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BOUNDS ON THE COEFFICIENTS OF THE CHARACTERISTIC AND
MINIMAL POLYNOMIALS

JEAN-GUILLAUME DUMAS

ABSTRACT. This note presents absolute bounds on the size of the coefficients of the
characteristic and minimal polynomials depending on the size of the coefficients of the
associated matrix. Moreover, we present algorithms to compute more precise input-
dependant bounds on these coefficients. Such bounds are e.g. useful to perform deter-
ministic Chinese remaindering of the characteristic or minimal polynomial of an integer
matrix.

1. INTRODUCTION

The Frobenius normal form of a matrix is used to test two matrices for similarity. Al-
though the Frobenius normal form contains more in formation on the matrix than the
characteristic polynomial, most efficient algorithms to compute it are based on compu-
tations of characteristic polynomial (see for example [§, §9.7]). Now the Smith normal
form of an integer matrix is useful e.g. in the computation of homology groups and its
computation can be done via the integer minimal polynomial [g].

In both cases, the polynomials are computed first modulo several prime numbers and
then only reconstructed via Chinese remaindering [, Theorem 10.25]. Thus, precise
bounds on the integer coefficients of the integer characteristic or minimal polynomials of
an integer matrix are used to know how many primes are sufficient to perform a Chinese
remaindering of the modularly computed polynomials. Some bounds on the minimal
polynomial coefficients, respectively the characteristic polynomial, have been presented
in [P, respectively in [l]. The aim of this note is to present sharper estimates in both
cases.

For both polynomials we present two kind of results: absolute estimates, useful to
compare complexity constants, and algorithms which compute more precise estimates
based on the properties of the input matrix discovered at runtime. Of course, the goal is
to provide such estimates at a cost negligible when compared to that of actually computing
the polynomials.

2. BOUND ON THE MINORS FOR THE CHARACTERISTIC POLYNOMIAL

2.1. Hadamard’s bound on the minors. The first bound of the characteristic poly-
nomial coefficient uses Hadamard’s bound, |det(A)| < vnB?", see e.g. [}, Theorem 16.6],
to show that the coefficients of the characteristic polynomial could be larger, but only
slightly:

Lemma 2.1. Let A € C™*", with n > 4, whose coefficients are bounded in absolute value
by B > 1. The coefficients of the characteristic polynomial Cs of A are denoted by c;,
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Jj =0.n and ||C4l|ec = maz{|c;|}. Then
logs (||Callee) < g (logg(n) + log,(B?) + 0. 21163175)

Proof. Observe that c;, the j-th coefficient of the characteristic polynomial, is an alternate
sum of all the (n — j) x (n — j) diagonal minors of A, see e.g. [B, §IIL.7]. It is therefore

bounded by F(n,j) = (?) (n —j)BZ(n_j). First note, that from the symmetry of the

binomial coefficients we only need to explore the |n/2] first ones, since /(n — j )BQ(n_j) >
VIB? for j < |n/2].

The lemma is true for j = 0 by Hadamard’s bound.

For j = 1 and n > 2, we set f(n) = 2 (log, (F(n,1)) — 2logy(n) — (n — 1)log,(B)).

df _ 2n—24nln(n—1)—2nln(n)+2In(n)—In(n—1)

Now 0 = n2(n—1) In(2)
f(n) has two roots, one below 2 and one between 6 and 7. Also, f(n) is increasing from
2 to the second root and decreasing afterwards. With n > 4, the maximal value of f(n)
is therefore at n = 6, for which it is 2log,(5) — 2log,(6) < 0.21163175.

For other j’s, Stirling’s formula has been extended for the binomial coefficient by Stanica

in [, and gives Vi > 2,

1 1 1 i —j

(n) e12n 1241 12(n—j5)+1 n (n)J ( n )n J
< 2 2 - - .
j V2r j(n—3) \J n—j

1 1 1 1 2 : -
Now first - — T T T < Ton T Gagi Since the maximal value of the latter is

. Thus, the numerator of the derivative of

1 1

TS TR T
at j = 5. Therefore, log, (em Hﬁx/lgm(njm) < log, (J%?) < —1.325.
Then

is decreasing in j for 2 < j < [n/2] so that its maximum is

2(nn—2)'

i(n—=J) , ,
J n—j n—j
Consider now the rest of the approximation K(n,j) = (?) (n—’jj> (n— j)BQ( 7

We have log, (K (n, 7)) = "3% logy(B?) + § logy(n) + 5T (n, j), where T(n, j) = log, (=) +
%logQ("j;Qj). Well T(n, j) is maximal for j = =Y We end with the fact that for
- ) 2e

— 2log,(V2m) + Llog, <ﬁ> is maximal over Z for n = 16

where it is lower than 0.2052. The latter is lower than 0.21163175. O

We show the effectiveness of our bound on an example matrix:

11 1 1 1

11 -1-1-1
(2.1) 1-1 1 —1-1].

1-1-1-11

This matrix has X°—5X*4+40X2—80X +48 for characteristic polynomial and 80 = (3) N2y
is greater than Hadamard’s bound 55.9, and less than our bound 80.66661.

Note that this numerical bound improves on the one used in [, lemma 2.1] since
0.21163175 < 2 + log,(e) ~ 3.4427. While yielding the same asymptotic result, their
bound would state e.g. that the coefficients of the characteristic polynomial of the example
are lower than 21793.

2.2. Locating the largest coefficient. The proof of lemma P.1 suggests that the largest
coefficient is to be found between the O(y/n) last ones. In next lemma we take B into
account in order to sharpen this localization. This gives a simple search procedure com-
puting a more accurate bound on the fly, as soon as B is known.
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Lemma 2.2. Let A € C"*", with n > 4, whose coefficients are bounded in absolute value
by B > 1. The characteristic polynomial of A is C'a. Then

) (n —1i)B?
where § = 5.418236. Moreover, the cost of computing the associated bound on the size is
0 (ﬁ) .

B

This localization improves by a factor close to %, the localization of the largest coeffi-
cient proposed in [, Lemma 4.1].

n (n—1)

ICals < maz_, ooy (|
" 582 ?

Proof. Consider F(n,j) = (7]‘) (n—j)B2(nij) for j = 2..[5]. The numerator of the
derivative of F' with respect to j is

nly/(n—j)B2" " (2H(n — j) — 2H(j) — In(n — j) — In(B2) — 1)

where H(k) = Zle% is the k-th Harmonic number. We have the bounds In(k) + v +

W%*Q < H(k) < ln(k‘)+7+ﬁ from [[], Theorem 2]. This bounds proves that F(n, j)

has at most one extremal value for 2 < j < | % |. Moreover, %—? (n,2) < (T% —1+In(=3)
2

is thus strictly negative, as soon as n > 4. Now let us define G(j) = 2H(n—j) —2H(j) —

In(n — j) — In(B?) — 1. Using the bounds on the Harmonic numbers, we have that

2 2 n—7 2 2
— - <G(j)—ln< _2‘7)+1+ln(32) < —T T
2n—2]+ﬂ—2 2]+§ J 2n—2j+§ 2‘7+E_2

2 2
M—2j+y -2 2j+3
2 — & at j =2 Finally, M;(n) > —& if we let

Then, on the one hand, we have that is increasing for 2 < j < 2 so

that its minimal value is M;(n) =

2n—6+ 11
n go to the infinity.
On the other hand, 2n7§j T3 +127%*2 is also increasing and therefore its maximal
: 2(—447 ‘ : 2(7Ty—4) .
value is M,(n) = (n—m£1+2y;y()3n+1) at j = n/2. Finally, M,(n) < 13((;723), its value at

n = 4.
Then, the monotonicity of G and its bounds prove that the maximal value of F(n, j)
is found for j* between the solutions j; and j, of the two equations below:

(2.2) In (”;2]) =1+ 1In(B?) + 16—3
n_js _ n 2y _ 2(77_4)
(2.3) m( 7 )_1+1 (B?) BE -2

This proves in turn that

—1++v1+4+20B%n
B2 !

J* < max{0;

(Ty=4)
where § = 2¢' B2 A 5.418236,
Now for the complexity, we use the following recursive scheme to compute the bound:
log(F(n,0)) = % log(nB?)
log(F(nj + 1)) = log(“%20) 1 log(%) + "4 log(n — j — 1) — "5 log(n — j)
O
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For instance, if we apply this lemma to matrix R.1 we see that we just have to look at

F(n, j) for j < =HLE28m ~ 1 183,

3. EIGENVALUE BOUND ON THE MINIMAL POLYNOMIAL

For the minimal polynomial the Hadamard bound may also be used, but is too pes-
simistic an estimate, in particular when the degree is small. Indeed, one can use Mignotte’s
bound on the minimal polynomial, as a factor of the characteristic polynomial. There,
|| minpoly 4 [|eo < 2¢/|C4l|so, see [B, Theorem 4]. This yields that the bit size of the largest
coefficient of the minimal polynomial is only d bits less than that of the characteristic
polynomial.

Therefore, one can rather use a bound on the eigenvalues determined by considera-
tion e.g. of Gershgrin disks and ovals of Cassini (see [[[J] for more details on the regions
containing eigenvalues, and [}, Algorithm OCB] for a blackbox algorithm efficiently com-
puting such a bound). This gives a bound on the coefficients of the minimal polynomial
of the form 3¢ where 3 is a bound on the eigenvalues and d is the degree of the minimal
polynomial.

We can then use the following lemma to bound the coefficients of the minimal polyno-
mial:

Lemma 3.1. Let A € C™™ with its spectral radius bounded by 3 > 1. Let minpoly 4(X) =
S miX. Then

y ﬁd Zfd < ﬁ
; | <
1, |ml| = mln{\/md : \/%Qdﬁd} otherwise

This improves the bound given in [J, Proposition 3.1] by a factor of log(d) when d >> £.

Proof. Expanding the minimal polynomial yields |m;| < (‘f) 4% by e.g. [f, Theorem
IV.§4.1]. Then, if d < 3, we bound the latter by d’3¢".

Now, when d > (3, we get the fist bound in two steps: first, for i < g, we bound the
binomial factor by d* and thus get (?)ﬁd*i < dzﬂ%_’ﬂ% < dgﬁ% since d > (3 ; second, for
1> g, we bound the binomial factor by d?~* and thus get (f) Bt < qi-ipd—i < dgﬁ%.

The second bound, when d > [ is obtained by bounding the binomial coefficients
by the middle one, (fil), and using Stanica’s bound [{] on the latter. This gives that

(9)pa-i < \/LZ_W\/%ﬁQ%ﬁd. O

For matrices of constant size entries, both 5 and d are O(n). However, when d and/or (3
is small relative to n (especially d) this may be a striking improvement over the Hadamard
bound since the length of latter would be of order nlog(n) rather than dlog(g3).

This is the case e.g. for the Homology matrices in the experiments of [F]. Indeed, for
those, AA!, the Wishart matrix of A, has very small minimal polynomial degree and has
some other useful properties which limit 3 (e.g. the matrix AA® is diagonally dominant).
For example, the most difficult computation of [J], is that of the 25605 x 69235 matrix
n4c6.b12 which has a degree 827 minimal polynomial with eigenvalues bounded by 117.
The refinement of lemma B.1] yields there a gain in size on the one of [J] of roughly 5%.
In this case, this represents saving 23 modular projections and an hour of computation.
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4. CONCLUSION

We have presented in this note bounds on the coefficient of the characteristic and
minimal polynomials of a matrix. Moreover, we give algorithms with low complexity
computing even sharper estimates on the fly.

The refinements given here are only constant with regards to previous results but yield
significant practical speed-ups.

REFERENCES

[1] Jean-Guillaume Dumas, Clément Pernet, and Zhendong Wan. Efficient computation of the charac-
teristic polynomial. In Manuel Kauers, editor, Proceedings of the 2005 International Symposium on
Symbolic and Algebraic Computation, Beijing, China, pages 140-147. ACM Press, New York, July
2005.

[2] Jean-Guillaume Dumas, B. David Saunders, and Gilles Villard. On efficient sparse integer matrix
Smith normal form computations. Journal of Symbolic Computation, 32(1/2):71-99, July—August
2001.

[3] Feliks Rudimovich Gantmacher. The Theory of Matrices. Chelsea, New York, 1959.

[4] Joachim von zur Gathen and Jirgen Gerhard. Modern Computer Algebra. Cambridge University
Press, New York, NY, USA, 1999.

[5] Mark Giesbrecht and Arne Storjohann. Computing rational forms of integer matrices. Journal of
Symbolic Computation, 34(3):157-172, September 2002.

[6] Maurice Mignotte. Mathématiques pour le calcul formel. Presses Universitaires Frangaises, 1989.

[7] Feng Qi, Run-Qing Cui, Chao-Ping Chen, and Bai-Ni Guo. Some completely monotonic functions in-
volving polygamma functions and an application. Journal of mathematical analysis and applications,
310(1):303-308, 2005.

[8] Arne Storjohann. Algorithms for Matriz Canonical Forms. PhD thesis, Institut fiir Wissenschaftliches
Rechnen, ETH-Zentrum, Ziirich, Switzerland, November 2000.

[9] Pantelimon Stanici. Good lower and upper bounds on binomial coefficients. Journal of Inequalities
in Pure and Applied Mathematics, 2(3):Art. 30, 2001.

[10] Richard S. Varga. Gersgorin and his circles, volume 36 of Springer Series in Computational Mathe-
matics. Springer-Verlag, Berlin, 2004.

LABORATOIRE JEAN KUNTZMANN, UNIVERSITE JOSEPH FOURIER, GRENOBLE I

UMR CNRS 5224, 51 AVENUE DES MATHEMATIQUES, 38041 GRENOBLE, FRANCE.
E-mail address: Jean-Guillaume.Dumas@imag.fr
URL: http://1jk.imag.fr/membres/Jean-Guillaume.Dumas



