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Asymptotic analysis of some non-linear soft thin layers
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This paper shows how to model thin layers and interfaces by asymptotic techniques. Some behaviors are treated:
visco-elasticity (Maxwell, Kelvin—Voigt, Norton), Mohr-Coulomb non-associated elasto-plasticity and non-monotone
relationship in the strain—stress diagram. Results are given concerning two kinds of stratified thin layers. Numerical

validations and algorithms are proposed and presented.
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1. Introduction

Contact and interface mechanics intervenes more and
more often in computational structures. To have reliable
tools to size more and more complex systems, it is indis-
pensable to take into account in a precise way the con-
nections between the various solids of the structure.
This consideration can be very complex because of the
strongly non-linear character and possibly imperfect
and very localized of these connections. For examples,
in the modelling of the processes of metal forming, con-
sideration of the friction is necessary because it pilots the
whole process; the modelling of the mortar in the case of
masonry structures is necessary to estimate in a precise
way the mechanical characteristics of the structures,
their risks of ruin and collapse, etc.

The purpose of this paper is to show how it is possi-
ble to obtain families of interface laws from the mechan-
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ical behavior of thin layers. The consideration of bonded
joints in real structures can lead from a numerical point
of view to problems of too large sizes, especially if these
joints have a non-linear behavior [1,3]. From a general
way, one is going to consider joints of weak thickness
and weak rigidity with regard to those of the substrata.
One has then to deal with problems taking into account
at least two small parameters (the thickness, the rigi-
dity). An asymptotic study (a micro-macro passage),
completed by numerical calculations, leads to so-called
“asymptotic contact laws” who allow describing the
(macroscopic) mechanical behavior of the interfaces
(see references in [1,3]).

Section 2 is devoted to the mechanical problem. In
the third section the mathematical background is re-
called. We consider in this paper various kinds of non-
linear behavior for the thin layers:

e visco-elasticity (Maxwell, Kelvin—Voigt or Norton
type): one explicits the results expressed in [2] (Sec-
tion 4);



¢ non-associated elasto-plastic of Mohr—Coulomb type
(Section 5);

e non-monotone relationship in the strain—stress dia-
gram (Section 6).

One can show in the first and second cases, that the
interface laws obtained are of Tresca or Coulomb kind.
The last case can model instabilities on the contact
boundary. In Section 7, the thin layer is supposed to
be a stratified composite. This case permits to show
how it is possible to add various behavior laws. We ob-
tain the same kind of results that proposed in [4]. The
last section is devoted to numerical algorithms.

2. The mechanical problem

The aim of this section is to present the mechanical
problem and to give the notations used in the paper.
We consider a body occupying an open bounded set Q
of R3, with smooth boundary 0%, the three dimensional
space is referred to the orthonormal frame (O,x1,x5,x3).
This body is supposed to have a non-empty intersection
S with the plane {x3=0}. Let £>0, a parameter in-
tended to tend to zero, we denote

B = {x = (x1,x2,x3) € Q such that |x;| < ;},
Q= {x = (x1,x2,x3) € Q such that |x;] > %},
Q= {x = (x1,x2,x3) € Q such that +x; > %},

(1)
S = {x = (x1,x2,x3) € @ such that £x; = ;},
Q, = {x = (x1,x,x3) € Q2 such that +x; > 0},
S = {x=(x1,x,x;) € 2 such that x; = 0},
Q=0,UQ. .
In the following, we suppose that B® is the domain occu-

pied by the joint and Q° by the deformable bodies (see
Fig. 1), Q° being the geometrical limit of Q°. S° is the

Fig. 1. Geometry of the problem.

interface between the adhesive and the adherents, and
S is the surface to which the adhesive tends geometri-
cally. On the structure is applied a body force density
¢ and a surface force density g on I'y a part of the
boundary, n denotes the external unit normal vector to
Q. The part Iy of the boundary is supposed to be
embedded. The two bodies are supposed to be elastic
and the joint will be considered successively as elastic,
visco-elastic, elasto-plastic and pseudo-elastic. We de-
note by ¢° the stress tensor and u° the displacement field.
Under the small perturbations hypothesis, the strain ten-
sor is written

1 (ou: Ouj
) == [ —L 4 ), 2
“ld) =3 (axj " ax,»> @
If Y is a function, we define by W (xg) (resp. ¥(x;)) the
limit of Y(x) when x tends to xg, x = x¢ (resp. x < Xxp).
In order to define the interface laws between bodies

and the joint, we have to introduce some notations.
We define the jump of a function on the interfaces

Mi:“(x“i% ICEES! 3)

[] = v(x1,07) + v(x1,07).

In the following sections, the adhesion between the bod-
ies and the joint will be supposed to be perfect, that is

], =0 on S.. 4)

We denote by a;;; the elasticity parameters of the
adherents. Thus, we have to solve the following problem

Find (u*,¢%) such that :

05, =—¢ in Q

0} = aymemn(u’) in ¢,
(P;)< + behavior laws in B’

u* =0 on I'y,

o‘n=g on I'y,

Wly=[1.=0 on S%,.

By convention, we define the local frame (n*,/*) where
n* is the external normal vector to €. In the same
way, we define (n,f), where n is external normal to Q..
In these local basis, a vector v will decomposed in nor-
mal and tangential part as follow:

A Y . “tor(n,x%)
Ux172—1vx172n TX1,27 (5)

v(x1,0%) = vyn + vy

3. Mathematical background

The idea of matched asymptotic expansions [5] (other
techniques are given in [2-4,6-8]) is to find two expan-
sions of the displacement u” and to the stress ¢° in pow-



ers of ¢, that is, an external one in the bodies and an
internal in the joint, and to connect these two expan-
sions in order to obtain the same limit. In the following,
we have considered a problem in dimension 2 in order to
simplify the computations. The external expansion is a
classical expansion in powers of ¢

ue(xth) = MO(Xl,xz) =+ 8ul(x1,X2) + .. .
0, (x1,%2) = 05 (x1,x2) + &0}, (x1,x%2) + -+ -,
eij(ue)(xhxz):eg+ge}j+...7 ©)

(@]

;1 ou n aujl-
e, == — .
¥ 2 ax] ax,'
In the internal expansion, we proceed to a blow-up of
the second variable. Let y, = 32. The internal expansion
gives
= vo(x17y2) + 81}1()(17)/2) +y
Ufj(xle’z) = gilTi;l(xhyz) + T?/(xlvh) + P‘L’;/.(thz) oy
e (1) (x1,3,) = & e + e + e + -

ol 761)1 ol :av£+l ol avz avi“
€ 6x| 22 ayz ’ 12 — 6x| ayz

u(x1,x2)

()

The third step of the method consists in the matching of
the two expansions. The idea is to define some interme-
diate points where the expansions can be superposed. In
particular, we observe that when ¢ tends to zero, x, tends
to 0F and y, tends to *oco. The matching of the two
expansions gives

10 (x;, £00) = u°(x;,0%),

8
7 (x, £00) =0, 1°(x, £00) = ¢°(x;,0%). ®)
We observe that in the equilibrium equations appear
terms of order —2 and —1. The equilibrium equation
at order —2 gives

oty
2 =0. 9
>, ©)

Thus, t,' does not depend on y,. Due to the limit of 7,
in *oo, that is zero, we have

T, =0. (10)
The equilibrium equation at order —1 gives

0
ot} _

11
>, (11)
Thus,
T?z = J?z(xhoi)- (12)

Note that in the following, f=lim, Ho . In particular,
we denote by / and [i the limits assocmted to the Lamé’s
coefficients.

4. Visco-elasticity
4.1. Kelvin—Voigt visco-elasticity

We consider that the thin layer is visco-elastic and
obeys to the Kelvin—Voigt’s law of linear visco-elasticity.
We recall that we consider a perfect adhesion between
the bodies and the glue. The deformation tensor is split-
ted in two parts: an elastic part and a non-elastic one.
The symbol (') characterizes the time derivative. The
behavior law in the thin layer is given by

GZ = /l(ekk + ('))Mékk)éij + 2ﬂ(eij + Hﬂéij)7 (13)
where / and p are the Lamé’s coefficients. 0, and 0,, are
two characteristic times [9].
The asymptotic expansion gives
g} ’1 + ‘c +¢! 1: + -
= )'( (ekk + Hiekk )+ e/?k + eié/?k
. .)51,], + 2/1(871(81.;1 + euéi;l)

+e) + 0,8, + el + 0,é};) + - ) (14)

+8(€11ck + ei»éllck) +

In the internal expansion, we observe that the important
quantities are the ratio between the Lamé’s coefficients
(resp. the characteristic times) and the thickness of the
thin layer. In order to simplify, we suppose that the
characteristic times are constant values regarding to
the thickness. The other cases can be deduced easily by
the techniques presented in the following. We obtain
using the notation defined in Section 3

T =0, ) =i(ey +0:65)0; + 20le;

i +9e )

(15)

Thus, by integration in the interval [—1/2,1/2] and using
Egs. (9), (10) and (14), we obtain

oty = Alu] + A0, [,

a5 = (24 2] + (20; + 270, i) (16)
To summarize, the interface law is given by

on = K [u] + Ky[i]. (17)

The diagonal matrices K; and K, are deduced easily
from (16).

We observe that this interface law is valid for a large
number of coefficients variations. Particularly, if the lim-
its of the ratios are infinite, the jumps in the former for-
mulas are equal to zero (perfect adhesion). Conversely, if
the coefficients are equal to zero, the stress tensor is
equal to zero (perfect sliding).

4.2. Maxwell visco-elasticity
The thin layer is supposed to obey to the Maxwell’s

law of visco-elasticity. The behavior law in the thin layer
is given by [9]



N S ., O
e(u’) = Ev(o*fj—i-t—l’)—%(a,ik—o—a[—’j)é,-j. (18)

E is the Young’s modulus and v is the Poisson’s ratio. ¢,
and ¢, are two characteristic times. We use the same
techniques that in the previous section. We assume
that ¢, = t,. The important value in the expansion is
the ratio between the Young’s modulus and the thick-
ness of the thin layer. Using the notation of Section 3,
we obtain

14+v .
[“(1)]: i ((1)2+‘7(1)2/t1):

] = 1= % + o). (19)

The interface law is written
[u] = Kyén + K,on. (20)

The matrices Ky and K, are deduced easily from Eq.

(19).
4.3. Norton visco-elasticity

The thin layer obeys to the non-linear Norton’s law
of visco-elasticity. The behavior law in the thin layer is
given by

O',Fj = )Lekkéij + 2[.!6,:,' + n‘é|p72é[j7 (21)

where 1 and u are the Lamé’s coefficients and 7 is the vis-
cosity coefficient. p is a scalar parameter. We use the
same techniques that in previous sections. The charac-
teristic coefficients in the expansions are the ratios be-
tween the Lamé’s coefficients and the thickness of the
thin layer and the ratio between the viscosity coefficient
and the thickness at the power p — 1. Using the notation
of the previous sections, we obtain

2o
6(1)2 = p[u(l)] + ;7]/2/ |e|P ? a l dy27
—1/2 V2

1/2 a0

. p—2 00
lef” . 2dy,.

2 V2

(22)

a5, = (I+2ﬂ>[u2]+ﬁ/l/

We have to solve two differential equations. The stresses
0, 0 o g 308
o1 and o3, depend only on xy, thus 7 and 2 do not de-

pend on y,. The displacements v? and 1')(2) depend linearly

on y,. We deduce by integration
U = 1) + 1/2| @@l (i), 23)
a9 = (L + 2m)[ud] + il i) @gn|”~ (i3],

where the symbol ®, denotes the symmetric tensorial
product. To summarize the interface law is written

on = K [u] + K,|[i] @] [id]. (24)

The matrices K, and K, are deduced easily from Eq.
(23).

4.4. Incompressibility

As in the previous sections, we consider a perfect
adhesion between the bodies and the glue. The incom-
pressibility condition is written in the quasi-static case

divu = 0. (25)
The former equation becomes
Ou, Ou
—1 2 1
L e SR 26
d, Ox (26)
Thus,
6142
2 _0 27
o, (27)
and
1] = 0. (28)
We obtain the law of bilateral contact
[uy] = 0. (29)

5. Mohr—Coulomb elasto-plasticity
5.1. Mathematical results

As in the previous sections, we consider a perfect
adhesion between the bodies and the glue. The deforma-
tion is decomposed in an elastic part and in a plastic one.
The thin layer obeys to the Mohr—Coulomb’s law of
elasto-plasticity, that is

e(u’) = e + ¢,

afj = Jewd;; + 2ue;;,

lo| < C—tanQ |g,], (30)
If]o,| < C —tanQ |g,| then &’ =0,

If]o;| < C —tanQ |o,| then &’ = kn®yi,

where € is the friction angle, C is the cohesion strength,
g, and g, are respectively the normal and the tangential
stresses; we denote by 7 and 7 the normal and tangential
directions of the face corresponding to the plastic yield,
k is a non-negative parameter.

We proceed as in the former sections. We consider
the same case than in Section 3. The internal expansion
gives using the same techniques that in the previous
paragraphs

— au - _ au
T?zzﬂ(aiylfe%)v ng=(A+2u)<aT;fe’z’z). (31)

Before the beginning of the plastification, by integration
and using the connection conditions, we find the elasto-
static case.

on = K [u]. (32)



The most interesting case is when the plastic yield is
reached, we obtain in this case by integration

th = allw)] = (4], 15 = (A +2m)([3] - [h]).  (33)
In other terms and using the connection conditions

on = Ky ([u] — [u"]). (34)
The plastic flow is given by
[#] = kt (35)

with [if] = ['7, &5 dy,.

The limit problem is quite different in this non-linear
case. The plastic yield and the plastic flow depend on a
local problem because they do not depend on the stress
vector but on all the components of the stress tensor. In
order to determine the threshold and the direction of
sliding, we have to solve the following elasto-plastic
problem in the rectangle domain S x [—1/2,1/2]

0
Ot

=0,
(23
el=e"+e,
rg = Xeiklay"F 2l19;17 (36)

€] < € — tan Q<)
If|<°| < C — tan Q|7°| then & =0
If|<°| < C — tan Q|7°| then & = kni®,7.
Due to the fact that the solution does not depend on the
thickness, we have to solve only a “one-dimensional
problem™.

We observe that we obtain a “pseudo-penalized-Cou-
lomb” law of friction. If the direction of flow is equal to

(or approximated by) x;, we find the classical Coulomb
law of friction.

5.2. Numerical validations

The numerical example presented in this section is the
problem of an elastic body bonded to a rigid body by an
elasto-plastic thin layer (Fig. 2). The ratio thickness of
the thin layer—dimension of the body is equal to 1/
100. Numerical results are shown in Fig. 3. We observe
that the theoretical law is verified with a good agree-
ment. The right part of the figure (elastic behavior)
shows that the ratio between the tangential force and
the tangential displacement, computed on the boundary
elastic body/thin layer, is equal to the coefficient g. In
the left part of Fig. 3, we observe the plastification of
the thin layer corresponding to a non-linear sliding.

5.3. Remarks on a simplified behavior

In this section, we consider a material which obeys to
a mono-directional law of Mohr-Coulomb. That is the
direction of flow is known. In order to simplify, we con-
sider that the direction is x;. The flow rule in Section 5.1
is replaced by

WO

N N\

Fig. 2. A long steel bar (100 mmx 100 mm) bonded with a rigid
obstacle. Adhesive: e=1 mm, C=0, Q =30, £=30 GPa, v=
0.3; adherent: E =210 GPa, v =0.3; loadings: (0.164,—0.0164)
N/mm; finite elements §-nodes squares.
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Fig. 3. Ratio tangential force-tangential displacement on the
contact zone: beginning of the plastification in the left part of
the boundary.

el = ]OC] and (17[,?) = (*Xz,Xl). (37)

The asymptotic expansions used in the previous sections

give

on=K — [u"]),
n =Kol = ) a9

[up] = kx1 .

In this case, it is not necessary to compute the local
problem presented in Section 5.1.
6. Some remarks on non-monotone behavior
6.1. Mathematical results and limitations
We consider a perfect adhesion between the bodies

and the glue. The behavior of the material is non-mon-
otone, that is [15]



0 = lewdy + 2ue; + “(T)XU if ot(T)yUe,, < =C(T),

o = lewdy; + 2uey; if |u(T)y, ey < C(T),

0y = Aewdy + 2ue;; — a(T)X,-j if oc(T)y,jel, = C(T),
(39)

where T is the temperature, C(7) and o(7) are the non-

negative parameters of the law, and y is a given orienta-

tion tensor. Using the same techniques and the same

notations than in the previous sections, the internal
expansion, in the case

o(T)y e = C(T) (40)
leads to

ou’ oud
O —p—L_—7 0 = —2_ 41
T2 /layz 0Y12y Ty = (’“Jﬂ“) , Y22, (41)

where @ is the limit of the ratio between the coefficient
«(T) and the thickness at the power #<1. In the follow-
ing, C will denote the ratio between C(7) and the same
power of the thickness. By integration, we obtain

0%, = (A + ) [u]] — @z (42)
Thus, we obtain an interface law written

If y,[w] = C  then on = K [u] — ayn. (43)

‘7(1)2 = ﬁ[“(l)] — 0Y12,

An interesting case is 2, = 0. Thus, we obtain a normal
compliance law and a non-monotone law of friction
[11,12].

6.2. A 1D example

The previous computations are not totally true be-
cause the problem does not have an unique solution.
In fact, in the asymptotic expansions particular solutions
are chosen. In the previous computations there is no no-
tion of stability which is now classical for this kind of
non-monotone laws (see [13] and references therein).
In this paragraph we treat the example of a bar of length
! occupying the interval ]0,/[. In the interval ]0,¢/[, the
material has a behavior as in the previous section with
a rigidity k; in the interval Je/, ][, the material is elastic
with a rigidity K. We suppose that a given displacement
0>0 is applied at the extremity x = /. The bar is embed-
ded at the extremity x = 0. The adhesion is perfect for
x =¢l. We denote u, the displacement field in ]0,e&[
and u, the displacement field in the interval Je/,/[. We
introduce Wy, the stored energy of the two-phase part
and W the stored energy of the elastic part. The total en-
ergy of the composite bar is given by

ua uh / Wmm uur dx+/ W th

W in (g x(x)) = min (]; 2 NES ) 3 M(x) au“(x)Jrc),

K,

W (12(x)) = 516, (3)

(44)

Note that W,,;, has two ascending branches, each one
corresponding to a different phase. In this paragraph,
we look for a particular minimizer of the total energy.
We denote U, = u,(el) = uy(el). Introducing the convex
envelope of W, denoted CW,,;,, and using Jensen’s
inequality, we obtain a lower bound of the energy

E(ug,up) = /EI CWmin(ua,x(x))dx—i-/l W (up(x)) dx

> elCW pin (% /OSI Uy (X) dx)
i —s)W(ﬁ /ﬁ;luhx(x)dx)
> min (slcwm (%) +1(1 - S)W( I‘ZI__US)))

The lower bound is obtained when

AN 5 U,
CWmin,u‘, (g) — l/V.u,7 (m) . (46)

The solutions of the former equation are the intersec-
tions of the graph of CWy,y,,, which is a tri-linear func-
tion in view of the non-convexity of W,,;,, and the graph
of W ,,, which is linear (Fig. 4). Three different values of
U, are obtained corresponding to the three possible
intersections of the graphs (see Fig. 4)

® 0<do, Us:%,
© 00<I<H, U, =0 — i
° 5251’ . = al+ Ké

E)

—¢)

with ¢, =%z K1=12i: § =¢,K," and
01 = 0 + %2 Thus, it is poss1ble that a global minimizer
of the energy verifies

Uy (x) :gx if 0 <x<eS,

=

ua(x):6+a(x—sS) if eSS <x<el,
up(x) = %(x—l)—i—é if el <x< |,
o ok k
Y () iy Bl
&S 81( +oc (XKI aé), 47)
k K
= — — <0<
o e if 0 <0 <,
azam:k<€—g) if 60 <6< 0y,
o 2
k (K ol

Note that &S denotes the location of the interface be-
tween the two phases in the thin layer. To summarize,
we obtain three different branches of solution corre-
sponding to the values of the given displacement . At
this point, it is possible to study the behavior of the dis-
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Fig. 4. Solution of the minimization problem.

placement and stress fields when the thickness tends to
zero. Thus, using the usual notations, the asymptotic
law is given by

on=klu] if 0<3 <9,

~

on=-(0—[u) i 8 <6 <4y,
(48)

on=klu —a if &> 9),

. A 1 1
N =0, K, N =8+12, K'=(=+=)
0 =0, 1 0 T+ % + %
We observe that this law is quite different that the law

obtained in Section 6.1. Note that other techniques to
determine the asymptotic laws are given in [14].

7. Stratified thin layers
7.1. Introduction

In this section, it is supposed that the thin layer is a
stratified composite with the fiber direction parallel to

x1 (see Fig. 5). In order to simplify, only two sub-layers
of thickness a¢ and 1 — ae are considered (0<a<1)anda

4 N
7 N
N

\ J

Fig. 5. A stratified bonded joint with an elastic bar (40 mm x 40
mm). Adhesive: ¢=0.1 mm, ¢=0.5, u+=10 GPa, u_=7.5
GPa; adherent: E =130 GPa, v =0.2; loadings (50,—25) MPa;
finite elements 3-nodes triangles.

perfect adhesion between the layers is supposed. We
denote

B = {xEBS such that—§<x3 <§—as}7
2 2
p ¢ (49)
B = {x € B? such that Efas <x3 <§}.
We denote by A_ and u_ (resp. A+ and p.) the Lamé
coefficients in B® (resp. B,).

7.2. Elastic layers
In this paragraph, the two layers are supposed to be

elastic. By the same techniques that in the previous sec-
tions and using the same usual notations, we obtain

o o 1 1
012:ﬂ+a_y27 §—a<x2<§7

. a1 1
O’gz:(/hr‘l‘zl_’hr)izv **Q<X2<*,
o ol 1 1
O—lzzﬂ—a_yz7 —§<x2§§—a,

. v 1 1
ngz(i,‘l“zﬁf)a—;, —§<X2<§*a.

By integration, we obtain
6(1)2 = :uj: [u(l)L (51)
05 = (de + 271 ) 3],

where /. and i, are the geometrical sums of the Lamé
coeflicients i.e.

3 a l-a
+ =5 5 )
Ay A_—
_ a 1—a (52)
By =—+— .
Hy H_—=

Thus, an elastic interface law is obtain where the coeffi-
cients of stiffness are the geometrical sum of the coeffi-
cients of stiffness of each thin layer:

on = K7 [ul. (53)

The definition of the tensor K; is deduced easily from
Eq. 51. An example of validation is given in Fig. 6 on
the example of a long bar with two layers with the same
thickness.

7.3. Elastic—plastic layers

The same kind of study than in the previous section
can be done considering that one of these thin layers is
perfectly plastic and obeys to the Mohr-Coulomb
behavior. In order to simplify, we suppose, as in Section
5.3, that the behavior of the upper layer is mono-direc-
tional. The flow rule in this layer is

e’ = kxl and (}7[7?) = (—xz,xl). (54)
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Fig. 6. Ratio tangential force-tangential displacement.

The asymptotic expansions used in the previous sections
and the results of the previous section give
on = K ([u] — [u"]),

We obtain a law which is “classical” in contact mechan-
ics. The next section is devoted to the numerical solution
of this kind of problem.

8. Numerical algorithms
8.1. Generalities

The interface problem introduced in Section 7.3 is
written, with f'= tan Q, Find p fixed point of the applica-
tion p— flon(u(p))|, where u = u(p) is solution of
{ Find u € V such that :

J(u) < J(v)
with J(v) = 14(v,v) —
is given by

YoeV
v) + [(@(oy)ds + [ (vr)ds, ¢

0 if vy <0,
o) = {%(UNY if oy > 0.
Y is given by

fpvrf% if vp <22,
Ylor) = < 3K - (o) i Jor| <&

por — % if vr > &

The problem is discretized by a finite element method
formulated in displacements. Usually, we use P1 finite
elements (triangles with three nodes and six degrees of
freedom) or Q1 (quadrangles with four nodes and eight
degrees of freedom). We have to minimize a functional

still noted J in R*M*. We denote: NP the total number
of nodes, NC the number of contact nodes, Iy the indi-
ces of normal components of contact nodes, /7 the indi-
ces of tangential components of contact nodes, 4 the
stiffness matrix with coefficient a;; and B the stiffness ma-
trix to the surface terms with coefficient b;;. The relaxa-
tion method consists in finding the solution of the
previous problem solving a sequence of minimization

problems in R*?
. n+4
Find u, ? such that Yo € R*P
n+1 nl n
Jit oo »”z+17“~>”2/vp)
n+1 n
STt v ).

We denote by o the relaxation coefficient. In the first
time, we are interested by the normal components.

L4 iEIN
The algorithm is written
+ 1
:'1 : ,11+l b — Zd"+ n+l Z dl_/ /)
4 =1 J=itl
with

ay +y(uj)by if j€ly,

d" = ai; + I’I(Ll;l)b,/ if ] S [T7

{ if u<0,
ifu>0

if u] > &,
i Ju] < 2

n+l — (1

otherwise,

+1
o) + ou; 2,
For tangential components, we have
L4 lGIT
First, the fixed point problem is considered
ot = flay(u(p'))| and we write

”:'H—% = ,,l+l b — l_zld"H P — Z d,ﬂ", - 1)'P5>
d;? j=1 j=i+1
with
-1 ifu<gh,
0w)y=<1 ifu>g,
0 if |u] < L
= (1 — w)u’ +wu"+3.

8.2. An academic test

In this paragraph the algorithm is tested and vali-
dated. We have chosen a benchmark studied by the
group ‘“Validation of computer codes” of French Re-
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Fig. 7. The example of a long bar (40 mm x40 mm): G
corresponds to traction, SL to sliding and ST to stick zones
(E =130 GPa, v = 0.2; finite elements 3-nodes triangles).

search Groupment “Large Deformations and Damage”
([10], Fig. 7). We work in plane strains and we consider a
long bar with square section (40 mm) with Young’s
modulus E = 130 GPa and Poisson’s ratio v =0.2. The
“contact” zone (where the interface law is considered)
corresponds to the part AB in Fig. 7, with a friction
coefficient equal to /= 1. Boundary conditions, u; =0
on BC and u; = u, = 0 at point B are imposed. We apply
loadings, 10 daN/mm? on AD and —5 daN/mm? on CD.
In the solution of this problem we have to determine
each zone of contact status.

In the finite element method, the contact zone is dis-
cretized by 32 nodes. For different values of i and / the
variations of contact status are studied (Fig. 8) and com-
pared with the results obtained in [10] (Signorini-Cou-
lomb laws). We observe that for large values of the
coefficients we find the same results that in [10]. These
coeflicients correspond to the limit case (Signorini—-Cou-
lomb). The decreasing of i corresponds to an increasing
of the stick zone (13, 15 and 32 nodes). Nevertheless, the
coefficients have a strong influence on the tangential dis-

25 T T T T T

T T

— - small values

— reference and large
values
intermediate values

tangential displacement (103 mm)

-5 . . . . . . .
0 5 10 15 20 25 30 35 40

interface (mm)

Fig. 8. Tangential displacement for various coefficient of

“stiffness” (A, @): (15, 5), (15 10+4, 5 10+4), (15 10+8, 5
10+8) N/mm?.

placements. A low value of the coefficient Kt implies an
increasing of the tangential displacement. Note that the
nodes are sliding without reaching the value of the usual
Coulomb’s sliding limit.

9. Conclusion

In this paper, we have modelled some non-linear thin
layers by asymptotic theories. We have shown that it is
possible to obtain interface laws by this kind of tech-
niques. The main advantage of the method with respect
to direct methods is a rigorous justification of the inter-
face laws. The other advantage of the method is to find a
large class of interface laws by an adapted choice of the
behavior of the thin layers. In particular, we have shown
how it is possible to obtain laws of Coulomb’s type. One
other part of our work has consisted to validate and to
quantify these laws using finite elements. In the last part
of the paper, we have shown how it is possible to imple-
ment these interface laws in a computational software.
We have presented an efficient and robust family of
algorithms which are easy to implement. We have shown
that the rate of convergence of these algorithms of
Gauss—Seidel’s type depend only on a small number of
parameters. In the future, we intend to develop other
models by the same kind of techniques (other non-linear
materials, large deformations, couplings), in particular
for non-monotone laws [14]. The implementation of
these models is necessary in order to have comparisons
with experimental data.
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