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FIRST-PASSAGE COMPETITION WITH DIFFERENT SPEEDS:
POSITIVE DENSITY FOR BOTH SPECIES IS IMPOSSIBLE

OLIVIER GARET AND REGINE MARCHAND

ABSTRACT. Consider two epidemics whose expansions on Z¢ are governed by
two families of passage times that are distinct and stochastically comparable.
We prove that when the weak infection survives, the space occupied by the
strong one is almost impossible to detect: for instance, it could not be observed
by a medium resolution satellite. We also recover the same fluctuations with
respect to the asymptotic shape as in the case where the weak infection evolves
alone. In dimension two, we prove that one species finally occupies a set with
full density, while the other one only occupies a set of null density. We also
prove that the Haggstrom-Pemantle non-coexistence result ”except perhaps for
a denumerable set” can be extended to families of stochastically comparable
passage times indexed by a continuous parameter.

1. INTRODUCTION

Consider two species both trying to colonize the graph Z?. The expansion of
each species is governed by independent identically distributed random passage
times attached to the bonds of the graph, as in first-passage percolation, and each
vertex of the graph can only be infected once, by the first species that reaches it. Is
it possible that both species simultaneously succeed in invading an infinite subset of
the net, in other words that coexistence occurs? That is the kind of question which
was asked in the middle of the 90’s by Haggstrom and Pemantle in two seminal
papers [E, , where they gave the first results towards the following conjectures:

e If the two species travel at the same speed, coexistence is possible.
e If one of them travels faster than the other one, coexistence is impossible.

The passage times considered by Haggstrom and Pemantle follow exponential laws,
which provides a Markov property and allows a description of the competition
process in terms of particle system. However, the first-passage percolation setting
naturally enables to consider competition with general passage times, even if the
Markovianity is lost.

The problem of coexistence for two similar species has been solved by Héggstrom
and Pemantle [E] in dimension two for exponential passage times, then by the
authors of the present paper in any dimension for general passage times, under
assumptions that are close to optimality [E] Shortly later, Hoffman [@] gave a
different proof involving tools that seem to allow an extension to a larger number
of species — see Hoffman’s manuscript [[[].

On the contrary, the state of the art about the second conjecture — the non-
coexistence problem — did not much change since its statement. More precisely,
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if one species travels according passage times following the exponential law with
intensity 1, while the other one travels according passage times following the ex-
ponential law with intensity A # 1, it is believed that coexistence is not possible.
However, it is only known that coexistence is not possible ”except perhaps for a
denumerable set of values of \”, as it was proved by Haggstrém and Pemantle [@]
To sum up, if one denotes by Coex the set of intensities for the second particle
that allow coexistence, we know that Coex D {1} and Coex is denumerable, but
we would like to have Coex = {1}. It follows that we are currently in the following
perplexing situation: we know that for almost every value of A, coexistence does
not happen, but we are unable to exhibit any value of A such that coexistence does
not occur.

Therefore, the aim of this paper is to prove a weakened version of non-coexistence
for epidemics with distinct speeds. Let us first introduce our framework: we con-
sider two epidemics whose expansions are governed by two families of independent
and identically distributed passage times whose laws are distinct and stochasti-
cally comparable, which of course includes the case of exponential laws. We say
that strong coexistence occurs when each species finally occupy a set with positive
natural density.

In dimension two, we prove that, almost surely, strong coexistence does not
occur. More precisely, we show that almost surely, at infinite time, one species fills
a set with full natural density, whence the other one only fills a set with null natural
density. In higher dimension, connectivity problems prevent us to obtain such a
complete result. However, we show that, roughly speaking, a medium resolution
satellite only sees one type of particles.

By the way, we also prove that the Haggstrom-Pemantle non-coexistence result
”except perhaps for a denumerable set” can be extended to families of stochas-
tically comparable passage times indexed by a continuous parameter. Note that
the Haggstrom-Pemantle method [@] to prove denumerability of Coex has already
been transposed to other models having familiarities with first-passage percolation:
at first by Deijfen, Haggstrom, and Bagley for a model with spherical symmetry [H],
then by the authors of the present paper for some percolating model [B]

Before giving more rigorous statements of our results, let us introduce general
notations and give a formal description of the competition model.

General notations. We denote by Z the set of integers, by N the set of non
negative integers.

We endow the set Z¢ with the set of edges E¢ between sites of Z? that are at
distance 1 for the Euclidean distance: the obtained graph is denoted by L¢. Two
sites « and y that are linked by an edge are said to be neighbors and this relation
is denoted: = ~ y. If A is a subset of Z¢, we define the border of A:

0A={ze€A: FyeA® y~z}.

A path in Z? is a sequence g, x1,...,x; of points in Z% such that two successive
points are neighbors. The integer [ is called the length of the path.

The critical percolation for Bernoulli percolation (oriented percolation) on Z is
denoted by p. = p.(d) (respectively, p. = pe(d)).
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Let us now recall the concept of stochastic domination: we say that a probability
measure 4 dominates a probability measure v, which is denoted by v < u, if

[rav<[1au

holds as soon as f in a non decreasing function.
The complementary event of A will mostly be denoted A¢. But sometimes, to
improve readability, we prefer to use CA.

Assumptions on passage times. Let v, and v,, be two probability measures
on [0, +00). We will always assume that

H1) Up, > Vp, and vy, # Vp,.

(

(H2) Vk,l e N V;f ® u;i({(ac,x) sz €[0,+00)}) =0.
(H3) for i € {1,2}, v,,(0) < p.

(H4) for i € {1,2}, v, (inf supp vy, ) < pe(d).

+oo
(H5) for ¢ € {1,2}, 3y > 0 such that / exp(yz) dvp, () < +oo.
0

In Assumption (Hj), inf supp v denotes the infimum of the support of the measure
v. Note that Assumptions (H2), (H3), and (H4) are clearly fulfilled when v,, and
vy, are continuous with respect to Lebesgue’s measure.

Assumption (H2) exactly says that a sum of k independent random variables
with common distribution v, and a sum of [ independent random variables with
common distribution v, independent of the first family, have probability 0 to be
equal: this will ensure that, during the competition process, no vertex of Z¢ can be
reached exactly at the same time by the two epidemics. Assumptions (H;), (H3)
and (H,) are the ones used by van den Berg and Kesten in [[l4] to prove that, in
first-passage percolation, the time constant for v, is strictly smaller than the one
for v,,. Finally, assumption (H5) gives access to large deviations and moderate
deviations related to the asymptotic shape in first-passage percolation.

Construction of the competition model. The first infection (second infection)
will use independent identically distributed passage times with common law v,
(respectively, vp,) and start from the source s1 (respectively, so, distinct from sq).
As vy, > vp,, species 1 will be slower (or weaker) than species 2.

First, we couple the two measures v,,, and v, in agreement with the stochastic
comparison relation (Hy): there exists a probability measure m on [0, +00) X [0, +00)
such that m({(z,y) € [0,+00);z > y}) = 1 and the marginals of m are v, and v,,.

Now, we consider, on © = ([0, +00) x [0, +00))E”, the probability measure P =
m®E". For w = (W}, w?),.cga, the number w! represents the time needed by species
i to cross edge e. Note that under P, for each i € {1,2}, the variables (w!).cga
are independent identically distributed with common law v,,,. Moreover, we almost
surely have

Ve e B wl>w?
It remains to construct the two infections in a realization w € . Let E =
([0, 400] x [0, +00])%". We recursively define a E-valued sequence (Xn)n>0 and
a non-negative sequence (7),)n>0. The sequence (T},),>0 contains the successive
times of infections, while a point € = (e'(2),£%(2)).cz« € E codes, for each site z,
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its times of infection £'(z) (its time of infection £2(z)) by the first infection (respec-
tively, second infection). We start the process with two distinct sources s; and so
in Z¢, and set Ty = 0 and

Xo = (X§(2), X2(2))seza with X(2) = 0if 2 = s;, and X{(z) = 400 otherwise.

This means that at time 0, no point of Z? has yet been infected but the two initial
sources s; and s3. Then, for n > 0, define the next time of infection:

Ty = inf{XE(y) + ), .+ {9, €EY, i € {1,2}, X37i(z) = +oo}.

Note that Assumption (H2) ensures that if this infimum is reached for several
triplets (i1,91,21), -.-, (i1, y1,21), then i34 = --- = 4; = 4. In this case, the next
infections are of type 4 from each y; to each z;. The set of infected points of type
3 — 1 has not changed:

Ve eZ' X3i(z)= X2 (),

while the points z; has been infected by species i at time X (y;) + wz{'yj e

Vo € ZN\{z1,..., 21} Xy (2) = X} (2)
and  Vje{L... 01} X7,,(z)=X,(y) +wl,, .

Note that X! (y) and X37/(y) can not be simultaneously finite, which corresponds
to the fact that each site is infected by at most one type of infection. Moreover,
once min(X}(z), X2(z)) is finite, its value — the time of infection of  — does not
change any more with n.

Note however that this coupling is nothing else than a useful tool for our proofs:
this does note constrain the evolution of the process. Particularly, the very defini-
tion of the evolution process tells us that the (W )cega icf1,2) could be independent
as well without the law of the evolution process being changed.

We can now define the sets n(t),n'(t),n%(t) that are respectively the sets of
infected points, infected points of type 1, infected points of type 2 at time ¢, by
setting

Vie{1,2} Vte [T, Tu1) 7'(t)={z€Z%: X!(z) < +o0}

and n(t) = n*(t) Un?(t). We also introduce the the sets of points that are finally
infected by each epidemic:

Vie {1,2} n'(cc)= U n'(t).

The set G* = {|n*(c0)| = +o00} for i = 1,2, corresponds to the unbounded growth
of species 7, and coexistence is thus the event Coex = G' N G2.

Coupling with first-passage percolation. The evolution of the two infections
can be compared with the evolution of classical first-passage percolation.
Assume that v is a probability measure on [0, +00), such that

+oo
v(0) < p. and 3y > 0 such that / exp(yz) dv(z) < +oo.
0

On Q = [0, +oo)]Ed, consider the probability measure P = 1/®]Ed, which makes
the coordinates (we)ecge independent identically distributed random variables with
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common law v. Then for each z € Z% and ¢ > 0, we define the set of points reached
from x in a time less than ¢:

B*(t) = {y € Z% . there exists a path 4 from z to y, with Zwe < t} .
ecy
The classical shape theorem gives the existence of a norm ||.||, on R? such that
BO(t)/t almost surely converges to the unit ball B for ||.||,.

Note that the competition model contains two simple first-passage percolation
models: for each i € {1,2}, x € Z% and t > 0, the set

By, (t) = {y € Z% . there exists a path 4 from z to y, with Zwé < t}

ecy

is the random ball of radius ¢ of first-passage percolation starting from z with
passage time law v,,. For simplicity, the related norm will be denoted by ||.||,,, and
its associated discrete balls By, (t) = {y € Z% : |ly — ||, <t}

Here are the coupling relations between the competition model and first-passage
percolation:

Lemma 1.1. ¥Vt >0 7'(t) C B3 (t) and n*(t) C Bg2(t) and By (t) C n(t).
We postpone the proof of these (not so) obvious properties to the next section.
Statement of results. We denote ||.||2 the euclidean norm on R? by (.,.) the

corresponding scalar product and by S the corresponding unit sphere: S = {x €
R2: |zl =1}. Let y,z € RY, @ € S, and R, h > 0. We define:

d(y,R7) = ||y — (y, @)@ ||2 (the Euclidean distance from y to the line R@),
Cyl,(Z,R,h)={yeZ: dly—2zRT)<Rand 0< (y—2,7) < h},
Cyl (¥, R) = Cyly(¥, R, +00),
Cyl(Z,R) ={y € Z: da(y,RT) < R}.
We can then define the following events:
Shadow (7, t, R) = {dn(t) Nn*(t) disconnects n'(t) from infinity in Cyl, (7, R)},
Shade(t, R) = ILEJS Shadow (7', t, R).

The event Shadow (7 ,t, R) means that each infinite path starting from 7'(¢) and
contained in the cylinder Cyl, (7', R) necessarily meets 9n(t)Nn?(t). Loosely speak-
ing, on the event Shadow(7,t, R), the strong infections casts a shadow of radius
R on the weak infection.

Our main result says that if the strong infection occupies a too large portion of
the frontier, i.e. if Shade(t, Rt'/?*") occurs, then the survival probability of the
slow species 1 is very small:

Theorem 1.2. Consider M >0 and n € (0,1/2). There exist two strictly positive
constants A, B such that

V>0 P (gl N Shade(t, Mt1/2+’7)) < Aexp(—Bt").
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Corollary 1.3. Define R; as the supremum of the r for which Shade(t,r) occurs.
Let n > 0. Then, on the event G', we almost surely have

. Ry

lim

oo (17240 0.

Remember that, by Lemma E and the asymptotic shape result for first-passage
percolation, the diameter of n(¢) is of order ¢.

To obtain the absence of strong coexistence, we also need a control on the number
of such stains of species 2 on the surface of 7(¢): in dimension larger or equal
to three, the set dn(t) N n%(t) is not necessarily connected. On the contrary, in
dimension two, the set dn(t) N n?(t) is connected, which enables us to prove the
absence of strong coexistence. Consider any norm ||.|| on R? and its discrete balls
Bit)={ye??: |y <t}

Theorem 1.4. For the two dimensional lattice, we have

1. For every 8 € (0,1/2), there exists a constant C' > 0 such that, almost surely on

the event Gt

(c0) VB _

B(t)] T /s

2. For every 3 > 0, almost surely on the event G
—  Diam (1*(c0) + [-1/2,1/2]*) N S, (1))
lim /217

Vit >0

=0.

t——+oo

3. Strong coexistence almost surely does not happen.

The next corollary of Theorem @ precises Lemma 5.2 in Haggstrom-Pemantle ]:
when coexistence occurs, the two species globally grow with the speed of the slow
species, as if the slow species were alone. It also corresponds to a weak version
of moderate deviations for first-passage percolation (see the results by Kesten and
Alexander, recalled as Proposition .9 in the next section).

Theorem 1.5. Let 8 > 0 and n € (0,1/2). There exist two strictly positive
constants A, B such that for everyt > 0:

P (91\ {Bm (t - 5t1/2+”) Cn(t) C By, (t - ﬂt1/2+”) }) < Aexp(—Bt").

The estimates we obtained in this paper finally allows us to recover the ”except
perhaps for a denumerable set” non-coexistence result by Haggstrom and Pemantle,
and to extend it to more general families of passage times indexed by a continuous
parameter:

Theorem 1.6. Let (v,)per be a family of probability measures indexed by a subset
of R. We assume that

(1) for each p € I, v,(0) < pe

(2) for each p € I, v,(inf suppv,) < pe

(3) for each p € I, there exists v > 0 such that f[O,oo) exp(yz) dvp(z) < oo,

(4) for each p,q € I, p < q = vp = v and v, # vy,

(5) for each p,q € I, Vk,l € N, l/;k ® l/:;l({(z,:r) s x e [0,400)}) = 0.
Denote by P, 4 the law of the competition process where species 1 (resp. 2) uses
passage times with law vy, (resp. vy). Then for each fized q € I, the set

{pel: p<gqandP,q(Coex)> 0}

~— — — —
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is a subset of the points of discontinuity of the non-decreasing map p — P, ,(G'),
and is therefore at most denumerable.

Organization of the paper. The paper is organized as follows: in Section E, we
give a series of useful results in first-passage percolation. Most of them are classical
and are recalled without proof. We also give there the proof of Lemma E Sectionﬂ
is mainly devoted to the proof of Theorem E, which is the technical core of the
paper. Section E establishes Theorem [.5). In Section E, we improve for the two
dimensional lattice the results of Section [ into the more friendly Theorem . The
last section extends the Haggstrom-Pemantle Theorem to the present context as
announced in Theorem E

2. PRELIMINARY RESULTS

2.1. First-passage percolation results. Let us recall some classical results about
simple first-passage percolation. We assume here that the passage times are inde-
pendent identically distributed with common law v satisfying

o v(0) < pe;
e for some vy > 0, f[o +00) exp(vyx) dv(z) < 4o0.

Denote by ||.||, the norm given by the shape theorem, and by B*(t) the discrete
ball relatively to .||, with center 2 and radius ¢. The first two results give large
deviations and moderate deviations for fluctuations with respect to the asymptotic
shape, and the third one gives the strict monotonicity result for the asymptotic
shape with respect to the distribution of the passage times:

=
R

Proposition 2.1 (Grimmett-Kesten [§]). For any & > 0, there exist two strictly
positive constants A, B such that

vt>0 P(BY((1—e)t)c B(t) Cc B((1+¢e)t)) >1— Aexp(—Bt).

Proposition 2.2 (Kesten [,Alexander M. For any 8> 0, for anyn € (0,1/2),
there exist two strictly positive constants A, B such that

Vt>0 P (Bo(t — Bty BO(t) € BO(t + 6t1/2+”)) >1— Aexp(—Bt").

Proposition 2.3 (van den Berg-Kesten [I4)). Let Up, and vp, be two probability
measures on [0, +00) satisfying (H1), (Hs), (Ha), (Hs).
There exists a constant Cy, p, € (0,1) such that

vz € R? ”1'”;02 < Cm,pz”znpl-

Note that in [@], the proof of this result is only written for the time constants.
Nevertheless, it applies in any direction and computations can be followed in order
to preserve a uniform control, whatever direction one considers. See for instance
Garet and Marchand [ﬂ] for a detailed proof in an analogous situation. In the same
way, the large deviation result Proposition EI is only stated in [E] for the time
constant, but the result can be extended uniformly in any direction, as it is done in
Garet and Marchand [ff] for chemical distance in supercritical Bernoulli percolation.
As far as Proposition .9 is concerned, it is a by-product of the proof of Theorem 3.1
in Alexander [[. We include here a short proof for convenience.
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Proof of Proposition @ The outer bound for B(t) follows from Kesten [[L3], Equa-
tion (1.19): there exist positive constants A, By such that for all ¢ > 0, we have

P(BO(t) ¢ B°(t + BtY/2F1) < A exp(—Byt").

Turning to the inner bound, we follow the lines of Alexander’s proof: for x,y € Z,
let us define the travel time between x and y by T'(z,y) = inf{t > 0: y € B*(¢)}.
Then we have:

P(B°(t) 2 B(t — pt'/2+™))

IN

P(B(t) 2 B°(t/2)) + P(T(0,2) > 1)

t/2<||l], <t—pt!/ >+

IN

Aexp(—Bt) + > P(T(0,z) > t),

t/2<||ll, <t—pBt}/ >+

where A and B are determined by Proposition P.1 with ¢ = 1/2. By Alexander [f[],
Theorem 3.2, there exist positive constants Cj, M such that

Izl = M = E T(0,2) < ||z, + Cjllz]|, log ],

Assume t/2 > M and let x with t/2 < ||z||, < t— Bt/ Let Cp = inf{2/2F15—
Cly "logy : y > M}. We assume that M is so large that Cpy > 0. We have
ET(0,z)<t-— C'M||ac|\i/2Jr77 <t-— C§\/1||=73Hé/2+na where C'; is a positive constant,
and then

P(T(0,z) > t) < P(T(0,x) — E T(0,2) > C)lz]|*/>+m).

By Kesten’s result [LJ], Equation (2.49) (see also Equation (3.7) in Alexander [fl]),
there exist positive constants C5, Cs such that

P(T(0,z) — E T(0,2) > Cyy|l[|'/**") < Cs exp(—Ci|l]|3),

provided that M is large enough. Finally, it gives that

P(T(0,7) >t) < |B(t)|Cs exp(—Ce(t/2)") < CL exp(—Cyt"),

t/2<||l], St—pBt}/ >+

where Cf, C§ are positive constants. O

The next lemma ensures that the minimal time needed to cross the cylinder
Cyl, (7', h,r) from bottom to top, using only edges in the cylinder, can not be
much larger than the expected value h||Z ||, .

Lemma 2.4. For z € RY, @ € S, and h,r > 0 large enough, we can define the
point so (the point sy) to be the integer point in Cyl, (@', 7, h) which is closer to z
(respectively, z +hx ). We define the crossing time t|Cyl_(Z', h,r)] of the cylinder
Cyl, (7,7, h) as the minimal time needed to cross it from sq to sy, using only edges
i the cylinder.

Then for any € > 0, and any function f: Ry — Ry with lim, o f = 400, there
exist two strictly positive constants A and B such that

VzeRY VZ eSS VYh>0
P (t[CyL, (%, b, f(h)] = | Z[|, (1 + ¢)h) < Aexp(—Bh).
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Note that this gives the existence of a nearly optimal path from z to z + h@
that remains at a distance less than f(h) of the straight line. This result can be
interesting on its own as we often miss information on the position of the real
optimal paths.

Proof. For z,y € Z%, denote by I, the length of the shortest path from = to y
which is inside B, (1,25|lz — y||.) N By(1,25]|z — y|l,). Of course I, as the same
law that Iy ,—,, and we simply write I, = Iy ,. We begin with an intermediary
lemma.

Lemma 2.5. Let g,a in (0,1) and ||.| be any norm on R. There exists My such
that for each M > My, there exist p € (0,1) and t > 0 such that

z]| € [aM, M/a] = E exp(t(I, — (1+¢&)llz].)) < p.

Proof of Lemma . Note that by norm equivalence, we can restrict ourselves to
l.Il1. Let Y be a random variable with law v and let v > 0 be such that E ¢*7Y <
+00.
First, the large deviations result, Proposition @, easily implies the following
almost sure convergence:
Iy

lim 2%
llll—+oo ||

By considering a deterministic path from 0 to « with length ||z|;, we see that I,
is dominated by a sum of ||z[[; independent copies of Y denoted by Y1,..., Y|,
and thus I, /||z||; is dominated by

1 [l
Y;.
ol 2

This family is equi-integrable by the law of large numbers. So (7% /||z[/1)zez4\ {0}
and then (I /[|x[l,)ez4\ (0} are also equi-integrable families, which implies that

(1) i Ede _
lllli—+oo ||

Note now that for every y € R and t € (0,7],
‘ £ o iyl £ aylyl
ey§1+ty+§ye < +ty+ eVl
Y

Define I, = I, — (14¢)|z|, and suppose that ¢ € (0,~]. Then, as |I,| < I, +2|z]|,,
the previous inequality implies that

. 2
etle <1411, + t—QeMHI””eQﬂI.
B v

As ||zlly < |lzll1ller]ly and I, < Y14 4 Y|y, if we set R = eletlvE Y we
obtain that

i ~ t
Eetle <14t <]E i _Qle)_
2

Considering Equation (fl}), let My be such that ||| > aMy implies £1= <1+ /3.

llzll.

For z such that ||z||; > aMy, we have E I, < —2el|x|,, so

; 2 t
Eefs <1+t (——€|x||y + —R”I”l) :
3 ~?
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Therefore, we take t = min {v,7?|le1[[, SR/} > 0and p = 1—3¢ler|,t < 1. O

Let us come back now to the proof of Lemma P.4 Let ¢ € (0,1) and consider
the integer My € N given by Lemma P.5. As ||.|, is a norm, there exist two strictly
positive constants ¢ and C' such that

(2) Vi@ eS c< |7, <C.
Let My > My be an integer large enough to have

Afleal.
3 1+4+2¢) > (1 14 ———-].
0 (4292 1+ (14 0]

Consider h > M; and set N = 1 + Int(h/M;) — Int(z) denotes the integer part
of x — and, for each i € {0,..., N} denote by z; the integer point in the cylinder
which is the closest to z + #%Z  Note that

N
M, 1 h
4 h>M —<(1——= )M <—=<DM,.
) v_12_< N)l_N—l
and that for each 4,5 € {0,...,N — 1},
—
) o — 2yl — 1 — 12| < 9y,
1. Applying (B), () and (), we obtain that for each i € {0,..., N — 1},
a7, a7,
Ml geny < o -zl < Ml 4 g,
M
071 —2lleally <z = zigally, < CMy+ 2],
So we can find a > 0 such that, by increasing M; if necessary,
(6) Vie{0,...,N =1} abM < ||z; — zip1|y < Mi/a.

2. Let h; > 0 be such that
Yh > hy f(h) > 2, 5C(M1 + 1)”61”,/ + 1.

If we take now h larger than hy, and if y € B*(1,25||x; — xit1||,) for some i €
{0,...,N — 1}, then, with ({) and (f)),

ih
<y —zill2 + xi—z—ﬁ?

ih
dly — z,RT) = d(y,z—i—R?)SHy—z—ZN?
2

2
e

1,250”1‘1 — :Ci+1||y + 1 S 1, 25C (TU + 2|€1||V> + 1.

IN

But h/N < My and |7 ||, < [|Z]1]le1l]. < 2|le1]],, thus

On the other hand,

ih_,

ih
G-27) = Gon Tt (457 ) DG
. ih
i.e. ’(y—z,?>—— < Ny =il +1 <2,6C(My +1)|leq]], + 1.
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We choose then ig € N such that:
. 2
io > —(2,5C (M1 + 1)|ler]l, + 1).
My

Then, if ho is such that 1+ Int(ha/M7) > 3ip, we obtain:
(7) Yh > hy Vi€ {ig,...,N —1—ig} B*(1,25|z; — zis1]l,) C Cyl(Z, R, h).

3. There exists a deterministic path inside the cylinder from xy to z;, (from

ZN—j, 10 2 ) which uses less than ioLﬁnl + 2 edges: we denote by Lstart (respec-

tively, Lenq) the random length of this path. By Equation ()7 we have

M7 2h
Vh > M ioT +2< iON +2 < 2(ig + 1) M;.

If h > hy = 3(1.0—:”1%%, Chernoff’s theorem gives the existence of two strictly

positive constants Ay, By such that
(8) Vh >0 P (Lstart > ch||Z|0) + P (Lena > eh|| T |) < Are” B

4. So, provided that h > ho, we have by (E), inside the cylinder, a path from zq
to &y with length

N—ip—1

Lstart + Z Imi,zi+1 + Lend-
i=io
By Equation (E), if h is large enough, for each i,5 € {0,..., N — 1},

B*(1,25]|x; — @italln) N B (1, 25|z — @ivally)
NB*(1,25||z; — xjally) N B4 (L, 25)| 25 — wj41lly) = @

as soon as |j —i| > 2. We thus introduce, for j € {0,1}, the sums:

Sj = Z IZ¢7I¢+1'

I<i<N—I-1
i=j mod 2

Note that, with (), (@) and () for each j € {0,1},

N —2I (h|| 7], R\ T | 2N|e1]],

E lzipr — x4, < ( +2)le1]ly ) < 1+ =—==~

i0<i<N—io—1 2 N 2 NP
i=j mod 2

— —
o BT (), el _ (1422 BT
2 cMy 1+¢ 2
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Then, by independence of the terms in each .S,

h|| 7 ||,
P <S]- > ] (1+25)) < PIS;=(14e) > @i — il
i0<i<N—ig—1
i=j mod 2
< E exp | ¢ Z (Iziymi+1 - (1 =+ E)HxiJrl - :CZ”V)
0<i<N—ig—1
i=j mod 2
< H E exp(t(IﬂEi7Z¢+1 - (1 + E)H-Ti-i-l - ‘Tl”l/))

i0<i<N—ig—1
i=j mod 2

By (). for each i, we have ||z; — z;11 ||, € [aM1, M1 /a], so we can apply Lemma P
there exists some p < 1, such that for every h large enough,

R 7|,
vje{0,1} P (Sj > w(l + 25)> < pN/Z < ph/(2M:)
Together with (E), this proves the estimate of the lemma. 0

2.2. Comparisons with first-passage percolation. We now prove Lemma ,
using an algorithmic building analogous to the one used to define the competition
process in the introduction.

Proof of Lemma [I.]. The inclusion n'(t) C By (t) is obvious: by construction of
the process, if x € n'(t), there exists a path between s; and x included in 7! (t),
and whose travel time is thus less than ¢. The second inclusion n?(t) C B2 (t) is
proved in the same way.

Let us now prove the third inclusion Byt (t) C n(t). We are going to build the
first-passage process by Dijkstra’s algorithm, in a formalism analogous to the one
used to define the competition process.

Recall that © = ([0, +00) x [0, +oo))IEd is endowed with the measure P = m®E",
Consider a fixed configuration w € €.

Let B/ = [O,Jroo]zd. We recursively define a E’-valued sequence (X/),>0 and
a non-negative sequence (77, )p>0. The sequence (T),)n > 0 contains the successive
times of infections, while a point € = (£(2)),cze € E codes, for each site z, its times
of infection (z). We start the process with the single source s1, and set T} = 0
and

X4 =(X0(2)).eze with X((s1) = 0 and X{(z) = +o0 if z # s1.

Then, for n > 0, define the next time of infection:
Ty, = inf{X),(y) +wi, .y 0 {y,2} € B}

The infimum is reached for some couples (y;, z;), meaning that the z; are being
infected from the y;:

Vo € ZN\ (2,1}, Xy (@) = X, (2) and X, 41 (20) = Xp(0i) + @y, 2y
We also note that n/(t), the set of infected points at time ¢ by
VneN Vte [T, Th1) 7'(t)={ze€Z: X/(2) < +oo}.
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By Dijkstra’s algorithm, 7'(t) is exactly the set B, ().
We now proceed by induction to prove that for every n € N
(H,) VzeZ? X!(z)>min(X}(z), X2(x)).
Clearly, (Hp) is true. Assume that (H,,) holds. We have the following alternative:
o If X/ ,(x) = 400, it is obvious that X/ ;(z) > min(X} ,(z), X2, (x)).
o If X/ (z) < 400 then X}, (z) = X, (2) and, as X/, (z) > min(X}(z), X2(z)),
the number min(X} (z), X2(x)) is also finite, and thus min(X ! (z), X2(x)) =
min(X},(z), X2, ,(z)) — recall that X} (z) and X2(x) can not be simul-
taneously finite. Consequently, X, . ;(z) > min(X} (z), X2 ().
o If X| i(r) < 400 and X/ (x) = +o0, the point x is being infected at time
T}, through the edge e from the point y, which is consequently such that
X (y) < +o0. As X, (y) > min(X, (y), X2 (y)), and wg > w?,

X7/z+1($) = X:z(y) + W; > min(X'rlerl(y)a X72z+1(y))'

Note that
n(t) = {z€Z%: IneN, min(X}(2), X2(2)) <t},
n(t) = {z€Z%: IneN, X/ (z) <t}
It is then obvious that n'(t) C n(t). O

3. COEXISTENCE CAN NOT BE OBSERVED BY A MEDIUM RESOLUTION SATELLITE

The proof of Theorem E follows, at least in its main lines, the strategy initiated
by Haggstrom and Pemantle: the aim is to prove that an event, suspected to be
incompatible with the survival of the weak, allows the strong to grant themselves,
with high probability, a family of shells that surround the weak, preventing thus
coexistence. In the Haggstrom-Pemantle paper [E], the objective is to show that
when coexistence occurs, it is unlikely that the strong can advance significantly
beyond the weak. The event considered here is of a different nature: we must prove
that the strong can not occupy a too large region on the frontier of the infected zone.
Obviously, this requires finer controls. Moreover, the use of the shape theorem is not
sufficient: moderate deviations for the fluctuations with respect to the asymptotic
shape provide sharper estimates. Some more technical difficulties also follow from
the loss of some nice properties of exponential laws. However, this last kind of
difficulties has already been overcome by the authors of this paper in the previous
article [E] We refer the reader to this paper for some more comments.

To prove Theorem D, we first prove an analogous result, Lemma @, in a fixed
given direction. Theorem B follows then from a Borel-Cantelli type of argument.

Definitions. Let S,, be the unit sphere for the norm |.|/,,. We define the shells:
for each A C S,,, and every 0 < r <1/, we set

Shell(A,r, ") = {zecz: z/||z|lp, € Aand r < ||z|p, <7’}

So roughly speaking, A is to think about as the set of possible directions for the
points in the shell, while [r, '] is the set of radii.
For A C S, and ¢ > 0, define the following enlargement of A:

Ado = (A+B),(¢) NSy,

Let us state first three geometric lemmas:
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Lemma 3.1. For any norm |.| on R?, one has

z oy 2|z —y|

[ fyl| — max{|z], [y|}
Lemma 3.2. For any norm |.| on RY, there exist a constant C' > 0 such that the

unit sphere for |.| can be covered with C(1 + < )d L balls of radius € having their
centers on the unit sphere.

v,y € R1\{0}

Proof. When |.| = ||.||s, it is easy to see that the sphere can be covered with
2d(1 + 2)9=! balls of radius .
Now 1et A, B be two strictly positive constants such that

Vo € R Azl < o] < Bllallo

and let K = %. Suppose, by the previous step, that the unit sphere {z € R? :
lx]|o = 1} is covered by the family of balls (BZi (Ke))i1<i<n with ||z;||cc = 1 for
each i and n < 2d(1 4+ %)%, We note ¥(z) = .

]

Let y in the unit sphere for |.|: there exists ¢ € {1,...,n} such that ||z; —

Hyllj\ oo < Ke. Since \Il(” = ) = y, Lemma B.1 ensures that
2z — mizl  2BK
Iyl €
W(z;) —y| < < =€
| (1‘1) y| — |-Tz| — A
So, the unit sphere for |.| can be covered with 2d(1 + 421)4~1 balls of radius &
having their centers on the unit sphere. (]

Lemma 3.3. Let R>0. If W,V €8 are such that | — V|2 < (£%)?, then
Cyl(V', h/2) N Ba(R) C Cyl(u, h).
Moreover, if |[u — ||z < 1/2, then
Cyl (v, h/2) N Ba(R) N Ba(h)° C Cyl, (U, h).

Proof We denote § = || & — ©'||2. Then d(y,R%)? = ||y — (y, W)W |2 = ||ly||2 —
(y, w)? and
d(vaﬂ))2 - d(yaR7)2 = <ya > - <y7 7>2

v
< (y, U =)y, W+ ) < 20]yll3-
Suppose first that y € Cyl(v’, h/2) N Ba(R): we have
d(y,Ru)? —d(y,Rv)? < 20R? < h?/2.

So d(y, R%)? = d(y,Rv)? + (d(y,Ru)? — d(y, R7')?) < h?/4 + h?/2 < h?, which
means that y € Cyl(, h).

Now suppose that 6 < 1/2 and HyH2 > h. We have da(y, R7') = ||y —(y,v) V'||2
h/2 and (y, ¥’) >0, so (y, V') = [{y, ©)| > ||yll2 — h/2. This implies

(y, @) = (y, V)= (y, V=) > (y, 0)—|lyll20 > [lyll2(1=0)—h/2 > [lyl| (— - 9) >

which ends the proof. O

IN

The next lemma ensures that if Shadow (7', t, Rt/ 241 then the strong infection
manages with high probability to colonize a small shell which gives it a positional
advantage. Let K1 > 0 be such that

(9) Ve e R |z|l2 < Kil|z|p, -
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Lemma 3.4. Let R >0, n € (0,1/2) and § € (0, R/K1). Choose then §' > 0 with
§ < ¢ <min{d/Cp, p,, R/K1}. Choose v,~" such that 1 < v <" and 6 > 0. For
any T €S, anyt >0, any v, such that 1 <~y <~ and any 0 > 0, we define the
following events, depending on T ,t,v,~" and 6:

El
E2

E

{n'(t+ 6t/2) C BY (¢ + 6't1/2)}

} @ (9t—1/2+n)5 ||—>

—

{nQ(t + 0t1/2) 5 Shell <{—

1|,

E'Nn E>.

Then there exist vy > 1 and 0y > 0 such that for any v,7',0 satisfying 1 < v <
v <A and 0 < 0 < By, there exist two strictly positive constants A, B such that

VZ €S Vt>0 P(Shadow(Z,t, Rt'/>T"\E) < Aexp(—Bt").

Proof. Let R > 0, n € (0,1/2) and § € (0,R/K7). Choose then ¢ > 0 with
d < ¢ <min{d/Cp, p,, R/K:1}.
Choice of constants. Choose now d1, e and 3 positive such that

5/<51<

)

CP11P2
¥ < 51(1 - E),
B < min{d" — 6, 81¢}.

Step 1. Control of the slow pi-infection. As n < 1/2, we have

(t+ 6t/2H0) 4 Bt + 5t PHMPHT < ¢ 4 (54 BYE/ZE 4 o(£1/2H),

By condition ([19), é + 3 < ¢’. Thus, using the moderate deviation result (Propo-
sition E), there exist two strictly positive constants A;, By such that V¢ > 0

(13)

P((EY)¢) < Ay exp(—Bt").

We can thus assume in the following that E' occurs.

Step 2. Control of the competition process. Denote:

P =F(t) = {nl(t) C B (t+ ﬁtl/”")} N {Bgl (t — B> ) cpl(t) U 772(t)} :

By Proposition E and Lemma m, there exist two strictly positive constants As, B
such that V¢t > 0

(14)

]P)(Ff) S AQ exp(fBgt”).

We can thus assume in the following that F} occurs.
Define an integer approximation of the line R as follows:

Dz ={ycZ: 32eRT, ||ly — 2|00 <1/2}.

Note that D— is connected. Let now s € n?(t) N D+ be a point which realizes
the maximum maxyc,24)np- (¥, Z). On the event Shadow (@, ¢, Rt'/>*") N Fy, the
point sq is well defined and satisfies

(15)

l[sollp, =t — Bt!/>.

12 [l

—

(t + 7’6%1/2“7))
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Step 3. The weak infection can not fill the hole. Define

Fy = Fo(t) = {¥o € By, (4 Be/7%0) B, (51/77) € By, (5177
r=R-— K16/ > 0.

As ¢ > ¢, by the large deviation result (Proposition @), there exist two strictly
positive constants As, B3 such that Vi > 0

(16)  P(Fy) < |Bp, (t + Bt1/277)[ Az exp(—Bst!/*+7) < A exp(—Bst'/*+).

We can thus assume in the following that Fy occurs. Note that as By (0') C
B%(K16') by the very definition of K, the event Shadow (7, ¢, Rt'/?>T") N F} N F
prevents the weak infection to bother the strong one in its progression after time ¢
inside Cyl(Z, rt!/?+m).

Rz

. \Rll/un

By, (t + Btl/2+)

By, (1 — pit/z=n)

FIGURE 1. On the left hand side, Shadow(z,t, Rt'/?T"): the
strong are in bold. On the right hand side, the evolution of the

weak: to enter Cyl(z,rt'/2%"), it has to cross a gap of order (R —
r)tt/2 4,

Step 4. The strong manage to escape. Remember that, by the choice (@), 0 <
61(1 — ). Define sy as a point in Dz N By, (t + 61 (1 — )t}/>+7) such that (s; +
[—1/2,1/2]%) N By, (t + 61(1 — &)t*/2t7)¢ £ &, Then, by Estimate ([L5]), we have

||Sf750H2 S Hsff ||S_f>||l)1 ?H2+ ||S_f>||l)1 o HS_0>HP1 +||HS_O>HPI?7$0H2
(e FZlp 12 1l
< 2\/g+51(1*5)+6t1/2+nw 51(1*5)+5t1/2+n_

e e
Denote
Fy = F5(7,t) = {sf € n°(t + 01Cp, put'/**7)}.
With the definition of C), ,, in Proposition P.d and Condition ([1d), (6:(1 — ) +
B) 1%l < Cpy.pa01, and thus Lemma R4 gives two strictly positive constants

[

Ay, By such that VI € SVt > 0

() P (Shadow(?, t, REVZTT) A F Ny N Fg) < Agexp(—Byt'/?t1).
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Step 5. The strong colonizes a small shell. Let Ko be a strictly positive constant
such that Vo € R? ||z, < Ka||z||2, and set

. r
d9 = min {5 — Cpy p2015 E} )
Let ¢’ > 0 be such that (1 4+ ¢’)Kd2 < r. Denote
Fy = Fy(7, 1) = {Bpf (1 — €)oot /> ) Cpa(t + 5t/2F7)}.

Here, the choice we made for ¢’ ensures that, for ¢ large enough
Bpi (14 €")3ot" /211y C (Cyl(T, rt/2H1) 0 By, (t + &'¢/2T1)°).

Thus, by the large deviation result (Proposition @), there exist two strictly positive
constants As, By such that VZ € SVt > 0,

(18)  P(Shadow (T ,t, RtY>*") N Fy N Fy N F3 N F§) < As exp(—Bst?/#).
Choose now 0y > 0 and ) > 1 such that

12 ||

-
sttt ({ = b @ dur- oo L o grrnon) LElle o qpgriieon))  sza-eaun o),
=T e E

|
Then F;\E? = @, and collecting estimates (), ([14), (id), (7), and (1), we get

the estimate of the lemma. O

The next lemma describes the typical progression of the strong infection from
one shell to the next one.

Lemma 3.5. Let ¢ € (0,2], h € (0,1/2) and « € (1,2) be fized parameters such
that

(19) (1+h) <1 + 3%) < a.

For any S subset of S and for any r,s > 0 we define the following event E =
E(S,r,s): "Any point in the big Shell(S ® 525 ® (i(rl(ﬂ%r) ,s+(+n)r s+ (1+
h)?r) is linked to a point in the small Shell(S ® 5-2—,s +r,s + (1 + h)r) by an
open path whose length is less than ahr.”
Then there exist two strictly positive constants A and B, only depending on
o, h,a, such that for any r,s >0 and any S of S, we have

P(E°) < A(s + )% exp(—Br).

2(+)’

Moreover, we can assume that all the infection paths needed in E are completely
included in the bigger Shell(S @ %, s+ [1 = 3¢](1+ h)r,oc0).

Proof. Let ¢ € (0,2], h € (0,1) and « € (1,2) be fixed parameters satisfying
Equation (E) and choose, in this order, o/ > 1, € > 0 and p > 0 such that

(20) (1+h)p+(1+h)?*1+¢)—(1+h—-2p) <d'h<ah,
(21) 4pa’h < @ and 4pa’h < (1 + h — 2p),

(22) h—2p—pa’h >0,

(23) (1+e)*(1+p)d <a.
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Note that (RQ) is allowed by ([d). Let S be any subset of S. Denote T = S @

or o(1+h)r .
51 D 2etrarnyny et 2 €Tt

o1+ h)r o or
3 S. B [ —/—— B _— h that z = .
vV E D, UL €Dy, <2(s+(1+h)r) y U2 € Dp, 25 +7) such that z = v+ui+us
Pr wr
A S h —Y—CS¢ —.
e Asv e S, we avev®2(8+r)C ®2(s+r)
o1+ h)r
e Moreover, |z — v, = [[u1 +u2|lp, < [lurllp, + lluzllp. <

T (s+(1+h)r)
Thus for any z € Shell(T, s + (1 + h)r,s + (1 + h)?r), we can choose v, € S such
that

1+h
= Ty, < 2EF T e s
(e s+ (1+h)r 2s+7) 2s+7)
We set v, = [s + (1 +h — 2p)7] V.. Let us first estimate ||z — v,||,,: on the one

hand,
Iz =vallpe < Nz = ll2llpe 0 llpe + lzllps =5 = (1 +h = 2p)r]

< Vel N H el =5 = (L b= 2p)r
o1+ h)r
(24) < HZHP2 <1+ m) —s—(1+h-=2p)r
LI e (14 2 ) -2

(25) < [I+h)e+ (1+h)*1+¢) —(1+h—2p)r <a'hr thanks to (P0),

and, on the other hand,

(26) Iz = vzllp, = llzllps = [lvzllpy > 207

Geometrical fact: Let us see that, for every z € Shell(T, s + (1+ h)r, s+ (14 h)?r),
v z (p/r

(27) By (pllz = vzllp,) € By, (1 + p)llz = vellp,) N Shell(S @ )" (14 h)r).

The triangle ensures the first inclusion Bp:z (p||z — v.|l,,) C By, (1 + p)llz — vzllp,)-
Let then u € Bz (p|z — vs||p,), then, by Lemma B,

u 2p||z _UZHPQ

” - 72” DI
]l ! [[021p,
< 2000 Bquati (£3) and definition of
uation and definition of v,
~ s+ (1+h-2p)r v
ﬁ thanks to Equation (R1))
and thus W €S %. For the norm of u, by definition of v, and Equa-
p2

tion (RH), we have:
[vellpe = pllz = vellpe < Nullp, < [lvzllps + pllz = vllp.
s+(1+h—=2p)r—pd'hr < |ullp, <s+(14+h—=2p)r+ pa’hr
s+r< ullp, <s+(1+h)r
thanks to Equations (Rd) and (R0)). This proves the geometrical fact (7).
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Probabilistic estimate: We can then estimate the probability of E¢. Note that,
with (7), we have

B cly {B5, (L +p)llz = v:llp.) € By, (1 +p) (1 + )|z = vallp,) }

u {B;, ((1 +p) A +e)llz = vallp,) & By, (1 +p)(1 + €)%z = vzllp,)},

where the union is for z € Shell(T, s + (1 + h)r, s + (1 + h)?r). By Proposition P.1,
there exist two strictly positive constants As and Bs such that for every S, for
every s, > 0,

P(E?) < > Ag exp(=Bs(1 + p)(1 +¢)|z = vellp,)
zeShell(T,s+(14+h)r,s+(14+h)?r)

|Shell(T', s + (1 + h)r, s + (1 + h)?r)| x Ag exp(—Ba(1 + p)2pr)
thanks to (R6]). Then, for every z € Shell(T, (1 + h)r, (14 R)?r), thanks to (]) and

(B3), one has (1+¢)(1+p)||z —vs|lp, < ahr, which proves the exponential estimate
of the lemma.

IN

Control of the infection paths: It remains to estimate the minimal room needed to
perform this infection, or in other words to control

U By, (1 +e)*(1+p)llz — vz lps)-
z€Shell(T,s+(14+h)r,s+(1+h)?r)

Let z € Shell(T, (1 4 h)r, (14 h)*r) and u € By, (1 +¢€)*(1 + p)[lz — vz]lp,). We
have:

lullps 2 N2llpe = (L +€)* A+ p)llz — vl
> (L+e)*(L+p)fs+ (1 +h—2p)]
— {(1 +)2(1 +p) (1 + %) - 1] 121 ps thanks to (P4)
> (14+e)*(1+p)[s+ (1+h—2p)r]
{(1+s (1+p) ( 11++hh))1](s+(1+h)2r)

> s+r[(1+e)?A+p)[A4+h—2p) —o— (141 +h)r)(1+h)?+(1+h)?.

This last term tends to s +r(1+h — ¢ — (1 + h) ¢) when ¢ and p tend to 0. By
decreasing if necessary € and p, we obtain, as h < 1/2:

[ullp, = s + (1 = 3¢)(1 + h)r.

Finally, by applying Lemma EI and then Inequality (E), we have
2||u — 2||p, - 2(1+¢)2(1 + p)a’hr - 2achr

U — z )
- PR e (e
Thus v € Shell(T & QST:,S + (1 — 3¢)(1 + h)r,00), which ends the proof of the
lemma. ]

Lemma 3.6. Let R > 0 and n € (0,1/2). There exist two strictly positive constants
A, B such that

VT €S vt>0 P (G0 Shadow(T,t, Rt'/*7)) < Aexp(—Bt").
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IH € S. Let

]2

Proof. For convenience, we note & = v/||v||p, € Sp,. Therefore, v = 0
0 >0.

Idea of the proof: The idea is quite natural: start the progression by the initializa-
tion Lemma @, and apply recursively the progression Lemma E until the stronger
infection surrounds the weaker one. The point is to ensure that this progression is
not disturbed by the spread of the weaker infection.

Step 0. Choice of constants: Choose R > 0,7 € (0,1/2) and ¢ € (0, R/K;). Choose
then ¢’ > § such that 0’ < min{6/Cp, ,,, R/K1}. Lemma .4 gives then 6 > 0 and
7o > 0. Remember that Cj, ,, < 1 and choose, in this order, o, 7,6, h, ¢, ¢:

. 1
(28) 1<a<m1n{ ,2},
CP11P2
(29) 1 <v<~yand 0 <6< 6,
1 /
(30) 0<h<§and1+h<min{a,ﬁ}
Y

1
and 8ahCy, p,Cpypy < 1 — max{—, Cpl,pza} ,
Y
3¢ /
(31) @>0and (1+h) 1+7 < « and pyd < 20
1
and ¢ <4Cp1,p2cp27p1 (% + 1> + 3> + 8ahCp, p, Cps py
1
< 1—max ;,Cphma ,
1
(32) e>0and ¢ (401)1 22Cps.p1 (ﬁ +1) + 3) + 8ahCl; 1p, Cpsy 1

1
+eaCy, p, <1 —max {;,Cphma} .

Set v = (1 + h)y < 7.

Step 1. Initialization of the spread: Let us introduce the following notations:

B (&,t) = {n'(t+ 6t'/>T7) C B (t + &'t />H)},

. 141/2+ 15141/24
Ef(i,ﬁ) — n?(t+5t1/2+77) o Shell [ £ @ QDTOH‘THAIH ’t+7§t / 77, t+’7A6t /2+n ’
20t +rollellp,)” N12llp 121p:

From Assumption ¢y’ < 26 in @), it follows that % < Ot=1/2% for ¢
pP1

large enough. Then, by Lemma E, there exist two strictly positive constants A;
and B such that for every & € S,,, for every t > 0, we have

(33) P (Shadow ( R Rt1/2+") \El(:z,t)) < Aj exp(—Bit").

]2
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Thus, if Shaudow(ﬁ7 t, RtY/?>t1) occurs, then at the slightly larger time t;(Z,t) =
t 4 6t1/2+1 the first shell

S t 5lt1/2+n t /61t1/2+n
Sy (#,t) = Shell (55@ erolitly, £+ R )
2t +rollZllp)” M12llp, 11,
is with high probability colonized by the po-infection. We want now to extend this
colonization to larger and larger shells by applying recursively Lemma E

Notations: We still need to introduce a certain number of notations, inspired by

Lemma @

k=1
R 1
p1
ry = Tl(j,t) = (1 + h)?‘o

ty =11 (&, 1) =t + ot1/>n
A= Ai(d,0) = {3} e 2‘”0&

(t+7;o||f|\p1) .
Sl :Sl(fc,t):Shell <A1, N +7’0, N +T1>
[21lp, [21lp,
k>2
re =1e(&,t) = L+ h)rg—1 = (L+h)Fro and rP =1 —3¢](1 + h)ry_o

te = ti(2,1) = tg—1 + harg_s =t + 6tY/2F1 4+ roaf(1+ R)F-1 — 1]

) ori—112lp,
Ap = Ap(2,t) = A1 @ v
2(t +re—1||2p,)
(¢ + 2ah)ri—2||2|lp,

t+ 2| Z]lp,
t t
Sk = Sk(i',t) = Shell (A]w — 1, ——— + rk)

1], []lpx

S¥ = S (s, ¢) = Shell (A;, o

B
Define also the following events, for & > 2 and = € Z%\{0}:

By = E(@,t) = {n' (ts(2,1)) N S (2,1) = 2},
B = Ej(&,t) = {n*(ts(2,1)) D S(@, 1)},

Ey = E(&,t) = Ey(2,t) N EL(,1).

AZ = AZ(:i‘,t) =Ap 2P

min
+ 7,00

The aim is the following: we want to apply Lemma @ to prove that if FZ(%,t) is
realized, then with high probability E? 41(#,1) is also realized. But we need first to
control the spread of the slow pi-infection, and to see that it will not disturb the
spread of the fast po-infection from Sy (Z,t) to Sk11(Z,1t).

Step 2. Rough control of the slow p;j-infection: Here, for convenience, the comple-
mentary event of A is denoted by C(A). Let e > 0. Denote, for every k > 2

F(@,t) = {0 (tu(2,1) € BY, (b + (6" = )1/ 4 (14 &) (b — 1)) }

Let us prove that there exist two strictly positive constants As and By such that
(34)

Vt>0 VieS,, P (E}(:z,t) nC ( N F,j;(fc,t))) < Ag exp(—BotV/2H1),
k>2
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Note that

{Bp,(s) C By (8N} N {By, (s + 1) £ By (s + 1)y ¢ F  {By (1) ¢ By, (1)},

z€B,, (s")

and thus that

P ({B,,(s) C By, ()} N {By, (s +1) Z By, (s +1)}) < By, (s)IP (B, (t) £ By, (1) -

In our context, this gives

P | Ei(2,6)nC | [ Fi(@.0)

k>2
< Z]P’ (E1 ) N{BY, (t1 + (te —t1)) & BY (t1 + (6" — Ot/ + (1 + ) (t), — tl)})
k>2
< D IBY (4 PP (B (tk — 1) & By, (1+6)(te — t1))}) -
k>2

The large deviation result, Proposition @, gives then two strictly positive constants
A, B such that

P | E{(a,6)nC | () Fia.t < IBY (¢4 8"t P> " Aexp (- B(t — 1))
k>2 k>2
< |Bgl(t+5't1/2+”)|AZexp (—Bary(k —1)h)
k>2
—Bargh)
< AIBY (f 4 §'¢1/2 exp ( 0
s AlBy, (t+ ) 1 — exp (—Bargh)
S A2 eXp(7B2t1/2+n),

: _ 1 141/2
since rg = ”inlfyé /240,

Step 3. Estimates for angles: Let us see that for any Z € S,,, for any ¢, ¢ > 0,

o) Cia(p+v).

Let z € (£ ® ) @ ¢: there exist y € £ @ ¢ and v € B,,(¢) such that z =y +v. As
Yy € & @ ¢, there exists w € Bp, (¢) such that y = & + w. Thus

12 = &llps < [[vllps + [lw]lps < o+

This implies

k—1
Wk>2 Au(it) C de ) Pl _erill@le, and A (2,1) C & &0},
23+ r,le1])
k— ~ N
with ¥ = Z orillély, Lo+ 20 sllilly,

20t + 7|2 ]p.) t+ri—al @l
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Then, for all k£ > 2, for ¢ large enough,

k—2 ~ ~
toe erilllp, (v + 2ah)ri—o||#[|p,
I [lp, [llpy \ =5 208 +75l|2[l,) t+ ri—a|[#[lp,
k—2
< 52 rilldll + (o + 20m)ris
7=0
(35) < ((1+h)k—1 (% +<,0+2ah)).

Step 4. The weak can not bother the strong:
Let us see that for all £k > 2

(86)  BY(t 42 4 (L4 )roal(1+h)F1 — 1) NS (@) = 2.

Let y such that ||yl|,, = t+0"tY/2F"+(1+e)roal(1+h)*~1=1]) and [|§—2||p, < 6.
As y =1yllp,9/1|9llp,, for ¢ large enough

t+ o't/ 1 1 (1+¢e)are[(1 4 h)F=1 —1]
Iyllp < g+ 2 e — -
121, 9l 12, 191l
o LRI (4 SOy l§ = Ep (L4 €)arol(L+A)ET 1]
- 121, 1|5, 1952 91,
t 2tCp, 1o Crpypr 07
< g SRR Tk G (1 )aro[(1+ h)ET — 1]
11, 1],
t To k=1 (¥
< 4o, ,.C L b (o 2ah)
= Hj”pl + ~ + P1,P2 P27P1r0( + ) 2h+(‘0+ «@
+Cpyps (1 +€)aro[(1+ )M 1],
where the last inequality follows from (Bg). Then
= (Il g i)
—  Wyllps = 55— =
ro "l
1 k-1 (¥
< ; +2CP17P20p21P1(1+h) % + ¢+ 2ah
+Cprpa (1 +)a(L+ 1) 1] = (1= 3p)(1+ h)*
< (14 h)k1 (20,917102 Cha . (% +o+ 2ah) + Cpy pp(1 +8)a— 1+ 350)

(37) + <% — Cpypy (1 €)a> .

We want to prove that this quantity is negative for every k > 2. Conditions )
and (B3) ensures that the coefficient in (1+h)*~! in (B7) is negative. Thus, asymp-
totically in k, the right-hand side in (B7) is negative. To ensure it is negative for
every k > 2, we only need to see that it is true for kK = 2, which is ensured by
Conditions (BT]) and (B3). This proves (B). Note that this also implies

(38) Vk>2 F, C Ej.

Equations (B§) and (B4) together give:

(39) Vt>0 VieS, P (Ell(i,t) N ( U Eli(i"t)c)) < Ay exp(—Byt/?1).
E>2
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Step 5. Control of the fast po-infection: Let A3 and Bs be the two strictly positive
constants given by Lemma B.J for the choice for o, h, ¢ we made in (g), (Bd) and
(B1). Note that for every k > 2, we have

t 2

ELNE;_ NE(Ag-1,7k—2, ) C Ej

121]4

where the event F(.,.,.) was defined in Lemma @ Thus, the application of
Lemma @ implies that for any & € S,,,, any ¢ > 0, for every k > 2,

P(ER)°NELNE;_)) < P(E(Ap—1,7k—2, )¢) < A7

+ Tk_g)d exp(—Bsri—2).

1152 [11p:

Thus, for each t > 1, each Z € S,,,,

d
t
ZP Ek EkﬁEk 1) < AgZ(W +Tk2) eXp(fBng,Q)
b1

k>2 k>2
< Az Z(Cphlnt + 1)d(rk + 1)d eXp(_BBTk)
k>0
< Au(Cpy ot + 1)d Z exp(—Bayry)
k>0
< Au(Cpy ot + 1) exp(—Baro(1 + kh))
k>0

As(Cpy pot + 1)d exp(—Baro)(1 — eXp(—B4r0h))71
As eXp(—B5t1/2+").

IA A

(40)
where Ay, As and By, Bs are strictly positive constants.

Conclusion: For k large enough, the set S} disconnects 0 from infinity, and thus
the event ﬂk21 Ej implies that the slow pj-infection is surrounded by the fast
po-infection and thus dies out. So, using B3), B9) and (fid), we obtain:

P <g1 N Shadow (II T .t Rtl/”"))

< P Shadow( ) n U Ee(@,1)°
[[&[l2" k1
< P (Shadow (” T Jt Rt“”’?) ﬂEl(fc,t)"’) +P [ Ei(2,0)n | Ep@
2 k>2

+ 3P ((ER(#,0)° N (B (E,t) N BE (2,1))
k>2

< Aexp(*Btn),

which completes the proof. 0

Proof of Theorem @ Proposition E and Lemma E give the existence of strictly
positive constants «, 8, A1, By such that the event

={vyean(t) llyll2 € (at,5)}
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has a probability larger than 1 — A; exp(—aBit), so we only have to control the
probability of the event

G' N Shade(t, Mt*/**") N F,.

Assume that ¢ is large enough to have at > Mt'/?*7 and set

g [ ’
= min 5,(276t) .

By Lemma 8.3, there exists a subset 7' of the unit sphere S with |T'| < C(1+ 5t
such that SC U By (6).
reT

Assume now that Shade(t, Mt'/2t7) N F} occurs: there exists @ € Sy such that
Shadow (@, t, Mt'/27) happens. Let @ € S be such that |[u — Z'||2 < 6. Let us
prove that Shadow (', ¢, &¢/2+7) happens.

Let v be an infinite path in Cy1+(?, %tl/ﬂn) starting at some point y € 7(t).
We must prove that v meets 9n(t)Nn?(t). We can suppose without loss of generality
that y is the last point of v in n(¢) and thus y € dn(t). Note that the points in

after y are in Ba(at)® C Bo( Mt /2Hm)e,

e Either y € n?(t), and we are done.

e Or y € n'(t). Let z be the point after y along v where 7 exits from
Ba(Bt): between y and z, the path is in Cyl, (7, Z¢1/257) N By(Bt) N
Bo(MtY/2t1)e < Cyl, (W, Mt'/>+7) 0 By(Bt) thanks to Lemma B.J We
build now a path 4/ inside the Cyl, (u, M#/%*") by concatenating the
portion of v between y and z and any infinite path starting from z and
staying in Cyl, (U, Mt'/2+7) N By(Bt)°: this path prevents the occurrence
of Shadow (%, t, Mt'/?1), as it starts from a point in n'(t) and do not visit
any other point in 7(¢). The assumption y € n'(t) is thus contradicted.

So y € n?(t), which means that Shadow (7, ¢, & ¢'/2+7) happens, and implies
1/24n -, M sy
Shade(t, Mt YN F; C _}UT Shadow | 7, t, ?t .
S

Finally, Theorem B.q give two strictly positive constants A’, B’ such that
P(G' N Shade(t, MtY/>™)NF,) < |T|A’ exp(—B't")

, 1 d—1
< A1+ 5 eXp(thn)

IN

462 B d—1
A <1 + th 2’7) exp(—Bt"),

which ends the proof. O

Proof of Corollary . We can assume that n € (0,1). For every n > 1, we define
t, = n? and

A(n, M) = U Shade(t, Mt'/2+7),

tE[tn,tny1]
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For each M > 0, we have to prove that P (g1 N lim A(n,M)) = 0. By the
n—-+o0o
Borel-Cantelli lemma, it is sufficient to prove that

+oo
> PG N A(n, M) < +oo.

n=1

Let then M > 0. Obviously,
P(G' N A(n, M))

M
S P (gl N Shade (tn+1, ?ti{ffn)) + P (nl(tn+1) ¢ B;D1 (2tn+1))

M
+P ((A(n, M)\ Shade (tn+1, thl/ffr")) N {n'(tns1) C By, (2tn+1)}) )
Lemma E gives two strictly positive constants A;, By such that
M
P (gl N Shade <tn+1, 7t711/+21+77>) < Ay exp(—B1n?"),

while Proposition @ gives two strictly positive constants Ao, By such that
P (n'(tn+1) € By, (2tn41)) < Az exp(—Ban?).

So it only remains to prove that

+oo

M
>op <<A(n, M)\ Shade (th, 7ti/+21+”>) N {0 (tns1) C By, (2tn+1)}) < +oo0.
n=1

Assume now that (A(n, M)\ Shade(t, 1, 2/%) 0 {0t (tny1) C By, (0,2t,41)}
holds: there exists @ and t € [t,,, t,41) such that Shadow(Z, ¢, Mt'/27) holds but
not Shadow (7, ¢, 1, %ti/ffm) Since Shadow(Z, %41, %t,ll{ffm) is not fulfilled,
there exists some infinite path v in Cyl+(?, %t,ll/ffm) starting in some point v €
N (tn+1) and that never meets 1?(t,41). By the definition of the process (n'(t)):>0,
there exist u € n!(t,) and a path 4’ from u to v such that

Z we <tpgr —tn

eey’
and the path 7/ does not meet any point in 7%(cc). The path 4/ can not stay
completely in Cyl +(?, Mty 2+”), otherwise concatenating 7" and v together would
contradict Shadow (7, ¢, Mt'/2t"). Let w be a point in +' N Cy1+(?,Mt,1/2+")C:
the portion 7" of 7/ between w € n'(tn4+1)NCyl, (7, Mt/*Te and v €t (tgr) N

Cyl-i-(?a %t,llff_n) satisfies

1
> wl <tpgr —ty
ee,yll

Provided that n is large enough, we can say that [[w — v||p, > 2(¢,41 — tn) — Dote
that /27" > tn41 — tn. Using the fact that n'(t,4+1) C Bp, (2t,41), we obtain

(A(n, M)\ Shade(tns1, M/ /2)) 040" (tns1) © By, (0,2t041)}

U w _ w _
- wEBpy (2tn+41) {Bpl (bnr = tn) £ By, (2(tn+1 —tn))}-
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So it follows from Proposition @ that there exist strictly positive constants As, B
such that

P((A(n, M)\ Shade(tos1, MtY/2/2)) O {0 (ta1) C Byy (0,26011)})

< By (2tn+1)|As exp(—Bs(tn+1 — tn))
< Kn??Azexp(—2Bsn),
which is summable. This ends the proof of the theorem. 0

Note that the order t}/2" that appears in our results follows from moderate
deviations for fluctuations with respect to the asymptotic shape given in Proposi-
tion E However, the conjectured order for these fluctuations is rather 1/3. The
proofs would apply with an estimate of the type

Vt>0 P (Bo(t — BtY/3+my < BO(t) € BO(t + ﬁt”“’?)) >1— Aexp(—Bt").
which would lead to replace t1/2+7 by ¢1/3+7 in our results.

4. MODERATE DEVIATIONS FOR THE GLOBAL GROWTH OF THE EPIDEMICS

This section aims to prove Theorem E: when the weak survives, we recover the
same fluctuations with respect to the asymptotic shape as in the case where the
weak infection evolves alone.

In fact, the only point is to see that if the strong infection at time ¢ admits points
outside By, (t + ptt/ 2‘”7), then this positional advantage enables to create an event

of type Shade(T, MT'/?%7) at the slightly larger time T' = t 4+ at'/?*" and the
probability of such an event is controlled by Lemma IE

Proof. Let 8> 0 and n € (0,1/2). We want to prove that there exist two strictly
positive constants A, B such that

V>0 P (g1 N {B,,l (t - ﬁt”“’?) Cn(t) C By, (t + ﬁt””") }) < Aexp(—Bt").

We can first easily rule out the cases where n'(t) ¢ By, (t + ﬁt1/2+’7) and where
By, (t — ﬂt1/2+”) ¢ n(t), by Proposition @ and Lemma Ell: there exist two strictly
positive constants Ay, By such that for every ¢ > 0, we have

i (g1 N {B,,l (t - ﬁt””") cn(t) C By, (t + ﬁt””") })
< P(By, (t=807) ¢ () +P (n'(1) ¢ By, (t+50/277))
e @070 25, (007
< P (g1 N {772(1&) ¢ B,, (t + ﬁt”“") }) + Ay exp(—Byt).
Remember that Cp, ,, is a strictly positive constant such that

vz € R? Hxnm < Cpmme”pQ'

Choose now « > 0 such that (2C), ,, + 3)a < (. Define now the following events:

E = {Vz € B, (2t) By, (%tl/un) C B;, (at1/2+n) c B (204151/2“7)}7

P o 02 (o ()
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By Proposition P.1|applied to the pa-epidemic, there exist positive constants As, A%, Ba, B)
such that
P(E°) < | By, (2t)] 4 exp(~Byt!/**") < Ay exp(~Bat"),

and, by Proposition E applied to the pi-epidemic, there exist positive constants
As, B3 such that

P ({nl(t +atV/2) ¢ B, (t n 3at1/2+’7) }) < Agexp(—Bsth).
It is thus sufficient to prove that
P(GiNENF) < Aexp(—Bt").
Assume now that £ N F happens: there exists  with ¢ + 3t/2¥7 < ||z||,, < 2t

and x € n*(t). Note first that By, (t + 3at!/>t") N B (2at!/?t1) = @t if 2z €
B$2(2ozt1/2+’7), then, by the choice we made for a,

Izlps = Nzl = 2 = @llp, >t + B2 = Cpy |12 = 2l
> t4 ptY2 20, L att/P > 4 3att/F,

Now, by the event F, we have n'(t + at'/?*") C B, (t + 3at'/?*") and, by the
event E, we also have BZ (at'/*T") C B2 (20¢'/*t"). Thus, as « € n*(t) and
By, (t + 3at!/>T1) N BE (2at/>1) = &, we obtain that

e+ ath7) > B a2 5 B, (50077,
Let C' > 0 be such that Vo € R?, |z|ls > C|z||p,. Define M = ——C2 —— and

2(1+6)1/2+n
T =t + at'/?>T". Then, for every t > 1,
T a T
B, (§t1/2+’7) S BE(MTY?+0).

This, with the previous inclusion, implies that (7)) D BE(MT'/?*"), then that
n?(T) disconnects n*(T') from infinity in Cyl, (z/| 2|2, MT*/?>7), then that Shade(T, MT/2+m)
occurs. Then

P(G1 N ENF) < P(G NShade(T, MT?**") < Aexp(—Bt")

by Lemma E O

5. DENSITY OF THE STRONG IN THE TWO DIMENSIONAL CASE

This section is devoted to the proof of Theorem m: we prove that in dimension
two, when coexistence occurs, the strong epidemic finally occupies a subset of Z?2
with null density. We first need some definitions:

Definition 5.1. For any t > 0, denote by Ceyi(t) the infinite connected component
of n(t)¢, and by 0°°n(t) the external boundary of n(t):

Oeatn(t) = {z € n(t) : Ty € Couns(t), y ~ z}.

What is specific to the two dimensional case is that the external boundary of the
fast infection Dexyn(t) N n%(c0) is *-connected — this will be proved in Lemmas @
and E Loosely speaking, by Theorem E, the external boundary Ouxsn(t) of the
infection at time ¢ is included in a very thin annulus with radius ¢ and width ¢'/2+7,
Then, Theorem [L.J, combined with the #-connectivity of dexn(t) N n?(c0), ensures
that the shadow cast by the fast infection on the slow infection has a diameter
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smaller than t'/2t7. However, it remains to control the points in n*(o0) that are
never in a position to create shadow, see Figure E

FIGURE 2. The shadow created by fast/blue on slow/red has a
small diameter, while fast/blue fills a set with positive density.

The proof breaks down in higher dimension, as we can imagine a configuration
where the fast infection occupies a tree whose branches simultaneously widen and
ramify. For instance, we can assume that the radius at height ¢ is of order t'/2 and
the number of branches at height ¢ is of order t4—3/2.

Let us now recall the graphical duality of the square lattice. Let Z2 = Z2 +
(1/2,1/2), E2 = {{a,b} : a,b € Z2 and ||a — b||s = 1} and L2 = (Z2,E?), which is
isomorphic to IL2. For each bond e = {a,b} of L? (resp. L.2), let us denote by s(e)
the only subset {i,j} of Z2 (resp. Z?) such that the quadrangle aibj is a square in
R2. The application s is clearly an involution.

For any finite set A C Z2, we denote by Peierls(A) the set of Peierls contours
associated to A, that is

Peierls(A) = {e € E2 : 1 4 is not constant on s(e)}.

If, on the plane R2, we draw the edges which are in Peierls(A), we obtain a family
of curves — the so-called Peierls contours — which are exactly the boundary of the
subset A + [~1/2,1/2]? of R%. If A C Z? is a bounded connected subset of L2
there exists a unique set of bonds I'(A) C Peierls(4) C E? which form a cycle
surrounding A, in the sense that every infinite connected subset of bonds D C E?
satisfying DN A # @ also satisfies D N s(T'(A)) # @. If we draw T'(A4) on the plane
R2, we get the external boundary of A + [~1/2,1/2]?, i.e. the boundary of the
infinite connected component of (A + [—1/2,1/2]%)c.

Note also that if v is a Jordan curve on L2, the set Int(y) (Ext(y)) composed
by the points in s(y) that are in the bounded (respectively, unbounded) connected
component of R?\y is *-connected.

We begin with two lemmas to prove the *-connectivity of the set 7% (t) N Qext1(t)
in dimension 2.

Lemma 5.2. Let A, B be two disjoint finite connected subsets of Z? such that A,
B, and AU B are connected. We define

Ay={ecE2: s(e)NA#3} and Ap={ecE?: s(e)NB # 2},
E4,p=T(AUB)NA4 and E5 5=T(AUB)NAg.
Then E4 5 and EX 5 are connected.

Proof. Since I'(AU B) = E4 5 U E% 5 is connected, we can assume without loss
of generality that E4 5 and Ef ; are non-empty. The contour I'(AU B) is a cycle
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that we denote as a sequence of distinct consecutive edges eg, e1,...,es_1, where
the “end” of ey_; is the “start” of ey. To these edges we associate a sequence
To,...,xf_1 of points in Z? such that (AU B) N s(e;) = {x;}. We also denote by
mo,...,my_1 the middle points of the edges eg,eq,...,ef_1.

Assume that 2y € A and suppose by contradiction that E;“‘U 5 1s not connected:
there exist p,q with 1 < p < g < f with z; € Afori € {0}U{p,...,q— 1} whereas
x; € Bforie{l,....,p—1}U{q}.

Since A is connected, there exists a simple path in A from z¢ to z,—; which
corresponds to a path in Z? from the start of ey to the end of e,—;. The union of
this path with the path (eg,e1,...eq—1) makes a Jordan curve .

Obviously, mq ¢ 7. Since mg is on the outer boundary of the connected set
(AU B) + [-1/2,1/2]%, there exists an (infinite) path in (A U B)¢ joining m, to
infinity. So, we can say that m, is in the infinite component of v¢. Since B is
connected, there exists a path v in B from x, to z1. Let e be the first edge of +’
which crosses 7.

By construction, we know that each edge e € L? which crosses 7' from the
unbounded component to a point in B must be one of the s(e;)’s. But there is a
contradiction because no s(e;) can have both ends in AU B. t

Lemma 5.3. In dimension 2, the set n?(t) N Oeun(t) is x-connected.

Proof. By the very definition of the evolution process, n'(t) and %(t) are connected.
If n(t) = n*(t)Un?(t) is connected , it follows from Lemma .9 that 7% (t)NOexen(t) =
Int(T'(n(t)) N Ay2()) is connected. Otherwise, 1n?(t) N Oexen(t) = Int(n?(t)), which
is also connected. (]

We can now proceed to the proof of Theorem [L.4.

Proof of Theorem [L.]. Let a > 0, and 5 > 0 such that 1 +¢ = (2 + a)(1/2 +17) <
14 a. Let o/ > a be such that 2+ « > 14« (this last condition is only necessary
to ensure the good definition of the event A2 introduced below). For n > 0, we
define:

A:l = {Bpl (n2+0‘ — 4n1+5) cn (n2+a - 2n1+5) C By, (n2+0‘)} ,
A2 = Shade (n2+”‘ —2ntte, nHO‘/)C ,
A, = N {B;, (42 + a)n' ™) € By, (5(2+ a)n'**)}

2€By, (n2+)\B,, (n2+a —5nl+te)
i

n 4.

1<i<3

Step 1: Let us see that

An

(41) P (g1 N Tim A;) = 0.

n——400
Indeed, if p(n) = n?t® — 2n!*=  then for n large enough:
n* e —dn!te < o(n) — o(n) 71 < p(n) + p(n)/2T < nPre
By Lemma @, there exist two strictly positive constants A; and By such that
VYn>1 P(G'N(AL)°) < A exp(—Bin1+).
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Then, as ¢(n)/?t1 = o (n“‘a/), by Lemma [.9 there exist two strictly positive
constants A, and Bs such that

vn>1 P(G'N(A2)°) < A, exp(—Byn13+)),

Finally, by the large deviations result (Proposition @) for the po-infection, there
exist two strictly positive constants Az and Bs such that

Vn>1 B((A3)) < (B, (n7°))|As exp(—Bsn' ).

Collecting the previous estimates, as (2 + ) < 1+ «, there exist two strictly
positive constants A4 and B4 such that

Va1 P@NA) < PG N (L)) < Agexp (—Ban3F)) |

1<i<3
which proves ([tl]) by the Borel-Cantelli lemma.
Denote by
I, = I(np@n*t™—2n't9)),
F, = s(Ty)nNn (n2+o‘ - 2n1+8) ;
FZL = s([)Nn7y (n2+0‘ — 2n1+8) = 1"(00) N Oext? (n2+0‘ — 2n1+5) .

If n is large enough, n (n?t< — 2n1+8) is connected and I';, is thus a circuit. Note
also that by Lemma [.3|, F2 is x-connected.

Step 2: Assume that Gy N A,,_1 N A, occurs for some n large enough. Let us prove
that there exists y € By, (n®T*) \By, (n**® — 5n'*¢) such that

(42) F2 ¢ BY (5n1+0‘/) B, (n2H%) \B,, (n?+® — 5n1*e).
By AL, F,, C By, (n*™*)\B,, (n®T® — 5n'*). Assume then by contradiction that

(H) 3z1,22 € F? such that ||z; — za[2 > 5ntte.

As in dimension 2, F? is *-connected, and as G; occurs, we can define v, as the
portion of I';, between z; and z5 such that:

s(yn) Ny (n2+°‘ — 2n1+€) C n*(c0).

As the width of the annulus By, (n?T*)\B,, (n?T® — 5n'*¢) is of order 5n'*e =
o(n'+e"), there exists 7o € Sy such that in Cyl (Zo,2n'*®), the set s(7,) N
n (n*T* — 2p'*¢) C F? disconnects 0 from infinity. By A2, the event Shade(n?*®—
2n'+e 2n1*") can not occur, thus in Cyl, (7o, 2n'T"), the set F2 does not dis-
connect 7' (n?*t® — 2n' 7€) from infinity. Let 2z € n*(n?T® — 2n'™¢) be in the same
connected component as infinity in Cyl +(?0, 2n1+°‘/) deprived of F2. Note that —
this is a key point — the infection path from s; to z has to enter Cy1+(?0, 2n1+0‘/) N
By, (n?T*)\By,, (n?T* —5n'T¢) by crossing the border of the cylinder.

If n is large enough, then (n — 1)*t® < n2T® — 5plte. By Al | the set
n((n—1)"* —2(n— 1)) is contained in B, ((n — 1)), and thus, an in-
fection path from s; to z has to visit some vertex s € n'(occo) satisfying s €
By, (T —5n1*t€)\B,, ((n —1)>**), and thus such that

s ¢ B3 ((n—1)*T* —2(n —1)'*9).
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This implies
s 24« 1+ 2+« 1+ s 1+«
z€By (N7 =20 —(n = 1)7"* +2(n— 1)) C By (2(2+a)n ).

Thus, 2z has to be at a random distance for the po-infection less than 2(2 + a)n!*te
of a point in the border of the cylinder, and, by A3 at a distance ||.|,, less than
5(2 + a)n!t® of a point in the border of the cylinder; and this is also the case
for any point z € n(n?T® — 2n'*€) in the same connected component as infinity
in Cyl (7 o,2n'**") deprived of F2. As 1+ o/ > 1+ a, this implies, for n large
enough, that in Cyl, (7o,n'*®"), the set F?2 disconnects ' (n>*® — 2n!*¢) from
infinity, which contradicts A2, and thus (H). This completes the proof of ().

Step 3: Assume now that n is large enough and that Gy NA,_1NA, NA,11NA, 12
occurs. Let y € By, (n?t9) \B,, (n>** — 5n'*¢) be such that ([d) is satisfied. Let
us prove that

(43) 7°(00) N (Byy ((n+1)*7*) \By, (n**%)) € By(6n+").

Consider z € n?(c0) N (Bp, ((n+1)*T*)\B,, (n®t)) . If n is large enough, (n +
12t < (n+2)?T — 4(n 4+ 2)'*=, and thus, by Al ,, the infection time of z is
less than (n + 2)?T® — 2(n + 2)'¢. By A}, as z & B,, (n®T), its infection time is
also strictly larger than n?*® — 2n!*¢. Thus the infection path from s, to z has to
visit some point s € F2. By (i), the point s is not in B, (n*t — 5n!*); thus,
as (n — 1)t < p2te — 5pl*e for n large enough, AL, ensures that the infection
time for s is larger than (n — 1)27® — 2(n — 1)1*¢, which leads, for n large enough,
to

z€ B3 ((n+2)242(n+2)"+ — ((n— 1> —2(n—1)1*9)) € BS, (42 +a)n' ).

As s € By, (n*T)\B,, (n*T —5n!te), by A3

3, we have z € B3, (5(2 + a)n't®)),
and thus

ce U BLGER+aw),
s€BY(5nita’)
which is included in BY(6n'") for n large enough. This proves (f).
Step 4: Let us prove that there exists a constant C such that
(44) Vn>1 |n?(00) N By, (n?)] < Cn3+2,

By (@), on G', there almost surely exists m such that A4, occurs for every n > m.
Thus, almost surely, for every n > m, by (@) and (@) — and by increasing m if
necessary —, there exists y,, € By, (n*7)\B,, (n*™* — 5n'*¢) such that

7*(00) N (Byy ((n+1)**) \By, (n*)) € By (6n"+").

Thus, there exist constants C; such that for n > m,

n—1
[177(00) N By, (n**)| < Ca|Bp, (m*F®)| + Y Co|Ba(6k' )]
k=m
n—1
< Cgm4+2a+04 Z k2+20/ < C’sn3+2w_

k=m
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Step 5: Consider 3 € (0,1/2). We can choose &/ > « > 0 such that 3;222‘, =3/2+p

and such that 1+ o’ < 24 a. For ¢ large enough, choose n such that n?** <t <
(n + 1)2T<. Thus, by the previous step,

112(00) N By, (£)] < 12 (00) NBy, ((n41)27)] < Cn+1)272" ~ Ct 55 = C13/2+6,

The norm equivalence implies the analogous result for any norm on R2?, which
proves the first point of Theorem m
Let us now prove the second point: for every 3 > 0,

- Diam ((n?(co) + [-1/2,1/2]?) N S, (1))
1m 117248

=0.

t——+o0
Tt is clearly sufficient to consider 3 € (0,1/2). We can choose o/ > « > 0 such that
Lial 1/2 + 3. For t large enough, choose n such that n?*® < t < (n + 1)%+,

24«
Then, by (), there exists y € R? such that

(n?(00) + [<1/2,1/2%) N 8, (1) N Z2 € By ((n + 1)* *)\By, (n**) € BY(6n'+).

Asn ~ tﬂ;a, this ends the proof of the second point.
Turning to the proof of the last assertion, consider the following alternative:

o If the weak species (type 1) does not unboundedly grow, its natural density
is zero, while the density of the strong is one.

e If the weak species grows unboundedly, the first point of the present theorem
ensures that the strong species has null density, and therefore that the weak
have full density.

O

6. NON-COEXISTENCE EXCEPT PERHAPS FOR A DENUMERABLE SET

In this section, we prove Theorem @: Remember that Haggstrom and Pemantle
proved non-coexistence for two epidemics progressing according exponential laws
with parameter 1 and A\ ”except perhaps for a denumerable set” for A\, and Theo-
rem E extends this result to families of laws depending on a continuous parameter.

The first step consists in coupling all possible competition models on the same
probability space, respecting the stochastic order of the laws. This will give natural
inclusions between sets of infected points for competition with distinct parameters,
as stated in Lemma f.1]. Assume that p < 7, that the slow infection (the strong one)
uses the law with parameter p (respectively, r) and that both infections manage to
grow unboundedly. Let also choose ¢ € (p,7). Then, we can expect than strength-
ening the slow infection by increasing its parameter from p to g makes it strong
enough to win and surround the fast one. Proving this is the aim of Lemma ,
and the proof is based on Theorem |1.§. Finally, to prove Theorem E, we show
that for a fixed ¢ € I, the set of p < ¢ such that P(g;_’q N gf,,q) > 0 is a subset of
the discontinuity set of an increasing function, and is thus at most denumerable.

Coupling. We first couple all passage times for varying parameters thanks to the
generalized inverse of the repartition function, which allows to build all the com-
petition models on the same probability space. This generalizes the construction
presented in the introduction with only two parameters.
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On Q =0, 1]Ed, consider the probability measure P = /[0, 1]®Ed, where U[0, 1]
denotes the uniform law on the set [0, 1]. For each w € Q and p € I, define

t? =inf{z e R: vp((—o0,z]) > we}.

Under P, the variables (t£),cge are independent identically distributed with com-
mon law v,. Moreover

Ve e B! V(p,q) €I’ p<q=tl >t
We build now, for a given (p, p2) € I2, the competition process in a realization
w e Q. Let E = (]0,+0o0] x [0, —l—oo])Zd. We recursively define a E-valued sequence
(XPrP2), - and a non-negative sequence (IT7172),~q. The sequence (TP1P2),~
contains the successive times of infections, while a point € = (e!(2),e%(2)),cz¢ € F

codes, for each site z, its times of infection e!(z) (' €2(z)) by the first (respectively,

the second) infection. We start the process with two distinct sources s; and sq in
7%, and set TJP? = 0 and

XPrP2(2) = 0 if z = s,

XPup2 — (xLpup2(, ’X2,p1,p2 z with :
0 ( 0 ( ) 0 ( ))zEZd X87P17P2 (Z) = 400 otherwise.

This means that at time 0, no point of Z? has been infected yet but the two initial
sources s; and so. Then, for n > 0, define the next time of infection:

Tt = inf{XPoP2(y) + 47 40 {y,2} € B4 i€ {1,2}, X3 P72 (2) = oo}
Note that the infimum in the definition of T}, 11 is always taken on a finite set.
Moreover, Assumption (5) ensures that if this infimum is reached by several triplets
(i,y,2), all these triplets have the same first coordinate, which means that a point
can be infected by the same species from distinct neighbors at the same time, but
not by the two species simultaneously. For such a triplet, the next infection is of
type i from (one of the) y to z. The set of infected points of type 3 — ¢ has not
changed:

Vr € 74 Xz;i,phpz (x) — X’r?;*iyplypz (1.)’
Pi

while the point z has been infected by species i at time X5 P1P2(y) + oy

Vo € Z0\ [z} X () = XEPP(e) and XY (2) = XEPore(y) + 47,
Note that X P1P2(y) and X3~"P1P2(y) can not be simultaneously finite, which
corresponds to the fact that each site is infected by at most one type of infec-
tion. Moreover, once min(XP1P2(z), X2P1:P2(z)) is finite, its value — the time of
infection of & — does not change any more.

As vy, > Up,, species 1 is slower than species 2. We also define the sets
nPrP2(t), PPz (t), n?:P1P2(t) that are respectively infected points, infected points
of type 1, infected points of type 2 at time ¢, by

Vie {1,2} Vte[TPor2 TP phPrp(t) = {2 € Z% X P0P2(2) < 400}
and nP1P2(t) = plPrr2(¢) U n?P1P2(¢). We also define

ni’pl’pz(oo) — tgo ni,phpz (t),
ghrerr = {nhPrP2(0o)| = oo} fori=1,2.

The set G#P1'P2 corresponds to the survival of type i.
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Lemma 6.1. Lett > 0.
e n1P4(t) is non-decreasing in p and non-increasing in g,
e n?P4(t) is non-decreasing in q and non-increasing in p.

Proof. The proof is just a ”several parameters” version of the proof of Lemma [L.1.
We only prove the monotonicity of the two sets with respect to ¢. Let then ¢ < r.
We now proceed by induction to prove that for every n € N

(H,) Vze 74 Xi’p’q(:n) < X,ll’p’T(:I:) and X,%’p’q(x) > Xfﬂ”(m).

Clearly, (Hy) is true. Assume that (H,,) holds.
1. Let us first prove that X, *%(z) < X)) (2) for each x in Z?. We have the
following alternative:

o If X' () = +oo, it is obvious that X7 (z) < X P (2).

o If X177 (z) < +o0 then, by (H,), X1P4(x) is also finite, and thus their
values do not change when we go from n to n + 1, and the inequality is
preserved.

o If Xif’lr(z) < 400 and X} P"(z) = +o0o, there exists y ~ x which has
infected x at the (n+ 1)-th step of the construction with type 1 species. In
other words:

Xl (x) = X" (y) + tly 0y and Vz ~ X 2T (y) + ) < XaP"(2) + 17, 4

By (H,), since t" < t%, we have for each z ~ x:

Lp, P Lp,r P 2,p,7 T 2.p, q
anq(y)“{w} < X,P (y)th{y,z} < XP (z)+t{m} < anq(z)“{z,z}-

This says that, in the (p, ¢) competition, z is infected by the species 1 and

that lezf’lT(x) — X}L,P,T(y) + tl{ij} > X}L’_"I_”l‘l(m)

2. Let us now prove that X2%%(z) > X2P/(z) for each = € Z¢. We have the
following alternative:

o If X2 (x) = +oo, it is obvious that X273 (z) > X2 (x).

o If X2P4(z) < +oo then, by (H,), X>P"(x) is also finite, and thus their
values do not change when we go from n to n + 1, and the inequality is
preserved.

o If X27(x) < +oo and X2P4(z) = 400, there exists y ~ = which has
infected x at the (n+ 1)-th step of the construction with type 2 species. In
other words:

2,p, _ P ,P, \Ds
Xn_flq(z) = X,%p U y) + t?y,w} and Vz ~ z, sz U y) + t?y,w} < X,llp Uz) + t’{)z,m}.

By (H,), since t" < t%, we have for each z ~ x:

X2PT(y) 7, 0y < X2P9(y) + t, 0y < X1pa(z) 4+ 0y < X1 Pr(z) + t, oy

This says that, in the (p,r) competition, z is infected by the species 2 and
that X277 (@) < X227 (y) + 17, 4y = Xofi (@),
To conclude, note that n*?4(t) = {z € Z¢: 3In € N, X*P4(z) < t}. It is then
obvious that n''7+4(t) is non-increasing in ¢, and 7*?4(t) is non-decreasing in ¢. [

Lemma 6.2. For A C Z%, we define
|Al, = sup{||z|l, : =€ A} and |A|., =f{||z|,: x € Zd\A}.
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Then, P-almost surely,

Bt B2(t)]«
LGN AGI:

— 1.

Proof. These are direct consequences of the large deviation result, Proposition .
O

Lemma 6.3. Ifp < q <r, then P(G'P" N G>4T™) = 0.

Proof. By coupling, G>P" D G%%7 thus we have GHPT N G249 = (GLPTNG2PT)N
G%%7 . So we can assume that GLP" N GZP" occurs and prove that G29" can not
happen. By Theorem , we have

o 20,7 (¢ o 2,47 (
lim M < 1, which implies, by Lemma @, lim u <1.
t——+o0 t——+oo t
Now, by Proposition @, we have
o 2,q,7
m Ol o
t—+oo t '
Using the coupling Lemma E and Lemma @ together, we get
1,q9,r U 2,q,7 t
t——+o0 t
Now, let t be large enough to ensure that
Wy 2+l _ o O U Oy | Cpat?
t - 3 t - 3 '

Then every point x such that at < ||z||, < Bt belongs to n%7(¢)\n?*"(¢), which
prevents the occurrence of the event G397, 0

Proof of Theorem [L.4. Let q € I be fixed and consider the maps s* : p — P(G#P9).
By Lemma @, s! is non-decreasing, whereas s? is non-increasing. Suppose now
that p < ¢. We prove that P(G174 N G2P9) = 0 if s! is left-continuous at p. By
Lemma

P(GLP—/ma n ghva q G2Pa) 4 P((GhPT/ma)e n ghpd 0 G2Pa)
p((gl,p 1/n,q) N ng,q N g27p7q)

P((gl,p 1/n,q cn g17p7q)

P gl,p,q (gLP 1/n7q)

s'(p) = s'(p—1/n).

Thus, the set of p < ¢ such that P(g; qN g2 ) > 0 is a subset of the discontinuity
set of the non-decreasing function s' Therefore 1t is at most denumerable. Note
that we could prove that P(G1P4 N 92’p’q) = 0 if s? is right-continuous at p in the
very same way. O

]p(glypyq N gQqu)

VAN VANVAN
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7. CONCLUDING REMARKS

Since we are coming to the end of our study, it is worth questioning the rele-
vance of the notion of strong coexistence and its relationship with the Haggstrom-
Pemantle conjecture.

At first, let us say a word about the notion of strong coexistence. It is obvi-
ously stronger, but how far away is it from the notion of coexistence? In the case
where the two species have the same passage times law, a partial answer is given
by a recent work by Gouéré [ﬂ] some of these results imply that — under clas-
sical assumptions implying coexistence — one can find initial configurations that
give rise to strong coexistence with positive probability. The restriction on the
initial conditions can however be dropped by a modification argument as in Garet-
Marchand [] Actually, in the case where the two species have the same passage
times law, simulations let think that when coexistence occurs, each species grants
itself a cone, and thus strong coexistence occurs.

The above remarks seem to show the relevance of the notion of strong coexistence,
but we must now wonder how far we are from the Higgstrom-Pemantle conjecture.
First, it could be interesting to note that Theorem E allows a reformulation of this
conjecture: it is sufficient to prove that the map p — P, ,(G') has a unique point
of discontinuity. Note also that this reformulation is quite close to some recent
result by Deijfen and Haggstrom concerning competition with exponential speeds
on general graphs (Theorem 4.1 in [) However, it is not evident that this remark
can be exploited to prove the conjecture. In this perspective, it it more natural to
look at Theorem D and Corollary Ez it seems highly unlikely that the strong
could survive being constrained to occupy only a negligible portion of the aerial
surface, but we did not success to prove it at this time.
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