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Abstract

We study the dynamical evolution of the deposition interface using

both discrete and continuous models for which shadowing effects are

important. We explain why continuous and discrete models imply-

ing both only shadowing deposition do not give the same result and

propose a continuous model which allow to recover the result of the

discrete one exhibiting a strong columnar morphology.

1 Introduction

Shadowing during thin film deposition is an important effect resulting in a
particular surface roughness evolution [1, 2, 3]. In that case thin films ex-
hibit a columnar structure. Shadowing results in columns due to masking of
incoming particles by elevated part of the surface. In that case higher values
of the surface are expected to grow faster than lower ones [1, 2].

Two approaches have been proposed to model the deposition process :
models based on probabilistic methods [4, 5, 6] handled with Monte-Carlo
(MC) methods and continuous models based on partial derivative equations
(PDE) [7, 8, 9]. Deposition is usually characterized by the root mean square
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of the fluctuations W (L, t) of the interface height h(x, t) at position x and
time t. L is the length of the simulated system. Dynamical scaling hypothe-
sis implies the relation W (L, t) = Lαf(t/Lα/β). Where f is a scaling function
such that f(y) ∼ yβ, for small y, in order to give a W independent of L at
small time and f(∞) ∼ const, which describes a saturation of W because
of size effects[10, 11, 12, 13]. The values of the exponents α and β depend
on the model. Discrete or continuous models which exhibit the same scaling
exponents belong to the same universality class and are expected to describe
the same deposition process. For example, numerical simulations show that
the Edward-Wilkinson model and the Random Deposit Relaxation belongs
to the same universality class [11, 13, 14]. One should mention that in the
case of the restricted solid on solid (RSOS) model a correspondence has been
established with the KPZ model [15, 16].

In this work, we examine the properties of the solution of both continuous
and probabilistic models which describe columnar growth especially occur-
ring in plasma sputter deposition process. The columnar shape is mainly
due to shadowing effects and has been described with MC and PDE models.
One goal of this paper is to highlight the correspondence between the two
descriptions in the case of a columnar deposition type. In this respect, the
root mean square fluctuation W (L, t) is not enough to characterize the de-
posit and we will use the height distribution function.

By contrast with MC models, continuous models are not known to pro-
duce columnar deposit shape. To that respect the shadowing model proposed
by Yao et al [17, 18] and Drotar et al [19] are first steps toward this direction.
The continuous model only gives columns at early time while at long time a
few sharp peaks remain due to shadowing. Moreover their interfaces, while
having strong differences between the minimal and maximal height, do not
present strong slopes as MC solutions do.

In this work, we will focus, in section two, on shadowing discrete and
continuous model and their respective results. We especially highlight why
there is a difference between Monte-Carlo and continuous models including
shadowing and deposition. Then, section three, we present a new continuous
non-local nonlinear model which allow to recover the results based on the
Monte-Carlo technique described in section two, preserving columnar growth
even for large times. Section 4 provide discussion and conclusion.
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2 Models with shadowing

Because it has been recognized that the shadowing effects drive to the for-
mation of columnar deposit, we study both continuous and discrete models
only considering this sole aspect [3, 18].

A discrete model has been proposed by Roland and Guo [3]. The sub-
strate and the source are parallel and are at large distance from each other.
The main idea of this model is to release particles from the source with an
angle θ, measured with respect to the surface normal and taken at random
between ±θmax. Then particles have ballistic trajectories unless they strike
the interface (see particle 1 in figure 1). If the particle hits the side of an
existing column, it falls down (see particle 2 in figure 1). This condition is
in agreement with an SOS model for which overhanging is forbidden. Ob-
viously, it is also possible to introduce surface relaxation effects driven by
the surface temperature using Arrhenius law [5]. Because we focus on the
shadowing effects, we will not take into account relaxation effects. Except
the relaxation, this model is the one proposed by Roland and Guo [3].

θ
θmax

1 2

θ
θmax

Figure 1: Discrete model. SOS shadowed ballistic deposition process. Parti-
cle 2 hits a column side, then falls down.

A typical result of this model is given figure 2. It is obtained for a periodic
system of length L = 1024 and θmax = 60◦. Figure 2 gives the value h(x, t) of
the interface at different times. We observe that the system forms height flat
structures with deep grooves in between. The column width increases with
time while the number of column decreases. This columnar shape grows and
persists at least until the end of the simulation. Figure 3 gives the distri-
bution f(h) of the height of the interface at time t = 20 000. It exhibits a
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single large peak for h ∼ 19 000 which corresponds to the top of the plateau,
showing its flatness. The smallest values of f(h) correspond to the bottom
of the grooves which indeed remain at low values. This curve shape charac-
terizes the columnar regime. Nevertheless it do not gives any information on
the number of columns. It could be evaluated as in [17]. Because it is not
the main interest of the paper, we turn now to the roughness W (t), given
figure 4, which is a more usual function in the deposition context. It exhibits
two regimes. The first one until t ∼ 10 for which W ∼ t.5 corresponds to a
fluctuating interface. The second one for which W ∼ t corresponds to the
columnar regime.
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Figure 2: Discrete model. Interface h(x, t) at time t = 1 000, 5 000, 10 000,
15 000 and 20 000 for θmax = 60◦ and L = 1024.

It has been recognized that, if a relaxation term is introduced, the colum-
nar aspect is less strong and completely disappear if it is too high [18].

Now let us turn to a continuous model. The following model, which
include shadowing effects, has been proposed by Karunasiri et al [2].

∂h

∂t
= ν∇2h +

λ

2
(∇h)2 + RΩ(x, {h}) + η (1)

which is a KPZ equation for which the deterministic deposition term R
is multiplied by the solid angle Ω(x, {h}) which modelizes the shadowing
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Figure 3: Distribution function of the interface height h(x, t) plotted figure
2 at time t = 15 000.
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Figure 4: Time evolution of the roughness W (t) for the simulation the results
of which are given figure 2.

effect. Ω(x, {h}) is the solid angle subtended by the target surface seen from
a point x on the interface height h(x, t) (see figure 5(a)). It is evaluated as in
reference [2]. ν is the diffusion coefficient which is constant and η the usual
noise the mean of which, at time t, is equal to zero and the correlation given
by < η(x, t)η(x′, t′) >= 2Dδ(x, x′)δ(t, t′). Because we are only interested
in the shadowing term effect, we reduce the analysis to this sole aspect, as
we do for the Monte-Carlo simulations and consequently study the following
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equation :

∂h

∂t
= RΩ(x, {h}) + η (2)

θ

Ω

 a b c

θ

Figure 5: Shadowing process : comparison between continuous (a) and dis-
crete (b,c) models. Discrete model : the point at the bottom of a column
receives particles if it is seen by the target (b) or if the side of the column is
seen by the target (c).

Equation (2) is numerically integrated using a finite difference method
with an explicit scheme. The time step ∆t = 0.05, the spatial step ∆x = 1,
R = 1 and we use periodic boundary conditions. At each integration time
step the exposure angle Ω is compute for each point, then normalized with
the mean value obtained at that time. This insure that the deposition rate
is indeed constant and that each unit of time a single layer is growing on
average.

Figures 6 gives the surface morphologies obtained at time t = 100, 200
and 300 for a surface length L = 1024. Indeed the shape of h(x, t) is very
different from the one obtained with the discrete model previously discussed.
We do not have plateau but instead very high peaks. As the simulation goes
on, a single peak emerges. Nevertheless this last effect is due to the finite
size of the system.

In order to improve continuous models, this difference has to be explained.
For these models, the height of a site increases proportional to its exposure
angle. This angle reaches π, and is maximum for the highest sites. By con-
trast, small height sites received less particles. More the difference is, less
important is the increase rate for these sites. For example at time t = 500, all
points (except the single highest peak) have small exposure angle and then
do not grow up very much while the peak quickly increases. The situation is
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Figure 6: Interface h(x, t) for a continuous model with shadowing deposition
at time t = 100 (a), t = 300 (b), t = 500 (c).

the same for the discrete model except for sites which are at the bottom of
a column. In fact for these sites, particles come directly from the source if
they are in the correct exposure angle (figure 5(b)) but also fall down from
the side of the column (see figure 5(c)).

It is possible to check this hypothesis by performing a peculiar discrete
model. Now if a particle hit the edge of a column it is removed and conse-
quently cannot fall down. Figures 7 show the height h(x, t) of the interface
at time t = 100, 300 and 500. Indeed these figures are very similar to those
obtained with the continuum model with shadowing (figures 6). Except to
get a discrete model that mimic the continuous one, there is no physical rea-
son for that process. Nevertheless it shows that the shadowing introduced in
the continuous model is not enough to produce columnar shape deposit, and
in addition it also shows the importance of the particle flux which fall down
from the edges of the columns. This suggests the introduction of a stronger
relaxation at the top of the column than at their bottom in the continuous
model.

3 Continuous model driving to columnar shape

deposit

We propose the following stochastic differential equation where the main
ingredients are a non-linear shadowing effects and a anisotropic diffusion :

∂h

∂t
= g(Ω(x, {h})) (R

√

1 + |∇(h)|2 + ν∇2h + η) (3)
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Figure 7: Discrete model. Interface height for a periodic system of length
L = 1024, at time t = 100 (a), t = 300 (b), t = 500 (c). Particles which are
hitting the side of a column are removed.

In this equation g(Ω) is a given function of the solid angle Ω. The square
root term

√

1 + |∇(h)|2 describes the fact that the local deposit grows nor-
mally to the interface. Here we do not make a first order approximation, as
in [16], because, as we are looking for columnar shape deposit, the spatial
variation of the height h could be large. The fact that the solid angle, which
modelizes the shadowing, is in factor the the right hand term. It will obvi-
ously increase the deposit rate for surfaces which are not shadowed (mainly
for large value of h) and make it smaller for shadowed one (for small value of
h). The diffusion is also affected by the shadowing. It has been recognized in
section 2 that particles which fall down a column side increases the width of
this column. This strong migration of particles from the side to the bottom
of a column suggests this anisotropic diffusion. Moreover, in order to increase
the shadowing effect, we take g(Ω) = Ω2.

Equation (3) is integrated using the following explicit scheme:

hn+1

i = hn
i + (Ωn

i )2



∆t R

√

1 +

(

hn
i+1 − hn

i−1

2 ∆x

)2

(4)

+
ν ∆t

∆x2
(hn

i+1 − 2 hn
i + hn

i−1) +

√

2 D ∆t

∆x
ε

]

with the notation hn
i = h(i ∆x, n ∆t), ε is a random number picked with the

uniform distribution between [−1, 1[.
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A plane wave analysis with a perturbation h = h1 exp(i(kx−ωt)), on the
linearized version of equation (3), gives the following dispersion relation

− iω = 2
α R

Ω̄
k − ν k2, (5)

where Ω̄ is the mean value of the solid angle and α ∼ .7. With ω =
ωR + iωI , equation (5) shows that the modes k < k∗ = 2αR/(Ω̄ν) are unsta-
ble. Then, the noise trigger the instability and drives the system into a strong
non-linear regime. Then, as shown figure 8, which gives the evolution of the
interface profile at different times for ∆t = 0.01, ∆x = 1, D = 1, ν = 1 and
R = 1, as time increases, a columnar deposit shape is observed. The com-
petition between the shadowing deposition, which favors the emergence of a
single structure (see figure 6), and the anisotropic diffusion, which propagate
particles near the edges, keeps at least for the simulation time (t = 4 000)
the columnar regime. Indeed figure 8 shows the formation of higher and
higher columns. Moreover, most of the columns formed at the beginning of
the simulation are still present at the end. The height distribution function
(figure 9), computed at t = 4 000, is very similar to the one obtained with
the discrete model and shows a strong peak for h ∼ 5 000 which correspond
to the top of the columns. The time evolution of the roughness W of the
interface is given figure 10. It shows the existence of different regimes. The
first one, for t < 1 is driven by the fluctuations and W scales as t1/2. For
the second one (1 < t < 100), diffusion induced a relative reduction of the
roughness which scales as t.4. Then, because of the shadowing instability
described above, sharp canyons appear and the roughness quickly increases.
Finally, after t ∼ 1000, the columnar regime appears and gives W ∼ t as in
the discrete model.

4 Discussion and Conclusion

In the past, both discrete and continuous models have been proposed to
describe columnar shape deposit as those observed in plasma sputter deposi-
tion. Discrete models implying shadowing process, as the one established by
Roland and Guo [3], indeed show the formation of larger and larger plateau
as time increases. They also proposed a continuous model for which, each
point of the interface received a flux of particles proportional to the local ex-
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Figure 8: Continuous model. Snapshot of the interface given by the non-
linear shadowing anisotropic diffusion model given by equation (3) at time
t = 500, 1 000, 2 000 and 4 000.

1000 2000 3000 4000
0.0000

0.0004

0.0008

0.0012

0.0016

0.0020

0.0024

h

f(h)

Figure 9: height distribution function of the interface corresponding to figure
8 at t = 4 000.

posure angle. Then the interface obtained presents peaks but no columns as
the discrete model do. We show that these two shadowing processes are not
equivalent. For the discrete one, points which are at the bottom of columns
received all the particles which are hitting the edges. There is no correspon-
dence of such a process in the current continuous model. Nevertheless if we
remove particles which are hitting the edges in discrete simulations, then the
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Figure 10: Continuous model. Time evolution of the roughness W (t).

two types of models, for which only the shadowing deposition is taken into
account, give the same kind of results : strong peaks appear and a single
one dominated the others as time increases (due to finite size effects). It
has to be notice that the flux of particles which fall down the edges of the
column formed by the discrete model is not equivalent to a relaxation for the
continuous one. This last term has a smooth effect. Nevertheless it suggests
to introduce an anisotropic diffusion.

To conclude, we have proposed a new continuous model for which main
ingredients are a non-linear shadowing deposit (proportional to the square
of the local exposure angle Ω) and an anisotropic diffusion. The numerical
simulation results indeed show the formation of height columns, with sharp
edges. Furthermore, numerical simulations show that it is necessary to deal
with a nonlinear shadowing to obtain columnar shape deposit.
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