with left limit, Df has left limit and
DDf = Df
b) If f is differentiable, then
D*Df = Df

Proof a) DDf()=D(f(t-0)® f(1))=f(-0)® f(1-0)® f(1-0)® (1) = Df (1)

b) D*Df()=D*(ft-0)® f@)=ft+0)® f(r+0)® f(t-0)® f (1) = Df (1)



3.4.4 Remark The way that the left, respectively the right limits are iterated shows that we do
not need to work with derivatives of the second or higher order.

3.4.5 Notation We note with ’cd :R — R the translation with de R :
4 t)y=t—-d

3.4.6 Theorem Let de R arbitrary. f has left limit iff f o1d

properties hold for the left continuity, the differentiability etc.
Proof Obvious.

has left limit. Similar

3.4.7 Remark The compatibility between the Boolean laws and the translation is given by
? o ‘Cd = f o ’td

(fugret’=forluget
etc and the compatibility between the limits, the derivatives and respectively the translation is
expressed by the equations

ot =(forh)™, frot? =(forh)?
Dfot? =D(fot?), D* for? =D*(fo1?)

d

3.5 Conventions Concerning the Drawings of the Graphics of the R — B Functions

3.5.1 Conventions In order to make easier the understanding of the R — B functions, we
make the next conventions concerning the drawing of their graphics:

a) the two values 0,1 are not written on the vertical axis. They are supposed to be
known, the only necessary convention is that the low value be associated with 0 and the high
value be associated with 1

b) we draw vertical lines in these points where the function switches (the discontinuity
points), even if the vertical lines do not belong to the graphic

c) we put bullets on the vertical lines that are drawn like at b), underlining this way the
points that actually belong to the graphic (the value of the function in the switching point)

d) we avoid writing values on the time axis, i.e. the horizontal one, whenever this
causes no misunderstanding.

3.5.2 Example We give the example of the next figure, where we have drawn the graphics of
the functions from 3.3.5 a).
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Fig 8

4. Signals

4.1 The Definition of the Signals

4.1.1 Definition A function f:R — B is called (electrical) signal’, if

1) it is differentiable

i1) it is right continuous

i) supp Df < [0,0)
The set of the signals is noted with S and the set of the non-empty subsets of S is noted
P*(S).

4.1.2 Remark We give an interpretation to the previous definition. The next property, that
can be inferred from 1)
Vi',t"e R,t'<t"= (t',t") A supp Df is a finite set
is the finite variability, a signal switches finitely many times in any bounded time interval and
it is an inertia request. The right continuity of f is a property of causality, or non-
anticipation and it is related to the fact that the present depends on the past and maybe on the
present itself, but not on the future. The request iii) is related to the initial time that is 0 -but
this condition is also one of non-anticipation. The anticipative systems having an evolution
with the time axis reversed and where the present depends on the future and maybe on the
present itself, are modeled by differentiable left continuous functions f with
supp D* f < (=o0,0]
We have just indicated how the dual notion to that of signal is to be defined.

4.1.3 Theorem The next conditions are equivalent for the function f:R — B:

2 These functions, or similar functions with the same role in modeling, have also been called in literature (see
[1], [14], [16]) Boolean signals, piecewise constant signals, piecewise continuous signals, non-zeno signals and
respectively finite variability signals.



a) f issignal
b) the unbounded family 0 <ty <t; <t <... exists so that
J@O=fED A =o0,0) O @ f (10D Aprg.1) D @ S (1) K17,19) (D D ..
Sketch of proof a)=b) 4.1.1 i) implies the existence of an upper and lower unbounded
family ..<7_y<fy<t;<.. where #; can be taken >0 without loosing the generality,

satisfying the property that V7,
FO =@ F_) Xy OO FEEE0) iy (D@

® (1) X(19) D ® FCEL) X100 DD F (1) Xy y (D ©...
4.1.11i1), 4.1.1 iii) and the previous equation imply b).
b) = a) Itis shown that V¢, three possibilities exist:
1) t<tg;then f(t-0)=f(t+0)=f(?)
ftg-1),k 21
Fel). k=0 F@+0)= f()
1ii) t=ty and 3k,te (ty,t;41); then f(t-0)=f(t+0)= f(t;)

i) t =ty and 3k,t =1t ; then f(t—O):{

4.1.4 Theorem Let f € S an arbitrary signal and d € R . The following statements are true:

a) fo 1% is differentiable and right continuous

b) fo1le S & supp Df ot¢ <[0,00)

)if d>0,then fotles.
Proof a) results from 4.1.3 b), because f o1¢ has the same form like f except the request
0<ty.b) results from Df o 7 = D(f o ‘cd) (see Remark 3.4.7) and from a). For c¢), we take in
consideration the fact that

supp D(fOTd)={t|Df(t—d)=l}={t+d|Df(t)=l}=d+supp Df
and b) also, implication <:
d 20 and supp Df c[0,00) = d + supp Df [0,) =
= supp D(fo1?) c[0,00)=> fotl e §

4.1.5 Remarks (5,<) is an ordered set, with < induced from BR and the constant functions

0, 1 are the null and respectively the universal element of S. (S ,_, U, ) is a Boolean algebra
and (5,9, ) is a commutative ring.

In S, the next equivalence holds, see Remark 3.3.4:

a) f is constant (on certain intervals)

b) Df =0 (on certain intervals).

4.1.6 Definition Let fe S. By 1-pulse, respectively O-pulse of the signal f we mean the
existence of the numbers #'<¢" with the property that

Veelr',t"), f(§)=land f(r-0)= f(t")=0

VEelr',1"), f(€)=0and f(r-0)=f(1") =1

is true. In this case we say that f has a 1-pulse, respectively a O-pulse of length "—t'.



4.2 Useful Lemmas

4.2.1 Theorem Let f some differentiable function and the numbers 0 <m <d . The functions

o= [/ ©
Eelt—d,t—d+m]
Yo = Jre

Eelr—d,t—d+m]
are differentiable and they satisfy

D(1-0)=f-d-0)-  [)f©& (1)
Eelr—d,t—d+m)
d(r+0)= ﬂf(&)-f(t—d+m+0) )
Ee(r—d,t—d+m]
Y(@-0)=ft-d-0)u  |JfE© 3)
Eelt—d,t—d+m)
Y(+0)= Uf(&)uf(t—d+m+0) 4)

Ee(t—d t—d+m]
Proof If m=0, then ®(t) =W ()= f(t—d) is differentiable and we use Definition 3.1.3
(Nr©&=LJr&=0).
3%} 3%}
We suppose now that m >0. Let ¢ arbitrary and fixed. The left limit of f in 7—d
shows the existence of €; >0 with
VEe (t—d—g,t=d), f (€)= f(t—d-0)
and the left limit of f in # —d +m shows the existence of €, >0 so that
VEe (t—d+m—¢ey,t—d+m), f(E)=f(t—d+m—-0)
For any 0 <€ <min(g,€,,m) we infer
D(r—¢)= Nre = N Nfe© =
Eelt—d—e,t—d+m—€] Eelt—d—e,t—d) Ee[t—d,t—d+m—¢]
= f(t—d-0)- N =
Eelt—d,t—d+m—¢]
= f(t—=d-0)- /& -flt-d+m—0)=
Eelt—d t—d+m—¢]
=f(t-d~0): Nr® - Nr® =
Eelt—d,t—d+m—¢] Ee(t—d+m—¢e,t—d+m)
=ft-d-0-  [f©®
Eelt—d t—d+m)
Because the value of ®(¢r —¢€) does not depend on €, we get ®(r—¢€) = P(¢—0) and because
¢t was arbitrary, (1) is proved.
The right limit of f in #—d shows the existence of €3 >0 so that
VEe (t—d,t—d+¢e3), f(E)=f(t—d+0)
and on the other hand the right limit of f in #—d +m shows the existence of €4 >0 with
VEe (t—d+mt—d+m+ey), f(E)=f{t—d+m+0)
We take some 0 < €'< min(€3,€4,m) for which we have



P(r+€) = Nr© = Nr© - Nr& =

Eelt—d+e't—d+m+e']  Eglt—d+e',t—d+m] Ee(t—d+m,t—d+m+¢e']

= NfE& -ft—d+m+0)=

Eelt—d+e',t—d+m)

=flt-d+0): NfE& -fl—-d+m+0)=
Eelt—d+e',t—d+m]
- Nr©® - NfE© -fat—d+m+0)=

Ee(t—d,t—d+e") Ee[r—d+e',t—d+m)
= Nf® flt-d+m+0)
Ee(t—d,t—d+m]
The fact that ®(z+¢€') does not depend on €' shows that (¢ +¢') = (¢ +0) and because ¢
was arbitrary, (2) is true. @ is differentiable.
The proof for W is similar.

4.2.2 Theorem In the previous conditions and with the previous notations, we have:
D(1-0)-P1)=f(1-d-0)-  [)f(©
Eelt—d,t—d+m)
D(r-0)- D)= ft-d-0)- (& -flt—d+m)
Eelt—d t—d+m)

Y(e-0) Y0 =ft-d=0)-  |JfE®& -ft—-d+m)
Eelt—d,t—d+m)

Y0¥ =ft-d-0)  |Jf©®

Eelt—d,t—d+m)]

Proof D(1-0)- D)= f(t-d-0)-  [fE& - [f® =
Eelt—d,t—d+m) Eel[t—d,t—d+m]

=(fe-d-0u  (f®)  [f& =ft-d-0-  [)f®&)

Eelt—d,t—d+m) Eelt—d,t—d+m] Eelt—d,t—d+m]

Yi-0)Y0)=fe-d-0ou  Jr® - Ure =
Eelt—d,t—d+m) Ee[t—d,t—d+m]

=fe-d-0- Ur®- Ur@ure-d+my=

Eelt—d t—d+m) Eg[t—d t—d+m)

=fat—-d-0-  |Jr® - fe-d+m

Eelt—d t—d+m)

4.2.3 Theorem If f is signal, then @,V are signals.
Proof If m=0 and ®(t) =W (tr) = f(t—d), then the differentiable function f(r—d) is signal,

from Theorem 4.1.4 c). We consider from this moment that m >0
We know from Theorem 4.2.1 that ® 1is differentiable and we must show that it

satisfies 4.1.1 ii) and 4.1.1 iii). The right continuity of f in t—d shows that €/ >0 exists
with
VEelt—d.t—d+e)). f(E)=f(t—d)
and the right continuity of f in #—d +m shows the existence of €, > 0 so that
VEe (t—d+mt—d+m+gy), f(E)=f({t—d+m)
Let 0 <& <min(g},€7,m) and we conclude



Pt +¢) = Nr& = Nr© - & =

Eelt—d+e,i—d+m+e]  Ee[t—d+et—d+m] Ee(t—d+m,t—d+m+e)
= Nf& -fa-d+m)= Nf& =
Eelt—d+e,t—d+m] Eelr—d+e,t—d+m]
= ft—d)- Nf©& =
Eelt—d+e,t—d+m)
= Nr®- Nf& = & =20
Eelt—d,t—d+e) Ee[t—d+e,t—d+m] Eel[t—d,i—d+m]
Thus ®(t+¢€) =P(t+0)=P(r). P is right continuous.
Moreover, the property 4.1.1 iii) is fulfilled since from 4.2.2:
DP(1)=D(t—0)- D) UD(t—0) D) =
=ft-d-0)-  [f© uft-d=0)-  [fE& -ft-d+m)<
Eelt—d,t—d+m] Eelt—d,t—d+m)
<f-d-0)- ft-d)v ft—-d+m-0)- f(t—d+m)<
Sf-d-0)-ft-d)u f(t—-d-0)- f(t—d)v
Ufit—-d+m-0)-ft—-d+mu ft—-d+m-0)- f(t—d+m)=

=D(f o)) UD(f ot ™))

and, because f o’cd,f ogd—m

supp D(f o1 C[0,00), supp D(f o19™™) < [0,0)

are signals

we have

supp D® < supp D(f o 1% ) v supp D(f o t¢™™) < [0,0)
@ is signal.
The proof for ¥ is dual.

5. An Overview of the Delays: Informal Definitions
5.1 We present now some of the intuitive knowledge that has generated the efforts represented
by the present work.

At least two things are understood by the word delay: a real non-negative number d
see 5.2, 5.3 and a logical condition see 5.4 and the following. These two occur usually
together in definitions, since a complete separation is very difficult.

5.2 Informal definitions As real non-negative number, the word delay is a short form for one
of the following i), ii).

1) propagation delay, or transport delay [10] representing the 'time interval between a
transition in an input to the gate and a corresponding output transition. If the output
transition changes from 0 to 1, the delay is rising, otherwise falling’. The same notion is
called in [12], [13] transmission delay for transitions.

ii) inertial delay representing [10] the 'minimum amount of time during which an input
signal must persist to affect a change at the output". In [12], [13] the same notion is called
threshold for cancellation and in [14] latency delay.

5.3 Convention The distinct numbers 5.2 i) and 5.2 ii) are generally taken to be equal [14]
when the last exists, i.e. in the presence of inertia. We quote the next opinion:[12], [13]: 'A
common form of implementation of the inertial delay model is the one in which the
transmission delay d for transitions is the same as the threshold for cancellation. In other



words, when a transition appears at the input, the transition will appear at the output after d
unless a second transition occurs within that period.'.

5.4 Classification of delays The logical condition called delay condition defines a model and
idioms like 'fixed delay' will often be used as a short form for 'fixed delay condition' or 'fixed
delay model' etc. The ‘delays’ to follow are all logical conditions defined informally.

Thus, from the timing properties point of view, we have

a) unbounded delays

b) bounded delays

c) fixed delays
and from the memory properties point of view, the delays are:

1) pure delays, i.e. delays without memory

ii) inertial delays, i.e. delays with memory.

5.5 Informal definition The unbounded delays are defined

a) [7]: 'a delay may take on any finite value'

b) [11]: 'no bound on the magnitude is known a priori, except that it is positive and
finite'.
5.6 Remark The unbounded delay model is evaluated in [5] to be 'robust to delay variations',
but 'unrealistically conservative'.

5.7 Informal definition The bounded delays are defined in the next manner:

a) [7]: 'a delay may have any value in a given time interval'

b) [11]: a delay is bounded 'if an upper and lower bound on its magnitude are known
before the synthesis or analysis of the circuit is begun'

c) [5] 'every component is assumed to have an uncertain delay, that lies between given
upper and lower bounds. The delay bounds take into account potential delay variations due to
statistical fluctuations in the fabrication process, variations in ambient temperature, power
supply etc'.

d) [10]: ‘In practice, manufactured circuits of the same design may have different gate
delays due to manufacturing fluctuations in delay related parameters such as capacitance,
resistivity and transistors sizes. To be practical, we need to provide an analysis for not just a
manufactured instance of a design but the entire family of manufactured circuits of the same
design. To model manufacturing uncertainties, we assume the gate delays to be variable
within closed intervals. Therefore a complete delay analysis determines the delays of circuits
with variable gate delays...’

5.8 Remarks The bounded delay model is considered to be the most realistic one from the
three: unbounded, bounded and fixed delays.

To be remarked in this context the necessary supplementary conditions (of speed-
independence, or delay insensitiveness for example) of invariance relative to the variation of
the delays, required in the synthesis procedure of the circuits.

On the other hand, non-conflicting differences occur in the approaches when defining
and using the unbounded and the bounded delays: from having no lower bounds or upper
bounds, the poorest case of the delay model, to having four such bounds d, nin <d;, max»

d ¢ min <d f max > the richest case of bounded delay that makes use of the distinction between

the rising and the falling delays. The more detailed the model is, the more difficult is its
handling and the more realistic are its results.

5.9 Informal definition The fixed delays are a special case of bounded delays, when 'a delay
is assumed to have a fixed value', [7] and the lower bounds of the delays are equal with the
upper bounds of the delays making the delay be fixed, known.



5.10 Remark The fixed delay model is considered to be very unrealistic, in the sense that
small variations of the delays due to variations in the ambient temperature, power supply,...
cause great, unacceptable differences between the model and the modeled circuit. [5]: ‘Since
it is almost impossible to obtain a precise delay of a component in a chip, this is not a
realistic model for timing verification purpose’.

5.11 Informal definition The pure delays, or ideal delays are defined like this.

a) [11]: a delay is considered to be pure 'if it transmits each event on its input to its
output, i.e. it corresponds to a pure translation in time of the input waveform'.

b) [5]: ‘a pure delay simply shifts a waveform in time without altering its shape’.

The same idea is found in [10], where the pure delay timed Boolean functions are
defined.

5.12 Remark [13] refers to the pure delays, by considering that ‘This model is unrealistic in
the sense that practical gates will not transit a pulse caused by two transitions very close
together whereas the model guarantees that every transition will be at the output irrespective
of the proximity of the successive pulses’.

5.13 Informal definition The inertial delays (or latency delays) have generated the most
controversies, see also [5], [10]. The next opinions are generally accepted.

a) [12], [13] The inertial delays 'model the fact that the practical circuits will not
respond to two transitions which are very close together. The inertial delay model is one in
which input transitions are replicated at the output after some period of time unless two
transitions occur at the input within some defined period, in which case neither transition is
transmitted.'.

b) [11]: 'pulses shorter than or equal to the delay magnitude are not transmitted', see
also Convention 5.3.

¢) [7] ‘an inertial delay has a threshold period d . Pulses of duration less than d are
filtered out’, compatible with Convention 5.3 again.

5.14 Alternative definition In [1], [14] the authors show intuitively, like above, what inertia
is and then two variants of fixed, respectively bounded inertial delays are mentioned. We
reproduce only the second variant from [1], called there non-deterministic inertial delay, for
making the exposure as simple as possible and for the same reason we have changed the
language and the notations. x"e B and the real numbers 0<d min < dmax are given and the
requests are

i) Ve [0,d i) x(f) = x¥ initialization

i) Vt2dpg,, Dx(t)=1=3t'e supp Dunlt—d,x.t —dpiy]  such  that
x(t)=u(t") and (t',t) A supp Du=D

iil) Vt e supp Du,(t,t +d a5 1 A supp Du # D or [t +d it + dpax 1 A sSupp Dx # &

5.15 Remark In [1] we can find the next observation relative to definition 5.14: 'one could
assume that changes should persist for at least 1} time units but propagated after 1,1, >1;

time', in other words one could abandon for the sake of accuracy the ‘common form of
implementation of the inertial delay model’ from Convention 5.3.

5.16 Alternative definition We refer now to the approach from [4], where two variants of
fixed, respectively of bounded inertial delays are given also, from which we reproduce the
second one under the form:

i) Dx(1)=1=VEe [t —d i - 1), u(§) = x(1)

ii) Vae B,(VEe [t,t+d 05 u(E) =a) =



= dtelt,t+ dmax ),V};E [T, + dmax )’x(i) =a))

5.17 Remark We make brief comments and a comparison between 5.14 and 5.16:

- terminological differences with our work occur, that the reader is asked to pay not
very much attention at his first reading of this text.

- in the second definition, initialization is missing. If we start by definition from null
initial conditions, then initialization is not necessary and if we reason for any possible initial
value, then initialization is missing too. The possibility that initialization is missing at 5.14
also is given by the value d;, =0.

- 5.14 ii) and 5.16 1) essentially express the same idea, the first condition being
stronger.

- 5.14 ii1) is a negligent way of expressing the idea 5.16 ii). This negligence is
symptomatic in the sense that in the non-formalized theories that we refer to, it produces no
effects (we quote in this context with amusement one of our mentors, professor A. C. Albu
from Timisoara that is specialized in the Foundations of Mathematics who called our attention
once that ‘all the research is made in a non-formalized manner’).

6. Delays

6.1 Stability. Rising and Falling Transmission Delays for Transitions

6.1.1 Definition Let u,x two signals, called input (or control) and respectively state (or
output). The next property
Vae B,(3t),Vt2tj,u(t)=a)= (3t,,Vt 2ty,x(t) = a)
is called the stability condition (SC). We say that the couple (u,x) satisfies SC.
We also call stability condition the function Solge : S — P *(S) defined by:

Solge (u) = {x1(u, x) satisfies SC}

6.1.2 Remark SC states the next cause-effect relation between u and x: if lim u(z) does not

t—o0
exist, then Solgc(u)=S and if lim u(z) exists then, whichever it might be, lim x(#) exists
t—o0 t—00
and lim x(¢#) = lim u(¢) . On the other hand, the next ‘non-anticipative’ statement

t—>0o0 t—o0
Vae B,(3t),Vt2t,u(t)=a)= 3ty 21|, Vt 21, x(t)=a)
is equivalent with SC.

6.1.3 Definition We suppose that (u,x) satisfies SC, that lim u(¢) exists and that
[—o0

supp Du+3 , supp Dx#@°>. We note
t; = max supp Du, ty = max supp Dx
The transmission delay for transitions (of x relative to u ) is the number d =20 given by
d =max(0,t) — 1))
If
u(tl -0) -u(ll) = )C(Z‘z -0)- X(lz) =1
then d is called rising and if

u(ty —0)-u(ty) = x(ty —0)- x(ty) =1

3 supp Dx, supp Dy are finite, non-empty in this case.



then it is called falling . If supp Du, respectively supp Dx is empty, then #;, respectively t,

is by definition 0 and if lim u(¢) does not exist, then d is not defined.
t—>00

6.2 Delays

6.2.1 Definition A delay condition (DC) or shortly a delay is a function i: S — P *(§) with
Yu,i(u) < Solgc (u)

6.2.1 Remark The delays are the models of the delay circuits, i.e. of the circuits that compute
the identity 1p . In practice, we usually work with systems of equations or inequalities in u,x
and for each u, i(u) represents the set of solutions of these systems. Definition 6.2.1 asks
that such solutions always exist and that the systems be stable.

6.2.3 Examples of DC’s. a) i(u)={u} is usually noted with /. More general, the equation

i(u)={uo ‘td } defines a DC when d >0 (see Theorem 4.1.4 ¢)) noted with /.
b) i(u)={x13d ZO,x(t)zu(t)-x[d,oo) (1)} and

i(u)={x13d 2 0, x(t) = Y (—0,q) (1) D u() - X[ ,00) (1) }
are DC’s.
c) i(u)=Solgc (u) is a DC called the unbounded delay.

6.2.4 Theorem Let U c S, the DC’s i, j and the arbitrary function @:5 — P *(S).
a) If Yu,i(u) AU # O, then the next equation defines a DC:
(AU w)=i(u) AU
b) If i, j satisfy Vu,i(u) A j(u) #S, then i A j is a DC defined by:
(i A @) =iu) A ju)
¢) Items a), b) are generalized by: if Vu,i(u) A @(u)#S , then i A @ isa DC
(A Q)(u) = i(u) A Q(u)
g) The function i v j that is defined in the next manner is a DC:
(v ) =i(u) v ju)
Proof c) The fact that i A @ takes values in P *(S) is assured by the hypothesis
Yu,i(u) A @(u) # < . Furthermore, for all u we have

GAQ)(u)=i(u) AQu) Ci(u) c Solge (u)

6.3 Determinism

6.3.1 Definition Let the DC i. If Vu,i(u) has a single element, then it is called deterministic
and otherwise it is called non-deterministic.

6.3.2 Remark By interpreting i as the set of the solutions of a system, its determinism
indicates that the solution is unique for all u# and this allows identifying a deterministic DC
with a function i:S — S . The meaning of the non-deterministic delays consists in the fact
that in an electrical circuit to one input u# there correspond several possible outputs xe i(u)
depending on the variations in ambient temperature, power supply, on the technology etc.

6.3.3 Examples At 6.2.3 1,1 ; are deterministic and the other DC’s are non-deterministic.
Let UcS and the DC’s i,j. At 6.2.4 a) and respectively at 6.2.4 b), if i is
deterministic then i AU (=) is deterministic and respectively i A j(=i) is deterministic.



6.3.4 Theorem For 0 <m <d , the next functions are deterministic DC’s

x(1)= (u©)
Eelt—d,t—d+m]
xn= Ju®

Eelt—d, t—d+m)
Proof They are signals from Theorem 4.2.3. If 3d',Vi=d',u(t)=0 and this is equivalent
with u(?) S XA (—o0,d) (t) then
xty= [(Ju® = [ VX(od) &) =X (=0 d+d—m) @)
Eelt—d t—d+m]  Eelt—d t—d+m)
ie. Vt>2d+d'-m,x(t)=0. Similarly, if 3d',Vt>d',u(t)=1 and this is equivalent with
u(t) 2% [g4'00) (), then
x= (@ = (\Adee) E) = X[d+droo) ()
&elt—d t—d+m] Ee[t—d t—d+m)
in other words V¢ >d +d', x(t) =1. We have shown that xe Solgc (1) .

The proof for x(t) = Uu(&) is dual.
Eelt—d,t—d+m)

6.4 Order

6.4.1 Definition For the DC’s i, j we define i  j by

Yu,i(u)C j(u)
6.4.2 Remarks The inclusion — defines an order —that is not total- in the set of the DC’s.
Solgc is the unit of this ordered set: any DC i satisfies i < Solgc.

We interpret the inclusion ic j by the fact that the first system contains more
restrictive conditions than the second and modeling in the first case is more precise than in the
second case. In particular, a deterministic DC i contains the maximal information and the DC
Solgc contains the minimal information about the modeled delay circuit.

6.4.3 Theorem Any DC j includes a deterministic DC i .

Proof For any u, the axiom of choice allows choosing from the set j(u) a point x and we
define i(u)={x}. i(u) is non-empty and satisfies i(u)  j(u) < Solgc (u) , in other words i is
a deterministic DC.

6.4.4 Corollary In the inclusion i c j of DC’s, if j is deterministic, then i = j.

Proof In the previous proof, the only possibility of choosing i is
Yu,i(u)= j(u)

6.4.5 Examples Let U c S and the DC’s i, j. If Yu,i(u) AU #J, then i AU ci and if
Yu,ilu) A jlu)#,then in jciciv j.

6.5 Time Invariance
6.5.1 Definition The DC i is called time invariant if

Yu,Vx,Vde R,(uot? € S and xe iw)) = (xo19 € S and xo1? € i(uo19))
and if the previous property is not true, then i is called time variable.

6.5.2 Remarks We mention also a weaker version of time invariance, that we shall not use:



Vu,Vx,Vde R,uot? € S and xe i(u) and xot% € §) = (xo1? € i(uo1?))

Let us suppose now that the signals f:R — B would have been defined more
generally by any of the next equivalent conditions, see Theorem 4.1.3:

a) f 1is differentiable, right continuous and Jty, supp Df C[tg, )

b) the unbounded family 7y <?#; <t, <... exists so that
J@=ft9=0) A (=co,10) D D f(10) X [19.11) (D @ f (1) X[17,10) (D D

i.e. we relax the condition supp Df —[0,o0) at a) and respectively we omit the condition
0<ty at b). We keep the conditions of lower boundness of supp Df and respectively of
(t,,), that both mean the existence of some initial time instant #; and let us note with S the
set of these signals. Obviously S c S . In such conditions, a time invariant DC { is a
function 7 :S — P*(S) (P*(S)={AIAcS,A#D}) satisfying

1) Yue §,Vxe 7(14),Vae B,(3t,Vtzt,ut)=a)= (3t,,Vt21t,,x(t) =a)

ii) Vue §,Vxe S,Vde R,

(uo‘cd € Sand xe f(u)):(xo‘cd eSand xot e f(uo‘cd))

i.e. ii) reproduces 6.5.1 written with S not with S . We note with i = iig the restriction of 7

at S . We have the next

6.5.3 Theorem a) VYue S,i (u)C S

b) i is a time invariant DC
Proof a) We suppose against all reason the existence of some ue S and xe i (u) so that
x¢ S, thus supp Dx# and t; = min supp Dx satisfies ¢y <0. Then for any d € (¢(,0) we

have that u o’c_d € S and xe f(u) are both true, but xo ‘c_d e S is false because, see also the
proof of Theorem 4.1.4 ¢)
min supp D(xo 774 ) =—d +min supp Dx=-d +1; <0

This is in contradiction with the fact that  satisfies the time invariance condition 6.5.2 ii).
b) We take into account a). The three properties that must be fulfilled, i.e. the fact that
Vue S,i(u)#9, that Yue S,i(u) < Solgc () and the condition of time invariance 6.5.1 are

satisfied by i because they are satisfied by 7 .

6.5.4 Remark If we try to replace 6.5.2 ii) with 6.5.1 written with S instead of S, then this
time invariance condition becomes, see also Theorem 6.5.6 for something similar:

Vue §,Vxe S,Vde R,xei(u)=xot? e f(uot?)
The property is reasonable and it constitutes an alternative definition of time invariance for

the DC’s 7 :§ — P*(S), but it is too weak to produce the validity of the statement 6.5.3 a).

On the other hand, all the important delay conditions that we are interested in are time
invariant. Theorem 6.5.3 allows choosing for them the initial time instant be 0 and this was
already anticipated by Definition 4.1.1. We shall always use from this moment S in our

work, not S .
6.5.5 Examples a) We show that [; is time invariant, where d 20: for d'e R arbitrary,

uot? €S and xe I;(u),ie. x=uot imply



xo‘cd =(uo’Cd)O‘Cd :uon+d :(MOTd)OTdES

from Theorem 4.1.4 c), resulting the fact that x o = I j(uo ’cd') too.

b) We show that Solgo is time variable and we give the next counterexample. For

u=ld=-1 and x=X[pc), the prerequisites of 6.5.1 is fulfilled under the form

l=lot'eS and X[0.0) € Solgc(1), but the conclusion is false, since

-1
X[000) °T = X[-1c) €S-
c) Let the time invariant DC’s i,j. Then iv j 1is time invariant and if
Yu,i(u) A j(u) #, then i A j is time invariant too.

6.5.6 Theorem Let i a time invariant DC. We have the next equivalence:

Vu,Vx,¥d >0,xe€ i(u) = xot? ei(uot?)

Proof = uot?e S and xe i(u) are both true, taking into account Theorem 4.1.4 c). We

apply the time invariance of i.

= (uon)oT_deS and xo‘cdei(uo‘cd) are true. By using 6.5.1 we get

d d)'

(xot¥)ot 4 ci(uot?)ort”

6.6 Constancy
6.6.1 Definition A DC i is called constant, if d, 20,d y 20 exist so that for any u and any

xe i(u) we have

x(t=0)-x(@t)<u(t—-d,) (D)
x(t=0) x()<u(r—dy) (2)
If the previous property is not satisfied then i is called non-constant.
6.6.2 Examples a) /; is constant, d =0 because from x(t) =u(t —d) we infer
x(t=0)-x()=u(@t—d-0)-u(t—-d)<u@—-d)
x(t—0)-x(t)=u(t—d —0)-u(t—d)<u(t—d)
b) Let U — S and the DE’s i, j from which i is constant. If defined, i AU and i A j
are constant and in general a DC included in a constant DC is constant. If j is constant, then

the property Vu,i(u) A j(u) =< makes i v j be not constant in general due to the possibility

di ;td,j , respectively d; ;thJ;, but if Ju,i(u) A j(u) #<, then d,,df uniquely exist so
that Vxei(u) A j(u) 6.6.1 (1), 6.6.1 (2) are fulfilled and in such circumstances iv j is
constant.

6.6.3 Theorem The deterministic DC’s (see Theorem 6.3.4) defined by the next equations

xty=" [Ju® (1)
Eel[t—d t—d+m]
xty= Ju® )

Eel[t—d t—d+m]
where 0 <m < d are time invariant and constant.
Proof We give the proof for (1) and the proof for (2) is similar.



The time invariance Let d'e R arbitrary so that u o 14 € S . Then

(o)) =x(t-d'") = Nu@ = Nu@© =
Eelt—d—d't—d—d'+m] E+de[t—d t—d+m]
= NuE-dr= et )® 3)
Ee[t—d t—d+m] Eelt—d t—d+m]

shows that xot? € S and xot? e i(uo ‘cd'), i.e. i defined by (1) is time invariant.
The constancy From 4.2.2 we get
x(t=0)-x()=u(t—d—0)-  (\u@ <u(t-d)
&e[t—d t—d+m]
x(t—0)-x(t)=u(t —d - 0)- (u®) ut—d+m)<u(t—d+m)
Eelt—d t—d+m)

6.6.4 Remark Constancy means that x is allowed to switch only if u# has anticipated that
possibility d ., respectively d ; time units before. It does not imply the uniqueness of d,.d

and at 6.6.3 (1) we have an example when d, is not unique.

6.7 Rising-Falling Symmetry
6.7.1 Definition The DC i is called (rising-falling) symmetrical if one of the next equivalent
properties is true:
a) Vu,i(u)={x|xe i(u)}
b) Vu,Vx, xei(u) < xe i(u)
and respectively (rising-falling) asymmetrical otherwise.

6.7.2 Examples a) /; with d 20 arbitrary is symmetrical because

xely () x()=u(t—d) < x(O)=u(t —d) < xe 14 (u)
is true for all # and all x.

b) Solgc is symmetrical also and let for this an arbitrary u . If lim u(#) does not
t—>00

exist, then lim u(¢) does not exist and
t—o0

Solgc () = Solge (u) =S

from where we infer the desired property. Let us suppose now that lim u(#) exists, thus
t—>00

lim u(¢) exists and we note with c,ze B these limits. We take an xe Solgc (1) and we have
f—o0

the existence of d2=0 with x(1) = x(1) - X (—o0,q) (1) ®Dc- X[d.eo)(t).  Because
X)X (ood) ) ® €Y g o) (1) E S0l (), we infer xeSolgc(u) resulting that

xe Solge (u)= xe Sol sC (1) . The inverse implication is similarly proved.

¢) The DC’s defined at 6.2.3 b) are asymmetrical. We suppose for the first of them that
xei(u), i.e. d=0 exists SO that x(t) =u(t) X[ 00) (1) - Because
% =X (=o0,d) H® M “A[d o0) () € i(;) , we infer that the symmetry is not fulfilled.

d) Let UcS with xeU —xeU and i,j symmetrical DC’s. Then iv j is
symmetrical and, when defined, the DC’s i AU and i A j are symmetrical too.



6.8 Serial Connection

6.8.1 Definition For the DC’s i, j we note with k =io j the function k:S — P *(S) defined
in the next way

k(w)={yl3x,xe j(u)and yei(x)}
k is called the serial connection of the DC’s i and j.

6.8.2 Theorem (the compatibility between the serial connection and consistency, stability,
determinism, time invariance and symmetry)

a) k isa DC.

b) If i, j are deterministic, then k is deterministic.

c) If i, j are time invariant, then k is time invariant,
d) If i, j are symmetrical, then k is symmetrical.
Proof a) Let u arbitrary for which j(u) #< shows that xe j(u) exists and i(x) # < shows

that ye i(x) exists, thus ye k(u) exists. On the other hand, if lim u(¢) exists, then lim x(¢)
t—>00 t—>00

exists and lim y(#) exists also and the three limits are equal.
t—>00

b) The determinism of k is equivalent with the fact that the composition of the § — S
functions (see Remark 6.3.2)isa S — S function.
¢) We must show that for any u, ye S,d € R we have the implication

woté e Sand ye k()= (yor1ée Sand yord e k(uot?))
true. If ye k(u), let xe § whose existence is guaranteed by the definition of k so that

x€ j(u) and yei(x). By applying 6.5.1 to j, because u o les , we have that xo tles
and xo1?e J(u o’cd). We apply again 6.5.1 to i and we obtain Yy o1l e and
yotéei(xot?). Thus yot? e k(uot?).

d) ye k(u) & 3x,xe j(u)and yei(x) < Ix,xe ju)and ye i(x) & ye k(u)

6.8.3 Counterexample showing that the serial connection k of the constant DC’s i, j is not
necessarily constant and we consider for this the DC defined by
i(u)=Solge (u) AMxlx(t—0) -x(t) <u(t—d,) and x(t —0) - x(¢) Su(t—df )}

where d, 20,d y 20. i is obviously constant.

Let u =Y [100) for which 1€ i(u) and X4 ) € i(1) take place for any T20 and any

d 20. In order that Kk =ioi be constant, d , >0 must exist so that for any u = X[t,00)> the

signal y =Y[4 c0) should satisfy

Xy (O =y =00y Sut=dy)=y » (O (1)

Let such a d; fixed; by choosing d and T so that d < d; + 1 be true, (1) is false. k£ is not
constant.

6.8.4 Remark The set of the DC’s is a non-commutative semi-group relative to the serial
connection having the unit 7 :

iol=loi=i
Three of its important sub-semi-groups are represented by the deterministic, the time invariant
and respectively the symmetrical DC’s.



6.8.5 Theorem (the compatibility between the serial connection and the order) Let the DC’s
i, j,k . The next implications are true:

iCcj=iokcC jok
jJCk=iojcCiok
Proof Let u and ye (iok)(u), meaning that some x exists with xe k(u) and yei(x);
because ye j(x), we obtain ye (jok)(u).
On the other hand, if we suppose that ye (io j)(u), then x exists so that xe€ j(u) and
yvei(x). We get xe k(u) implying ye (iok)(u).

6.8.6 Theorem (the compatibility between the serial connection and A,v ) Let U — S and the
DC’s i, j,k .
a) If Yu,ilu) AU =D, then Yu,(io j)u) AU =D and
GAU)oj=(o j)AU
If Yu, j(u) AU # QJ, then we have
io(jAU)Cioj
b) If Yu,i(u) A ju)#3 , then Yu,(iok)u) A (jok)(u)#D and
(injlekc(ick)A(jok)
If Yu, j(u) Ak(u) =D, then Yu,(io j)u) A@{ok)(u)#2D and
io(jAk)yc(ioj)A(iok)
c) We have
(iv j)ek=(iok)v(jok)
io(jvk)=(icj)v(iok)
Proof a) Vu,(i AU)o j)(w)={yl3x,yei(x)and ye U and x€ ju)}=((ie j) AU)(u)
Yu,(io(jAU)wu)={yl3Ix,yei(x)and x€ j(u)and xeU}C
c{yl3ax,yei(x)and xe ju)}=(o j)(u)

b) Vu,((iA j)ok)u)={yl3x,yei(x)and ye j(x)and x€ k(u)}
c{yl3x,x', yei(x)and x€ k(u) and ye j(x')and x'€ k(u)} = ((iok) A(jok))(u)
Yu,(io(jAk)(u)={yl3x,yei(x)and xe j(u)and xe k(u)} c
c{yl3x,Ax", yei(x) and xe j(u) and yei(x')and x'e k(u)}= ((io j) A (ick))(u)

c) Vu,(iv j)ok)u)={yl3ax,(yei(x)or ye j(x))and xe k(u)} =
={yl3dx,(yei(x)and xe k(w)) or (ye j(x)and x€ k(u))}= ((iok) v (jok))(u)
Yu,(io(jvk)(u)={yl3x,yei(x)and (xe j(u)or xe k(u))}=
={yl3dx,(yei(x)and xe ju))or (yei(x)and x€ k(u))}= ((ic j)v (iok))(u)

7. Bounded Delays

7.1 The Consistency Condition

7.1.1 Theorem Let 0<m, <d,,0<my; <d; be given. The following statements are

equivalent:
a) Vues, u@ < Ju®
Celt—dy.t=dy+my] ECelt—df.t—df+my]
b) Vue S, Nu® Nu® =0

Eelt—dy t—d,+m;] &e[t—df d=df+my]



C) dr_ rSdfCll’lddf—medr

d) Yue §,3xe § Nu® <x()< Ju®
Eelt—d . t—dy+my] &e[t—df,t—df +my]
Proof a) © b): Vu, u® < Ju®

Eelt—-dyt—d,+m,] & lt—d f.t=dg+my]

& VY, Nu® U Nu® =1

Celt—dy.t=dy+my] Eelt-dy.t-dg+my]

v, u®© Nu® =1
Eelt—dyt—dy+m;] ie[t—df d=df+myg]

v, Nu@ - Nu® =0
Eelt—dyt—dy+m;] ie[t—df d=df+myg]
byec):  Vu, Nu® - Nu® =0

Eelt—dyt—dy+m;] ie[z—df,t—df +my]
S VLt—d, t—d,+m ] Alt-ds,t—df+ms]|#D
(= if Elt,[t—dr,t—dr+mr]/\[t—df,t—df +mf]=®, then wu exists so that
VEelr—d,,t—d,+m,],u(€§)=1 and Ve [t—dyt—dy +mf],u(§)=0 contradiction with
the hypothesis; < if Vt,[t—d,,t—d,+m,]/\[t—df,t—df +mf]¢@, then Vu,Vt,
V&e[t—dr,t—dr+mr]/\[t—df,t—df +my], u(€)=1 and u(§)=0 cannot be both true

and the conclusion results)
SV,(t—d, +m,<t—=dyort—dy+my <t—d,)

eVit—d,+m.2t-dyandt—dy+my 2t-d,
©d,—m,<dpandd;—myp<d,

a)<d) is obvious if we take into account the fact that ﬂu(é) ,
Eelt—dy t—dy+m;]
Uu(&) are signals, see Theorem 4.2.3.
&e[t—df Jd=df+myg]

7.1.2 Definition Any of the properties 7.1.1 a),...,7.1.1 d) is called the consistency condition
(of the bounded delay condition) (CCgpc).

7.1.3 Remark Let us see some special cases of satisfaction of CCgpc. If d, =d f =d and
m.=mg=m, CCgpc is fulfilled under the form d=>d—-m. CCgpc is also fulfilled if
m,=d, and m f =d f- If m,=m f =0, then the satisfaction of CCppc is equivalent with

dr:df‘

7.2 Bounded Delays
7.2.1 Theorem The next system
u@ <x(n)< Ju® (1)
Eelt—dp t—d+m;] &e[t—df,t—df +my ]

where u,xe § and 0<m, <d,, 0<my <dy defines a DC if and only if CCppc is satisfied.



Proof If CCppc is true, then (1) has solutions x for any u# and all the solutions satisfy
xe Solgc (u), see Theorem 6.3.4. If CCgpc is not fulfilled, then some u exists so that (1) has

no solutions.

7.2.2 Definition We suppose that CCgpc is true: d, —m, <d 1 d fomy <d, . The system
7.2.1 (1) is called the bounded delay condition (BDC); u,x are the input (or the control),
respectively the szate (or the output); m,,my are the (rising, falling) memories (or thresholds
for cancellation) and d,,d r are the (rising, falling) upper bounds of the (transmission)
delays (for transitions). The differences d y —m  , respectively d, —m, are called the (rising,

falling) lower bounds of the (transmission) delays (for transitions). We say that the tuple
(u,mr,dr,mf,df,x) satisfies BDC.

W .. . mr,dr,mf,df )
e also call bounded delay condition the function Sol BDC S > P*(S)
defined by
Solgggir’mf df ) ={xI@,m,.d,,my.dy,x) satsifies BDC}
7.2.3 Theorem a) The next system
u®  <x@)< Ju®©) (1)
ge[’_dr,male_df,min] ée[l—df,maxJ_dr,min]
where u,xe S, 0<d, min <d; max> 0=d ¢ min <d ¢ max defines a DC if and only if
dr,min < df,max ()
df,min < dr,max 3)

b) When (2), (3) are fulfilled, the system (1) and BDC from 7.2.1 (1) are equivalent, in
the sense that by a suitable choice of the parameters m,.d,,myg.dy.d; min,d; max

d ¢ min-d f max their solutions coincide for all .
Proof a) If (2), (3) show that the sets [1 —d . yax -t = d f min |, [ =d f max > —d} min ] are non-
empty and the inequalities 0<d, iy <d; max, 0=<df min <dy max show that the meet
[t —d)max>! =d f min IA[E=d f max,t —dy min ] is non-empty because

1=dfmax St=dpmip and t —d, yax <t—d; min

thus (1) has a solution for any u, similarly with the proof of 7.1.1. It is shown that for any u
and any solution x of (1) we have xe Solgc ().

Only if If d, min >d ¢ max then [t=d ¢ nax.t—d, min]=% shows that Vt,x(r)=0 in (1)

implying the existence of some u so that (1) has no solutions. Similarly for d ¢ iy > d; max -

b) We define
dy =dy max )
dp=dgm )
m, =d, max = df,min (6)
mg = df,max - dr,min )

7.2.4 Theorem (the property of compatibility between the initial values of the input and of the



my,dy Jmy ,df

output for BDC) If x€ Solgp - (u), then x(0—0)=u(0-0).
Proof u(0—0)=0 is equivalent with u(¢) < X[0,00) () . We have in this case

x(t) < Ju® < U%10.2) &) =X1d = g 0) (1) SX[0,00) ()

ﬁe[l—df t=dg+my] ﬁe[l—df t=dg+my]
ie. x(0—0)=0.
u(0—0) =1 is equivalent with u(¢) 2 X (=00,0) () and we have
x(t) 2 u@ = (% (=00,0) &) = X (<o, =) () = X, (<o0,0) (1)

Eelt—dy t—dy+my]  Eelt—dy t—dy+m,; ]

ie. x(0—-0)=1.
mr,dr,mf,df
7.2.5 Theorem Sol g - (c)={c},Vce B.
Proof If Vt,u(t)=c, then Vt, ﬂu(é) = Uu(g) =c.

Eelt—dy t—dp+my,]  Eclt—d fot—dp+my]

7.2.6 Remark We analyze BDC in the hypothesis that m, >0 in the following manner.
a) x(0-0)=0 and u(?)=Y[o,¢)(?), with 0<T<m,, i.e. we apply at the input a
‘short’, ‘insufficiently persistent’ 1-pulse. The situation is the one from the next figure, where

we remark that ﬂ u(§)  is identically null.
Eelt—dyt—dy+m;]

Mu(® ’

telt—d, f=d p+imy ]

| Ju®

E_,e[r.—ai'f,z—ai'f +P?2f]

df—mf L’if+’|:
Fig 9

x(t) = x(1) - X[df—mf A f+1) (1)
1€ (—oo,dy —my); x(t) =0 necessarily, the pulse from the input did not alter the output, that

keeps the initial value
te [df —my ,df +71); x(t)=0 or x(¢t)=1, 0 and 1 are both possible values of the output, that

could be altered by the pulse from the input
teld f+Te0); x(1) =0 necessarily, the value 1 from the input cannot alter the output any

longer
We observe that the 1-pulses of length shorter than or equal to m, (the dual situation



is true also) at the input are not necessarily transmitted to the output, thus BDC includes the
special case when such pulses are surely not transmitted. The last property strengthens the
inertial character of BDC.

b) x(0—0)=0 and u(r) =X[0,7) (), with ©>m,, in other words a ‘long’, ‘persistent’

I-pulse is applied at the input. This corresponds to the drawing in Fig 10, where
ﬂu(&) is not null:

Eelt—dy t—dy+m;]

i
= t
[
Eeli—dp. t—d+m ]
4
Uu(%) d, d,—m.+7
E_,e[z—df,z—df+nzf]
df —mf L’if+’E ‘
Fig 10

X(O)=x0 Xgd p-mp.dy) D OXdy dy—my+7) O OXO) Xd) —my+1.d f +7) (@)
1€ (—oo,d y —my); x(t) =0 necessarily, the input pulse did not alter the output
teld fomy ,d,); x(t)=0 or x(t)=1, 0 and 1 are possible values of the output, that could be
altered by the input pulse
teld,,d, —m, +7); x(t)=1 necessarily, the persistent input pulse has propagated to the
output
teld, —m, +7, df +71); x(#)=0 or x(t)=1, 0 and 1 are possible values of x, that could still

be influenced by the input pulse
teld f+T00); x(t)=0 necessarily, the state of balance=stability when x depends only on
the value lim u(¢#) =0 and not on the input pulse.
[—o0
We conclude that if u is 1 for strictly more than m, time units, then x becomes 1

with a delay of d e [d f—my ,d,] time units and, in a dual manner, that if « is O for strictly
more than m time units then x becomes 0 with a delay of d € [d, —m,..d ;] time units. Fig

10 best shows why d; —my =d, iy and d, =d, yax, see 7.2.3 (4),..., 7.2.3 (7), were

previously called the rising lower bound and upper bound of the delays, together with the dual
taxonomy.

This analysis has shown, by the use of the words possible and necessary that was
made on purpose, the existence of interference not only with temporal logic —this was obvious
from the very beginning- but also with modal logic. The idea is natural to all these authors
that consider temporal logic be a ‘modal logic aiming to express time dependent processes’,



together with Mihaela Malita and Mircea Malita (‘The Foundations of Artificial Intelligence,
1 Propositional Logics’, ed. Tehnica, Bucuresti, 1987, in Romanian).

Two interpretations of BDC exist, that we shall call the positive and the negative
interpretation.

The positive interpretation of BDC is the following: it is natural that the value of the
output be arbitrary when the input is not sufficiently persistent (in the previous case a) for

teld fomy ,d rt T) and in the previous case b), for
teldy—my.d,)vI[d, —m, +7,d; +7)). This fact could also be modeled by the replacement

of the set {0,1} with {0,%,1} -some authors do so- but this has algebraical disadvantages,
1

,5,1} is poorer algebraically than {0,1}. Non-determinism is another way

(ours!) of solving this problem.
The negative interpretation of BDC: it is not natural that at some time moment #; we

because the set {0

should have x(#; —0)- x(t;) =1, while V¢ <#;, u(t-0)- m =0 in the sense that x switches in
a manner that is not compatible with the (more or less) (left) local behavior of u .

! d

Fig 11

In other words, pulses on the output may exist that do not reproduce the pulses on the
input.
7.3 The Properties of the Bounded Delays

7.3.1 Theorem (The representation of the solutions of BDC). Let u,xe S and the numbers
0<m,<d,,0<m f <d f so that CCgpc is fulfilled. The following statements are

equivalent:
mr,dr,mf ,df
a) x€ Solpp - (u)
b) dye S so that x satisfies
x(1) = Nu® Uy Ju®
Eelt—dyt—d,+m;] F,e[t—df,t—df +my]

Proof We can take y(r) = x(z).

7.3.2 Remark Let 0<m, <d,,0<m; <d; and 0<m, <d,,0<m; <d; so that CCppc is

fulfilled twice: d, >d; —mys,df>d, —m,, respectively d,>d;—mp.dp>d, —m,.

The next statements are equivalent:



v
my,dy, my,dy,

d d
a) Vut, Sol g1 (uy a Solgr " () 2 @
b)d, >d;—mp.dp>d, —m,.d, >ds —ms.ds>d, —m,

. . o mydy,mg.df my,dy,mg.d )
and if one of them is satisfied, then So!/ B gcr f A Sol Bgcr ref exists under the form

u®© u u@ <x()< Ju® - Ju©)

Celt—dy t—dp+my] ﬁe[z—d},z—d}—km;] Geli=dfi—dp+my] ie[z—d} ,z—d} +m'f]

o Mmypdp,my.dyf m'r,d},m}',df . .
but it is not a BDC. On the other hand Sol BDC v Sol BDC exists without

other consistency requirements than those represented by the validity of the two CCgpc’s and
it is not a BDC either:

u®) - u@) <x)< Yu® v Ju®

Celt—dy t—dp+my] ée[z—d;,,z—d}+m;,] Geli=dfi—dp+my] ie[z—d} Jd=df +m'f]

7.3.3 Theorem Let 0<m, <d,.,0<my <d so that CCgpc is true. The next statements are

equivalent:

mr,dr,mf,df . e
a) Sol BDC is deterministic

b) the upper bounds and the lower bounds of the delays coincide
d, :df —mf,df =d, —m,
¢) the memories are null
m,=my =0
d) the bounded delay degenerates in a translation

Jdyrmye,d
3d >0, S0l ;=" <,

BDC
Jdprmyg.dyr .
Proof a) = b) The hypothesis states that Sol;ngc PSS has exactly one element, i.e.
Vu, u® = Ju® (1)

Eelt—dy t—dp+my] ée[t—df d=df+my]
We give u the values X[ co), X (—o0,0) @and we obtain

[%10,00) &) = X .00 () )
Eelt—dy t—dy+m;]

U100 € =X1a f = g o0y () (3)
&e[t—df d=df+myg]

()X (e0,0) (©) = X (=co,d —m,.) (1) )
Eelt—dy t—dy+m;]

U ee.0) @) =X(om,t o) ) 5)

&e[t—df Jd=df+myg]
(1) implies the equality of the functions from (2) and (3) and of the functions from (4) and (5)
and this indicates the satisfaction of b).

b)= ¢) We add the two relations term by term and we get m, +my =0. c) is true.
¢)=>d) From the hypothesis ¢) and from CCgpc we infer d, = df ,df >d, ie.
d, = df =d and 7.2.1 (1) becomes



ut—d)<x(t)fu(t—-d)
in other words Solggé)’d (w)={u(t—d)}.

d)=> a) Obvious, since [, is deterministic.

7.3.4 Theorem Let 0<m, <d, 0<m; <d; and 0<m, <d,,0<ms <d s so that CCppc is
fulfilled for each of them. The next statements are equivalent

mr,dr,mf ,df m;,,d'r,m'f ,d'f
a) SOlBDC C SOlBDC

b) Vu, Nu® < Nu® < Ju®© < Ju®
&e[t—d'r,t—d'ﬁm'r] Eelt—d, t—d+m; ] F,e[t—df,t—df+mf] &e[t—d},t—d}+m'f]
c) [t—d',,t—d',+m;]3[t—dr,t—d,+mr]
[r—df,r—df+mf]c[r—d'f,r—d'f+m'f]
d) dy—m,<d,—m, <d;<dj
dy-my<dg-mg<d, <d,

Proof Obvious.

mr,dr,mf,df L. . .
7.3.5 Theorem So! BDC 1S time invariant.

. d mr,dr,mf,df
Proof We choose u,xe S and d € R arbitrary so that uo 1" € § and xe SOZBDC (u)

be true. From the supposition that #(0—0)=0, i.e. uo 4 (1) £%[0,00) () and from
(xot?)1) < Ut =< U000 ©) =24 p-m .0y (1) S 20,0 ()
ée[t—df d=dg+my] &e[t—df d=df+myg]
we infer supp Do (xo1¢)c[0,00); and if w(0—0) =1, i.e. 10T (1) 2% (oo ) (@), then
(xot)(1) 2 ARG E ()% (00,0 €)= X (=eo,d ) (1) 2 X (—e0,0) (1)
Eelt—dy t—dy+my] Eelt—dy t—d+my]
from where supp Djg(x o ’cd) c [0,00) . Because
supp D(x o ¢ ) =supp Dy (xo ¢ )V supp Djg(xo ¢ ) [0,00)
we conclude that xot¢ € S . The inequalities

NwotHE < (xot?)n < Uwete)
Eelt—d, t—d+my] Eelt—d fot=dg+myg]

d mr,dr,n’lf ,df d
that we have already made use of show that xo 1" € Sol BDC (uot”).

mydpmg.df . N .
7.3.6 Theorem Sol g, ~ is symmetrical if and only if d,. =d y and m, =my.

Proof If We note with d the common value of d, =d; and with m the common value of
m, =myg. We get

reSolldmd iy oy Ma® <z Ju®
Eelt—d,t—d+m] Eelt—d,t—d+m]



e  Ju® <xn< (u@)

Eelt—d t—d+m) Eelt—d t—d+m]
& Nu®) <x0)< Ju®) o xe Sotfbmd )
Eelt—d,t—d+m)] Eelt—d,t—d+m)

Only if For u =% ) with T>m,,T>m g, we have

u© = X (o0, dy—my W[ T+d00) ()
Eelt—dy t—dp+my]

U @ = X(—oo,df IVITHd f—m g ,o0) ()
F,e[t—df d=dg+my]
ﬂ”(&) =Xldy v+dy—m;) )

Eelt—dy t—dy+my]

Yu® = Xld p-my vrd ) (0
&e[t—df ,t—df +mf]

. .. . - mydp.myg.dy )
The systems of inequalities that are inferred from xe Solg, - X[0,0))

X (0 ,d =ty V[T 00) (D) < X() Y (cood FVITHd pmp o) () 1e.

Xld g a+d p-my) (O <X =<X[d,~m, t+d,) (D)

mr,dr,mf,d

and respectively from xe Sol 5, ~ f (X[0,1))"

X[d,,‘c+d,—mr)(t)SX(Z)SX[df—mf,‘de)(t)
are equivalent —i.e. they have the same solutions- only if d,. =d y and m, =m .
7.3.7 Theorem Let the numbers 0<m, <d,,0<my <d; and OSm'r Sd'r,OSm'f Sd'f ¢
that d,2dy—-my,dy2d, —m, and d', Zd} —m},d} Zd', —m'r are true. Then

m,+m',»,dr+d'r,mf+m'f Af +de .

SOZBDC is a BDC and we have
m;«,d;,m'f,d'f mr,dr,mf,df _ mr+m'r,dr+d'r,mf+myf,df+d'f
Solppe °Solgpe =Solgpe

Proof We observe that dy+dy >d, +d, —m,—m,, d,+d,>d;+ds—ms—my, thus

rody+dy, odp+d
CCgpc is fulfilled again and Solglgzmr e AL hakes sense.

We prove

mp.dp,my.dg mr+m'r,dr+d;,mf+m'f,df+d'f

m' ,d' ,m' ,d'
b BDC < Solppe

S
SOlBDC o Sol

podpmy.d dpmp.d , dpmp.d
Let u arbitrary and ye Solpts"" 1 o 50120 00" () e, xe Solgh M ()

odymp.d , ,
exists so that ye Solggcrmf f(x). We infer u(0-0)=x(0-0)=y(0-0), ie. the

compatibility with the initial conditions is satisfied. Moreover:



u(®) <xE©) < Ju(w) (1)

e[&-d, E—d+m;] we[&—df ,é—df +m ]
x© <yn< Jx© 2)
F,e[t—d'r,t—d'r +m'r] F,e[t—d'f,t—d'f +m'f]

from where
N® = N Nu@ <
Eelt—dy—dyt~dp—dp+mp+my]  Eeli=dy i—dy+my |0€&=dp G=dptm;]
< x© <y@o< Ux® <
&e[r—d'r,t—d'r+m'r] &e[r—d'f ,t—d'f +me]
< U Uuw = Ju®)
&e[t—d'f ,t—d'f +me Joel&—dy S—df+my] Eelt—d g —d'f i=dy —d'f +mp +me]
dy+dy, edpd

thus ye Solglgzmr rrEr AL .
We prove

Solgézmr’dr+dr’mf +mf,df +df - Solgl;,gir,mf,df o Sol
and we must show that for any y with

(u(©) <y < Ju®©) 3)

Eelt—dy—dy t—dy—dy+mp+my ] Eelt-dp~d fa~dp~d f+mptmy]

mr,dr,mf,df
BDC

some x exists so that (1), (2) be fulfilled. The property is true for <0 and let against all
reason f =0 be the first time instant when the property is false. We suppose that y(z;)=0.

From (3)
N (u(@) =0
&e[to—d;,to—d'r+m',]we[é_drvé_dr+mr]
i.e.
¥gelty—d,.tg—d, +m,], Nu@ =0
we[&o—dr.Eo—dp+my]
(1) shows that we can choose x(f’;o) =0 and (2) is true, because

Nx® =x(Ep)=0
&elto—dy to—dy+my ]
in contradiction with the supposition that was made on the existence of 7. The same result is

obtained if we suppose y(ty)=1.

7.3.8 Corollary The set of the BDC’s is, relative to the serial connection, a commutative
semi-group where the unit is 7 .

7.3.9 Remarks If i is an arbitrary DC, then by its serial connection with a BDC we obtain an
arbitrary DC (not a BDC).

We combine now the order of the BDC’s from 7.3.4 with Theorem 6.8.5 of
compatibility between the serial connection and the order and with Theorem 7.3.7 related with

. . . R mp.dy.mg.dy
the serial connection of the BDC’s in the next manner. Let the BDC’s Sol BDC ,



',d', ' ,d' ",d , : ,d” v '
Solgh """ T and Solph " whete 0<m, <d,, 0<mj<d;, 0<m, <d,,

0< mf < d'f , 0L mr < d; , 0< mf < d;c and CCgpc is fulfilled three times. The implication

mpdypmy.dy mypdympdy
Solppc c Solppe =
m'r,d'r,m'f,d'f mp.dp.myg.dg m;,d;,m;v,d;v mp.dp.myg.dg
= Solppc °Solgpc c Solgpe °Solppc
means that
dy—m, <d,—m, <d; <dj
dy—mp<dp-m;<d, <d,
implies

dy+d,—m,—m, <d,+d, —m,—m, <ds+d; <d;+dy

df‘l‘df—m]v—ch Sdf+df—mf—mf Sdr+drgdr+dr

The other situation from 6.8.5 is similar

m'r,d;»,m'f,d'f m;,d;,m;v,d}
Solppc c Solppe =
dpmr.d podpmy.d dpmp.d rdymy.d
= Solph " o Sotg ST T ol h ST o st tT 4T
mpdpmyg.dyg . .. .
7.3.10 Theorem If xe Sol BDC (u) , the next inequalities are fulfilled:

u(t—d, —0)- (u@© <x(t-0)<u(t-ds;-0)u Ju®

Eelt—d,,t—dp+my) Celt-dp.t=dg+my)

Proof We take the left limit in BDC and use 4.2.1.

7.4 Fixed and Inertial Delays

7.4.1 Corollary of Theorem 7.3.3. The deterministic BDC’s are given by the equation

x(®)=u(t—d) (D)
where d >0; the non-deterministic BDC’s consist in the system 7.2.1 (1), where
m, +my > 0.

7.4.2 Definition For u,xe S and d >0, the relation 7.4.1 (1) is called the fixed delay
condition (FDC). The delay defined by this equation is also called pure, ideal or non-inertial.
We also call fixed delay condition the function 7 .

A delay different from FDC is called inertial.

7.4.3 Remark A special case of inclusion at 7.3.4 consists in the situation when the left BDC
is deterministic. Let de[d, —m,,d, ] A [df —my ,df ]; then the statements

t—d,<t—d<t-d,+m,,t—dy<t—-d<t—dy+my
u@© <u@-d)< Yu®
Eelt—dy t—d+my ] Eelt—d fot—dptmy]

mpdpmyg.dyg
make us conclude that 1; < Sol gy, - .



7.4.4 Corollary FDC is deterministic (Example 6.3.3, Theorem 7.3.3), time invariant
(Example 6.5.5, Theorem 7.3.5), constant (Example 6.6.2) and symmetrical (Example 6.7.2,
Theorem 7.3.6). The serial connection of the FDC’s coincides with the composition of the
translations: for d 20,d'>0 we have

Lgolg=1gpeoly=14uq

7.4.5 Remark At Definition 7.4.2 inertia was defined to be the property of the DC’s of being
not ideal. In particular the non-deterministic DC’s, for example the non-trivial BDC’s where
m, +my >0 are inertial.

8. Absolute Inertial Delays

8.1 Absolute Inertia

8.1.1 Theorem Let the numbers 8, 20,8, 20. When xe S, the next conditions are

equivalent:
a) x(t-0)-x()< [«
Eelr,t4+8,]
x(t-0)-x)<  [)x@)
&e[t,t+8f]
b x(t-0)x()<xt-0)- [)x©
Eelr,14+8,]
x(t=0)-x() S x(t-0)-  [)x(E)
&e[t,t+8f]
0 x(t=0)-x()=x(t-0)- (x(©)
Eelr,t+0,]
x(t=0)-x()=x(t=0)-  (x(E)
ie[t,t+8f]
d  x=0)x(<x(t=3;-0) [)x©)
&e[t—é‘)f )
x(t—0)-x(O) S x(t-8,-0)-  [x(©)
Ee[t—5, 1)

e) Vd <d', x(d—0)-x(d)=1and x(d'—0)-x(d')=1=d'-d > §,
Vd <d',x(d —0)-x(d)=1and x(d'-0)-x(d")=1=>d'-d > 8

Proof a) = b) Both terms of the first inequality from a) are multiplied with x(z —0) and the
first inequality from b) results.

b) = a) x(t—=0)-x()<x(t—-0)-  [x&< [)xE©
Eelt,t+0,]1  Eelt,1+d,1]

a) = c) In the system

x(t=0)-x(< [)x@<x)
Eelr,1+8,]

we multiply all the terms with x(r—0).



)= a) x(t=0)-x()=x(t-0)- [x@< [)xE&)
Eelt,r+0,1  &elr,1+3,]

a)=e) Let d <d' arbitrary so that
x(d —0)-x(d) =1and x(d'-0)-x(d") =1
a) states that u® =1 and Nu@® =1, thus [d.d+38,]A[d'.d"+8;1=@ from
Eeld.d+5,] Eeld'.d'+3 £ ]
where d + 8, <d' and the conclusion is d'-d >3,
e) = a) We suppose that a) is not true, i.e. d exists with
x(d=0)-x(d)=1land  [|x(€)=0
Eeld,d+8,]
meaning the existence of d'e (d,d +90, ] where x switches from 1 to O
x(d'-0)-x(d") =1
We have d'-d <9, , contradiction with e).
d) = e) Let us take two numbers d <d' so that
x(d-0)-x(d)=1and x(d'-0)-x(d'") =1
resulting
x(d-38;-0)- ()x© =land x(d-8,-0)- [)x(©) =1
F,e[d—Sf,d) Eeld'-5,.,d")
In other words €; >0 and €, >0 exist with the property
VEe [d—Sf —£1,d),x(§)=0
VEe[d'-d, —€,,d"),x(&) =1
d —Sf —€1,d)A[d'-0, —€,,d") =D
The last empty intersection gives the conclusion that
d<d-%,-¢,
is true, i.e. d'—d 29, +€5 >9,.
e¢) = d) If d) is not true then d' exists so that
x(d'—0)-x(d")=1and x(d-8 ; —0)-  (|x(€) =0
ﬁe[a"—ﬁf ,d")
This means that for any € >0 some d e [d'—Sf —¢,d") exists with

x(d-0)-x(d)=1
The inequality d'-8y —€<d thatis true forall €>0 gives d'-d <8, thus e) is not true.

8.1.2 Definition Any of the properties 8.1.1 a),..., 8.1.1 e) is called the absolute inertial
condition (AIC). §,,8 ¢ are called the (rising, falling) inertial parameters. If AIC is fulfilled,

we say that the tuple (3,,8 7, x) satisfies AIC. When 8, =8, =0, AIC is called trivial and if
9, >0 or Sf >0, then AIC is called non-trivial.

5,.,0 .
We also call absolute inertial condition the set Sol A;C I < S defined by

§,.5

SOlAIC

- {xI (5r,5f ,x) satisfies AIC}



8.1.3 Remarks For all <0 and all x, AIC is trivially fulfilled since
x(—=0) - x(t)=x(-0)- E =0. This property represents the compatibility between RIC and
the initial value of x.

The interpretation of AIC results from Fig 12. We observe how the switch

x(tp —0)-x(tp) =1 in the 8.1.1 a) version assures that x will remain 1 for a time interval of
length t3 —t, >0, and in the 8.1.1 d) version assures that x has remained O for a time
interval of length #, —#; >8 ;. When 7 runs in R, the two conditions are equivalent.

To be remarked the Way that any of 8.1.1 a),..., 8.1.1 e) degenerates in the trivial

situation §, =9 r=0: Sol% A IC =S . To be remarked also the intermediary situations

|
|
|
fl fz—af fz 52+5r i

when one of &,>0,8; =0, respectively 8,=0,8;>0 1is true and the inclusions

Sol A;C o c S are strict. In fact we have

6,.,0 6 3 . ,
SOZA;CfCSolAICf@5,25,and5f25f
8,,8f f max(S,,S'r),max(Sf,S'f)
SOlAIC A SOlAIC = SOlAIC
8.8 f 8,8 f min(8,.8,).min(3 ¢.8 1)
SOZAIC v SOZAIC = SOZAIC

8.0 ¢ . )
The set Sol A;C 7 is not closed under the Boolean laws if 8,>0 or 67 >0, for
1,0 _ 1,0
example X[0,2)-X[1,3) € SOZAIC and X[1,2) =X[0,2) " X[1,3) & SOlAIC .
8.2 Absolute Inertial Delays

8.2.1 Definition Let the numbers 6, >0, Sf >0. If the DC i satisfies Vu,i(u) C SolAICf ,

then it is called absolute inertial delay condition (AIDC). We also say that i satisfies AIC
(represented by Sol ICf ).
8.2.2 Remark Intuitively, we say that AIDC expresses a cause-effect relationship between an

input and an inertial state, so that for any form of u, the variations of the delayed signal x
cannot be faster than the satisfaction of AIC allows.



5.5

8.2.3 Examples A DC i with the property Vu,i(u)A Sol ;-

I 2@ defines the AIDC

5,0 5,,0 .
i/\SolA;Cf. For example Solgc- /\SOIA;Cf is AIDC for any 8,220,820 and

5.5 ,
14 ASol 7, d 20 is AIDC for §, =5 =0 only.

On the other hand, the next functions
1,if 3 lim u(t) and lim u(t) =1
i(u)=

f—00 f—>00
0, otherwise

[—>0 [—o0

0,7 3 lim u(t) and lim u(t)=0
i(u)=
1, otherwise

t—00

() (X[z.o0) 1T2 0}, if 3 lim () and lim u(r)=1
i(u)= f=5e0

{0} V{X (o0,1) 1 T2 0}, otherwise

t—>00

{0}V (X (oot 1720}, if T 1im u(®) and lim u(r)=0

i(u)= 1=
{1} v {X[1,00) | T2 0}, otherwise

are DC’s satisfying AIC for all 3, 20,8 20.

8.2.4 Theorem Let 0<m<d. The deterministic DC (see Theorem
x(t) = ﬂu(&) satisfies
Eelt—d,t—d+m)
x(t=0)-x(n<  [x(©)
Eelt,t+m]
and its dual x(7) = Ju© satisfies
Eelt—d,t—d+m)
x(t-0)-x()<  [)x(©)
Eelt,t+m]
Proof We show the first of these two properties. The hypothesis states
d">d' and x(d'-0)-x(d") =1and x(d"-0)-x(d") =1
from where we infer (see 4.2.2)
u(d'—d —0)- (u© -u(d-d+m)=1
Eeld'—d,d'-d+m)
u(d"—d —0)- u®© =1
Eeld"-d,d"—d +m]

i.e. d'—d+m=d"-d —¢ for some €>0 and eventually d"-d'>m.

6.3.4)



i
M+T HA+T+E
ﬂu(%) —
Ee[t—d f—d +m]
f
d d+7T d+m+T+s
%{,—)
#AE
Fig 13
i
t
g
| Juce)
Ee[t—d t—d +m]
t
o —m d+&
e
Fig 14

8.2.5 Theorem Let 0<m, <d,,0<m; <dy so that dy 2d,—m,.d. 2dy—my is true.

The system
x(t=0)-x(t) = x(t—0)- (u(©) (1)
Eelt—-dpt—d,+m;]
x(t = 0) - x(t) = x(1=0) Nu® )

&e [t=df.t=dg+my]
satisfies the next properties:
a) (the property of compatibility of (1), (2) with the initial conditions)
x(0—0)=u(0—-0) and for any # <0 we have

x(t—0)-x(r) = x(t = 0) - u® =0 (3)
Eelt—d . t—dy+my]
x(t=0)- x(t) = x(t = 0)- Nu@ =0 )

e [t-dft—dg+my]
b) (1), (2) have a unique solution xe §.



c) (the property of compatibility of the system with the final conditions) (1), (2) define

a deterministic DC i: xe Solgc(«) and if 3 1im u(¢), then # exists so that Vz ># we have
t—>o0

(3), (4) fulfilled.

d) xe Soldf—dr+mr,d,—df+mf

AIC

mr,d,,,mf,df
e) x€ Solpp -

f) (1), (2) are time invariant

g) (1), (2) are constant

h) (1), (2) are symmetrical iff d, =d y and m, =m .
Proof a) If x(0—-0)#u(0—-0), then we suppose x(0—0)=0,u(0—0)=1. This implies that for
any t<0<d, —m, we have

0=x(t—0)-x(t) # x(r —0) - u© =1
Eelt—dp t—dy+m;]

contradiction and similarly for x(0—0)=1Lu(0-0)=0. Thus x(t—0)=u(t—0)=c for any

t <0, where ce B is some constant and we get x(t—O)-x(t)zx(t—O)-%=c-Z=0. At the

same time, ¢ <0 implies that ﬂu(&) is equal with ¢ and ﬂ@ is
Eelt—d, t—dp+my] F,e[tzdf d=df+my]
equal with ¢ so that
x(t—0)- u® =cc=0
Eelr—d, t—d,+m; ]
x(t—0)- Nu® =cc=0

F,e[t—df Jd=df+my]
and the truth of a) results.

b) The solution is unique for 7<0 and is given by x(#)=u(0—-0). The non-
uniqueness means the existence of a time instant #{ 20 with the property that V<t the
solution is unique and on the other hand x(¢;) =0, x(¢;) =1 satisfy both (1), (2). We suppose
x(t; —0)=0 and (1) becomes

x(ty) = u©
Celt—dyp.t1—dp+my]
from where either x(f;) =0, or x(¢;) =1 is true but not both. Similarly for x(t; —0)=1. As #;
was arbitrary, the solution is unique.

¢) We suppose without loosing the generality that 37y = 0,V¢ 21¢,u(z) =1 and we have

two possibilities:
ci) x(fj+d, —0)=0. From (1) we have x(t;j+d,)=1 and Vt>t +d,,
x(t)=1 and (3), (4) are fulfilled
c.ii) x(ty +d, —0)=1.Then V¢t 2t +d,, x(t)=1 and (3), (4) are fulfilled too.
d) The hypothesis is
d'>d and x(d —0)-x(d)=1and x(d'-0)-x(d") =1

Nu® Nu® =1

Eeld—dy.d—dy+m,] Eeld—d f.d'—d f+my]

resulting



=ld-d,.d—d, +m]nld-dy,d—-d; +my]=2
=d—-d,+m,<d-dgord=dy+my <d-d,
=d-d>d;—d, +m,

(the inequality d'-d <dy—my—d, represents a contradiction, because the left term is

strictly positive and from d y —my <d,, we get that the right term is non-positive).

U
- £
Mp+ & Mp+y+E+E
(& —
Eeli—dp t—dy +ig ]
¢
Uﬁ(ﬁ) 7 i dr+E dp+Mp+iy+etd
E_,E[i—df ,z—d’f +m_f]
£
dy—my dy+my+& dy+m, +6+8
d g —dp+mp+e dp—d ¢ty +e
Fig 15
e) We suppose against all reason that 7,u exist so that ﬂu(&) =1 and

Eelt—dy t—dy+m;]

x(t)=0; we get from (1) x(t—0)=0 and x(r—0)=1 and on the other hand, because
ﬂr&) =0 (from CCgpc) equation (2) gives %:0, thus x(») =1,
ge[t—df Jd=df+myg]
contradiction. In other words ﬂu(ﬁ) <x(1). The inequality
Celt—dy.t—dp+m;]
x(1) < Ju®  is similarly proved.
ﬁe[t—df d=df+my]
f) We show that i is time invariant and the hypothesis is uot?e S and x=i(u),

where de€ R 1is arbitrary. Because i(u o ’cd)e S and xot? =i(uo ’cd) (as resulted by the

d

replacement in (1), (2) of u,x with xoT% ,uc ¢ ), the fulfillment of this property follows.

g) The inequalities

x(t—0)- x(t) = x(t = 0)- Nu® <u(t-d,)
Eelt—dy t—dy+m;]
x(t—0)- x(t) = x(t —0)- Nu@  <ut—dy)

ﬁe[t—df d=df+my]
show that i is constant.
h) xei(u) & xei(u) is equivalent, from the form of (1), (2) with the fact that



Nu© = (u(©)

Eelt—dy t—d,+m,]  Eelt—d foi—dp+my]
and with the fact that d, =d y,m, =my.

8.2.6 Remark If in 8.2.5 we put m, =my =0, then CCgpc implies d,. =d; =d and the

system

x(t=0)-x(t)=x(t—-0)-u(t—d)
x(t—0)-x(t) = x(t—0)-u(t —d)
is equivalent with FDC (it has the same solution).

8.8 F . . .
8.2.7 Theorem a) Solg- A Sol A;C 7 is time variable.
3,.8¢ . L
b) Solgc A Sol 45 I is symmetrical iff 8, =8;.
Proof a) See Example 6.5.5 b) where the time variability of Solg. is shown.

b) If Like at 6.7.2 b), by replacing Solgc with Solgc A Sl
Only if We suppose against all reason that 8, <8/ ; by taking a € (3,,86) we have for

3,.,0 — 8,.,0
some u (with limu(r)=1 false) that Yo g) € Sol A;C F and X[0,5) & Sol A;C r,
t—>00

contradiction with the symmetry request

Yu, Solgc (u) A Sol
Similarly for 8 ; <39,

- 5,0
o = (x1xe Solge () aSolyr) )

8.2.8 Theorem Being given the non-negative numbers 9,,d 7 ,5;,8} and the DC’s i, j, the
next properties are true:

a) (l/\SOlAICf) (]/\SOZAIC )= (zo(J/\SolAIC ) A SolAIC c(io ])/\SOZA§Cf
b) If Vu, l(u)cSolAIC ,](u)CSolAICf then Vu, (i o j)(u)cSolAICf.

Proof a) From 6.8.6 a).

=y a)
b) Vu,(ie j)u)=((A SolA,C )o(j ASolA,C D) ((ie j)A SolA,C Ju) < (io j)(u)
thus io j=(io j)A SolAICf . The conclusion follows.

8.3 The Consistency Condition
8.3.1 Theorem The numbers O0<m,<d,, O0<myp<d; are given so that
df2d,—m,,d.2dy—myg is true and let also 8, 20,67 20. The next statements are
equivalent:

a)8,+8, <m,+my

b) For any u e S, the system of inequalities

u@ <x)< Ux®

Eelt—dy t—dy+m; ] Celt—dg.t=df+my]



x(t—-0)-x(<  [)x©

Eelt,t+0,]
x(t=0)-x(ns ()
ée[z,z+8f]
has a solution xe S.
Proof a) = b) The next possibilities exist:
(47
' t
nu(é_‘) My+& Mp+is+E+E -
Ecli—d . t—dp+r ]
d.d,+g ca.r,,+mr+mf+s+s'f
| Jut® e
E_,e[z—cif,z—df+mf]
I dp—myp dp+m.+8 de+m,+e+8 ¢
dy M, +E+¢ ,
¥ (if-f?’lf Cfr.+E
d gt Hl, + &+ &
z| dp—my dy—ms+8,+8 J
¢

dp+0y—tMp—Myp d,+e d,+0s+E+E

Fig 16

Dd.—dp+mp28,,dp—d.+m.28¢

i) d, —dy+my <8r,df -d,+m, = Sf

i) d, —dy+my28,,dy —d, +m, <38y
because the fourth possibility, ie. d.—dy+mp<8,,dp—d,+m. <8 gives the
contradiction 0, +9 f>mp+myg . Itis sufficient without restricting the generality to consider
the input

u(t) = X[0,m, +e)v[m, +m f +e+e',00) (1)

that produces a 1-pulse followed by a O-pulse at the output, where €,€'>0 are arbitrary, for

which the existing solutions of the system in the three cases 1), ii), iii) have been noted in Fig
16 with x,y,z. For d, —dy +my 28,, dy —d, +m, 28 (case 1)) and

x(t) = X[df —mf.,dp+e)V[d f +my+e+€,) (1)



it is obvious that BDC and AIC:

d.+e—dp+mp>8,,dy+m, +e+e-d, —€>d;
are fulfilled. In the case of

y()= X[df —mp.df—mg+8,+e)v[d f+my+e+e’ ) (®)
if d, —dy+my <38, (consequence of case ii)) we have BDC and AIC fulfilled under the
form

d,+e€<dy—my+8,+€<dy+m, +¢
dp—my+8,+e—dp+my>8,,dp+m,+e+e=ds+my—38,-€>0;

and similarly for

2O =Kdp+8 f ~mp—m g dp+e)vid, +8 f +e+e’,o0) (1)
if df—d, +m, <8, (consequence of case iii)) where BDC and AIC are fulfilled again:

dp—mp<d,+8y —m.—my <d,
d.+e—d,—8p+m.+ms>8,,d.+8; +e+€e-d, —€>0y
b) = a) We consider the input
() = L[0,mp+€)VImy +m f +28.2my+m f +3E)V[20my +m ¢ )+4e3m, +2m f +5e)v... (1)

where € >0 is arbitrary

1
2m, My +38
ﬂu(%) M. +& M+ Mg+ 28 ¢
ée[f_drsf_dr+mr] fir+mr dr‘ + i, ;
Uu(?;) d, d,+& +My+28 +My+38
E_,e[z—.:ff,z—df+mjf]
t
dy—My dyp+m.+e dy+m.+28
Fig 17

The hypothesis states the existence of a state x of the form
x(0) = A1y, 12)v(13.12)v... (D)
where
S, <t) -t
dp <tz—t
O, <ty—t3

and #; <t <t3 <t4 <... are arbitrary numbers so that
df —myg <n < dr

d,+e€<ty<dy+m, +€



dy+m,+2e<t3<d,+m,+my +2¢
dp+m,+mp+38<ty<ds+2m,.+myg+3¢

dp+2m.+mp+4e<t5<d,+2m, +2m; +4¢

We infer
8, +8, <tz3—t1<d,—dy—m.+2(m, +my)+2e<2(m, +my)+2¢

200, +8p)<ts—ty<d,—dy—m,+3(m, +my)+4e<3(m, +my)+4e
30,4+ ) <t7—t1<d,—dy—m, +4(m,. +my)+6e<4(m, +ms)+6€

and thus
Vn21,Ve>0,8, +8; <”T+1(mr+mf)+28

8.3.2 Definition Given the numbers 0<m, <d,,0sm; <d; and 8, 20,8, 20, the system

of inequalities
dr de —Wlf,df Zdr—mr

8r+8f Sm,+mf

is called the consistency condition (of the bounded absolute inertial delay condition)
(CCgaO).

8.3.3 Remark (Special cases of CCpaipc) If m, =my =0 then CCpampc becomes d, =d ¢
and 8, =8, =0 and the system 8.3.1 b) is equivalent with FDC. For m, =d,,m; =dy
CCgampc becomes 9, +5f <d, +df ; and in the symmetrical case m, = my =m,

d, de zd,S, :Sf ZS,CCBAIDC means SSWL.

8.4 Bounded Absolute Inertial Delays
8.4.1 Definition Let u,xe S and the numbers 0<m, <d,,0<my <d;,0<3,,0<8 so that

dp2d,—m,,d.2d;—my and 8, +8; <m, +my are true. The system of inequalities

u®@ <x(n< Jx®© (1)
Eelt—dy t—dy+m;] &e[t—df,t—df +my]
x(t=0)-x(n<  [)x(©) 2)
Eelr,t+68,]
x(t=0)-x(s ()2 3)
ée[t,t+8f]

is called the bounded absolute inertial delay condition (BAIDC). When BAIDC is fulfilled,
we say that the tuple (u,mr,d,,mf ,df,S,,Sf,x) satisfies BAIDC.
We also call bounded absolute inertial delay condition the DC

e A N s

SOZBDC

8.4.2 Remark BAIDC is a DC indeed, from Theorem 8.3.1. Its interpretation is obvious: x is
a solution of BAIDC if it switches from O to 1 with a delay d € [d f—m f,d +] and then it

keeps the value 1 for strictly more than J, time units and dually if it switches from 1 to 0



with a delay de€[d, —m,,d ] and, after the switch, a new switch may happen after strictly
more than 8 ¢ time units.

BAIDC keeps the negative interpretation of BDC, see 7.2.6.
8.4.3 Theorem We suppose that 0<m, <d,, 0Smy <d, OSm'r Sd'r, OSm'f Sd'f and

9,20, & 720, 8; >0, S'f >0 are given and they satisfy CCgapc twice. In such conditions

my,dpmg.df 8,0 ¢ m;»,d;,,m'f ,a"f 8',,8']0
SOZBDC /\SolAIC , SOlBDC /\SolAIC ,
ity dyptdymp+me.d s+d. 5.8 )
Sol:;lr)cmr rrEr TR AT A Sol A?Cf are BAIDC’s and the next property of serial

connection holds:

mydymp.d 5p.8 my,dpmyg.d 5.0
s T NSl 0T Yo (Sol gl T A sot T

(Sol BDC arc’ )<

mr+m},dr+d},mf+m},df+d} 5;,5}
c Solgp A Sol y1¢

Proof We observe that 8', +8Vf Sm', +m} implies 8; + S'f <m, +m'r +my +m'f thus,

taking into account Theorems 7.3.7 and 8.2.8, the result follows.

9. Relative Inertial Delays

9.1 Relative Inertia

9.1.1 Theorem Let the real numbers 0<p, <3,,0spu; <8;. The next statements are
equivalent
a)  x(r—0)-x(t)< Nu©
Eelt—8,,t=0, +1, 1
x(t—0)- x(f) < Nu@®
Celt=0 . t=8 ¢+ r]
b) x(r—=0)-x(t) < x(t—0)- u©
Eelt—8, .10, +1,]
x(t = 0)- x(t) < x(t - 0)- Nu®
Ee [t=8 f ,t—Sf +uf]
where u,xe S .
Proof Similar with the a) < b) part of the proof from 8.1.1.

9.1.2 Definition Any of the properties 9.1.1 a), 9.1.1 b) is called the relative inertial condition
(RIC). u,x are the input, respectively the state (or output) and U,,98,,1 7 ,0 r are the (rising,

falling) inertia parameters. We say that the tuple (u,l,,d,,1 f ,0 f ,x) satisfies RIC.

L . . B updf «
We call also relative inertial condition the function Sol RIC S>> P*(S)

defined by

RINTIR
Sol;fcr“f T ()= {x1 (1,8, .1 .8 7, x) satisfies RIC)



9.1.3 Remarks The compatibility between RIC and the initial values #(0—0),x(0—0) is

given by the fact that for any <0 we have x(t—O)-x(t)zx(t—O)-%zO, thus RIC is
fulfilled trivially.
The word ‘relative’ in our terminology refers to the fact that u,x occur both in RIC.

We interpret this condition now by recalling some quotations.

[12], [13], see 5.13 a): the inertial delays ‘model the fact that the practical circuits will
not respond (at the output) to two transitions (on the input) which are very close together’. In
case that two transitions of u are ‘very close together’, i.e. if # has a 1-pulse of length <y, ,
respectively a O-pulse of length <u s, then the function ﬂu(&) , respectively

Ee[t—8,,1—0,Hu ]

ﬂ@ is null, thus the function x(t —0)- x(¢), respectively x(t—O)‘% is null
ée[t—Sf =8 r+ur]
too.

In this context we rewrite a quotation from [11], see 5.13 b): ‘pulses shorter than or
equal to the delay magnitude are not transmitted’ in the next manner: ‘pulses shorter than or

equal to N, (respectively u f) are not transmitted and pulses strictly longer than [,
(respectively than [ ¢ ) may be transmitted’.

On the other hand 5.14 ii) and 5.16 i) look like RIC with 8, =8/ =dp,,
M, =W ¢ =dpy;, —0 in the latter, point of view that agrees with the one from [12], [13] see

Convention 5.3 stating that : ‘the transmission delay for transitions is the same as the
threshold for cancellation’. Here §,,0 £ actas ‘transmission delays for transitions’ even if

they are rather ‘minimum transmission delays for transitions” and [, ,ll s act as ‘thresholds

for cancellation’. ‘The same as’ means that the two quantities differ by a small infinitesimal.
Furthermore, let us recall [1], see 5.15 with: ‘changes should persist for at least [}

time units but propagated after l,ly > 1| time’. In our formalism, if we accept the rising-
falling symmetry, we have: /j=Q, =ptr,lp =8, =08, and ‘changes should persist for
strictly more than 1 time units but propagated after more than or equal with 1,1, 21, time’.

9.1.4 Theorem (The relation between RIC and AIC) Let 0, <8,,0Spu <8/ arbitrary. If

Wyes0p L £,0 8 £—0,+U;,0,—8 £+
8p 28, -1, .0, 287~y then ‘v’u,SolR;Cr ! f(u)CSolA{C riErSrTSfTR

R IRTIR
Proof Let d <d', u and xe Sol;;C rlfof

x(d—0)-x(d)=1and x(d'-0)-x(d") =1

Nu® = Nu® =1

Eeld—8,,d-8, +1,] ge[d'—Sf,d'—5f+uf]
3[d—8r,d—8r+Hr]/\[d'—8f,d'—8f +Hf]=@
:>d_8r+“'r <d'—8f OI’d'—Ef +l.lf <d—8r

(1) so that

We get

:>d'—d>8f—8r+l.lr 07‘d‘-d<8f _l"Lf_Sr
=>d-d>d; -3, +,



(The inequality d'-d < fMy = 9, is false, because the left term is strictly positive and the
right term is non-positive).
The proof is similar for the second inequality.

9.1.5 Definition In the next property:

ROPNTIV R
Ve >0,3d,3d",3u, Ixe Solpr " (u) so that

x(d-=0)-x(d)=1and x(d'-0)-x(d")=1and |d -d'l< ¢
the signal x whose existence is stated is called Zeno solution of RIC (expressed by

urﬁr,uf ,Sf
SOZRIC ).

.. e Hpdplpdr
9.1.6 Theorem The necessary and the sufficient condition in order that Soly;~ has

no Zeno solutions is that 8 y >8, —l1,,8, >87 —Us.
Proof The necessity We suppose against all reason that & f< O, —WU, and let u= X (—o0,0) fOr
which

(%X (=00,0) &) = X (=00, -1, (©)
Ecl1—8,,1—0,+Huy ]

Celt—=8 . t-0p+ur]

ROPRTIRY _ .
We have for any €>0 that x=Yg Fedp) € Solzlrcr Hrof (u), contradiction with the

hypothesis. The supposition that 8, <8 ; —[1 ¢ is similar.
The sufficiency results from Theorem 9.1.4.

T -
9.1.7 Remarks We have for any ae B that Solby "™/ (a)={0,1} v {a ® Y.y 1720}

On the other hand RIC is a constancy condition, in the sense that
x(t—0)-x(r) Su(r-9,)
xX(t=0)-x(t) Su(t-38 7)

9.2 Relative Inertial Delays
9.2.1 Definition Let the numbers 0 <, <3,,0<p <87 and the DC i. If i satisfies the

urﬁr,ufﬁf ()

condition Vu,i(u) < Sol RIC then it is called relative inertial delay condition

Hr’sr’llf’sf)

(RIDC). We also say that i satisfies RIC (represented by Solp,;~

My By lp 8 f

RIC (u) # D, then it defines (see

9.2.2 Examples a) If the DC i fulfills Vu,i(u) A Sol

RRTIR o
Theorem 6.2.4 c)) the RIDC i/\SolzIrC rifof . The extreme situations are expressed by

Solgc and respectively by I;, that define in this manner RIDC’s for all W,,8,,1 7,8,
respectively for b, =i r =0,8, =8, =d.

b) The next functions



—>00 t—>00

Lif 3lim u(t) and lim u(t) =1
i(u)=

0, otherwise

0,if 3 lim u(¢) and lim u(t)=0
1, otherwise
and more general the next functions

O, + Du, Du+@
{I}V{X[T,m)|’525},8={ , + max supp Du, supp Du

’

0, supp Du=2
i(u)= if 31im u(t) and lim u(t) =1
t—00 t—>o0

0, otherwise

0 ¢ + max supp Du, supp Du #
{O}v{m-w,nlrza},&{ / PP PP TR

0, supp Du=329
i(u)= if Eltlim u(t) and tlim u@)=0
—>00 —>00
1, otherwise

are DC’s defining RIDC’s like at a) for all ur,ﬁr,uf ,Sf .

c)Let 0<m<d .From 4.2.2 we have that the DC x(¢) = ﬂu(&) satisfies RIC
Eelt—d t—d+m]
x(t - 0) - x(r) < (u©
Eelt—d t—d+m]
x(t—0) - x(t) < u(t —d +m)
and dually for x(¢) = Uu(&) .
Eelt—d t—d+m]
d) The DC that is defined by 8.2.5 (1), 8.2.5 (2) satisfies the relative inertial condition
x(t—0)-x(r) < u©
Eelt—d, t—d+my]
x(t—0)-x(t) < u©
F,e[t—df d=dg+my]

9.2.3 Theorem Let 0<p, <8,,0<Sp; <d.

Brupdp . . .
a) Solgc A Sol;;c rR2F s time variable.
B pd
b)Solsc A Solsre™ i symmetrical iff p, =p 7,8, =8 1.
_ Sy fd
Proof a) Like at Example 6.5.5b), 1=107"' € S and gy € Solgc (1) A Solir ™27 (1),

but X[0,00) © T_l =X[-1,0) & S.
b) Only if For u =Y ., we compute



(%X10,00) &) = X[5,.00) (1)
Ee[t—8, 10, +1y ]

(X (=0.0) &) = X008 p—u ) (@)
Celt—=8.t=8 p+ur]

(% (=e0.0) &) = X (—c0,8, ;) (1)
Eel1-0, 1—0, 41y ]

(V10,600 ©) =25 ) (1)
Celt—8.t-0p+ur]
The systems of inequalities

Xt = 0) - X(1) X5, om) (1) X(t = 0) - X(1) < X (—eo5, -, (1)
Mt =0) XD Sh (oo pupy @) |3 =0)x() S X5 4 o) (1)
are equivalent only if 8, =8 ¢ and u, = s.

9.2.4 Remark A property like the one that was stated for AIC in Theorem 8.2.8 is not true for
RIC. Let for this the statement 8.2.8 a)

u u (IR TP
(SozSCASolR;C’ £37, (Solsc ASolge 177 )=
WLypsOp oL 0
= (Solgc  (Solsc ASolgre 4 ) ASo z”’ i3S
C (Solgc o Solgc) A Solprs 21 (1)

where u; :u'r,S; :8',,;1'} :u'f,ﬁ'} :S'f or, in any case, u;,S;,u‘J’c,S} are fixed and
depend  on ur’sr»llf,Sf,M;»S;,M},5} only. We take  u(t)=Y[y.c0)(0),
x(1) =1, y(1) =X [19,00) (), 0=1¢,0=1; for which

PRI BT
ye Solge(x)and ye SOZ;;C rif f (x) and xe Solgc (u) and xe SOZRIC T ()
but
TR
Y€ (Solgc o Solgc)(u) and y & Sol g~ ()

if 1>ty — 5; and this shows the falsity of (1). In other words, inertia’s inertia is not inertia,

the inertia’s paradox that we have mentioned in our introduction (Section 1).
The explanation of this paradox brings us from 8.2.8 to 6.8.6 a), where the proof for
(iAU)e j=(ic HAU
was the next one: for any u
(@AU)o j)(u)z{ylEIx,ye i(x)and ye U and xe ju)}=(({o j)AU)(u)

and this was true for U = Sol AICf at 8.2.8. If U is variable however U =@(-) like here,

R .
with @(u) = Solzlrc ’ Llf ! (u) the property 6.8.6 is false because the statements

(GA@ o Hu)={ylTIx,yei(x)and ye ¢(x) and xe j(u)}

(e DAP))={ylIx,yei(x)and ye @(u) and xe j(u)}
are not equivalent. The first equality from (1) is false.



9.3 The Consistency Condition
9.3.1 Theorem The numbers 0<m, <d,.0sm; <d;,0<pu,<8,,0Su, <8, are given.

The next system

u® <x(n< Ju®

Eelr—d, t—d,+my ] F,e[t—df t=df+my]
x(t—0)-x(t) < u®
Eelr—8,,t—0,+U, ]
x(t—0)- x(t) < u©
&e [I—Sf ,t—Sf +].Lf]
where u,x€ S has solutions for any u if and only if one of the next requests is satisfied:
a) df—mf SSrSdrSSr_l"Lr+mr

dy—m.<8;<dy<8;—Uyp+my
b) dy—m, +14, <8, <d;—ms <d,
df—mp+Uy<8;<d.—m, <dy
c) df—my<8,.<d.—m,+W,<d,
dy—m.<8;<dy-my+Uy<dy
d) O, <dp-my <8, +m. -, <d,
Op<d.—m.<8p+mp—yp<dy

Proof Solutions exist iff whenever x must have the value 1, respectively the value O in ¢

( ﬂu(&) switches in ¢ from O to 1, respectively Uu(&) switches in ¢
Eelt—d, t—dy+my] ée[z—df,z—df +my]
from 1 to 0), RIC gives this possibility (#' exists so that ﬂu(&) =1, respectively so

Eelr'—8, ,t'-8, +1 ]
that ﬂrﬁ) =1) in time (telt—d, + df —my ,t], respectively
ée[t'—ﬁf A8 +ur]
relt—ds+d, —m,,1]).

i
t
[®
telt—d, f—d p+iy ]
t
Une® L
E_,E[f.—a!’f,.t—cif +P?2f]
t

dy—my

Fig 18



This happens for example in Fig 18 for r =d, . We can write
u(t—d, —0)- u® < U [u(®) (1)
Celt—dp t=dp+my] te[t—dp+df—myg tI8e[t'=8, .18 +11y]

inequality that is true for any u *. The next statements are all equivalent with the previous one:

Vu, Nu® < U (u® 2)

Celt—dp.t—dp+my]  telt—d,+d f—my t1E[t'=8, t'=8+L, ]

()= (2): Let 0<17( and u so that ﬂu(&) =1 and we define v(§) = {u(&),& =l . From
Eeltg.10+my ] 0’&" <lo
(1) and from v(t) Su(t) we have v(tg —0)- ﬂ v() =1 thus
Eeltg.t0+my ]
Aelty+dy —my,tg+d,], 1= v© < u® thus (2) is true.
Eelr'=8, t'-0,+1,]  &elt'-0, '8+ )]
(2)= (1):We have
u(t—d, -0)- u® < u@ < U u® )

Celt—dp t—dp+my)  Eelt—dyt—dy+my]  telt—dp+d f—m g t1E[t'=8, 1'=8+L,]

Jr'e [t—dr+df—mf,t],[t—dr,t—dr+mr]D[t'—5r,t'—5r+l,Lr] 3)
Hf’{r—dﬁdf—mf St'and {I'St @
t—d,+9, <t 1'<t—d,+m, +8, -,
max(t—d,+df—mf,t—dr+5,)Smin(t,t—dr+mr+5,—u,) 5)
one of the next possibilities is true: (6)
) —d,+dy—mp<—d, +3,
0<-d,+m,+93, -1,
-d, +9,<0
i) —d,+df—my2—d, +9,

0<—d,+m,+4, -,
—d,+dy—my <0

i) —d,+dy—mp <—d, +3,
02-d, +m, +3, —,
-d, +0,<—d,+m, +0, — L,

jv) —d,+dy-myp2-d, +9,
0>—d, +m, +9, -,
—d,+dy—mp<—d,+m,.+8, -,

It is shown that j), jj), jjj), jv) are equivalent with the first statements of a), b), c), d).

9.3.2 Definition The condition
9.3.1a)0r9.3.1b)or9.3.1¢c)or9.3.1d)

* The left term of this inequality represents Dy ﬂu(&) ,see 4.2.2
Eelt—dy t—dy+m;]



is called the consistency condition (of the bounded relative inertial delay condition)
(CCgrin0).

9.3.3 Theorem a) Any of 9.3.1 a),...,9.3.1 d) implies df 2d,-m,.d, de —my in other

words CCgripc in stronger than CCgpc.
b) CCgripc implies the next conditions (that are conditions of necessity for the
existence of a solution of the system 9.3.1)

erMr,ch Zl.lf
5, <d,.8;<d;
df—mf SSr—ur+mr,dr—mr SSJC _“'f +I’I’lf

c¢) The next conditions (that are sufficient for the existence of a solution of the system
9.3.1)

df—mf sz_llf SSrSdr
dr_ rSSr—HrSSf Sdf
1mply CCBRIDC-

Proof b) It is shown that any of 9.3.1 a),...,d) implies these inequalities..
c) It is shown that they imply 9.3.1 a).

9.3.4 Remarks (Special cases of CCgripc) If in CCprinc U, =m, =Wy =my =0, then it
takes the form 8, =d,=8;=d;=d and the system 9.3.1 degenerates in FDC. If
m.=d.,my=ds, W,=8,,uy=38; then CCpripc becomes 8,<d,d,<d. If
d,=8,,dy =8p,m.=WU,, mg=Uyr, then CCpric becomes dy 2d, —m,.d, 2dp—my,

1.e. CCBDc.

9.4 Bounded Relative Inertial Delays
9.4.1 Definition Let u,xe S and the numbers 0<m,<d, 0< mg < df ,

0<p,<95,0=<n f s o £ 80 that CCpripc be satisfied. The system of inequalities

u@ <x()< Ju®
Eelt—dyt—dy+m;] ée[t—df,z—df +my]
x(1—0)-x(1) < (u©)
Eelt—=8,,t—8,+U,]
x(t—0)-x(1) < u©
ie[t—ﬁf,t—Sf +Hf]
is called the bounded relative inertial delay condition (BRIDC); We say that the tuple
(u,mp,d,,mp,ds,W,, 8, 8¢, x) satisfies BRIDC.
We call also bounded relative inertial delay condition the DC

mr’d}’ ’mf ?d ur’sr’Uf ’Sf

f
BDC A Sol e

Sol

9.4.2 Remark BRIDC is obviously a DC, from Theorem 9.3.1. Its meaning results from Fig
19 representing the situation from 9.3.1 c¢), where we have supposed that

x(0—0)=0,u(r) =X[0,¢)(*).T>m,. The functions u® . Ju®
Eelt—dyp,t—dy—m;] &e[t—df d=df+myg]
from BDC give the possibility, respectively state the necessity of a value of x, while the



functions ﬂu(&) , ﬂrﬁ) from RIC give the possibility that some
Eelt—8,,t—0,+1, ] ie[t—Sf,z—Sf +Hir]
switches of x happen.

il
T =M,
2 t
(& |
Eelt—dp.i—d p +imp ] |
t
Uu(a) | dlr dr"‘":_mr I
—d ¢ i—d | |
EE[ it f+mf] | | :
N Ti=g dy+7
EE[E=0p £=8p +lip ] | |
t
ﬂ@ 0, | 0,+T—, | |
Ee[i—B ¢ i=8 ¢ Hi 7] ‘ |
| l #
¥ ﬁf—p.fi ; 8f+’E |
|
[ L1,

Fig 19

These interpretations may be done in other cases of CCpripc (or violations of
CCsgrinc!), for example 9.3.1 a) from Fig 20, where x(0—0) =0,u(?) = X[0,7) (t),t>m,



T =,

telt—d, t—d ptmy ]

E_,E[.ﬁ—a’f ,f.—a?f +P?3f]

CE[t=8p =0+ ]

E_,E[B—Enj',z—ﬁf +p.f]

£
&
U“@J l il dp+T— M, | :
| t
e A =1y dp+s
| t
ey 0 e
ﬂu@) F § Y My
|
l I #
: 6f|—p,f ds+7T |
]
I L,
Fig 20

The intervals [8,,6 - ¢] and [8y +7,8, +T—H,] are observed; if they are non-empty,
then Zeno solutions of RIC exist.

We refer in Fig 21 to the requests 9.3.3 c); we suppose without loss that
x(0—-0)=0,u(r) =%[0,7) (t),t>m, and we have the next time intervals when u has

sufficiently long pulses (u is 1 strictly longer than m, and then u is O strictly longer than

telt—d, i—d p+im,]

E_,e[z—.:ff,r.—df +mJ£]

Eelt—Ep £ —0p H1p ]

E_,E[f—@f,z—ﬁf +U~j]

i
T >,
£
M@ ’“
Uu@ iy .+ T— M, .
£
M@ “Fmf i
n@ 0 6r+’c—'p,r g
£

iy



Fig 21

- te(—oo,dy —my); x(t)=0 and the only possible switch -that does not happen- is

from 1to 0
-te [df —mf,Sf % ), x(¢) =0;. x(¢) could be 1, but it is allowed to switch only

from 1 to 0 and this does not happen
-te [8f —uf,ﬁr) , x(t)=0;. x(¢) could be 1, but no switch is allowed

- te[d,,d,]; x(t)=0 and x(r)=1 are both allowed, switching from 0 to 1 may
happen and exactly one such switch takes place

-te(d,,d,+Tt—m,); x(t)=1 and the only possible switch -that does not happen- is
from O to 1

-teld, +1-m,,0,+T—,), x(t)=1; x(¢) could be 0, but it is allowed to switch
only from O to 1 and this does not happen

- teld, +‘c—u,,5f +1), x(1)=1; x(¢) could be 0, but no switches are possible in
this time interval

-te [Sf +‘c,df +1]; x(¢)=1 and x(t) =0 are both possible, switching from 1 to O is
allowed and exactly one such switch takes place

- te(dy +1,00); x(1) =0 and the only possible switch -that does not happen- is from

1toO.
This succession of time intervals is repetitive if u is suitable chosen.

9.4.3 Theorem The next properties are equivalent in the sense that the arbitrary signals u,x
satisfy one of them if and only if they satisfy the other one.
a) my,d,,mr,dg,,,8, Ly 8 are given and the next inequalities are fulfilled (see

also 9.3.3 ¢))

0<m,<d,,0<m; <dy (1)

O<pu,<38,0sur<d; (2)

dp—my<8;—up<3,<d, 3)

dp—m, <8, -1, <8, <dj 4)

u@© <x)< Ju©) (5)
Eelt—d,t—dy+m;] Celt—dp.t-df+my]

x(1=0)-x(1) < u@ (©6)

Eelt=8,,t-8,+1,]
x(t=0)-x(1) < (@) (7)

&e[r—Sf ,t—5f +Huf ]
b) The numbers 7, ymindy min>Mrmax>4r,maxs "M f min>4 £, min>"Mf max> 9 f max are
given and we have
0< My max Sdr,max’()Smf,max Sdf,max )

OSmr,min Sdr,mimogmf,min Sdf,min )]

df,max M f max < df,min M min < dr,min < dr,max (10)



dr,max — My max < dr,min — My min < df,min < df,max (11)

x(1-0)- (u© < x(t—0)-x(r) < (12)
Eelt—dy max-t—dr max +Mr max |
< x(1-0)- u(®
Eelt—dy min-t—dr min +"r min]
x(t—0)- (u©) <x(t-0)-x(1) < (13)
Eelt—d £ max-1—d f max ™ f max |
< x(t=0)- Nu®

Gelt=d £ min-t=d f min +m ¢ min]
Proof The next equalities take place

My min =My >dr,min = O (14)
My max =My, dy max =d, (15)
mf,min:uf’df,minzsf (16)
mf,max:mfvdf,max:df (17)

under the form 'equal by definition with' in both directions a) = b) and b) = a) resulting
that (1),...,(4) and (8),...,(11) coincide.
a)=b) The left inequality of (5) multiplied with x(z—0) gives the left inequality of (12)
and (6) multiplied with x(z—0) gives the right inequality of (12). The rest results by duality.
b) = a) We suppose that ﬂu(&) =1 and we have the next possibilities
Eelt—dyt—d+m;]

i) x(t—0)=0
Then the left inequality of (12) shows that x(¢) =1 and the left inequality of (5) is satisfied.

i) x(t—-0)=1
and the right inequality of (13) becomes

x(1) < (u© (18)
ie[t—ﬁf A=+ r]

(10), (11) are written under the form (3), (4) and this implies

t=8p+Uyp2t—d, (19)
t—d,+m.2t-8; (20)
ie.
[t—dr,t—d,+mr]/\[t—5f,t—5f +uf]¢® 2D
and thus ﬂ@ =0. From (18) we get x(¢)=1 and the left inequality of (5) is

ge[l—ﬁf A= fHuf]
satisfied in this case too.
On the other hand, the right inequality of (12) gives
x(t —0)- x(t) < x(r —0) - u® < u®) (22)
Eelt—8,,1-8,+U,1 Eelt—0,,t—8,+1,]
i.e. (6).
The other implications result by duality.



9.5 Deterministic Bounded Relative Inertial Delays

9.5.1 Theorem Let the real numbers 0<m, <d,,0<m; <d; arbitrary with d, —m, <d,

dy—my <d,. The next systems are equivalent, in the sense that if u,xe § satisfy one of

them, then they also satisfy any other.

a) u@ <x@)< Ju©)
Eelt—d,,t—dy—m,] ée[t—df,t—df +my]
x(1—0)-x(t) < (u©
Eelt—d, ,t—dy +m, ]
x(t=0)- x(1) < Nu@®
&e[t—df,t—d
b) x(1=0)- x(t) = x(t—0)- (u©)
Eelt—dp,t—dy+m;]
x(t = 0)- x(t) = x(t - 0) - u®
&e [t=d f.t—=d f+my]
c) u®  <x()

Eelt—dpt—dy+m;]
Nu®  <x@)
ﬁe[t—df d=dg+my]
u® - Nu® <
Eelt—dyt—dy+m;] F,e[t—df,t—df+mf]
< x(1—=0)- x(t) U x(t — 0) - x(1)

1, u@ =1
Eelt—dy,t—dy+m;]
d) x() =10, Nu@ =1

3 lt—d f.t=dg+my]

x(t=0), otherwise

) x(i)= u@ Ux(z-0)- Ju©
Eelr—d,i—dy+m,] ée[t—df,t—df +my]
f) Dx(t) = x(t - 0)- u© U
Eelr—d, t—dp+my ]
Ux(t—0)- u®
&e[t—df ,t—df +mf]
g) x(t=0)- x(1)- u®  Uxr-0)-x(1)- Mu®
Eelt—d . t—d+m] &e[t—df,t—df +my]
U x(t = 0) - x(1)- Nu® v
Eelt—dy t—dp+my ]
U x(r—0)- x(¢) - u@ =1

ﬁe[t—df d=dp+my]

f+mf]

)

2)

3)

“4)

(&)

(6)

)

®)

9

(10)

(11)

(12)



Proof In a),...,g) three possibilities exist, due to the satisfaction of CCgpc:

i) u@ = Ju©® =0
Eelr—dyt—dy+m,] ée[t—df,t—df +my]

ii) uE© =0, Ju® =1
Eelt—dyt—dy+m;] ée[t—df,t—df +my]

iii) u@ = Ju® =1

Eelt—dyt—dy+m;] ée[t—df d=df+my]
Case i) a) gives 0<x(t)<0 from (1), thus x(¢r)=0. By taking into account the fact that

Uu© = Nu® =1.b)is
F,e[t—df d=dg+my] ﬁe[t—df t=df+my]

x(t—0)-x(t)=0
x(t —0) - x(¢) = x(t — 0)
whose unique solution is x(¢) =0 . c) shows, from (7), that 1< % , thatis x(r)=0. d) and e)
give x(¢)=0 too. f) becomes x(t—0) ® x(t) =x(¢ —0), in other words x(t)=0. Because
ﬂu(&) =1, g) is in this case
Eelt—dy 1—dy+my ]
x(t = 0) - x(1) L x(t = 0) - x(t) = (x(t = 0) U x(t = 0)) - x(1) = x(1) = 1

ie. x(1)=0.
The other two cases are similar, with x(#) = x(f —0) for ii) and x(¢#) =1 for iii).
9.5.2 Remarks In any of the equivalent conditions 9.5.1 a),...,9.5.1 g), CCgripc and CCgpc
coincide, as we have mentioned at 9.3.4.

The implications of the violation of this condition in 9.5.1 a),...,.9.5.1 g) are the
following. Let u and t' so that

[t'-d,.t'—d, +mr]/\[t'—df,t'—df +mf]:®
VEe [t'—d, t'—d, +m,],u() =1
VvEe ['—dy.t'=dr+my L,u(€)=0

Let us suppose, in order to make a choice, that '=d, +m, <t'-d ;. From the last two
equations and from the right continuity of u in r'=d, +m,,t'=d y +my we get the existence
of €>0 sothat r'-d, +m, +€<t'-dy and

VE€e [t'—d,,t'—d, + m, +€l,u(€) =1
VEelt—dy,t—ds +my +€lu(€ =0

Jdpmyr.d
9.5.1a) shows that Sol gy (w)=@

9.5.1 b) becomes for any 7€ [t',1'+€]
x(t=0)-x(t)=x(t—-0)
x(t —0) - x(t) = x(t — 0)
and the system accepts two possibilities x(#)=0,x(t—0)=1 and x(#)=1, x(t—-0)=0,

meaning that x should continuously switch in this interval; no signal satisfies such requests.
9.5.1 ¢) has no solution either, because 9.5.1 (6), 9.5.1 (7) show that x(t)=0 and x(¢)=1 are

both true for ¢ € [¢',t'+€] and this is the case of 9.5.1 d) also, where x(¢) is not a well defined



function for te€[¢',r'+€]. 9.5.1 e) gives x(¢)=1, te[t',t'+€]. 9.5.1 f) and 9.5.1 g) become
both
Dx(t)=1,te[t',t'+€]
and this equation represents a nonsense similar with the one from 9.5.1 b), because the set
{tlte[t',t'+e], Dx(t) =1} should be finite (x has resulted to be ‘everywhere discontinuous’ in
[£',t'+€]).
On the other hand, Theorem 8.2.5 characterizes, via 9.5.1 b), all of 9.5.1 a),...,9.5.1 g).

9.5.3 Definition For u,xe § and 0<m, <d,,0<my <d so that CCgpc is satisfied, any of

the equivalent properties 9.5.1 a), ..., 9.5.1 g) is called the deterministic bounded relative
inertial delay condition (DBRIDC). We say that the tuple (u,m,,d,,m.d;,x) satisfies

DBRIDC.
We call also deterministic bounded relative inertial delay condition the function

my,d,.,m¢,d .
Sol e TS = P (S) defined by
mr,dr,mf,df _ mr,dr,mf,df mr,dr,mf,df
Sol ppriDC (u)=Solpp- ) A SOlRIC (n)

10 Alternative Definitions. Symmetrical Deterministic Upper
Bounded, Lower Unbounded Relative Inertial Delays

10.1 Alternative Definitions

We just mention the possibility of replacing

- in BDC the functions u®© . Ju®) with u®).

Eelt—d, t—d,+m;] Eelt—d f t—d fm f] Eelt—d, 1)
Uu(&) : new notation BDC’

Eelr—d £

- in AIC the functions  [)x(©), [)x©® with  [)x©), [)xE);: new

Eelt,1+8,1 Eelt,1+d £l Eelr,1+8,) Eelr,t+d 1)

notation AIC’

- in RIC the functions ﬂu(&) , ﬂ@ with ﬂu(&), ﬂ@,
Ee[1—8, 1=+, ] ée[t—Sf ,t—Sf Hir] Ee[1—0,.1) ée[t—éif 1)
new notation RIC’.
In BDC® d, >0,dy >0 is a consistency condition, but in AIC* and RIC* any of
5,,0 £ can be null, resulting trivial conditions. Such substitutions are natural, but BDC’ and

RIC’ are suggested also by the ‘common form of implementation...’, from Convention 5.3.
None of the six new functions are signals, however, because they are not right
continuous.

10.2 Symmetrical Deterministic Upper Bounded, Lower Unbounded Relative Inertial
Delays
10.2.1 Lemma Let d,. >0,d ; >0 and u€ S . The next formulas are true:

u@ =u-0)- | JDu)

Eelt—d,.1) Ee(t—d, 1)



Nu@ =u-0)- | JDu()
E_,e[t—df ) E_,e(t—df )
Proof We prove the first of these two relations and let ¢ arbitrary, fixed. We have:
(u@ =1 u-0)=1and W[1—q, r) is constant
Eelt—d 1)
S u(t—-0)=1and w_g, 1) is constant
(because u is right continuous in t—d, )
S u(t—0)=1and VEe (t—d,,1),Du(§) =0
eu(t-0) | Jbu®)=1
Ee(t—d,.1)
Because ¢ was arbitrary, the equation is proved.

10.2.2 Remarks The idea from 10.1 has implications in the way of understanding 9.5.1, for
example 9.5.1 f) can be thought under the form

Dx(t)=x(t—0)- (Ju@uxt-0)- [|u® (1)
Eelr—d, 1) &e [t—df ,b)
The natural notation of equation (1) following the previous patterns is DBRIDC”.
In the rising-falling symmetric version, when d, =d p =d >0:

xt=0) Nu®uxt-0- [u®=

Eelt—d.t) Eelt—d. 1)
=x(t=0)-u(t=0)- | JDu@Ux(t—0)-u(t=0)- | JDu(€) = (from 10.2.1)
Ee(t—d 1) Ee(t—d 1)
= (x(t=0)- u(t=0)Ux(1—0)-u(t—0)- | JDu(&) =
Ee(t—d,t)
=(x(t-0)@u(r-0)- | JDu(®)
Ee(t—d,1)
and equation (1) becomes
Dx(t)=(x(t-0)@u(t-0))- | JDu(&) ()

Ee(t—d 1)

In [23], the equation of the inertial delay circuit with null initial conditions was written under
the form

Dx(t) = (x(t=0)@u(t—0)) | JDu(®)-Xg,00) (1) 3)
Ee(t—d. 1)
The context from there demanded that the signals f satisfy by definition the non-restrictive
request supp f <[0,o0), thus the general form of equation (3) is

Dx(t)=(x(t=0) @ u(t = 0))- | JDu®) - Y{g.ee)® D x° %0 ®) (3"
Ee(r—d 1)

where the initial value x° € B stands for x(0—0) in our present work.
In the next drawing
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Fig 22

we have shown that, because x(0—0) @ u(0—0) =0 (a slightly modified version of Theorem
7.2.4 is valid here) both equations (2) and (3) satisfy Vu,Vt<d,Dx(t)=0 thus they are
equivalent. The abbreviation is SDBRIDC’.

11. Other Examples and Applications

11.1 A Delay Line for the Falling Transitions Only

The proposed circuit that is reproduced from [11] has the gates and the wires governed by
delays

¥4 ¥
z
Fig 23
From the static point of view, u, y,...,¥s,2€ B and we observe that
2=y Y5 =y1Y4a=Y1 (V3 YD =Y YV3 =Y V2=V Y1 =V =U (1)

i.e. the Boolean function that this circuit computes is the identity.
The model is offered by the next circuit
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Fig 24

where all the variables that occur are signals, the gates and the wires have no delays and the
delays are concentrated in the delay circuits. The system of equations and inequalities is:

y1(8) =u(t) (2)

Y2 (t)=x1 (1) (3)

y3(1) =x, (1) 4)

Y4 (1) =x3(1)-x1 (2) (5)

V5(1) = x4(1) (6)

z(t) = x5(1)- x (1) (7)

Nyi©<xm<  Uyi@ni=15 ®)
Eelr—d, 1) Eelt—d £

Nz@<w) <  [Jz©) )
Eelr—d, 1) &e[r—df ,b)

thus we use BDC* with d, >0,dy >0 the parameters that characterize the six delay
circuits.The compatibility with the initial conditions is supposed to be satisfied under the form
u0-0)=y;(0-0=x(0-0)=y(0-0)=x2(0-0)=y3(0-0)=x3(0-0)=
= y4(0~0)=x4 (0~ 0)= y5(0—0) = x5(0— 0) = (0~ 0) = w(0 — 0)
that simplifies (2),...,(7). For example (5) was written in the next manner:
Y4 ) =40 =0) X (=00 ,0) (1) D x3(1) - X1 () - X [0,00) (1) =
=x3(0-0) - x1 (0= 0) - X (—e0,0) (1) ® x3(2) - X1 (1) - X[0,00) () = X3 (1) - X1 (2)

We have

Nn®<xn<s  [Jn® (equation (8)) (10)
Eelt—d, 1) Eelt—d 7 .1)

Nu®<xo<  (Ju® (from (2) and (10))  (11)
Eelr—d, 1) &e[t—df 1)

Ny:@<xo<  |Jys© (equation (8)) (12)
Eelt—d,.t) Eelt—d 7 .1)

Nn®<xnos Un® (from (4) and (12))  (13)

Eelt—d, 1) Eelt—d f 1)



Nn@<xn®O<  (JnE® (equation (8)) (14)

Eelt—d,.t) Eelt—d 7 .1)
Ny®<xns  Un® (from (14)) (15)
F,e[t—df ) Eelt—dy,0)
Nu@<xnn<s  [Un@E (from (3) and (15))  (16)
F,e[t—df ) Eelt—d, 1)
(x1©) <x30) < Jx© (from (13) and (16)) (17)
Eelr—d, —dg.1) Eelr—d, —d 1)
Nu@® <x30)< Ju@®  (from (11)and (17)) (18)
&e[t—Zd,—df,t) ée[t—dr—de,t)
y4(1) = x3(0)- %, (1) (from (5)) (19)
Nu® - Nu@<y0< Uu® - Yu@ (20)
F,e[t—Zd,—df ;1) Eelt—d 1) Eelr—d, —de 1) &e [t—df ,b)

from (18), (11) and (19). But [t—2d, —d s .t) D[t —d,.0).[t—d, —2d s ,t) D[t—d 1 1) imply
Nu® < Nu@, Uu® =  Ju®

F,e[t—Zdr—df,t) Eelt—d,.0) F,e[t—dr—de,t) F,e[t—df,t)
Nu@ - Nu®=  Nu®
F,e[t—Zdr—df ;1) Eelr—d, 1) F,e[t—Zdr—df ,b)
Uu® - Ju®= Ju®
&e[r—d,—de ,b) F,e[t—df ,b) F,e[t—df )
from where (20) becomes

Nu® <y<  Ju@® 1)
F,e[t—Zdr—df ) F,e[t—df,t)
Furthermore
Nys@<xsm<  [Jys© (equation (8)) (22)
Eelr—d, 1) &e[t—df )
Nxa@®<xs< Jxa® (from (6) and (22))  (23)
Eelr—d, 1) F,e[t—df )
Nya®<xg<  Ura® (similar with (15))  (24)
F,e[t—df ,b) Eelr—d, 1)
Nra@®<xs)<  [Jya®)  (from (23) and (24)) (25)
Eelr—d, —df,t) Eelt-d, —df,t)
Nu® <xs5()< Ju®  (from (21) and (25)) (26)
F,e[t—3d,—2df ,b) &e[r—d,—de ,b)
2(1)=x5(1)- x1 (1) (from (7)) (27)
Nu® - Nu@®<zo< Uu® - Yu® (28)
Eelr-3d, —2df.1) Eelr—d, 1) Eelr—d, —2d f.1) ée[t—df )

from (27), (26) and (11). With arguments like those around (20) we infer from (28)



Nu® <zn<  Ju® (29)

Eelr-3d, —2d 1) ée[t—df 1)
u@ <z < Ju©) (30)
ée[t—df ) ée[t—3dr—2df )
From (9) and (30) we get
u@ <w) < Ju® 31
ée[t—dr—df,t) Eelr-3d, =3df.1)

The conclusion expressed by (31) is that the circuit increases the one gate rising delay from
d, to d,+d; and respectively the one gate falling delay from d, to 3d,+3d, i.e. the

growth of the falling delay is bigger than the growth of the rising delay. This justifies the title
of the paragraph.

11.2 Example of Circuit with Tranzient Oscillations

We reproduce in Fig 25 an example of circuit from [3].

i

Fig 25

Even if the static analyzis, when u,v,xe B of such a circuit is not appropriate due to the
feedback loop we remark that the proposed circuit computes the 1 Boolean function because

x=u-v-x=u-u-x=0=1
Modeling is done like in the next drawing

il

Fig 26

where u,v,x,y,z€ § and after solving the system we must obtain lim z(¢) =1 independent
t—>o0

on the type of DC’s that we choose. The delays of the gates and of the wires from the original
circuit have been concentrated in the two delay circuits from Fig 26, where the gates and the

wires have no delays. We choose that the delays associated to the two logical gates be FDC'’s.
The equations are:

V(1) = 1(0=0) X (—o0,0) (1) @ U(t) X0 00) (1) (1)
y(O)=v(t-d) 2)



(1) = X(0=0) %, (oo 0y () D)~ (1) 2(1) - Xj0,00) (1) 3)
z2(H)=x(@—d") “4)
resulting

Y(O)=v(0=0) Y (—o0,0) (1 =d) B u(t =d) - X[0,00) (t =)
=9(0=0) X (—oo,q) (N ®ut —d) Yg.0)®)  (from (1), (2)) 5)
x(1) = X(0=0) - % (0.0 (1) ® (from (3), (4), (5))  (6)
D u(t) (V(0=0) Yooy () @ Ut =) Y[ g 00 (1)) X(t = d") X000 (1)

We solve (6) in the special case when x(0—0)=v(0—0)=1 and u(¢)=1, when it
becomes

X(1) = X, (—o0,0) (1) @ X (oo, ) (1) - X(t —d") - X[0,00) (2) (7
The solution of (7) is the following

x(t) | I I I

— ] | i

| |

| |
: : ¢

x(-d) a a ; !

I

|
; £

% (—on,q) ) x(E-4d") I ! ; ;
| | -

'’ 24" d 3d' dwd  4d
Fig 27

x(F) I | I I

i

|
: £

x( - a a ; !
-

Loy € xCE~d) | | | ;
— '

i 24" 3t 4 4d!

Fig 28



2kd'<d £ (2k +1)d' implies
)= {X(—W,O) OO Xar24) D @ .. @ X2k —1)d' 2kd"y (1) K[ d,00) () k 21
X (=00,0) D) B A[d,00) (1), k =0
2k +1)d'<d < (2k +2)d' implies
[ K(0,0) D O K120y () @ - @ K2k —1)a' 20"y () P X[ 2k 1), 00) (s K 21
0= {X(-m,o) () ® X[ ooy (). =0
where k =0,1,2,... We have represented in Fig 27 and Fig 28 these two formulas for k =1.
The output z(¢) of the circuit is obtained from (4).

The idea of solving the equation (6) in other cases as well as the behavior of the circuit
from Fig 25 are obvious now.

11.3 Example of C Gate. Generalization
The circuit from Fig 29 where the gates and the wires have delays is modeled like in Fig 30

T

Fig 30
where the Boolean functions are computed instantaneously:
yE@E) =ut)-v(r) (1
2* () = u(r)- x(1) 2)
w*(1) = v(1)- x(7) 3)
x* () =y z()uw@) “4)

and the delays on gates and wires are localized in the four delay circuits. We have supposed
for  simplicity that all the signals have the same initial values
u(0-0)=v(0—-0)=...=x(0—-0) and for example equation (1) has resulted in the next way:

VEW) = 3 (00X (oo 0y (1) @ ult) - V() - Y[0,00) (1) =



=u(0—-0)-v(0—0) X (—co,0y (1) @ u(®) - v(t) - X[0,c0) (1) = u(2) - V(2)
a) The bounded delay model

Ny* @<yns< Uy*® (5)
Eeli—dy 1—dy+my] Eelt—d fot=dp+myl

Nz* ©@<z0)< Uz*® (6)
Eelt—d, 1—dy+my; ] F,e[t—df d=d p+my]

w*  @<win< Uw*® @)
Eelt—dy t—dp+my ] Eelt—dy t—dp+my ]

Nx*  ©<x(n< Ux*© (8)
Eelt—Dy t—Dp+M ] ée[t—Df t=Dy+M f]

with 0<m, <d,, O0<m;<dy, 0<M,<D,, 0sM;<D, and the consistency
conditions are fulfilled under the form: d,.2dy—-my, dy2d,—m, respectively
D,2Dy—-My, Dy2D,—-M,. We have considered that the three AND gates are

identical. We eliminate the intermediary variables y*,2*,W*,y,z,w,x*:
(4),(8)

x(t) 2 NOE@uUzE©)UwWE) = Nr© =
Ee[t—Dy ,t—Dy+M ;] Ee[t—Dy t—Dyp+M ;]
(i)

N y* (= Ny*E® =

&elr—Dy ;—Dyp+M ) 0e[&—d, E~d+my ] Eelt—d,—Dy t—dp—Dyp+my+M,]
)
= @®)-v(E) 9)

Eelt—d,—Dy t—dp—Dy+my+M ;]

(4),(8)
() < Uo®uz®uweE)=
ﬁe[t—Df ,t—Df +Mf ]
= Uy® u Uz® v Uw® <
ﬁe[t—Df 4=Df+M f] ﬁe[t—Df t=Df+M f] ﬁe[t—Df t=Dy+M f]
(5),(6).(7)
<

< U Uy* @ v

F,e[t—Df ,t—Df +Mf] O)E[(t,—df ,F,—df +mg ]

U U Uz v U Uw* () =

F,e[t—Df ,t—Df+Mf] (x)e[?,—df ,F,—df +mf] ﬁe[t—Df ,t—Df +Mf] (x)e[ﬁ—df ,ﬁ—df+mf]

= Uy*® U Uz*© U
&e[t—df—Df d=df=Df+mg+M f] F,e[t—df—Df d=dg=Dg+mg+M ]
U Uw*© =
&e[t—df—Df t=df=Dp+mf+M ]
1D,(2),3)
= Yu® v® v Yu® x© U
&e[t—df—Df ,t—df—Df+mf+Mf] ﬁe[t—df—Df ,t—df—Df+mf+Mf]
U Uv®-x@ =

ﬁe[t—df—Df t=df=Df+mf+M ]



= @@ -v©u @@ uv®)- xE)
&e[t—df—Df t=df=Df+mp+M ¢ ]

< @) -vE& vu@ uvE)=
ﬁe[t—df—Df t=df=Df+mp+M f]

= Jw®@ uve) (10)
ﬁe[t—df—Df ,t—df—Df+mf+Mf]

thus, by cumulating (9), (10)
@®)-v(E) <x)< @@ uv©)

&elt—d,—Dy t—dy—Dy+mp+M ] Celt—df—Dyt—dp—Dp+mys+M f1]
we have obtained a system that is very much similar with BDC.
b) The deterministic model
We ask that (9), (10) be fulfilled together with

x(t—0)-x(1) < N@®-v(E) (11)
Eelt—dy—Dy t—dy—Dyp+mp+M ;]
x(t=0)-x(1) < Nu@)-vE) (12)

F,e[t—df—Df,t—df—Df+mf+Mf]
The system (9), (10), (11), (12) represents a deterministic model, similar with 9.5.1 a)
and it is equivalent with the next one, that is similar with 9.5.1 b):

x(t—0)- x(t) = x(t = 0) - N@®-v(E)
&elt—dy—Dy t—d—Dp+mp+M ;]
x(1=0) - x(1) = x(t — 0) - Nu®) - v(E)

ﬁe[t—df—Df t=df=Dyp+mp+M f]
etc. The C gate, also called Muller C element generalizes the delay circuit, in the sense that
when the two inputs are equal, it becomes a delay circuit. In the same manner, the systems
that we have obtained generalize our systems BDC, respectively DBRIDC and may be called
2-delays: 2-BDC, respectively 2-DBRIDC. The general case of n-BDC and n-DBRIDC is
obvious now.
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