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QUANTITATIVE PERTURBATIVE STUDY OF CONVERGENCE
TO EQUILIBRIUM FOR COLLISIONAL KINETIC MODELS IN

THE TORUS

CLÉMENT MOUHOT, LUKAS NEUMANN

Abstract. For a general class of linear collisional kinetic models in the torus,
including in particular the linearized Boltzmann equation for hard spheres, the
linearized Landau equation with hard and moderately soft potentials and the
semi-classical linearized fermionic and bosonic relaxation models, we prove ex-
plicit coercivity estimates on the associated integro-differential operator for some
modified Sobolev norms. We deduce existence of classical solutions near equilib-
rium for the full non-linear models associated, with explicit regularity bounds,
and we obtain explicit estimates on the rate of exponential convergence towards
equilibrium in this perturbative setting. The proof are based on a linear energy
method which combines the coercivity property of the collision operator in the
velocity space with transport effects, in order to deduce coercivity estimates in
the whole phase space.
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1. Introduction

In this paper we study a general class of linear inhomogeneous kinetic equations
in the torus (including linearized Boltzmann, Landau, classical relaxation, semi-
classical relaxation and Fokker-Planck equations). We then use the properties ob-
tained on their evolution semi-groups to gain insight into the behaviour of the full
non-linear models in the cases of Boltzmann, Landau and semi-classical relaxation
equations. The main tool is an estimate of the following type. Assume that the
linear (self-adjoint) collision operator L acting only on the velocity space is coercive
for a certain norm, and that L has a structure “mixing part + coercive part” (which
shall be given a precise meaning in Subsection 1.2). Then the integro-differential
operator T = L− v · ∇x (taking into account transport effects) acting on the phase
space of positions x and velocities v, satisfies a coercivity property in x and v, which
implies in particular the existence of a spectral gap estimate when L has a spectral
gap in velocity (note that in general T is not sectorial). Moreover our proof shows
how to compute the constant of coercivity of T according to the one of L in the
velocity space (and thus the rate of exponential convergence to equilibrium when L
has a spectral gap in velocity). Before we explain our method and results in more
detail, let us introduce the models and problems in a precise way.

1.1. The Problem and its motivation. In order to study the convergence to equi-
librium, a new quantitative method in the large, the “entropy-entropy-production”
method (EEP-method), has developed from the beginning of the 1990 decade, see
[5, 6, 39] in the spatially homogeneous setting, and [11] in the spatially inhomo-
geneous setting. It has provided new powerful and robust tools in the study of
relaxation towards equilibrium (see for instance [3, 11, 12, 15, 35]), and seems to be
the best suitable approach to deal with non-linear models in the large. However, it
can be seen from these references that the method, while very robust with respect
to nonlinearities and able to deal with external potentials at no increased difficul-
ties, has two major shortcomings. First it relies on uniform in time estimates of
regularity of the solution, that are usually hard to establish. Second, it seems to fail
to give the optimal rate of convergence, in particular when L has a spectral gap in
velocity it seems to fail to give exponential rate of convergence to equilibrium.

In this article we provide a linear energy method in order to overcome these prob-
lems for linear models, or for non-linear models in the perturbative setting (this
method is explicit in terms of the explicit coercivity estimates on the linearized col-
lision operators in the velocity space, see [1, 32, 33]). The difference when compared
to the EEP-method is that the convergence as well as the uniform in time regularity
bounds are obtained in a single step. However this approach is linear and therefore
limited to the perturbative setting near equilibrium for the non-linear models. A
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similar approach has previously been used in Guo’s papers [20, 21, 22, 37]. Also
another approach has been developed in [25] for the Fokker-Planck model in a con-
fining external field (see also [24]), and Hérau recently generalized the method to
the linear relaxation model in [23]. Similar results for the Fokker-Planck equation
were recovered in [44] by an energy method. The results we present here are partly
included in these references, however the proof is simpler and more explicit. Our
viewpoint unifies previous scattered results and explores new situations such as semi-
classical relaxation models. The works quoted so far are the starting point of this
paper. In particular one of the key ideas of our proof, namely looking for the time
derivative of a “mixed term” of the form

∫

∇xh · ∇vh, is inspired from [44] where it
first appeared in this explicit form (see also [43]).

Most of these articles deal with the Boltzmann equation that we address in sec-
tion 5.4. Our main abstract theorem applies to the Boltzmann linearized colli-
sion operator for hard spheres (and hard potentials with Grad’s cutoff assumption):
smooth solutions with explicit regularity bounds and rate of convergence to equi-
librium are constructed near equilibrium. A similar study has been performed in a
non-constructive way for the Vlasov-Poisson-Boltzmann system near equilibrium in
[18] and for the Landau equation in [19]. In [20] the same method was also applied
to the Boltzmann equation for cutoff soft potentials.

Guo’s argument relies, roughly speaking, on the coercivity of the linearized Boltz-
mann operator “in the mean” – i.e., if integrated over a time interval – for small
perturbations of the Maxwellian. Due to this averaging in time precise rates of con-
vergence are quite hard to deduce from the results in [18, 19]. Later Guo refined his
approach in [21] to meet the needs of application to the Vlasov-Maxwell-Boltzmann
system. The new idea is to use a norm that includes temporal derivatives. In this
norm the fields are almost controlled by the deviation of the distribution from the
Maxwellian – to be more precise they “loose” one derivative. This leads to instan-
taneous coercivity and thus global perturbative solutions for the Vlasov-Maxwell-
Boltzmann system as well as exponential decay to equilibrium in the case of Vlasov-
Poisson-Boltzmann, in these norms. The proof, while being very complicated, is
constructive. More recently a farther refined method based also on norms including
temporal derivatives has been used to show almost exponential decay to equilibrium
for various of the mentioned models and the relativistic Landau Maxwell system in
[37].

The EEP-method has been applied to the Boltzmann equation in [12] – again
assuming uniform in time regularity bounds on the solution – but for a large class
of collision operators and most important – without perturbative assumptions. All
these works have been carried out on bounded domains, essentially the torus apart



4 CLÉMENT MOUHOT, LUKAS NEUMANN

from [12] where various types of boundary conditions are considered. For complete-
ness we also refer to a recent preprint dealing with the problem in whole space [22]
and the article [27] for a related non-linear energy method.

Despite this vast amount of recent literature on the problem our proof has two
advantages. First it is simpler than the ones in the articles quoted above, mostly
due the fact that we take advantage of the mixing properties of the collision oper-
ator. Second it separates in a very clear way between linear effects in these energy
estimates (transport + linear collision), which are expressed in a coercivity estimate
on this linear part, and the problems arising from the small remaining bilinear part
when considering solutions near the equilibrium. We are able to derive exponential
convergence to equilibrium without resorting to norms including time derivatives
and in a purely instantaneous manner.

1.2. The models. We will study initial value problems for equations of the form

(1.1) ∂tf + v · ∇xf = Q(f), t ≥ 0, x ∈ Ω, v ∈ R
N ,

where N ≥ 1 denotes the dimension of space. In this equation, f denotes the
distribution of particles in phase space, therefore it is a time-dependent non-negative
L1(Ω×RN ) function. The operator Q models the collisional interactions of particles
(either binary or between particles and a surrounding medium). It is local in x
and t and it depends on the particular model of interaction chosen. The term
v · ∇xf corresponds to the free flow of particles. For the spatial domain Ω, we shall
consider here the periodic case, that is Ω = T

N . Hence f = f(t, x, v) satisfies initial
conditions f(t = 0, x, v) = f0(x, v) and periodic boundary conditions.

One defines the global mass, momentum and energy of the solution f as
∫

Ω×RN

f dx dv,

∫

Ω×RN

f v dx dv,

∫

Ω×RN

f |v|2 dx dv.

Depending on the model chosen for the collision operator Q, one has preservation
along time of part or all of these quantities.

Under very general assumptions, equations of class (1.1) admit a unique equilib-
rium in the torus, which we shall denote by f∞, and which is independent of t, x
(this is trivial for relaxation models admitting only mass conservation, and for mod-
els admitting conservation of mass, momentum and energy, such as Boltzmann and
Landau equations, this is shown easily inspiring from the arguments in [12] and [9]).

Then one can consider the linearization around this equilibrium. In order to
reduce to a Hilbert space setting, one usually considers perturbations of the form

f = f∞ + f
1/2
∞ h. Discarding the bilinear term, it yields the following linearized

equation on h

(1.2) ∂th + v · ∇xh = L(h),
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where L depends on the precise form of the collision operator Q. The unknown h
belongs to L2(TN × RN).

Now let us give a general framework for linear collisional kinetic models. We shall
denote as usual by L2 the Lebesgue space of square integrable functions, and, for
k ∈ N, Hk the Sobolev space of L2 functions with square integrable derivatives up
to order k. When needed we shall indicate as a subscript the variables (x or v) these
functional spaces refer to. For the variable x, Sobolev spaces refer implicitly to
periodic Sobolev spaces. When no subscript is used, these functional spaces always
refer to x and v.

H1. (Structure) We consider a linear collision operator L on L2 = L2(TN × R
N)

which a closed and self-adjoint operator on L2
v and local in t, x.

We assume that it writes

(1.3) L = K − Λ

where Λ is a coercive operator in the sense: there is a norm ‖ · ‖Λv
on RN

(the space of velocities), such that

νΛ
0 ‖h‖2

L2
v
≤ νΛ

1 ‖h‖2
Λv

≤ 〈Λ(h), h〉L2
v
≤ νΛ

2 ‖h‖2
Λv

and also

〈∇vΛ(h),∇vh〉L2
v
≥ νΛ

3 ‖∇vh‖2
Λv

− νΛ
4 ‖h‖2

L2
v

for some constants νΛ
0 , νΛ

1 , νΛ
2 , νΛ

3 , νΛ
4 > 0.

Moreover we assume that L satisfies (for some constant CL > 0)

〈L(h), g〉L2
v
≤ CL ‖h‖Λv

‖g‖Λv
.

To shorten the notation we also introduce the norm

‖ · ‖Λ := ‖‖ · ‖Λv
‖L2

x
.

H2. (Mixing property in velocity) We assume that K has a regularizing effect
in the following sense: for any δ > 0, there is some explicit C(δ) such that
for any h ∈ H1

v ,

(1.4) 〈∇vK(h),∇vh〉L2
v
≤ C(δ) ‖h‖2

L2
v
+ δ ‖∇vh‖2

L2
v

.

H3. (Relaxation to the local equilibrium) We assume that L, as an operator on

L2
v, has a finite dimensional kernel

N(L) = Span {ϕ1, . . . , ϕn}
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and we denote by Πl the orthogonal projection on N(L) in L2
v. We make the

following local coercivity assumption: there is λ > 0 such that

〈L(h), h〉L2
v
≤ −λ ‖h − Πl(h)‖2

Λv
.

This together with H1 implies in particular that L is non-positive and has
a spectral gap in L2

v, whose size is bounded from below by

λL =

(

νΛ
0

νΛ
1

)

λ > 0.

In the structure assumption H1, K shall typically stand for a multiplicative oper-
ator by a function ν (usually called the collision frequency) in the case of short-range
interactions, or some diffusion operator in the case of long-range interactions. The
norm ‖ · ‖Λ that we define can also loosely be seen as the norm of the graph of Λ1/2.
The coercivity of Λ is linked with the coercivity property of the whole linearized
collision operator L in H3 (where the word “local” refers to the position x and the
fact that it pushes the dynamic towards local equilibrium). This coercivity property
is crucial to ensure exponential decay towards equilibrium, even in the homoge-
neous setting. In the case where it is weakened, which happens for interactions with
“weak collision effect” such as soft potentials (see for instance in [32]), one expects
convergence rates of the form e−tτ with τ < 1 (see the results in [38]).

The kernel of L in L2
v, which is composed of functions belonging to N(L) for any

x, corresponds to the manifold of local equilibria for the linearized kinetic models.
Therefore when the x variable is added, Πl is the projection on the “fluid part”, and
(Id − Πl) is the projection on the “kinetic” part. It is defined by

Πl(h) =

n
∑

i=1

(
∫

RN

h ϕi dv

)

ϕi.

It is trivial that any local equilibrium uniform in space is indeed a global equilib-
rium. Since L is self-adjoint, the ϕ1, . . . , ϕn belong to the kernel of its adjoint L∗,
and thus by integrating in x and v we get

∀ i = 1, . . . , n,
d

dt

∫

TN×RN

h ϕi dx dv = 0.

Hence we denote

Πg(h) =
n
∑

i=1

(
∫

TN×RN

h ϕi dx dv

)

ϕi

which is time and space independent (this can be shown easily to be the orthogonal
projection on N(T ) in L2

x,v, directly or using the coercivity property of Theorem 1.1).
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A detailed study of physical models satisfying assumptions H1-H2-H3 shall be
given in Section 5.

1.3. Main results. First we state the main result on the coervivity estimates on
T and the consequence on its evolution semi-group.

Theorem 1.1. Let L be a linear operator on L2
x,v satisfying assumptions H1-H2-

H3. Then T = L− v · ∇x generates a strongly continuous evolution semi-group etT

on H1
x,v, which satisfies

‖etT (Id − Πg)‖H1
x,v

≤ CT exp [−τT t]

for some explicit constants CT , τT > 0 depending only on the constants appearing
in assumptions H1-H2-H3. More precisely

∀h ∈ H1, 〈Th, h〉H1 ≤ −C ′
T

(

‖h − Πg(h)‖2
Λ + ‖∇x,v(h − Πg(h))‖2

Λ

)

for some (explicit) Hilbert norm H1 equivalent to the H1 norm, and some explicit
constant C ′

T > 0.

Remarks:
1. Note that under slightly strengthened assumptions, a similar result is proved

in Hk in Theorem 3.1.

2. The method does not rely on an abstract result from spectral theory such as
Weyl’s theorem, like Ukai’s proof of the existence of a spectral gap for the Boltzmann
equation for hard spheres in [40]. Hence we do not need the compactness property
of K, although we require a regularizing property on K which is strongly related
(see the discussion in [31]). Our method can be seen as a quantitative version of
Ukai’s result (in the case of the linearized Boltzmann equation). In particular it
shows that apart from 0, the spectrum of T is included in

{ξ ∈ C ; Re(ξ) ≤ −τT}.
The abstract setting emphasizes what is effectively required from the linearized
collision operator to deduce exponential convergence, and it allows to apply the
method to other models as well. Since for the linearized Boltzmann equation it was
proved in [40] that T is not sectorial (its essential spectrum is given by a half-plane),
our work can also be seen as a method to prove exponential decay of the semi-group
for a class of non-sectorial operators, which is in general quite tricky. In the case
of Fokker-Planck type operators, other methods have been developed in [25, 44] to
solve this question.

3. In order to obtain a completely quantitative result of convergence to equilib-
rium, one has to get estimates on the constant λ in assumption H3. This ques-
tion had remained open for a long time for important physical models such as
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the linearized Boltzmann collision for hard spheres or the Landau collision oper-
ators for hard and moderately soft potentials. It has been solved recently in the
works [1, 32, 33]. Therefore this theorem allows to compute rates of convergence
explicitly for all the models we consider in Section 5 (except semi-classical relaxation
for bosons).

In the two following theorems we define k0 the smallest integer such that E(k0/2) >
N/2 (where E denotes the integer value). Our second main result is for the nonlinear
Boltzmann and Landau models.

Theorem 1.2. Let us consider either the Boltzmann equation (5.7) for hard spheres
or hard potentials with cutoff or the Landau equation (5.19) with γ ≥ −2, in the
torus. Let 0 ≤ f0 be an initial datum with finite mass and energy, and we denote
by f∞ the unique equilibrium associated to f0. We suppose that the initial datum
satisfys

‖f−1/2
∞ (f0 − f∞)‖Hk ≤ ε

for some k ≥ k0 and some 0 < ε ≤ ε0 where ε0 depends explicitly on the collision
operator.

Then there exists a unique global solution 0 ≤ f = f(t, x, v) ∈ C([0,∞[, Hk) of
the initial value problem (1.1), such that

∀ t ≥ 0, ‖f−1/2
∞ (f(t, ·, ·)− f∞)‖Hk ≤ C exp [−τt]

for some explicit constants C, τ > 0.
The conclusion still holds true when a repulsive self-consistent Poisson potential

is added (without smallness condition on the intensity of the self-consistent interac-
tion), in the case of the Boltzmann equation for hard spheres, or the Landau equation
with γ ≥ −1.

The next theorem deals with the semi-classical relaxation models.

Theorem 1.3. Consider the semi-classical relaxation equation (5.2) in the torus
for fermions (ǫ = 1) or bosons (ǫ = −1), with an initial datum 0 ≤ f0 ∈ L1. Let the
equilibrium distribution be given by

f∞ =
κ∞M

1 + ǫ κ∞ M ,

with 1 + ǫ κ∞M > 0, where M is the normalized Maxwellian

M(v) =
e−|v|2/2

(2π)N/2

and κ∞ is defined by mass conservation. Let k ≥ k0 and let the initial datum satisfy
∥

∥

∥
(1 + ǫ κ∞M) (κ∞ M)−1/2 (f0 − f∞)

∥

∥

∥

Hk
≤ ε
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for some 0 < ε ≤ ε0 where ε0 depends explicitly on the collision operator.
Then there exists a unique global solution 0 ≤ f = f(t, x, v) ∈ C([0,∞[, Hk) of

the initial value problem (1.1), such that

∀ t ≥ 0,
∥

∥

∥
(1 + ǫ κ∞ M) (κ∞M)−1/2 (f(t, ·, ·) − f∞)

∥

∥

∥

Hk
≤ C exp [−τt]

for some explicit constants C, τ > 0.

Remark: The condition on the form of the equilibrium distribution is in fact
trivially fulfilled for the fermionic case. In the bosonic case it is a condition of
smallness on κ∞ and thus on the initial mass. Indeed it is equivalent to impose that
the mass of the initial datum is small enough such that no condensation occurs.
This is not for technical reasons but necessary to ensure exponential convergence as
can be seen from the detailed study of the asymptotics in the spatially homogeneous
case in [14].

1.4. Outline of the article. The article is structured as follows. In Section 2 we
give the proof of Theorem 1.1, which turns out to be very short and simple. Then in
Section 3 we expose several extensions of the method. In particular we show how to
generalize Theorem 1.1 to higher-order Sobolev norms, and how to include a weak
external field or a self-consistent Poisson potential in the study. Section 4 is devoted
to the application of the previous study to the genuine non-linear problems of the
form (1.1) near equilibrium, and we prove the abstract Theorem 4.1. Finally in Sec-
tion 5, we discuss the general assumptions of Theorem 1.1 and Theorem 4.1 for an
extensive list of physical models: classical or semi-classical relaxation, Boltzmann
equation for hard spheres or hard potentials with cutoff, Landau equation for hard
potentials or moderately soft potentials, linear Fokker-Planck equation. Then The-
orem 1.2 follows from this study together with the Theorem 4.1 (we also comment
on the marginal differences between the proofs of Theorem 1.2 and Theorem 1.3).

2. Proof of Theorem 1.1

We divide the proof into several steps.

Step 1. Since by assumption H3, the operator L is non-positive, the L2
x,v norm

is decreasing along the flow and it is straightforward to deduce that T generates a
strongly continuous contraction evolution semi-group on L2

x,v (see [26] for instance).
In order to estimate the semi-group in H1

x,v, let us consider h0 ∈ H1
x,v ∩ Dom(T ) ∩

N(T )⊥ and h = h(t, x, v) the associated solution of the equation ∂th = T (h). Now
we study the evolution of the H1

x,v norm of h.
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Step 2. We estimate the time evolution of the L2 norm of h. Using the skew
symmetry of the transport part together with assumption H3, we find immediately

(2.1)
d

dt
‖h‖2

L2 ≤ −2 λ ‖h − Πlh‖2
Λ.

Step 3. We estimate the time derivative of the gradients in x and v.

• For the gradient with respect to x we obtain, thanks to assumption H3,

(2.2)
d

dt
‖∇xh‖2

L2 ≤ −2 λ ‖∇xh − Πl(∇xh)‖2
Λ.

• For the gradient with respect to v we get

d

dt
‖∇vh‖2

L2 = 2 〈∇vK(h),∇vh〉L2 − 2 〈∇vΛ(h),∇vh〉L2 − 2 〈∇xh,∇vh〉L2.

Using assumption H1 we have

−2 〈∇vΛ(h),∇vh〉L2 ≤ −2 νΛ
3 ‖∇vh‖2

Λ + 2 νΛ
4 ‖h‖2

L2 .

Assumption H2 yields

2 〈∇vK(h),∇vh〉L2 ≤ νΛ
1

νΛ
0

νΛ
3

2
‖∇vh‖2

L2 + 2 C

(

νΛ
1

νΛ
0

νΛ
3

4

)

‖h‖2
L2 ≤

νΛ
3

2
‖∇vh‖2

Λ + 2 C

(

νΛ
1 νΛ

3

4νΛ
0

)

‖h‖2
L2 .

Furthermore we split

2 〈∇xh,∇vh〉L2 ≤ νΛ
1

νΛ
0

νΛ
3

2
‖∇vh‖2

L2 +
νΛ

0

νΛ
1

2

νΛ
3

‖∇xh‖2
L2

≤ νΛ
3

2
‖∇vh‖2

Λ +
2νΛ

0

νΛ
1 νΛ

3

‖∇xh‖2
L2 .

Using the last three inequalities we have

d

dt
‖∇vh‖2

L2 ≤
[

2C

(

νΛ
1 νΛ

3

4νΛ
0

)

+ 2 νΛ
4

]

‖h‖2
L2 +

2νΛ
0

νΛ
1 νΛ

3

‖∇xh‖2
L2 − νΛ

3 ‖∇vh‖2
Λ .

Now we write
‖h‖2

L2 ≤ 2 ‖h − Πl(h)‖2
L2 + 2 ‖Πl(h)‖2

L2 .

Since Πg(h) = 0 we deduce that Πl(h) has zero mean on the torus, and Poincaré’s
inequality in the torus yields (for a constant CP only depending on the dimension
N)

‖Πl(h)‖2
L2 ≤ CP ‖Πl(∇xh)‖2

L2 ≤ CP ‖∇xh‖2
L2 ,
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and thus we get for some explicit constants C1, C2 > 0

(2.3)
d

dt
‖∇vh‖2

L2 ≤ C1 ‖h − Πl(h)‖2
Λ + C2 ‖∇xh‖2

L2 − νΛ
3 ‖∇vh‖2

Λ.

• For the mixed term we have

d

dt
〈∇xh,∇vh〉L2 = −‖∇xh‖2

L2 + 2 〈∇xL(h),∇vh〉L2 .

Then we write (using assumption H1 and Cauchy-Schwarz’s inequality in x)

2 〈∇xL(h),∇vh〉L2 = 2 〈L (∇xh − Πl(∇xh)) ,∇vh〉L2

≤ 2 CL ‖∇xh − Πl(∇xh)‖Λ ‖∇vh‖Λ

≤ CL η ‖∇xh − Πl(∇xh)‖2
Λ + CL η−1 ‖∇vh‖2

Λ

for any η > 0. Hence we obtain

(2.4)
d

dt
〈∇xh,∇vh〉 ≤ −‖∇xh‖2

L2 + CL η ‖∇xh − Πl(∇xh)‖2
Λ + CL η−1 ‖∇vh‖2

Λ .

Step 4. Now it remains to combine equations (2.1), (2.2), (2.3) and (2.4): we pick
A, α, β, γ > 0 and compute

d

dt

[

A ‖h‖2
L2 + α ‖∇xh‖2

L2 + β ‖∇vh‖2
L2 + γ 〈∇xh,∇vh〉L2

]

≤ (βC1 − 2Aλ) ‖h − Πl(h)‖2
Λ +

(

ηγCL − 2αλ
)

‖∇xh − Πl(∇xh)‖2
Λ

+
(

η−1γCL − βνΛ
3

)

‖∇vh‖2
Λ + (C2β − γ) ‖∇xh‖2

L2.

For a given β with νΛ
3 β > 1, we first fix A big enough such that

(βC1 − 2Aλ) ≤ −1,

then γ big enough such that

(C2β − γ) ≤ −1,

then η big enough such that
(

η−1γCL − βνΛ
3

)

≤ −1,

then α big enough such that
(

ηγCL − 2αλ
)

≤ −1



12 CLÉMENT MOUHOT, LUKAS NEUMANN

and such that γ2 < αβ and α ≥ β. For this choice we obtain

d

dt

[

A ‖h‖2
L2 + α ‖∇xh‖2

L2 + β ‖∇vh‖2
L2 + γ 〈∇xh,∇vh〉

]

≤ −
[

‖∇xh‖2
L2 + ‖∇vh‖2

Λ + ‖h − Πl(h)‖2
Λ + ‖∇xh − Πl(∇xh)‖Λ

]

.

The function

F(t) =
[

A ‖h‖2
L2 + α ‖∇xh‖2

L2 + β ‖∇vh‖2
L2 + γ 〈∇xh,∇vh〉

]

satisfies (remember that α ≥ β )

A ‖h‖2
L2 + (β/2)

[

‖∇xh‖2
L2 + ‖∇vh‖2

L2

]

≤ F(t)

≤ A ‖h‖2
L2 + (3α/2)

[

‖∇xh‖2
L2 + ‖∇vh‖2

L2

]

.

Moreover, since Πl(h) has zero mean on the torus, we have by Poincaré’s inequality:

‖h‖2
Λ ≤ 2 ‖h − Πl(h)‖2

Λ + 2 ‖Πl(h)‖2
Λ ≤ C

(

‖h − Πl(h)‖2
Λ + 1/2‖∇xh‖2

L2

)

for some explicit constant C > 0, and similarly

‖∇xh‖2
Λ ≤ C ′

(

‖∇xh − Πl(∇xh)‖2
Λ + 1/2‖∇xh‖2

L2

)

for some explicit constant C ′ > 0. Hence we deduce that

d

dt
F(t) ≤ −K

(

‖h‖2
Λ + ‖∇x,vh‖2

Λ

)

for some explicit K > 0, and that F(t) is equivalent to the square of the H1 norm
of h. We define the norm H1 by

‖ · ‖H1 =
{

A‖ · ‖2
L2 + α‖∇x · ‖2

L2 + β‖∇v · ‖2
L2 + γ 〈∇x·,∇v·〉L2

}1/2

.

This concludes the proof.

3. Some generalizations

3.1. Higher-order Sobolev spaces. In this section we show how to extend the
previous method to higher-order Sobolev spaces. Let us first introduce some no-
tations about multi-indices. For a multi-index j in NN , we shall denote by ci(j)
the value of the i-th coordinate of j (i = 1, . . . , N), and by |j| the l1 norm of the

multi-index, that is |j| =
∑N

i=1 ci(j). We also denote by δi0 the multi-index such
that ci(δi0) = 0 for i 6= i0 and ci0(δi0) = 1. Finally for two multi-indices j and l in
NN we set the shorthand ∂j

l = ∂/∂vj ∂/∂xl.
In order to treat the higher-order derivatives we shall strengthen assumptions H1

and H2 into
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H1’. We assume H1. Moreover we assume that for any k ≥ 1, for any multi-
indexes j and l such that k = |j| + |l| and |j| ≥ 1, we have

〈∂j
l Λ(h), ∂j

l h〉L2 ≥ νΛ
5 ‖∂j

l h‖2
Λ − νΛ

6 ‖h‖2
Hk−1

for some constants νΛ
5 , νΛ

6 > 0.

H2’. We assume that K has a regularizing effect in the sense: for any k ≥ 1,
for any multi-indexes j and l such that k = |j| + |l| and |j| ≥ 1, for any
δ > 0, there is some explicit C(δ) such that

(3.1) 〈∂j
l K(h), ∂j

l h〉L2 ≤ C(δ) ‖h‖2
Hk−1 + δ ‖∂j

l h‖2
L2 .

Again these strengthened assumptions are satisfied by the physical models we
discussed in the introduction, as we check in Section 5. Now we can formulate the
coercivity estimate on T and the consequence on its semi-group.

Theorem 3.1. Let L be an operator on L2 satisfying assumptions H1’-H2’-H3
and k be an integer number. Then T = L − v · ∇x generates a strongly continuous
evolution semi-group etT on Hk, which satisfies

‖etT (Id − Πg)‖Hk ≤ CT exp [−τT t]

for some explicit constants CT , τT > 0 depending only on the constants appearing
in H1’-H2’-H3. More precisely

∀h ∈ Hk, 〈Th, h〉Hk ≤ −C ′
T





∑

|j|+|l|≤k

‖∂j
l (h − Πg(h))‖2

Λ





for some (explicit) Hilbert norm Hk equivalent to the Hk norm, and some explicit
constant C ′

T > 0.

Proof of Theorem 3.1. We write Ḣk for the homogeneous Sobolev semi-norm, i.e.,

‖h‖2
Ḣk =

∑

|j|+|l|=k

‖∂j
l h‖2

L2 .

Again we pick h0 ∈ Hk∩N(T )⊥∩Dom(T ) and we observe that h will stay in N(T )⊥

for all times. For k = 1 the result is given by Theorem 1.1. We proceed by induction
on k.

First note that since the equation commutes with x-derivatives we have for the
purely x-derivatives the analog of equation (2.2), namely

(3.2)
d

dt
‖∂0

l h‖2
L2 ≤ −2 λ ‖∂0

l h − Πl(∂
0
l h)‖2

Λ.
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For derivatives including some v-component (i.e., |j| ≥ 1), by means of H2’ with
δ ≤ (νΛ

5 νΛ
0 )/(2νΛ

1 ) we have the following estimate

(3.3)
d

dt
‖∂j

l h‖2 ≤ −2
∑

i | ci(j)>0

〈∂j
l h, ∂j−δi

l+δi
h〉L2 +

(

2 C(δ) + 2 νΛ
6

)

‖h‖2
Hk−1 − νΛ

5 ‖∂j
l h‖2

Λ.

For all l with |l| = k and ci(l) > 0, we consider the mixed term

d

dt
〈∂δi

l−δi
h, ∂0

l h〉 = −‖∂0
l h‖2

L2 + 2 〈L
(

∂0
l h − Πl(∂

0
l h)
)

, ∂δi

l−δi
h〉.

By means of H1 we obtain

(3.4)
d

dt
〈∂δi

l−δi
h, ∂0

l h〉 ≤ −‖∂0
l h‖2

L2 + CL η ‖∂0
l h − Πl(∂

0
l h)‖2

Λ + CL η−1 ‖∂δi

l−δi
h‖2

Λ.

For l with |l| = k and i such that ci(l) > 0, we define the following combination
of derivatives of order 0 and 1 in v:

(3.5) Ql,i := α ‖∂0
l h‖2

L2 + β ‖∂δi

l−δi
h‖2

L2 + γ 〈∂δi

l−δi
h, ∂lh〉.

By adjusting the constants α, β, γ > 0 and using Poincaré’s inequality in the same
way as in the proof of Theorem 1.1 in Section 2 it is straightforward to obtain

(3.6) c
(

‖∂0
l h‖2

L2 + ‖∂δi

l−δi
h‖2

L2

)

≤ Ql,i ≤ C
(

‖∂0
l h‖2

L2 + ‖∂δi

l−δi
h‖2

L2

)

for some explicit constants c, C > 0, and that the time derivative fulfills the following
inequality

(3.7)
d

dt
Ql,i ≤ −K

(

‖∂0
l h‖2

Λ + ‖∂δi

l−δi
h‖2

Λ

)

+ C0 ‖h‖2
Hk−1

for some explicit constants K, C0 > 0.
Now we combine all the derivatives in the following way

(3.8) Fk(t) :=
∑

|l|+|j|=k, |j|≥2

(ν0

2

)−2|l|

‖∂j
l h‖2 +

2

K

(ν0

2

)−2(k−1) ∑

|l|=k, i | ci(l)>0

Ql,i

where ν0 = νΛ
0 /νΛ

1 > 0 is the constant such that (by assumption H1)

‖h‖Λ ≥ ν0 ‖h‖L2.

By (3.6), Fk is equivalent to the square of the homogeneous Sobolev norm Ḣk.
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To estimate the mixed terms in the right hand side of (3.8) coming from (3.3),
we write

∑

|l|+|j|=k,|l|=s

2
(ν0

2

)−2s

〈∂j
l h, ∂j−δi

l+δi
h〉L2 ≤

∑

|l|+|j|=k,|l|=s

(ν0

2

)−2s+1

‖∂j
l h‖2 +

∑

|l|+|j|=k,|l|=s

(ν0

2

)−2s−1

‖∂j−δi

l+δi
h‖2 ≤

1

2

∑

|l|+|j|=k,|l|=s

(ν0

2

)−2s

‖∂j
l h‖2

Λ +
1

2

∑

|l|+|j|=k,|l|=s

(ν0

2

)−2(s+1)

‖∂j−δi

l+δi
h‖2

Λ,

and we derive by combining (3.2), (3.3) and (3.4) that the time derivative of (3.8)
satisfies

d

dt
Fk(t) ≤ C+ ‖h‖2

Hk−1 −
∑

|j|≥2

(ν0

2

)−2|l|

‖∂j
l h‖Λ

−
(ν0

2

)−2(k−1)





∑

|j|=1

‖∂j
l h‖2

Λ + 2
∑

|l|=k

‖∂lh‖2
Λ



 .

By using (3.6) we end up with

d

dt
Fk(t) ≤ C+ ‖h‖2

Hk−1
− K−





∑

|j|+|l|=k

‖∂j
l h‖2

Λ





for some explicit constants C+, K− > 0. Together with the induction assumption for
F1, . . . ,Fk−1 this concludes the proof of the step k by considering some combination
of F1, . . . ,Fk. �

3.2. Weak external potential. If the particles are subject to an external force
field, which is given as the gradient of a scalar potential V , the evolution equation
on the distribution generalizes in the following way

(3.9) ∂tf + v · ∇xf −∇xV · ∇vf = Q(f, f).

We still consider for the spatial domain Ω = TN . We assume that V = V (x) is C2

and e−V ∈ L1
x. For simplicity we restrict to collision operators for which the problem

without potential admits a Maxwellian equilibrium in this section and the next one.
Moreover in this subsection we shall restrict further to collisional models admitting
only mass conservation as a conservation law, i.e., we restrict to the relaxation
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model. The stationary solution is determined by mas conservation and given by

f∞ = e−V ρ∞

‖e−V ‖L1
x

M

where ρ∞ is the total mass of f and M is the normalized Maxwellian

M(v) =
e−|v|2/2

(2π)N/2
.

We also assume that the external field is weak in the sense:

(3.10) ‖V ‖C2(TN ) ≤ ε

for some ε depending on the collision operator.
Then we consider fluctuations around equilibrium of the form

f = f∞ +
√

f∞ h

and we compute the following linearized equation on h:

(3.11) ∂th + v · ∇xh −∇xV · ∇vh = L(h)

where L is the linearized operator associated with Q as before. We define the
operator T by

T = L − v · ∇x + ∇xV · ∇v.

Let us assume that L satisfies assumptions H1-H2-H3 and that the kernel of L in
L2

v is given by Span{M1/2} (this assumption is satisfied for the classical relaxation
model). In this case the kernel of T in L2

x,v is trivially given by Span{e−V/2M1/2}.
We only sketch the proof of the following result:

Theorem 3.2. Under the assumptions H1-H2-H3 on L, there is ε0 > 0 such that
for any V ∈ C1 satisfying (3.10) with ε ≤ ε0, the operator T above satisfies the
conclusion of Theorem 1.1. If moreover conditions H1’-H2’-H3 hold for L, and
V ∈ Ck+1, then the operator T satisfies the conclusion of Theorem 3.1.

Proof. First let us recall that the L2 norm of h is decreasing using the non-positivity
of L and the skew symmetry of −v · ∇x + ∇xV · ∇v in this Hilbert space.

We will only show how to establish the bound on first-order derivatives. The
generalization to higher-order is straightforward.

Let us consider h ∈ N(T )⊥ ∩Dom(T )∩H1
x,v. The time evolution for the L2 norm

of h and the L2 norm of its gradient in v are unchanged. For the gradient in x,
equation (2.2) is replaced by

d

dt
‖∇xh‖2

L2 ≤ −2 λ ‖∇xh − Πl(∇xh)‖2
Λ + 2 ε ‖∇vh‖2

L2‖∇xh‖2
L2 .
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Finally for the mixed term we have to replace (2.4) by

d

dt
〈∇xh,∇vh〉 ≤ −‖∇xh‖2

L2 + CL η ‖∇xh − Πl(∇xh)‖2
Λ

+ CL η−1 ‖∇vh‖2
Λ + ε‖∇vh‖2

L2.

Hence following the same arguments as in Section 2, we find the following differ-
ential inequality on the quadratic form F :

dF(t)

dt
≤ −K(‖h‖2

Λ + ‖∇x,vh‖2
Λ) + a ε

{

‖∇vh‖L2‖∇xh‖L2 + ‖∇vh‖2
L2

}

for some explicit constant a, K > 0. Therefore it concludes the proof for ε > 0 small
enough. �

Remarks:
1. It may be possible that for a spatial domain Ω = RN a modified version of

this strategy could be applied, assuming additionally that V satisfies a log-Sobolev
inequality on Ω.

2. This subsection about weak external fields illustrates the fact that our method
is robust, since it is based on a priori estimates, which remain true up to a pertur-
bation.

3.3. Self-consistent potential. Let us consider a collisional kinetic model for par-
ticles which interact through collisions and also through a self-consistent potential.
In this subsection we exclude the semi-classical relaxation collision operators. For
the potential we consider the physically most common case of Poisson interaction.
More precisely

(3.12)







∂tf + v · ∇xf − ǫ∇xV · ∇vf = Q(f, f)

∆xV = ρ − ρ0,

∫

TN

V dx = 0,

where the coupling is via the density ρ(t, x) =
∫

f(t, x, v) dv. The equation models
particles interacting by binary collision or by scattering a background medium in
thermal equilibrium, and at the same time interacting via electrostatic forces in the
case ǫ = −1 or by gravitational attraction in the case ǫ = +1. Existence of global
classical solutions in the large to the Vlasov-Poisson system in the torus has been
proven in [2]. For the system including various collision operators, the existence of
classical solutions has been established very recently in the articles discussed in the
introduction.

We consider the previous equation in the torus x ∈ TN for ǫ = −1 (electrostatic
interaction). It admits a global Maxwellian equilibrium f∞, determined by the
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conservation laws (for a more general discussion of the possible equilibria, we refer
to [10] for instance).

Then we consider the linearization f = f∞ +
√

f∞h around this equilibrium.
Discarding the bilinear terms yields











∂th + v · ∇xh − (v · ∇xV ) f 1/2
∞ = L(h)

∆xV =

(
∫

RN

h f 1/2
∞ dv

)

where L is the linearized collision operator associated with Q.
Now let us denote by Tp the operator on L2 defined by

(3.13) Tp = L(h) − v · ∇xh + (v · ∇xV (h)) f 1/2
∞ .

Then (defining Πg as before) we have the following theorem

Theorem 3.3. Let L satisfy the assumptions H1-H2-H3. Then the conclusion
of Theorem 1.1 still holds true for the operator Tp defined in (3.13). If moreover
L satisfies assumptions H1’-H2’-H3, then the operator Tp obeys the conclusion of
Theorem 3.1.

Proof of Theorem 3.3. The proof is almost exactly the same as to the one of Theo-
rem 1.1. Therefore we shall only indicate the differences in the estimates. Essentially
the norm has to be modified in order to take into account the interaction energy. For
the L2 norm, one has by integration by parts and using that L is mass conserving

d

dt

(

‖h‖2
L2 + ‖∇xV ‖2

L2
x

)

≤ −2 λ ‖h − Πl(h)‖2
Λ.

Similarly one has on the gradient in x

d

dt

(

‖∇xh‖2
L2 +

∑

1≤i,j≤N

∥

∥

∥

∥

∂2V

∂xi∂xj

∥

∥

∥

∥

2

L2
x

)

≤ −2 λ ‖∇xh − Πl(∇xh)‖2
Λ.

For the time evolution of the gradient in v one has the additional term

−2

∫

(

∇xV · ∇vf
1/2
∞

)

h

and for the mixed term, one has the additional terms

−2

∫

∆xV h f 1/2
∞ + C

∫

(

∑

i,j

vivj
∂2V

∂xi∂xj

)

h f 1/2
∞ .

Since it is straightforward that all these additional terms as well as the gradient of
V can be controlled by the L2 norm of h, the end of the proof is straightforward as
in Theorem 1.1. �
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Remarks:
1. We need the interaction to be repulsive in order to have the right sign for the

interaction energy. For gravitational self-interaction potentials, our method would
work as well under an additional assumption of smallness of the potential, i.e.,
assuming ǫ > 0 and ǫ ≤ ǫ0 with ǫ0 depending on the collision operator in (3.12) (the
proof is similar to the case of a weak external potential).

2. As noticed in [18], the non-linear term arising from a self-interaction Poisson
potential can be controlled, in the energy estimates for Hk with k such that E(k) >
N/2, by

C ‖h‖Hk ‖h〈v〉1/2‖2
Hk ,

using Sobolev embeddings and the straightforward elliptic estimate in the torus:

∀ l ≥ 1, ‖∇xV ‖Hl ≤ Cl ‖f‖Hl−1.

Therefore one can extend the construction of smooth solutions near equilibrium
in Theorem 1.2 to the case when a self-consistent Poisson potential is added, as
long as the coercivity norm Λ of the linearized problem is stronger than the norm
‖h〈v〉1/2‖L2 . This is true, for instance, for the Boltzmann equation for hard spheres
(considered in [18]), and also for the Landau equation with γ ≥ −1 (see Subsec-
tion 5.5).

4. Application to full non-linear models near equilibrium

In this section we prove existence and uniqueness of smooth global solutions near
equilibrium thanks to the coercivity estimates on the linearized models. This yields
also explicit exponential rate of convergence to equilibrium. Obviously there is
nothing else to prove for linear models (such as the classical relaxation or linear
Fokker-Planck equation). Therefore let us assume that the collision operator is
bilinear and let us denote the remaining term in the linearization process f =

f∞ + f
1/2
∞ h:

Γ(h, h) = f−1/2
∞ Q(f∞h, f∞h).

In this section we shall consider a linearized collision operator L satisfying as-
sumptions H1’-H2’-H3 (we make the additional assumptions H1’-H2’ in order to
get coercivity estimates in higher-order Sobolev spaces). Moreover we shall assume
on the bilinear form Γ:

H4. There is k0 ∈ N and CΓ > 0 such that for k ≥ k0,

‖Γ(h, h)‖Hk ≤ CΓ ‖h‖Hk





∑

|j|+|l|≤k

‖∂j
l h‖2

Λ





1/2

.
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Then we have

Theorem 4.1. Let Q a (bilinear) collision operator such that

(i) equation (1.1) admits an equilibrium 0 ≤ f∞ ∈ L1(TN × RN);
(ii) the linearized collision operator L = L(h) around f∞ with the scaling f =

f∞ + f
1/2
∞ h satisfies H1’-H2’-H3;

(iii) the bilinear remaining term Γ = Γ(h, h) in the linearization satisfies H4.

Then for any k ≥ k0 (where k0 is defined in H4), there is ε0 > 0 such that for
any distribution 0 ≤ f0 ∈ L1 with

‖(f0 − f∞) f−1/2
∞ ‖Hk ≤ ε0

there exists a unique global smooth solution 0 ≤ f = f(t, x, v) to equation (1.1),
which satisfies

‖(ft − f∞) f−1/2
∞ ‖Hk ≤ C0 ε0 e−τt

for some explicit constant C0, ε0, τ > 0, depending only on the constants appearing
in H1’-H2’-H3-H4.

Proof of Theorem 4.1. We explain the proof by a priori arguments, on a given
smooth solution. The construction of positive solutions thanks to the estimates
above is based on, by now standard, fixed point arguments (we refer the reader to
[18, 19] for instance).

The function h = (f − f∞) f
−1/2
∞ satisfies Πg(h) = 0 and it solves

∂th = T (h) + Γ(h, h).

Then we estimate the time evolution of the Hk norm, defined in Theorem 3.1:

d

dt
‖h‖2

Hk = 2〈Th, h〉Hk + 2〈Γ(h, h), h〉Hk.

We deduce that

d

dt
‖h‖2

Hk ≤ −CT





∑

|j|+|l|≤k

‖∂j
l h‖2

Λ



+ Cε ‖Γ(h, h)‖2
Hk + ε ‖h‖2

Hk .

Hence, by taking ε small enough,

d

dt
‖h‖2

Hk ≤ −CT

2





∑

|j|+|l|≤k

‖∂j
l h‖2

Λ



+ C ′
Γ ‖h‖2

Hk





∑

|j|+|l|≤k

‖∂j
l h‖2

Λ



 .

This concludes the proof by maximum principle since the Λ norm controls the L2

norm. �
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5. Proof of the general assumptions for physical models

5.1. Linear relaxation. We consider the linear relaxation equation in the torus

(5.1) ∂tf + v · ∇xf =
1

κ

[(
∫

RN

f(t, x, v∗) dv∗

)

M(v) − f

]

,

for x ∈ TN and v ∈ RN (N ≥ 1). Here κ > 0 denotes the Knudsen number and M
denotes the normalized Maxwellian:

M(v) =
e−|v|2/2

(2π)N/2

with mass 1, momentum 0 and temperature 1. This equation preserves the total
mass of the distribution

∀ t ≥ 0,

∫

TN×RN

f(t, x, v) dx dv =

∫

TN×RN

f0(x, v) dx dv

but admits no other conservation law. For a given initial datum f0 ≥ 0, it admits a
unique global equilibrium f∞ = ρ∞ M, where ρ∞ is the total mass of f0, defined by

ρ∞ =

∫

TN×RN

f0(x, v) dx dv.

Finally let us add that the Cauchy theory is straightforward for (5.1) since it is
linear (see [3] for instance for more details on this equation).

We rescale the equation as

f = f∞ +
√

f∞h = ρM + ρ1/2M h,

where M :=
√
M. The equation for h reads

∂th + v · ∇xh =
1

κ

[(
∫

RN

h′ M ′ dv′

)

M − h

]

=: L(h)

where we have used the classical notation h′ = h(v′). We split the operator L into

L = K − Λ, K(h) =
1

κ

(
∫

RN

h′ M ′ dv′

)

M, Λ(h) = κ−1 h.

Therefore L satisfies H1 taking ‖·‖Λ = ‖·‖L2
x,v

, and assumption H2 follows straight-

forwardly (with C(δ) = 0) from

∇vK(h) =
1

κ

(
∫

RN

h′ M ′ dv′

)

∇vM.

Observe also that the strengthened assumptions H1’ and H2’, that are necessary
to ensure decay in higher-order Sobolev norms, are satisfied straightforwardly.



22 CLÉMENT MOUHOT, LUKAS NEUMANN

The operator L is local in x and t. When x is fixed, it is well-defined and bounded
on L2

v, and it is self-adjoint non-positive on this space. More precisely its Dirichlet
form is given by

〈L(h), h〉L2
v

= − 1

2κ

∫

RN×RN

(

h

M
− h′

M ′

)2

MM′ dv dv′.

Therefore its kernel is N(L) = Span {M}, and we define Πl the (orthogonal) pro-
jection on this space in L2

v:

Πl(h) =

(
∫

RN

h′ M ′ dv′

)

M = κ K(h).

Then it is straightforward that L has a spectral gap λL = κ−1, since
∫

RN

L(h) h dv = −1

κ
‖h − Πl(h)‖2

L2 .

Hence assumption H3 is satisfied.

5.2. Semi-classical relaxation. Let us now modify the previous relaxation equa-
tion in order to take into account quantum effects associated with the Pauli’s ex-
clusion principle. We thus consider the following semi-classical model (weakly non-
linear) for charged particles (here ǫ ∈ {−1, 0, 1}):

(5.2) ∂tf + v · ∇xf =
1

κ

∫

RN

[

M(1 − ǫf)f ′ −M′(1 − ǫf ′)f
]

dv′ := Qǫ(f, f),

for x ∈ TN and v ∈ RN , where M is the normalized Maxwellian as before, and we
have used the shorthand f ′ = f(v′). Regardless of the choice of ǫ this scattering
operator is mass preserving but admits no other conservation law. The case ǫ = 0
is the standard linear relaxation model of the previous subsection.

In the case ǫ = 1 this operator is probably the simplest model describing a gas
of fermions relaxing towards the thermodynamic equilibrium for a perfect fermigas,
that is the Fermi-Dirac distribution. The operator Q+1 describes the interaction of
the fermions with a background medium at rest with constant temperature. The
factors (1−f) correspond to correlation of particles before and after collision due to
Pauli’s exclusion principle. Note that this modification of the standard relaxation
mechanism is (at least for the usual range of temperatures and densities) necessary
only in particular situations, such as the one of a gas of electrons. Those are,
due to their small mass, most likely to satisfy Sommerfeld’s degeneracy condition
(see [8]). This equation can be seen as the scattering counterpart of the full fermion
Boltzmann equation studied for example in [8, 13]. For a more detailed introduction
to models describing scattering as well as binary collisions for fermions see [30]. For
this model, a Cauchy theory can be obtained using maximum principle arguments to
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treat the (weak) nonlinearity (see [35]) assuming some bounds on the initial datum.
The long-time behaviour of solutions to this equation has been studied by the EEP-
method in [35] (leading to polynomial rates of convergence to equilibrium), however
the necessary uniform regularity bounds on the solution were assumed.

In the case ǫ = −1, Q−1 describes the interaction of bosons with background
medium at rest with some constant temperature, and is probably the simplest model
describing a gas of bosons relaxing towards the thermodynamic equilibrium for a
perfect bosongas, that is the Bose-Einstein distribution. In this setting the existence
of a boson in a velocity and space interval will increase the chance of another boson
being scattered to this interval (see [8]). This mechanism leads to Bose-Einstein
condensation for low temperatures and large densities. However since we linearize
around the regular equilibrium we cannot describe this phenomenon but only the
situation farther away from the critical mass for the phase transition. In the spa-
tially homogeneous setting very precise asymptotics including optimal rates for the
convergence above as well as below the critical mass have been given in [14]. The
authors study a model for Compton scattering of photons against electrons. In the
non condensate case their model - in an appropriate scaling - is analogous to the
one we study here because in this case their cross-section is bounded away from
0. The authors prove exponential convergence in the non-condensate case, which is
consistent with the result we obtain in the x-dependent situation. Moreover they
derive an optimal rate for the convergence in the condensate case which is only poly-
nomial. Thus is seems unavoidable to impose a bound on the initial mass to retain
exponential convergence. The existence of solutions to a more elaborate collisional
model (in the spatially homogeneous case) has been shown in [28] (see also [29]). In
the same work the weak convergence to regular equilibrium states (similar to the
ones that our simplified model admits) has been shown to hold true above a specific
temperature, larger than the critical one, and for which an explicit bound is given.

The equation preserves the total mass of the distribution

∀ t ≥ 0,

∫

TN×RN

f(t, x, v) dx dv =

∫

TN×RN

f0(x, v) dx dv = ρ

and admits (recalling in the boson case the bound imposed on the initial datum in
Theorem 1.3) a unique equilibrium

f∞ =
κ∞M

1 + ǫκ∞M ,

where κ∞ is determined by the mass ρ of f0.
We linearize the equation for a general scaling f = f∞+m h (m is a given positive

function only depending on v). Discarding the bilinear term, the equation for h reads



24 CLÉMENT MOUHOT, LUKAS NEUMANN

after straightforward computations

∂th + v · ∇xh =
1

κ

∫

RN

[

h′ m′(1 + ǫκ∞M′)

m(1 + ǫκ∞M)
M− h

1 + ǫκ∞M
1 + ǫκ∞M′

M′

]

dv′ =: Lm(h).

We make the choice m = (1 + ǫκ∞M)−1 M
√

κ∞, where M :=
√
M. It yields

L = K − Λ with

K(h) =
1

κ

(
∫

RN

h′ M ′ dv′

)

M,

and Λ is the multiplicative operator by ν with

ν(v) =
1

κ
(1 + ǫκ∞M)

(
∫

RN

M′

1 + ǫκ∞M′
dv′

)

=
ρ

κκ∞
(1 + ǫκ∞M).

Therefore L satisfies H1 taking ‖·‖Λ = ‖·‖L2
x,v

, and assumption H2 follows straight-

forwardly (with C(δ) = 0) from

∇vK(h) =
1

κ

(
∫

RN

h′ M ′ dv′

)

∇vM.

Again the strengthened assumptions H1’ and H2’ are also satisfied straightfor-
wardly.

The resulting operator L is local in x and t. When x is fixed, it is well-defined
and bounded on L2

v, and it is self-adjoint non-positive on this space. More precisely
its Dirichlet form is given by

〈L(h), h〉L2 = − 1

2κ

∫

RN×RN

(

h(1 + ǫκ∞M)

M
− h′(1 + ǫκ∞M′)

M ′

)2

×

(1 + ǫκ∞M)−1 (1 + ǫκ∞M′)−1 MM′ dv dv′

= − 1

2κ

∫

RN×RN

(

hM

f∞
− h′M ′

f ′
∞

)2

f∞ f ′
∞ dv dv′.

Therefore its kernel is

N(L) = Span

{

f∞
M

}

.

We define Πl the (orthogonal) projection on this space in L2
v:

Πl(h) =

(
∫

RN

h′ f ′
∞

M ′
dv′

)

f∞
M

.

First let us explain how to show assumption H3 by non-constructive approach.
As ν ≥ ν with ν = infRN ν > 0, we deduce that the (bounded) multiplicative
operator Λ on L2

v has its spectrum included in (−∞,−ν]. Then the operator K
is straightforwardly compact on L2

v and thus by Weyl’s theorem about compact
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perturbation of the essential spectrum of a self-adjoint operator in a Hilbert space,
we deduce that the essential spectrum of L is included in (−∞,−ν]. The remaining
discrete spectrum lies in R− because of the sign of the Dirichlet form, and as 0 is an
isolated eigenvalue, we deduce that there is λ0 > 0 such that the non-zero part of
the spectrum of L lies in (−∞,−λ0]. This immediately shows H3 with λL = λ0/ν
where ν = sup

RN ν < +∞.
It is interesting to note that if the mass in the boson case matches the critical

one then ν is still nonnegative but it becomes zero for v = 0, which of course is the
place where condensation happens. In this case our method breaks down because we
lack the spectral gap (the essential spectrum reaches 0 and one only expects some
polynomial rates of convergence to equilibrium, which is consistent with [14]).

Second we restrict to the fermionic case (ǫ = 1) and we explain how to estimate
explicitly λL. Let us consider some function h orthogonal to M−1f∞. Then

∫

RN

hM dv =

∫

RN

h

(

M − f∞
κ∞M

)

dv =

∫

RN

h
κ∞M3

1 + κ∞M dv.

Hence we deduce that
(
∫

RN

hM dv

)2

≤
(
∫

RN

h2ν dv

)(
∫

RN

ν−1 κ2
∞M6

(1 + κ∞M)2
dv

)

=
κ

ρ

(
∫

RN

h2ν dv

)(
∫

RN

f 3
∞ dv

)

.

From the exact formula for f∞ it is straightforward that f 3
∞ < f∞ and thus

1

ρ

(∫

RN

f 3
∞ dv

)

< 1.

We get

〈L(h), h〉L2 =

[

1

κ

(
∫

RN

hM dv

)2

−
(
∫

RN

h2ν dv

)

]

≤ −
[

1 − 1

ρ

(
∫

RN

f 3
∞ dv

)](
∫

RN

h2ν dv

)

.

Since in the fermionic case ν ≥ (κκ∞)−1, we deduce that L has a spectral gap λ0,
with the explicit estimate:

λL ≥ 1

κκ∞

[

1 − 1

ρ

(
∫

RN

f 3
∞ dv

)]

.

Hence we deduce an explicit estimate on λL since λL = λ0/ν where ν = supRN ν =
(1 + κ∞M(0))/(κκ∞) is explicit.
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Now we want to establish the bound H4 on the bilinear part. It is given by

Γ(h, h) =
ǫκ

1/2
∞

κ
h

(
∫

RN

h′ M ′ (M′ −M)

1 + κ∞M′
dv′

)

.

Therefore H4 is immediately obtained by using Leibniz rule on higher-order deriva-
tives, the trivial bound L2×L2 → L2 on Γ, and Sobolev embeddings (which requires
that E(k0/2) > N/2 where E denotes the entire part of a real number).

Remark: The scaling that we used to linearize the collision operator is not exactly

the same as in Theorem 4.1 since we choose m = f
1/2
∞ (1 + ǫκ∞M)−1/2. However it

is easy to see (following exactly the same proof) that the statement of Theorem 4.1

remains true also with the scaling f = f∞ +m h when the factors f
−1/2
∞ are replaced

by the some factors m−1 with the same decay at large velocities. This leads to the
statement of Theorem 1.3.

5.3. The linear Fokker-Planck equation. We consider the linear Fokker-Planck
equation in the torus

(5.3) ∂tf + v · ∇xf = ∇v · (∇vf + fv) ,

for x ∈ TN and v ∈ RN (N ≥ 1).
This equation preserves the total mass of the distribution

∀ t ≥ 0,

∫

TN×RN

f(t, x, v) dx dv =

∫

TN×RN

f0(x, v) dx dv

but admits no other conservation law. For a given initial datum f0 ≥ 0, it admits a
unique global equilibrium f∞ = ρ∞ M, where ρ∞ is the total mass of f0, defined by

ρ∞ =

∫

TN×RN

f0(x, v) dx dv,

and M is the normalized Maxwellian distribution

M(v) =
e−|v|2/2

(2π)N/2

with mass 1, mean 0 and temperature 1.
We study fluctuations around the equilibrium in the form

f = f∞ +
√

f∞h = ρ∞ M + ρ1/2
∞ M h,

where M :=
√
M. The equation for h reads

(5.4) ∂th + v · ∇xh = ∆vh +

(

N

2
− |v|2

4

)

h =: L(h).
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We split the operator L into

L = K − Λ, K = 0, Λ = L

(K = 0 is typical for a purely diffusive collisional model). Assumption H2 is obvi-
ously fulfilled with C(δ) = 0.

Let us prove that L satisfies H1 taking

‖h‖Λ =
(

‖v h‖2
L2 + ‖∇vh‖2

L2

)1/2
.

Indeed one can check easily that this norm is stronger than the L2 norm:

‖h‖2
Λ ≥ 2 ‖v h‖L2 ‖∇vh‖L2 ≥ −2

∫

RN

(v h) · ∇vh dx dv = N ‖h‖2
L2 .

Straightforward computations yields

(5.5) 〈Λ(h), h〉L2 ≥ C1 ‖h‖2
Λ − C2 ‖h‖2

L2

for explicit constants C1, C2 > 0. The operator L is local in x and t. When x is
fixed, it is well-defined and bounded on L2

v, and it is self-adjoint non-positive on this
space. More precisely its Dirichlet form is given by

〈L(h), h〉L2
v

= −
∫

RN

∥

∥

∥
∇vh +

v

2
h
∥

∥

∥

2

dv.

Therefore its kernel is N(L) = Span {M}, and we define Πl the (orthogonal) pro-
jection on this space in L2

v:

Πl(h) =

(
∫

RN

h′ M ′ dv′

)

M.

Classical computations based on Poincaré’s inequality with measure M show that

(5.6)

∫

RN

∥

∥

∥
∇vh +

v

2
h
∥

∥

∥

2

dv ≥ 2 ‖h‖2
L2.

Then combining (5.5,5.6) yields

〈L(h), h〉L2 ≤ −λ ‖h‖2
Λ

for some explicit constant λ > 0.
Finally we have

〈∇vL(h),∇vh〉L2 = 〈L(∇vh),∇vh〉L2 − 〈(v/2)h,∇vh〉L2

= 〈L(∇vh),∇vh〉L2 +
N

2
‖h‖L2 ≤ −ΛL ‖h‖2

Λ +
N

2
‖h‖L2.

The two last inequalities conclude the proof of H1 and H3.
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5.4. The Boltzmann equation. Let us consider the Boltzmann equation (here
N ≥ 2)

(5.7) ∂tf + v · ∇xf = Q(f, f), t ≥ 0, x ∈ T
N , v ∈ R

N

with a collision operator (local in t, x)

Q(f, f) =

∫

RN×SN−1

B(|v − v∗|, cos θ) (f ′f ′
∗ − ff∗) dv∗ dσ.

We adopt the notations f ′ = f(v′), f∗ = f(v∗) and f ′
∗ = f(v′

∗), where

v′ = (v + v∗)/2 + (|v − v∗|/2) σ, v′
∗ = (v + v∗)/2 − (|v − v∗|/2) σ

stand for the pre-collisional velocities of particles which after collision have velocities
v and v∗. Moreover θ ∈ [0, π] is the deviation angle between v′−v′

∗ and v−v∗, and B
is the Boltzmann collision kernel determined by physics (related to the cross-section
Σ(v−v∗, σ) by the formula B = |v−v∗|Σ). On physical grounds, it is assumed that
B ≥ 0 and B is a function of |v − v∗| and cos θ.

Boltzmann’s collision operator has the fundamental properties of conserving mass,
momentum and energy

∫

RN

Q(f, f) φ(v) dv = 0, φ(v) = 1, v, |v|2

and satisfying celebrated Boltzmann’s H theorem, which writes formally

− d

dt

∫

RN

f log f dv = −
∫

RN

Q(f, f) log(f) dv ≥ 0.

The equilibrium distribution is given by the Maxwellian distribution

M(ρ∞, u∞, T∞)(v) =
ρ∞

(2π T∞)N/2
exp

(

−|u∞ − v|2
2 T∞

)

,

where ρ∞, u∞, T∞ are the density, mean velocity and temperature of the gas

ρ∞ =

∫

TN×RN

f(v) dx dv, u∞ =
1

ρ∞

∫

TN×RN

v f(v) dx dv,

T∞ =
1

Nρ∞

∫

TN×RN

|u∞ − v|2 f(v) dx dv,

which are determined by the mass, momentum and energy of the initial datum
thanks to the conservation properties.

The main physical case of application of this subsection is that of hard spheres in
dimension N = 3, where (up to a normalization constant)

(5.8) B(|v − v∗|, cos θ) = |v − v∗|.
More generally we shall make the following assumption on the collision kernel:
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B1. We assume that B takes the product form

(5.9) B(|v − v∗|, cos θ) = Φ(|v − v∗|) b(cos θ),

with Φ and b non-negative and not identically equal to 0. This decoupling
assumption is made for the sake of simplicity and could probably be relaxed
at the price of technical complications.

B2. Concerning the kinetic part, we assume Φ to be given by

(5.10) Φ(z) = CΦ zγ

with γ ∈ [0, 1]. It is customary in physics and mathematics to study the case
when Φ(v− v∗) behaves like a power law |v− v∗|γ, and one traditionally sep-
arates between hard potentials (γ > 0), Maxwellian potentials (γ = 0), and
soft potentials (γ < 0). We assume here that we deal with hard potentials
(or Maxwell molecules). This assumption is crucial since for soft potentials
with angular cutoff (see below), the linearized operator has no spectral gap.

B3. Concerning the angular part, we assume that it is C1 with the controls from
above

(5.11) ∀ z ∈ [−1, 1], b(z), b′(z) ≤ Cb.

This implies in particular that B satisfies Grad’s angular cutoff (see [16]).
Note that the smoothness assumption on b could be relaxed by using trun-
cations and mollifications in the proof.

When b is integrable on the sphere SN−1 (as here thanks to B3), we define

ℓb := ‖b‖L1(SN−1) :=
∣

∣S
N−2

∣

∣

∫ π

0

b(cos θ) sinN−2 θ dθ < +∞.

Without loss of generality we set ℓb = 1 in the sequel. Then one can split the
collision operator in the following way

Q(g, f) = Q+(g, f)− Q−(g, f)

Q+(g, f) =

∫

RN×SN−1

Φ(|v − v∗|) b(cos θ) g′
∗f

′ dv∗ dσ.

Q−(g, f) =

∫

RN×SN−1

Φ(|v − v∗|) b(cos θ) g∗f dv∗ dσ = (Φ ∗ g) f.

We introduce the so-called collision frequency

(5.12) ν(v) =

∫

RN×SN−1

Φ(|v − v∗|) b(cos θ)M(v∗) dv∗ dσ = (Φ ∗M)(v),

and denote by ν0 > 0 the minimum value of ν.
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Using the notation M = M1/2 the linearized collision operator is given by

L(h) = M−1 [Q(Mh,M) + Q(M, Mh)]

= M

∫

RN×SN−1

Φ(|v − v∗|) b(cos θ)M∗

[

h′
∗

M ′
∗

+
h′

M ′
− h∗

M∗

− h

M

]

dv∗ dσ.

L is self-adjoint on the space L2
v. It splits between a multiplicative part and a

non-local part as follows

L(h) = K(h) − Λ(h) with Λ(h) = ν(v) h

and
K(h) = L+(h) − L∗(h) with L∗(h) = M [(hM) ∗ Φ]

and

L+(h) =

∫

RN×SN−1

Φ(|v − v∗|) b(cos θ) [h′M ′
∗ + h′

∗M
′] M∗ dv∗ dσ.

K is bounded and compact in L2
v, as proved in [17].

From the classical spectral theory of L it is well-known that with the usual changes
of variables

〈Lh, h〉L2
v

= −1

4

∫

RN×RN×SN−1

Φ(|v − v∗|) b(cos θ)

[

h′
∗

M ′
∗

+
h′

M ′
− h∗

M∗
− h

M

]2

MM∗ dv dv∗ dσ ≤ 0.

This implies that the spectrum of L in L2
v is included in R−. Moreover the null

space of L is

(5.13) N(L) = Span
{

M, v1M, . . . , vNM, |v|2M
}

.

Using the fact that

νΛ
1 (1 + |v|)γ ≤ ν(v) ≤ νΛ

2 (1 + |v|)γ

for some explicit constants νΛ
1 , νΛ

2 > 0, and that ∇vν ∈ L∞ with explicit bound
since γ ∈ [0, 1], we deduce that assumption H1 is satisfied with the norm

‖h‖Λ = ‖h(1 + |v|)γ/2‖L2.

Assumption H1’ can be proved by similar arguments.
Now we want to prove that

(5.14) ∀h⊥N(L), −〈h, Lh〉L2
v
≥ λ ‖h‖2

Λ.

Controls from below on the collision kernel are necessary to ensure the existence
of a spectral gap for the linearized operator. Under our assumptions, the non-
constructive proof of Grad shows that L has a spectral gap. Moreover explicit
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estimates on the spectral gap λL have recently been obtained in [1] and extended to
explicit estimates of the form (5.14) in [32]. Following these results L satisfies H3
(for the norm Λ) with explicit bound.

Now we fix some δ > 0 and check that L satisfies assumption H2 (assumption
H2’ can be proved by similar arguments).
Concerning the part L∗, this accounts essentially to Young’s inequality. We easily
compute the kernel of the operator

L∗h(v) =

∫

V ∈RN

h(v + V ) k∗(v, V ) dV

with
k∗(v, V ) = M(v)1/2 Φ(|V |) M(v + V )1/2.

We introduce the splitting k∗ = k∗,s
ε + k∗,r

ε , with

k∗,s
ε (v, V ) = I{|V |≥ε} k∗(v, V )

where I denotes some mollified indicator function. This induces the corresponding
decomposition L∗ = L∗,s

ε + L∗,r
ε . It is straightforward that

‖L∗,r
ε ‖L2→L2

ε→0−−→ 0

and
|∇vk

∗,s
ε | , |∇V k∗,s

ε | , |∇vk
∗,r
ε | ≤ C(ε) M(V )1/8.

Hence we deduce

(5.15) ‖∇vL
∗,s
ε h‖L2 ≤ C(ε) ‖h‖L2

and

(5.16) ‖∇vL
∗,r
ε h‖L2 ≤ δ ‖h‖H1 + C(ε) ‖h‖L2

if ε is small enough.
Now we turn to the part L+. We follow Grad computations [17, Sections 2 and 3]

(recalled also in [7, Chapter 7, Section 2]) to compute the kernel of L+, and apply
the same kind of estimates as in [31]. We make the changes the variables

• σ ∈ SN−1, v∗ ∈ RN −→ ω = (v′ − v)/|v′ − v| ∈ SN−1, v∗ ∈ RN : the jacobian
amounts to change b into

b̃(θ) = 2N−1 sinN−2 θ/2 b(θ);

• then ω ∈ SN−1, v∗ ∈ RN −→ ω ∈ SN−1, u = v − v∗ ∈ RN : the jacobian is
equal to 1;

• then keeping ω fixed, decompose orthogonally u = u0ω + W with u0 ∈ R

and W ∈ ω⊥: the jacobian is equal to 1;
• finally keeping W ∈ V ⊥ fixed, ω ∈ SN−1, u0 ∈ R −→ V = u0ω ∈ RN : the

jacobian is (1/2)|V |−(N−1).
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Thus we get

L+h(v) =

∫

V ∈RN

h(v + V ) k+(v, V ) dV

with

k+(v, V ) = cst |V |−(N−1)

∫

W∈V ⊥

Φ(
√

|V |2 + |W |2) b̃

( |W |2 − |V |2
|W |2 + |V |2

)

×

M(v + W )1/2 M(v + V + W )1/2 dW.

This kernel can be written as

k+(v, V ) = cst M(V )1/4 |V |−(N−1)

∫

W∈V ⊥

Φ(
√

|V |2 + |W |2) b̃

( |W |2 − |V |2
|W |2 + |V |2

)

×

M(v + V + W/2) dW.

Moreover it is shown in [7, Chapter 7, Section 2] that

‖1|·|≥RL+‖L2→L2

R→∞−−−→ 0.

We use this to perform the splitting

k+ = k+,s
ε + k+,r

ε

with

k+,s
ε (v, V ) = I{|v|≤ε−1} I{|V |≥ε} k+(v, V ),

where I denotes some mollified indicator function. The corresponding decomposi-
tion of L is denoted by

L+ = L+,s
ε + L+,r

ε .

It is straightforward that

‖L+,r
ε ‖L2→L2

ε→0−−→ 0

and
∣

∣∇vk
+,s
ε

∣

∣ ,
∣

∣∇V k+,s
ε

∣

∣ ,
∣

∣∇vk
+,r
ε

∣

∣ ≤ C(ε) M(V )1/8.

Hence we deduce

(5.17)
∥

∥∇vL
+,s
ε h

∥

∥

L2
≤ C(ε) ‖h‖L2

and

(5.18)
∥

∥∇vL
+,r
ε h

∥

∥

L2
≤ δ ‖h‖H1 + C(ε) ‖h‖L2

as long as ε is small enough.
This concludes the proof by gathering (5.15), (5.16), (5.17) and (5.18).
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Finally let us consider the bilinear part given by

Γ(h1, h2) = M−1 [Q(Mh, Mh) + Q(Mh, Mh)]

=

∫

RN×SN−1

Φ(|v − v∗|) b(cos θ) M∗ [(h1)
′
∗(h2)

′ − (h1)∗(h2)] dv∗ dσ

=

∫

RN×SN−1

Φ(|u|) b(cos θ) M∗ [(h1)
′
∗(h2)

′ − (h1)∗(h2)] du dσ

with the notation u = v − v∗. We estimate
∫

RN

Γ(h1, h2) ϕ dv

≤ C ‖ϕ‖L2

(

∫

RN

∣

∣

∣

∣

∫

RN×SN−1

|(h1)
′| |(h2)

′
∗|M(v + u) 〈u〉γ du dσ

∣

∣

∣

∣

2

dv

)1/2

≤ C ‖ϕ‖L2

(
∫

RN×RN×SN−1

|(h1)
′|2 |(h2)

′
∗|2 〈v〉γ dv du dσ

)

≤ C ‖ϕ‖L2

(

‖h1‖L2
v
‖h2‖Λv

+ ‖h1‖Λv
‖h2‖L2

v

)

,

which implies

‖Γ(h1, h2)‖L2
v
≤ C

(

‖h1‖L2
v
‖h2‖Λv

+ ‖h1‖Λv
‖h2‖L2

v

)

.

Together with Leibnitz formula to differentiate Γ according to v and x and Sobolev
embeddings this concludes the proof of H4 for E(k0/2) > N/2.

5.5. The Landau equation. This subsection deals with the Landau equation (for
N ≥ 2)

(5.19) ∂tf + v · ∇xf = Q(f, f), t ≥ 0, x ∈ T
N , v ∈ R

N

which features the collision operator

Q(f, f)(v) = ∇v ·
(
∫

RN

A(v − v∗) [f∗ (∇f) − f (∇f)∗] dv∗

)

,

where A(z) = |z|2 Φ(|z|)P(z), Φ is a non-negative function, and P(z) is the orthog-
onal projection onto z⊥, i.e.,

(P(z))i,j = δi,j −
zizj

|z|2

We use again the notation f∗ = f(v∗). This operator is used for instance in models
for plasma. In this case the interaction among the particles is via the Coulomb
potential and Φ(|z|) = |z|−3 in dimension 3. For more details see [42, Chapter 1,
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Section 1.7] and the references therein. Indeed in this case the Boltzmann collision
operator does not make sense anymore (see [41, Annex I, Appendix]).

Landau’s collision operator has the fundamental properties of conserving mass,
momentum and energy

∫

RN

Q(f, f) φ(v) dv = 0, φ(v) = 1, v, |v|2

and satisfying Boltzmann’s H theorem, which writes formally

− d

dt

∫

RN

f log f dv = −
∫

RN

Q(f, f) log(f) dv ≥ 0.

The equilibrium distribution is given by the Maxwellian distribution

M(ρ∞, u∞, T∞)(v) =
ρ∞

(2π T∞)N/2
exp

(

−|u∞ − v|2
2 T∞

)

,

where ρ∞, u∞, T∞ are determined as in the Boltzmann case.

We make the following assumption on the collision kernel:

L1. We assume Φ to be given by

(5.20) Φ(z) = CΦ zγ

with γ ∈ [−2, 1]. By analogy with the Boltzmann equation, one could say
that this assumption covers hard and moderately soft potentials.

We consider fluctuations around equilibrium of the form f = M + Mh. The
linearized collision operator is given by

L(h) = M−1 ∇v ·
(
∫

RN

A(v − v∗)

[(∇vh

M

)

−
(∇vh

M

)

∗

]

MM∗ dv∗

)

.

L is self-adjoint on the space L2
v. It splits between an (almost) “convolution part”

and a diffusive part:

L(h) = K(h) − Λ(h)

with

K(h) = −M−1 ∇v ·
(
∫

RN

A(v − v∗)

(∇vh

M

)

∗

MM∗ dv∗

)

,

and

Λ(h) = −M−1 ∇v ·
(
∫

RN

A(v − v∗)

(∇vh

M

)

MM∗ dv∗

)

.

Estimate H2 on K is easily verified since

K(h) =

∫

RN

k(v, v∗) h∗ dv∗
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where the kernel

k(v, v∗) =

[

(∇v)
T

(

A(v − v∗)MM∗

MM∗

)

(∇v)

]

belongs straightforwardly to L2(RN ×RN ) and also to H1(RN ×RN) except possibly
for a small region (v − v∗) ∼ 0 which can split as in the Boltzmann case.

It is well-known from the classical spectral theory of L that with the usual changes
of variables we have

〈h, Lh〉L2
v

= −1

2

∫

RN×RN

Φ(|v − v∗|) |v − v∗|2

∥

∥

∥

∥

P

[(∇vh

M

)

−
(∇vh

M

)

∗

]∥

∥

∥

∥

2

MM∗ dv dv∗ ≤ 0.

This implies that the spectrum of L in L2
v is included in R−. Moreover the null

space of L is

(5.21) N(L) = Span
{

M, v1M, . . . , vNM, |v|2M
}

.

Now let us use some estimates proved in [19]. First we define the norm

‖h‖2
Λv

=
∥

∥

∥
h〈v〉1+γ/2

∥

∥

∥

2

L2
v

+
∥

∥

∥

(

P(v)∇vh
)

〈v〉1+γ/2
∥

∥

∥

2

L2
v

+
∥

∥

∥

(

(1 − P(v))∇vh
)

〈v〉γ/2
∥

∥

∥

2

L2
v

which is stronger than L2
v as soon as γ ≥ −2. In [19, Section 2] it is proven that

〈Λh, h〉L2
v
≥ C ‖h‖2

Λv

with explicit constant, from which H1 follows. For the bilinear term Theorem 3
from [19] together with Sobolev embeddings yields H4 in the norm Λ with explicit
constant as long as E(k0/2) > N/2. Again the stronger assumptions H1’-H2’
are deduced straightforwardly with the same arguments. Finally assumption H3 is
proved in [19, Section 2, Lemma 5] by non-constructive arguments (and an explicit
proof is given in [33]). This concludes the proof.

5.6. Remarks on other models. Linear models of radiative transfer in the torus
enter straightforwardly our abstract framework. It is likely that linear scattering
Boltzmann models or semi-conductors collisional models also do so. Moreover it
is easy to see on the linear relaxation models (as well as on more general linear
scattering models) that one could add with very few changes in our proof some
scattering rate Σ = Σ(x) depending on x in front of the collision operator: assuming
that Σ ∈ C∞ and

∀x ∈ T
N , 0 < Σ− ≤ Σ(x) ≤ Σ+ < +∞

for some constants Σ−, Σ+ > 0, the conclusion of Theorem 1.1 still holds.
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For the Boltzmann equation with soft potentials and Grad’s angular cutoff, smooth
solutions near the Maxwellian equilibrium have been built in [20]: by including poly-
nomial weight in v depending on the order of the derivatives in the energy estimates,
it is likely that one can adapt our proof to build a norm which is decreasing along
the flow inspiring from [20]. However in this case the integro-differential operator T
is not coercive for this norm, instead it satisfies degenerated coercivity estimates for
some weaker norms. This is enough to built smooth solution, but does not yield ex-
ponential convergence towards equilibrium. Nevertheless as noticed in [37] one can
deduce from it polynomial rates of decay to equilibrium by interpolating between a
ladder of norms.

Our analysis works at the linear level for the linearized Boltzmann equation for
hard potentials without Grad’s angular cutoff assumption, using explicit spectral
gap estimates on L provided by [1] (note also that it could cover some moderately
soft potentials interactions without Grad’s angular cutoff, using explicit spectral
gap estimates on L provided by [33]). Indeed in [32] (see also [33]), it is shown how
to write the linearized collision operator in the form K − Λ with some regularizing
K and some coercive Λ, and how to obtain coercivity estimates on L. However at
now it is not known how to control the non-linear term in terms of a coercivity
norm Λ adapted to the linearized operator. The functional space of these coercivity
estimates in [32] is a local Sobolev space with the right fractional order, but which
does not seem sufficient to control the non-linear term.
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contract HPRN-CT-2002-00282, is acknowledged. The second author acknowledges
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