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Abstract. This paper deals with the weak Stackelberg strategy in the case of a closed-loop
information structure. Two—player differential games are considered with one leader and one follower.
We first derive necessary conditions for the Stackelberg equilibrium in the general case of nonlinear
criteria for finite time horizon games which lead to an expression of the optimal controls along the
associated trajectory. Then, using focal point theory, the necessary conditions are also shown to be
sufficient and lead to cheap control. The set of initial states allowing the existence of an optimal
trajectory is emphasized. The Linear Quadratic case is detailed to illustrate these results.

1. Introduction. A Stackelberg game, named after Heinrich von Stackelberg
in recognition of his pioneering work on static games [42], designates a two—player
noncooperative decision making problem formalized as a hierarchical combination of
two optimization problems. The lower level decision maker, called the follower, selects
a strategy optimizing his/her own objective function, depending on the strategy of the
upper level decision maker, called the leader. The leader may decide his/her strategy,
optimizing his/her objective function, relative to the decisions of both players by
knowing the rational reaction of the follower. Such a problem may be viewed as a
particular bilevel optimization problem [16,41,44]. When the rational reaction set is
not reduced to a singleton, the situation is more complex and several formulations
exist and have been introduced by Leitmann [25] (see also [4]) and called weak and
strong Stackelberg strategies by Breton and al. [13] or pessimistic and optimistic ones
in [16,17]. Note that a mixed formulation has been studied in [3] as well as their
relations [27].

Game theory being a generic multiobjective optimization framework, the field of
applications of Stackelberg strategies is large and includes, for example, economy [5],
social behaviors, marketing [20], network communications [10, 23|, military intelli-
gence [33]. The Stackelberg strategy for dynamic games was introduced in [15,35,36].
We consider here two—player nonzero sum differential games with one leader and one
follower.

The information structure in the game is the set of all available information for
the players to make their decisions. The methods used to tackle such a Stackelberg
optimization problem depend on the specific information structure.

When open-loop information structure is considered, no measurement of the state
of the system is available and the players are committed to follow a predetermined
strategy based on their knowledge of the initial state, the system’s model and the
cost functional to be minimized. Necessary conditions for obtaining a Stackelberg
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equilibrium with an open-loop information structure are well known [1,19,22, 30, 35—
38,43] and are derived from the standard Pontryagin Minimum Principle [24]. The
obtained controls in this case are only functions of time.

The Stackelberg strategy is known to be inconsistent in time [18], and dynamic
programming cannot help to derive the optimal controls. Note however that the
concept of feedback Stackelberg control, not considered in the present paper, is defined
as the limit of controls issued from dynamic programming on infinitesimally small
time subintervals (see [6,8,21,28,31,32]). This concept differs from the concept of
closed-loop control under consideration in this paper.

For the closed-loop information structure case (or more precisely the memoryless
closed-loop information structure), each player has access to current state measure-
ments and thus can adapt his strategy in function of the system’s evolution. For
the closed-loop information structure case, determining the Stackelberg strategy for
dynamic games is much harder and has been for a long time an open problem. The
main difficulty comes from the presence, in the expression of the rational reaction set
of the follower, of the partial derivative of the leader’s control with respect to the
measurement of the state. Several attempts have been proposed in the literature to
overcome this difficulty [8]. Among such techniques, two main approaches could be
distinguished.

The first method is dedicated to strong Stackelberg games with a team-optimal
approach introduced in [7,9]. At the first step, the leader and the follower are aiming
at optimizing the leader criterion as a team. With some weak assumptions, the
optimal value of the leader criterion is attained for a parametrized family of controls
for the leader and the follower. At the second step, the parameters of both controls are
chosen such that the control of the follower lies in the rational reaction set in response
to the control of the leader [39]. This could be interpreted as a threat formulated by
the leader towards the follower.

The second approach consists in defining the whole rational reaction set of the
follower to a leader control. The resulting optimal control problem turns out to be
nonclassical, not solvable a priori with the usual Pontryagin Minimum Principle.
To solve this kind of nonclassical problem, a variational method is proposed in [34],
assuming that this is a normal optimization problem (the possible occurence of an
abnormal case is not mentioned). Moreover, in [29] it is emphasized that this technique
does not lead to a solution for all initial states, and the difficulty is bypassed by
assuming that the initial state of the system is uniformly distributed over the unit
sphere and replacing the optimization criterion with its mean value over the initial
state.

In this paper, we derive rigorously necessary conditions for a Stackelberg equi-
librium with closed-loop information structure, along the associated trajectory, in the
same spirit as in [34] by considering all cases. In addition, sufficient conditions of the
optimization problem for Linear Quadratic differential games are established using
focal times theory. Based on these necessary and/or sufficient conditions, we then
characterize all initial states from which there emanates an optimal trajectory. Also,
an extension is proposed to associate with every initial state an optimal trajectory
by introducing the Jacobian of the leader’s control in his own criterion. Note that
in [34], although the final result (for Linear Quadratic games only) is correct, some
of arguments thereof used to derive the necessary conditions are missing.

The outline of the paper is as follows: in Section 2, the weak Stackelberg strategy
is mathematically formulated. Section 3 gathers the necessary conditions for an equi-
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librium for the follower (Section 3.1) and for the leader (Section 3.2). A degeneration
property of the Stackelberg strategy is emphasized in Section 3.3. These necessary
conditions are detailed in the case of Linear Quadratic two—player differential games
in Section 3.4. The sufficient conditions are provided for the Linear Quadratic case in
Section 4. All these results lead to the two main results of this paper Theorem 3.21
and Theorem 4.5, which ensure the existence of optimal trajectories. Concluding
remarks make up Section 5. The main proofs are gathered in Appendix.

2. Preliminaries: Stackelberg strategy. Let ¢y > 0. Consider a two—player
differential game defined on the time horizon [0,ty] with

z(t)y=f (t,z(t),u‘”vh) ,  x(0) = xo, (2.1)

where the state vector x(t) is in R™, f is of class C! and where u|, and v|, are the
values at time ¢ of the controls of both players v and v, m;— and mg—vector functions
lying in the sets of admissible controls ¢ and V, which will be defined below.

The two criteria, defined as real-valued functions on U x V), are

Ji(u,v) = gi(x(ty)) —|—/O ' Li(t,z(t),uy,,v,)dt, i€ {1;2}. (2.2)

The functions L; and Ly are C! with respect to x, v and v are continuous with respect
to time ¢. The first player, who chooses the control u, aims at minimizing the criterion
J1 and the second player, who chooses the control v, aims at minimizing the criterion
Jo. It is assumed in this paper that there exists an information bias in the game
which induces a hierarchy between the two players. We therefore have a Stackelberg
differential game. Player 1, called the leader, associated with u announces his strategy
first to Player 2. Player 2, associated with v is called the follower. The leader knows
how the follower will rationally react to a fixed control u. This bias of information
will be used by the leader to minimize his/her own criterion.

DEFINITION 2.1. The rational reaction set or best response set of the follower is
defined by

T: veUr—TuCV (2.3)

where Tu = {v | v minimizes Ja(u,v),v € V}.
DEFINITION 2.2. A (weak) Stackelberg equilibrium strategy (u*,v*) is defined by
the minimization problem

v* € Tu*,
{ u* minimizes max Jp(u,v). (2.4)
veTu

REMARK 2.3. We consider here the usual definition of a Stackelberg equilibrium,
called a weak one (see [7,13]). It can be interpreted as the minimization of the leader’s
criterion whenever the worst choice of the follower’s control among the rational re-
action set occurs. It can be viewed as a robust property with respect to the choice
of the follower, which could be crucial in automatic control for robust control such
as Ha/Heo-control [26, 45]. An alternative definition is used in [34], called strong
Stackelberg strategy, for which the choice of the follower’s control among the ratio-
nal reaction set is made to minimize, jointly with the leader, the leader’s criterion
(that is a team optimization problem described below). These two definitions coincide
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whenever T is a single-valued map. In the sequel, we do not assume that T is a single-
valued map, and we make a weaker assumption (Assumption 3.4) that is related to
the criterion J1 and the set T'.

The structure of the controls has to be formalized to make precise the induced
optimization problems:

e Whenever the controls are only functions of time ¢, that is u|, = u(t) and
v|, = v(t), the game has an open-loop information structure. Necessary con-
ditions for obtaining an open-loop Stackelberg solution, derived from the
usual Pontryagin Minimum Principle, are well known [1,35-38].

e The case where the controls are functions of time ¢ and of the current value
of the state x(t), u|, = u(t,z(t)) and v, = v(t,z(t)), is called closed-loop
Stackelberg strategy. This is the case that we consider in the present paper.
The controls are thus designed along the trajectory x(t) associated with the
Stackelberg solution.

e Considering u|, = u(t,x) and v|, = v(t,z), defined for every x € R™, and not
only along the trajectory x(t) corresponds to the concept of feedback Stackel-
berg solution, in the spirit of the dynamic programming approach [6,35, 36],
even though dynamic programming does not apply rigorously to such a Stack-
elberg strategy, due to time inconsistency.

As said above, in this paper we consider closed-loop Stackelberg strategies. Note
that, in the linear quadratic case (see Section 3.4), the values of the closed-loop Stack-
elberg controls and of the feedback Stackelberg controls coincide along the associated
trajectory.

Within the framework of a closed-loop information structure, the differential game
given by (2.1) is written as

.Z‘(t) =f (t,x(t),u(t,x(t)),v(t,m(t))) ) 33(0) = Zo- (2'5)

Throughout the paper, for the sake of clarity, we use the notation u, = 8—u to
x
denote the Jacobian of u(t,x) with respect to the second variable x. Here, U (resp.
V) denotes an open subset of £>([0,¢f] x R™ R™) (resp. of L>([0,tf] x R™ ,R™?))
such that, for every couple (u,v) € U x V, the associated trajectory x(-), solution of
(2.5), is well defined on [0,t¢]. More precisely

U = {u(,-) e L>(0,tr] xR™ R™), such that %(t,x(t)) = u,(t,z(t)) exists and
x
u(t, z(t)) as u,(t, z(t)) are continuous in x(¢) and piecewise continuous in t}
(2.6)
V = {v(-) € £2([0,tf] x R",R™2), such v(¢,x(t)) is continuous in z(¢) and
piecewise continuous in ¢}
(2.7)

The main difficulty in a closed-loop Stackelberg strategy is the presence of the par-

tial derivative in the necessary conditions for the follower. Different alternatives,

x
surveyed e.g. in [8], have been proposed in the literature to overcome the difficulty

*

raised by the presence of the partial derivative in the necessary conditions for the

x
follower. The first approach consists in finding an equivalent team problem leading
to a global minimization of the leader’s cost and obtaining a particular represen-
tation of the leader’s control [7]. The second approach consists in determining the



follower’s rational reaction set and the necessary conditions for the leader optimizing
a dynamical problem over an infinite dimensional strategy space subject to dynamical
constraints (evolution of the state vector and follower’s rational reaction set). In [34],
this problem is handled using a variational method, which however does not lead to
all solutions. In this paper, based on the Pontryagin Minimum Principle, we derive
necessary conditions for a Stackelberg equilibrium, in the sense discussed formerly.
Our study permits to compute the values of the controls w*(¢,z(t)) and v*(t, z(t))
along the optimal trajectories. We do not provide an expression of the Stackelberg
controls u* (¢, z) and v*(t, x) for every x, except in the linear quadratic case (see Sec-
tion 3.4) where our main result can be made more precise and more explicit. Finally,
using the theory of focal points, we provide sufficient conditions for local optimality
(which are global in the linear quadratic case).

3. Necessary conditions for a Stackelberg equilibrium. Due to the hierar-
chy between the two players, necessary conditions are first established for the follower,
and then for the leader.

3.1. For the follower. The best response set of the follower Tu* involved in
the definition of Stackelberg equilibrium (2.4) implies that, for a fixed control u*, the
control v* of the follower solves the following optimization problem:

ProBLEM 3.1.

Ivnelg Ja(u*,v),

subject to

i(t) = f(t,2(t),u"(t, 2(t),v(t,z(?)), x(0)= 0. (3.1)

Necessary conditions to solve Problem 3.1 are derived in the next proposition, proved
in Appendix.

PROPOSITION 3.2. Consider a closed-loop Stackelberg pair of controls (u*,v*) for
the system (3.1), associated with the trajectory x(-), then there exists an absolutely
continuous mapping ps : [0,t5] — R™, being a non trivial line vector, such that

0= 22, 00y, (1,2 (0)), ot (1))

ov
OLo

= pz(t)%(t,x(t)ﬂf(tvx(t)),v(t,f(t))) + - (2 (t), u (t (1)), vt 2(1)))(3.2)

1) 5 (1w (0), 0 (1 20, 1 0(00) (0, 2(1)

=), (1, 2(0), (0, 2(0) G (1 2(0), (3.3)
polty) = 2208, (3.4

where Hy denotes the Hamiltonian of the follower, Ha(t,x,u,v,p2) = po f(t, z,u,v) +
Lo(t,x,u,v). All solutions v of Equations (3.2)-(3.4) are gathered in the set valued
mapping T' : U — V. O



REMARK 3.3. Note that condition (3.3) may seem akin to open-loop control since

it does not involve terms in &, This dependency comes from condition (3.2) that

implies that the open-loop and closed-loop control for the follower coincide.

The set valued mapping 7", which is defined by equations (3.2)-(3.4) and satisfies
Tu C T'u, will be used in the next subsection to derive necessary conditions for the
leader, under a weak assumption on T', T and the criterion Ji, as explained next.

3.2. For the leader. Throughout the paper, we make the following assumption,
needed to derive Proposition 3.6.
ASSUMPTION 3.4.

Ji(u,v") < Jy(u,v), Yo' € T'u, v € Tu, uw €Uy, (3.5)

where U, denotes a neighborhood of u* in U. O
REMARK 3.5. Note that Assumption 3.4 differs from the main assumption of [34],
due to our choice to consider a weak Stackelberg problem instead of a strong one.
PROPOSITION 3.6. Consider a pair of controls (u*,v*) associated with Stackelberg
solution. The control u* is defined by Equation (2.4), that is

= i J : 3.6
u” = argmin max ., (u, v) (3.6)

Under Assumption 8.4, there holds

* .
u’ = argmin max J1(u,v). (3.7
O

REMARK 3.7. Note that, under standard assumptions such as the convexity of
Ja [24, Chap. 5], or the fact that the set Tu* be reduced to a singleton (as in the linear
quadratic case, see Section 3.4), or the fact that Tu = T'u (as assumed in [6, 34]
for example), the necessary conditions for the follower are also sufficient (see [24,
Chap. 5]) and Assumption 3.4 is fullfilled. In the linear quadratic case in particular,
Assumption 3.4 is automatically satisfied.

We also make the following assumption.

ASSUMPTION 3.8. Equation (3.2) has a unique solution v belonging to the rational
reaction set Tu*

v(t,z) = S(t, x(t), p2(t), u* (¢, z(t))) € Tu", (3.8)

with S continuous with respect to t and C' with respect to x and ps.

REMARK 3.9. Note that this assumption is automatically satisfied in the case of
linear quadratic games (see Section 3.4).

REMARK 3.10. Assumption 3.8 may be relaxzed in the following way, without
affecting our main results. Assume that Equation (3.3) is solvable, but admits several
(local) solutions. Then, assume that f and Lo are C* with respect to the variable

OH.
v, that is 8—2 is C' with respect to v. If the strict Legendre condition holds at
v

o >H,
every (local) solution, i.e.

ov?
Function Theorem that, locally, every solution v can be written as (3.8). Then, our
main results apply to every such (local) solution. We stress again that, in the linear
quadratic case (see Section 3.4), there exists a unique global solution.

1s positive definite, then it follows from the Implicit
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The leader, with his top hierarchical position with respect to the follower, can
impose the control of the follower. The leader knows the reaction of the follower,
e., he knows the function S. Then the leader seeks to minimize his own crite-
rion where v is replaced by the function S§. Using the notations il(t,x,pg,u) =
Li(t,x,u,S(t, x,p2,u)) and

Jl(u)=/0fil(t,x(t),pz(t),U(t,x(t)))dt+gl(x(tf))7 (3.9)

the following problem is considered:

Iunelal Jy (u) (3.10)
under two dynamical constraints:
&(t) = f(t,x(t), ult, (1)), S(t, x(t), p2(t), u(t, 2(t)))),
— Fi(t,2(t), p2 ( ), ult, 2(1))), (3.11)
pQ(t) = _pQ(t)%(tv x(t)a u(tv $(t)), S(t’ Jf(t),pg(t), u(t’ 'T(t))))
8L2

5y Ha(t), ult2(1), S 2(t), pa2(2), ult, 2(t))))

P g (), ult, (0)), S(t,2(0), 20, 2(0) 3 (0, 2(0)

O 1t ult, (1), S (1) po0) ult, (1)) 1, 2()

= Fn(t, 2(t), p2(t), ult, 2(1))) + Fzz(t,x(t),pz(t%U(t,x(t)))%(t,x(t))»(&l?)

and z(0) = xo, p2(ty) = %(x(tf)) Denote ig(t,x,pg,u) = Ly(t,x,u,S(t, x,p2,u)),

oF, oL
F21(tax7p27u> = —P2—(— a (t Zr,p2,U ) 81'2 (t,x,pg,u) and ﬁnauy F22(taxap25u) =

B oF, t) ") — dLs (t )
P2—— ou Z,p2,U du y LyP2,U).

Due to the nonclassical term wu,,, the usual Pontryagin Minimum Principle (see [24])
cannot be applied. However it is possible to adapt its proof and derive a version of the
Pontryagin Minimum Principle adapted to the system (3.11)-(3.12) (see Appendix).
The following proposition is proved in the Appendix.

PROPOSITION 3.11. If the trajectory x(-), associated to the pair (u*,v*) of closed-
loop Stackelberg controls, is solution of the Stackelberg problem, then there exist ab-
solutely continuous mappings A1, A2 : [0,tf] — R™, called costate vectors (written as
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line vectors by convention), and a scalar \° > 0, such that

T
0= 2a(t) (252 (0,0, pate) w0+ 252 120 a0t 2(0)

+)\1(t)%(t’ m(t)va (t)7 u(t, l‘(t))) + /\O%(tv .%‘(t),pg (t)a u(tv .%‘(t))), (3'13)

0= Ag(t)FQQ(tvx(t%p?(t)’u(tvx(t)))v (314)

= )‘g(t) <p2(t)8;;1(t’ m(t)7p2(t),u(t, m(t») + 88[;(t7x(t)7p2(t)7u<t7x(t)))> )

8F21

0F5
ox

/.\1(75) = _)‘Q(t) ( (t7$(t)ap2(t)’ u(t,x(t))) + or (t7 Z‘(t),pg(t),u(t, x(t)))u.L>

_Al(t)TZ(t> ;C(t),pg(t), u(t> :L‘(t))) - )‘OE(L x(t),pg(t), u(tv :L‘(t))), (3'15)

T
$alt) = 2a(t) ({0 pa),ut,2(0) + 552 (0,000, pale). a0 )
002 120, utt 0) 37 T 0, a0, 0,01, (310

for almost every t € [0,t]. Moreover, the following relations, called transversality
conditions, hold:

3292

W wlt)) + 2olt) S 2wt =0 (317

NO)=0, Nty -1

O

3.3. Degeneration property. Equation (3.14) implies either that Ao = 0 or
oF, 0L

F5; = 0 (or both) along the interval [0,tf], where Fyy = ,p2671 — 6—2 In the
u u

general case, the relation Fy; = 0 is not obvious to analyze, however we will see
that, in the linear quadratic case, this relation cannot hold under a weak additional
assumption. In the general case we conjecture that it cannot hold in generic situations.
The next proposition investigates the first case of that alternative, which is, in some
sense, the generic one.

PROPOSITION 3.12. Under the additional assumption that the my X my matrix

B) of 0L\ "
is invertible, there holds
Ao = 0. (3.19)

REMARK 3.13. The fact that A = 0 means that the leader does not take into
account the rational reaction set of the follower. It is actually not in contradiction
with the hierarchical position between the leader and the follower; indeed, in this case
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the leader does mot take into account the reaction of the follower, because he can
impose his desired control to the follower. The leader is omnipotent with respect to

F:
the follower. The condition OF2

leader.

Proposition 3.12, under a weak assumption, emphasizes the omnipotence of the
leader leading to a degeneration of the Stackelberg strategy. The hierarchical roles
of the players seem to disappear. An omnipotent leader is able to impose his/her
control to the other player without taking into account the rational reaction set of
the follower.

These conditions happen to be more explicit in the linear quadratic case. In the
next paragraph we focus on that case, and analyze more deeply the former necessary
conditions. Our analysis finally leads to a more precise result on the Stackelberg
controls in the linear quadratic case.

invertible formalizes this privileged position of the

3.4. Linear Quadratic case. In this section, we focus on the linear quadratic
case, due to its widespread presence in the literature [14], and reformulate and make
more precise our previous results. Consider a linear dynamic constraint

& = Az + Byu + Bav (3.20)

and the quadratic criteria
b1 1
Jl (u, U) = / i(mTle + ’LLTRHU + UTR12U) dt + §x(tf)TK1fa:(tf), (321)
0
1 1
Ja(u,v) = / g(acTng + uT Ryyu + v Rogu) dt + izr(tf)TKgf:r(th (3.22)
0

where the matrices @;, R;; and K,y are symmetric for 4,5 € {1,2}, and Q; > 0,
R;; > 0, R12 > 0, and Ry invertible. In what follows, denote S;; = B; R 1R”R 'B ]T

and S; = B;R;;' BY for i,j € {1,2}.

3.4.1. Necessary conditions for the follower. The Hamiltonian associated
with the follower (dynamic constraint (3.20) and criterion (3.22)) is

1
Hy(t,z,p2,u,v) = po(Ax + Biu + Bav) + g(xTan: +u” Roju + v! Rogv).  (3.23)

Applying the relations (3.2), (3.3), we obtain

pa(t) = —%(t,x(t),pg(t),u(t,x(t))), (3.24)
= pa()A — 27 ()Qs — pa(t)Br o (1,2(6)) — " (0, (0 Bon S (1, (1),
pa(ty) = x(ts)" Koy, (3.25)
OH, .,
81) =0 = pz( )BQ “+ v (t,l’(t))RQQ. (326)

Since Rjs is invertible by assumption, the optimal control is

u(t,a(t)) = —Ryy By p3 (1) = S(t,x(1), p2(1), ult, x(1))). (3.27)
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3.4.2. Necessary conditions for the leader. In the case of quadratic criteria,
there holds

Fi(t,2,pa2,u) = Az + Biu — Sapd (3.28)
FQl(tv z,p2, u) = _pQA - xTQ% (329)
Fys(t,,pa2,u) = —p2B1 — u” Ray. (3.30)

Using the expression of the optimal control of the follower (3.27), the instantaneous
leader’s criterion can be written as L1 (¢, z,pa,u) = % (a?Tle +uTRyu —|—p2512p2).
The necessary conditions (3.13), (3.14), (3.15), (3.16) lead to

%% =0=M\(t)By — As(t) (gz(t,x(t))> Ry + X°u” (t,x(t))Ryy,  (3.31)
STH =0= —Ag(t) (pQ(t)Bl + UT(t,x(t))Rgl) s (332)
Aa(t) = — M (DA + M ()Qa — AT (1)@, (3.33)
: ou r
A2(t) = A1(t)S2 + Aa(t) (A + By <8x(t’ m(t)))) — A°pa(t)Sha. (3.34)
with the transversality conditions
Mi(tp) = Nx(ty) Kif — Aa(tr)Kap,  Aa(0) =0. (3.35)

From (3.32), as discussed in Section 3.3, either Ay = 0 or pa(t) By+u” (¢, 2(t))Roy =
0 or both along the interval [0,t]. Without a priori consideration about ps(t)B; +
uT(t,z(t))Ro1, by assuming that 9 <p28f + 3L2> = Ry is invertible and by

ou Oou  Ou
Proposition 3.12, we can deduce that Ay = 0.

We next prove by contradiction that A\° # 0. If A\° were equal to 0, then we
would infer from (3.33)—(3.35) that Aq, like A5 is identically equal to zero by Cauchy
uniqueness; thus, (A1, A2, A?) is trivial, and this is a contradiction with the Pontryagin
Minimum Principle. From now on, we normalize the adjoint vector so that A° = 1.

From (3.31), we deduce with the invertibility of R;;, that

u(t, 2(t) = —Ry BIAT (0. (3.36)

Moreover, Equation (3.34) becomes, with Ay = 0 along the interval [0,%f], A1(t)S2 —
p2(t)S12 = 0. Assuming that the rank of By is maximal, that is, rank By = ma (the
number of the components of the control v), this relation yields

A1 (t)By = pa(t) BaRyy' Rya. (3.37)

Substitution of v from (3.27) into (3.37) gives Riov(t, z(t)) = —BIAT(t). If Ryy is
invertible, then the control v admits two expressions:

v(t,x(t)) = =Ry By A{ (t) = —Ray By pj (1). (3.38)
We gather the previous necessary conditions for optimality in the following propo-
sition.

PROPOSITION 3.14. For xg # 0, if the matrices Q;, R;; and K;; are symmetric,
if Ri1 > 0, Ras > 0, R12 > 0, and Ry invertible and if rank By = mo (By is
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of full rank), then the controls issued from a Stackelberg strategy with a closed-loop
information structure are

u(t, x(t) = =Ry B{ AL (#), (3.39)
v(t, x(t)) = —Ryy By p; (t) = —Rip By AL (1), (3.40)

with

&(t) = Ax(t) + Biu(t, z(t)) + Bav(t, z(t)), x(0) = mo, 3.41
%(t, x(t)), (3.42

(3.41)
Po(t) = —p2(t) A — 27 ()Q2 — (p2(t) By + u” (t,z(t))Ra1) I (3.42)
).\1(75) =-A\(H)A - .Z‘T(t)Ql, /\1(tf) = x?Klf, pg(tf) = a’:?Kgf, (3.43)

Al(t)BQ = D2 (t)B2R2_21R12. (344)

REMARK 3.15. As it will be justified below by Proposition 3.16, the case xg =0
leads only to the trivial solution, which has only few interest. Thus in the sequel of
the paper, xq is always considered non trivial to avoid the trivial optimal trajectory.

From (3.32), even if Ay = 0, two cases must be yet considered to precise necessary
conditions: either poB; + u” Roy = 0 or paB; + u’ Ry # 0. We next prove that the
first case is irrelevant under some additional weak assumptions.

3.4.3. Case pB; +uT Ro; = 0.
PROPOSITION 3.16. If the pair (AT, Q1) and one of the pairs (A, By) or (A, Bs)
satisfy the Kalman condition, then

z(t) =M () =pi(t) =0, Vte[0,tf]. (3.45)

This means that there exists a unique optimal trajectory, which is trivial. O
The proof of Proposition 3.16 requires the following technical lemma.
LEMMA 3.17. Assuming that the pair (AT,Ql) and one of the pairs (A, By) or
(A, By) satisfy the Kalman condition, then the pair (A, B) satisfies also the Kalman
condition, where

AT Q1 —Q2 0 0
A=| -8 —BR;BY —-A 0 |;B= By B1 R 'R
0 0 -A —ByRyy Ria -B
(3.46)
O

REMARK 3.18. This means that the particular case paBi + uTRo1 = 0 can be
discarded under weak assumptions on the system. The leader should be able to observe
the system (pair (Q1,A) observable) and at least one player should be able to control
the system ((A, By) or (A, B2) controllable). Once again, it is emphasized that the
roles of the players are not symmetric.

3.4.4. Case pyB;+u’ Ry # 0. The relation (3.44) is equivalent to the following
two relations:

M(tp)By = 27 (t;) K1 By = pa(tf) BaRoy Rig = 27 (tf) Koy Ba Ry Ria, (3.47)
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and

).\1(75)32 = ?Q(t)B2R2_21R12 (3'48)
=~ (M)A +2T(1)Q1) By (3.49)
= — (p2(t)A + 2T (£)Q2) B2R3y Ria

—(p2(t) By + u” (t, x(t)) Ray) <8u

e (a)) R Rz, (350

Hence along the interval [0, ]

a5 +7 (1) ) (G120 ) Ba = ()4 + 7 (0)01) Bafti R

— (p2() A+ 2" ()Q2) B2 (3.51)
Therefore, (3.44) is equivalent to
<B2TK1f - 312352135K2f>w(tf) =0,
(pQ(t)Bl T (t, x(t))R21> (gz(t,x(t))> By (3.52)
= (M@)A+27()Q1) BoRyy Rog — (p2(H) A+ 27 (£)Q2) Bo.

ou
Equation (3.51) permits to derive an expression of 72’ since poBi + uT Ry #0
x

0
(p2 By + ul Ryy) ((,;;) = wy + wh, (3.53)

with
wy = (M (A + 27 (#)Q1) BoRiy Raa— (p2(t)A+2” (£)Q2)B2) (B3 B2) ' B], (3.54)

and (wy)" € Ker(B]) (arbitrary).

The constraint (3.47) translates into a constraint on the set of initial points z¢ €
R™ from which a solution starts.

LEMMA 3.19. The optimal solutions must emanate from initial conditions xq
lying in a subspace of R™ of codimension mo (at most). O

It should be noted that, given a starting point xy lying in the subspace of
Lemma 3.19, there exists a unique trajectory starting from g, but it is achieved by
all controls which satisfy the relation (3.51). An optimal trajectory induces several

L, ou
possible 9

This fact appears in [29] where it is assumed that the initial state is uniformly
distributed over the unit sphere and replacing the optimization criterion with its mean
value over the initial state.

REMARK 3.20. In the case of an optimization problem without terminal criteria,
the relation (3.47) does not reduce the set of initial states xo associated with optimal
trajectories.

We gather all previous results in the following theorem.

THEOREM 3.21. Under the following assumptions:

® To 7é 0,
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o Q;, Ri; and K,y are symmetric, with Q; > 0,
e Ri1 >0, Ryo >0, Rio > 0 and Ray is invertible,
o the pair (AT, Q1) and one of the pairs (A, By) or (A, Bo) satisfy the Kalman
condition,
e rank By = mg (By of full rank),
the optimal trajectory satisfies the necessary conditions

u(t,z(t)) = —Ryy B Ka(t)a(t),  v(t,a(t)) = —Ryp By Ki(H)z(t),  (3.55)
with
#(t) = (A= (BiRy' Bf + BaRyy By )Kq(1))z(t),  2(0) = o, (3.56)
where K7 is the unique solution of the matriz differential equation
Ki(t) = —K (1) A—ATK, (t)-Q1+ K, (t)(B1 R BT + BoR BY) K (1), Ki(ty) = K.

(3.57)
Ou(t, x(t))
ox

Furthermore satisfies along the interval [0, 1]

(pg (t)Bl + UT(t, 1’(t)R21)%

= MOA+2T(#)Q1)BaRyy Raz — (p2(t) A+ 27 ()Q2) Ba,  (3.58)

(t, (1)) Bs

where

pa(t) = —p2()A — 2T (H)Q2 — (p2(t) By +u (¢, w(t))Rm)%(u (1)), (3.59)

palty) = " (tg) Koy and (B Kip — Ri2Ryy By Koyp)z(ty) = 0.

Theorem 3.21 provides rigorous necessary conditions for closed-loop Stackelberg
solutions of generic linear quadratic games. Up to now this problem has remained
open and was only partially solved in particular cases in [34]. It should be stressed
again that the trajectory associated with closed-loop Stackelberg solution is unique,
nevertheless it induces several possible u,, which satisfy Equations (3.58)-(3.59) and
are completely characterized by (3.53). This degree of freedom in the choice of u,,
leading to the same trajectory, requires an additional objective, e.g. arguments related
to the robustness or the sensitivity of the Stackelberg solution.

4. Sufficient conditions. In this section, using elements of focal point theory,
we derive sufficient optimality conditions, first for the leader, and then for the follower
in the case of Linear Quadratic games.

REMARK 4.1. Note that we use focal points and not conjugate points, since the
final state x(ty) is not fized.

4.1. Preliminary comments, focal times. The optimization problem of the
leader is min,, J;(u) where

Si(u) =5 o) (2T ()@ (t) + uT (1, 2(8) Ruyu(t, a(t)) + pa(1)S12p] (1)) dt

+%$T(tf)K1f$(tf)7 (4.1)
@(t) = Ax(t) — Sapd (t) + Byu(t, z(t)),
5 (t) = —ATp3 (t) — Qaz(t) — w” (p2(t) B1 + u" (1, ﬂ?(t))Rzl)T7
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with $(0) = Xy and pg(tf) = .Z’T(tf)Klf. When pg(t)Bl + UT(t,x(t))Rgl 5_'5 O, the
control w is cheap (see [11] for the concept of cheap control), since it only appears
in the dynamics of ps, and nowhere else (it does also not appear in the cost); then,
we rather consider p, as a control. Note that this is a particular case of the so—called
Goh transformation (see [11]). Actually, in what follows we consider £ = By p3 as a
control. Then the problem (4.1) can be rewritten as min, ¢) Ji(u, €) where

@(t) = Ax(t) — BoRyy () + Byu(t, z(t)),

Ji(u, 5) =37 aT(ty)Kypa(ty)

+5 f (" (O)Qu(t) +u” (t,z(t)) Ruu(t, z(t)) + €7 (1) Ry Ria Ry £(1)) dt.
(4.2)

REMARK 4.2. Note that this Linear Quadratic problem with controls (u,&) is
related to the Team optimal approach in [7]. In this reference, the first step in the
research of Stackelberg equilibrium is to obtain the minimum of the criterion of the
leader, by a team cooperation between the leader and the follower. Then the follower
control is modified to achieve the minimum of the criterion of the follower.

A necessary condition for the existence of an optimal control of the problem (4.2)
is R§21R12R§21 > 0. It is equivalent to R1o > 0, since Rgs is positive definite. When
ty is small, Ry > 0 is a sufficient condition for the existence of an optimal control
(see [24,40]). In the following, it is assumed that Rjo > 0.

Under this assumption, the optimal controls u and £ are given by

ut,z(t)) = =R BY AT (t),  &(t) = RoaRyy By MY (1). (4.3)

Recall that, in order to characterize focal points (see e.g. [11]), we consider the
variational system

{ §i(t) = Adz(t) — (B1Ry' BY + BoRy, BY) 6AT (1), (4.4)

SA1(t) = =6 (A — 62T (1) Q.
By definition, the first focal time ¢. > 0 along the trajectory x(t) associated with

the controls (u,£) is the first positive time at which there exists a solution (dz,dA1)
satisfying (recall that z(0) = xg is fixed)

R .
It is well known that this condition is equivalent to
IEON,_— ., oo (4.6)
where K () is the solution of the Riccati differential equation
{ K(t)=K@t)A+ATK(t)+ Q1 — K(t) (B1R;{ Bf + BaRiy' BY) K (1), (47
K(0) = Kyy.

The first focal time t. is a finite escape time for the Riccati differential equa-
tion (4.7). Note that K (t) = K1(t; —t), where K (t) is defined by (3.57).

LEMMA 4.3. Rigorously, since the first focal time is defined by an infimum, a
remark is due to comment on its existence. It is well known (see [11,12]) that, if
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Ry1 > 0 and Ry > 0 then the first focal time t. is well defined, and t. is either a
positive real number, or is equal to +o0.

REMARK 4.4. If Q1 > 0, then Equation (4.7) admits a solution on [0, +oo].
There is no finite escape time for this equation. Thus the first focal time is infinite
(te = +00) [2, Corollary 3.6.7 and Example 3.6.8].

The optimization problem for the follower is min J where

x(t) zle(t) + Bu(t,z(t)) + Bav(t, z(t)), x(0) = xo,
Jo = sal (tg) Kapa(ty)

+;2fotf (2T (t)Qaz(t) + uT (t, x(t)) Rayu(t, z(t)) + v (t,z(t)) Rogv(t, (t))) dt
with o(t, 2(t)) = —Ryy BTpT (1) where pa(t;) = 27 (1) Kay and )
Pa(t) = —pa()A — 27 (£)Q2 — (p2(t) By + u” (t,2(t)) Ran) %(n (t)). (4.9)
The variational system along the trajectory z(-) is
di(t) = Adx(t) + By %&v — Sopa (1), (4.10)
5p2(t) = —0pa(t)A — 627 (£)Q2 — (p2(t) By + u” (¢, (t)) Ra1) %(t, x(t))dx
— <6p2(t)B1 + (?;(t,x(t))éx(t)>TR21> %(t,x(t)). (4.11)

Here, due to the freedom in the choice of w) to obtain w, by relation (3.53),
2

0
—Z = 0. Equation (4.11) then

we choose u(t, z(t)) affine with respect to z(t), thus 3
x

rewrites

T
(Sp'g(t) = —(5p2(t)A - (SLL‘T(f)QQ - ((5})2@)31 + (g;(t,ﬂt))éﬂt)) R21> %(t,l‘(t)).
(4.12)
By definition, the first focal time ¢/, along the trajectory z(¢) associated with the
control v is the first time at which there exists a solution (dx,dps) of (4.10)-(4.11)
such that 6z(0) = 0 and dpa(t.) = 6z (t,) Kay. For each choice of admissible term u,
(that is choice of w}) satisfying relation (3.58), there exists a first focal time ¢

4.2. Sufficient conditions for Stackelberg Strategy. We gather the previous
remarks in the following result.

THEOREM 4.5. Under the assumptions of Theorem 3.21, let wh be a function
of time t such that wh € (BQT)L. This choice of wh leads to design the Jacobian u,
satisfying (3.53): (p2B1 + u” Ro1)uy, = wo + wh. Let

T* = min (¢.,t.) > 0, (4.13)

where t. is the first focal time of the Riccati differential equation (3.57) and t., is the
first focal time of the system (4.10)-(4.12), induced by u,, that is by wh.

For every ty < T, there exists a unique solution of the Riccali differential equa-
tion (3.57). Denoting x(t,xo) the obtained trajectory, let

H = {20 €R" | (B} K1y — Ri2Ry; B] Kay) x(ts,z0) =0} . (4.14)
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Then, for every xg € H, there exists a unique optimal solution of the optimization
problem (4.8) on [0,ty] associated with wy. The optimal controls (u*,v*) associated
with this unique optimal trajectory satisfy (p2 By + u” Ra1)u, = wa + wh and further-
more

u(t,a(t)) = =Ry B Ka(Dz(t),  v(t,z(t)) = —Ryy By Ki(t)z(t). (4.15)
In addition, for every xog ¢ H, there exists no optimal trajectory starting from xqy. O

REMARK 4.6. Theorem 4.5 is a result of existence of closed-loop Stackelberg
strategies for linear-quadratic differential games, which is new, to the best of our
knowledge.

REMARK 4.7. The sufficient conditions for optimality are developed in the Linear
Quadratic case, and are global in that case. It is also, by the same argument, possi-
ble to express similar sufficient conditions in the general case of monlinear criteria.
However they are not developed here, because their expressions are more technical and
because they lead only to local optimality results [12, chap. 9].

REMARK 4.8. The assumption Ri2 > 0 is required to derive Theorem 4.5. This
assumption is used in a crucial way in order to derive Lemma 4.3 (more precisely,
to derive the inequality (A.59)). It is natural to make such an assumption when
inspecting the minimization criterion J, (u, &) defined by (4.2): indeed, as explained
few lines above (4.2), the problem degenerates into a cheap control problem. In this
sense, & = BIpl may then be considered as a control, and therefore it is clear that
one has to assume that Ris > 0 in order to ensure nice coercivity properties for the
quadratic criterion Jy(u,€).

REMARK 4.9. From Remark 4.4, the assumption QQ1 > 0 ensures that t, = +oc0.
A lower bound of T* = min(t.,t.) corresponds to a lower bound of t. the first focal
time of the non-linear variational system (4.10)-(4.12). It depends implicitly on the
choice of uy, that is the choice of wh. The problem of determining a lower bound of
t.. is open.

4.3. Extension: weighting of u, in criteria. The problem is degenerated,

u
. A way to
ox way

in the criterion Ji of the

because for each xy € H, there may exist an infinite choice of terms
* ’Z,L*

is to include a weight on the term 3

x x

leader, as in [34]. Then the leader takes into account a restriction on the Jacobian of

its control. The leader is no more omnipotent.

yield a unique

The new criterion of the leader is then

Bu) =5 [ [T 0@+ T a() Ruvu(t. 2(0) + o7 (1.2(0) Rrao(t.a(t)

+m§ (Setan) & ((r)alf“’w(t»)ﬁ 4 Lty Pyt 016

where u; are the my components of the control w, and R; € R™*"™, (Vj=1,--- ,my)
are symmetric positive definite matrices.

Nothing changes for the follower. However the necessary conditions for the leader
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are modified as follows

T
a@% =0="M()B1 — A1) (?;(t,x(t))) Roy + X°u” (t,2(t)) Ra1, (4.17)
gi =0= <A2(t) (Bi'pz (t) + Ravu(t, x(1))) ; + %(f x(t))RJ)j_mel (4.18)

The other necessary conditions (3.15) and (3.16) are the same. Equations (4.17)
and (4.18) are easily solvable, without considering different cases. In this framework,
A2 cannot be trivial. As in [34], we infer from (4.18) that

au*

52 (tLa(t) = ((BlTpQT(t) + Royu(t, z(t))), )\z(t)R;l) A . (4.19)

Jj=1,--,my

For the sake of simplicity, we next assume, as in [34], that R; = R > 0, for every
j=1,--- ,my. Then
ou* _
5y (t2(®) = (BIpg (£) + Raru(t, 2())) da() R~ (4.20)

Plugging this expression into (4.17), we get
Ryu(t,z(t)) = —BI X (t)+Ra1 BT pl () Ao (1) RTINS (1) + RE udo () RTIAT (1), (4.21)

or

(Rit = Ae()R™IAZ () R3,) ult, 2(t)) = =BL A{ (t) + Ra1 B p3 () Aa(t)R™IAZ ().
(4.22)
REMARK 4.10. Fort =0, A2(0) =0, then Ri1 —X2(0)R7IANI(0)R3; = Ryy > 0 is
invertible. Fort >0 small enough, the matriz Ry — Aa(t)R™I\L (¢)R2, is invertible.
As long as Ry; — A2 (t)R7IAT () R3, is invertible, the optimal control is

u(t x(t) = (R = Aa(OR™N (OR3) ™ (~BIA () + Rat B o} (Dho(t) R 0] (1))

(4.23)
The nonlinear optimization problem becomes
i() = Aw(t) = Sopf (t) + By (B = Ma(ORNF () RS,)

x <fBTAT< )+ Rot BIpE (DAo() RTAF (1)) (4.24)
pa(t) = —p2()A — 27 (1)Qs — ||p2(t) By + u” (8, 2(8)) Rar||* o) R, (4.25)
M(t) = M)A+ AQ( )Q2 — 2" (t)Qu, (4.26)

Xa(t) = A1 (t)S2 + Xa(t) (AT + RTINT () (p2(t) By + u” (t,2(t))Ra1) BY)
—p2(t)Sh2. (4.27)

with boundary conditions

2(0) = xo, pa(ty) = a7 (tf) Koy, (4.28)
X(0) =0, Ai(ty) =aT(tr)Kip — da(ts) Koy (4.29)

REMARK 4.11. For R = ~Id, if we let v tend to 400, then we recover the
necessary conditions for the strategy of Stackelberg with an open-loop information
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structure. Note that this coincidence is obtained only by taking the limit v — +o0
without modifying the criterion of the leader.

REMARK 4.12. These conditions are necessary conditions. As previously, the the-
ory of focal points leads to sufficient conditions associated with the Stackelberg strategy
with closed-loop information structure including a weight for u, in the criterion of the
leader, namely, given xo € R™. For ty less than the global focal time of the system,
there exists only one trajectory starting from xq solution of (4.24)-(4.29) associated
with the optimal control (u,uy) (4.23), (4.20).

5. Conclusion. In this paper the weak Stackelberg strategy with a closed-loop
information structure is studied. The framework is restricted to two—player differen-
tial games. Necessary conditions for a closed-loop Stackelberg equilibrium are derived
considering all cases. It is shown that the Stackelberg strategy may degenerate when-
ever the leader is omnipotent and can impose his control to the follower. The focal
times theory provides sufficient conditions for the optimization problems of the two
players. The Linear Quadratic case is used to illustrate the obtained necessary and
sufficient conditions. Moreover in this linear quadratic case, the control u(t,z) is
obtained for each state x. An extension is proposed to allow an optimal trajectory
starting from any initial state by including, in the criterion, the Jacobian of his/her
control in the criterion of the leader.

Appendix A. Proof of Theorems.

Preliminaries

We start with preliminaries essentially borrowed from [24,40]. First of all, consider
a usual optimal control problem:

min C'(u)
{ under #(t) = f(t, z(t),u(t)), with C(u) = fgf o>t z(t), u(t))dt, (A1)

where z(t) € R™ and u(t) € R™. A usual way to derive the Pontryagin Minimum
Principle for such an optimal control problem is to extend the control system with a
new state variable representing the cost, in the following way. Define the extended

state z = ( ;0 ) € R"! with 2°(0) = 0 and f = ( J‘Z; ) Consider the extended
control system

£(t) = f(t, 2(t), u(t)). (A2)
The associated end-point mapping e, ¢, at time ¢y is defined by

u — R
v zu(ty),

6207tf N

(A.3)

with z, the trajectory solution of (A.2) associated to the control u, and U is the set
of admissible controls. The crucial remark which is at the basis of the proof of the
Minimum Principle is the following: if a trajectory z(.), associated with a control v on
[0, 7] is optimal, then the end-point mapping e., ¢, is not locally surjective at u, then
it follows from an implicit function argument that the first differential of the end-point
mapping at u is not surjective (at least in the case where there is no constraint on the
controls). This fact leads to a Lagrange multipliers type equation which finally leads
to the well known Pontryagin Minimum Principle (see [40] for details).
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In the present paper we are not dealing with such a classic optimal control prob-
lem, however the previous reasoning may be adapted, even though our controls now
depend also on z(t), and we first derive a proof of Proposition 3.2.

Proof of Proposition 3.2.

Define the extended state z = < 2 € R™! (and the projector ¢(z) = x),

Wherg Z is the instantaneous cost associated with the criterion of the follower such
that @(t) = Lo(t, z(t),u* (¢, z(t)),v(t, z(t)), £(0) = 0, which leads to the dynamic of
the extended state z:

5(t) = F(t,2(8), o(t, 2(1))) = ( ! ) (A4)

It is pointed out that the function ¢ — w*(t,x(t)) is fixed and the control of the
follower v(t,x(t)) is the optimization variable.
DEFINITION A.1. The end-point mapping at time t; of system (A.4) with the

initial state zg = ( JUOO > is the mapping

ezo,tf: V _ Rn+1
v z(ty)

(A.5)

where z, is the solution of (A.4), associated to v, starting from zy, and V is the set
of admissible controls.

To compute the Fréchet first derivative, consider a fixed control dv such that v
and v 4+ dv belong to V and denote z + §z the trajectory associated with the latter
control [24,40]. An expansion to the first order of f leads to

d(z +dz)

TR f(t, 2+ 6z,u" (t,q(z + 62)),v(t, q(z + §2)) + dv(t, q(z + 62))) + 0(8z),

= f(t, 2,0 (t,q(2)),v(t, q(2))) + f2(t, 2, u" (¢, q(2)), v(t, q(2))) =
+fult, 20 (t,(2)), v(t, q(2)))uls + 0(82). (A.6)

Furthermore, to the first order,

v(t,q(z + 02)) = v(t,q(2) + ¢=(2)0z + 0(62)) = v(t, ¢(2)) + vy (¢, 4(2))q=(2)0z + 0(02),
u’(t,q(z +02)) = u'(t,q(2)) + uy (£, 4(2))q=(2)0z + 0(d2),
dv(t,q(z + dz)) = dv(t, q(2)) + o(dz).

Plugging these Taylor series expansions into relation (A.6), we have, at the first order,

d(dz)

TR f20z + fut)q.0z + fobv + fovyq.(2)02 (A7)
_ ( fot fuula. + fvquz(z)) 52+ f, ov. (A.8)
-~

a(t) b(t)

Using the transition matrix ®(t) satisfying ®(t) = a®(t) and ®(0) = Id (Id denoting
the identity matrix), it follows that

dezy i, (v) - 6v = 02(ty) = q)(tf)/o ' O 1(s)b(s)dvds. (A.9)
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If a closed-loop Stackelberg control v* € V of the follower is optimal, then the
first derivative of the end-point mapping, de.,,(v*), is not surjective, and hence

there exists a line vector é € R+ qB = (0 such that

¢-deyys, (v7)0v =0, ViveV. (A.10)

Set ¢(t) = ¢®(t;)®~'(t), then the relation (A.10) is satisfied for every control dv,
and thus fotf #(t)b(t)dvdt = 0. It implies that almost everywhere on [0, ]

#(t) b(t) = 0. (A.11)

Furthermore, derivating ¢(t) = ¢®(t;)®~"(t) with respect to ¢, we obtain
O(t) = —d(tha = —6(t) (f. + furya + frvya-(2)) = —6(t) (. + furja:) . (A12)

the last equality holds due to relation (A.11). Denoting ¢(t) = ( p2(t) p3(t) ), we
obtain that p5 is a constant scalar. Finally the initial condition zy being fixed and
the final condition z(tf) being free, the standard transversality condition associated
with the system (A.4) implies that p§ # 0, because ¢ = ( p2(ty) 3 ) #0. We
normalize the costate vector so that p§ = 1, since (p2(ts), p3) is defined up to a multi-
plicative scalar. The transversality condition leads to Equation (3.4) and po satisfies
Equation (3.3). In addition relation (A.11) could be reformulated into Equation (3.2).

Proof of Proposition 3.6.

For each u € U, the inclusion Tu C T'u implies that

< !/
max J1(u,v) < Jmax J1(u,v"). (A.13)

With Assumption 3.4, in a neighborhood U}, of u* € U, we have

— /! *
max Ji(u,v) = Jmax Ji(u,v"),Yu € Uy, (A.14)

Thus u*, defined by (3.6) is also given by (3.7).
Proof of Proposition 3.11.
As previously, we define the extended state

Z={(a" py a° )T € R# (A.15)

where z° is the instantaneous cost associated with the criterion of the leader satisfying
i.o(t) :Ll(t7x7p27u)ﬂ ‘ro(o) =0.
The extended system is subject to the dynamics

. B Fl(taxap%u)
Z(t)=F(t, Zyu,uy) = | (Faa(t,z,p2, ) + Fao(t,z,p2, wuy) " | (A.16)
Ll(tvxap%u)

where u = u(t, h(Z)) is a function of time ¢ and of the projection h(Z) = z.
The end-point mapping at time t; of system (A.16) with initial state Zj is the
mapping

Egye,: U — R¥H

W o Zu(ty) (A.17)
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where Z,, is the solution of (A.16), associated to u, starting from Zy. Here U denotes
the open set of controls u € £([0,tf] x R™,R™*) such that the solution Z,(-) of
(A.16), associated with u and starting from Zj, is well defined on [0, ¢].

Note that, if F is of class C?, p > 1, then Ez, ¢, is also of class CP.

To compute the Fréchet first derivative, we proceed as in [24,40], consider a fixed
control du on U and note Z + §Z the trajectory associated with the control u + du.
An expansion to the first order of F' leads to

d(Z +62)

AT F(t,Z +0Z,u(t,M(Z +62)) + du(t,h(Z + 62)),

Uy (t, h(Z +62))" + du,(t, h(Z +62))") +0(6Z).  (A.18)
Furthermore an expansion to the first order of the control u gives

w(t, h(Z +82)) = ult, (Z) + hz(Z)0Z + o(62))
— u(t, h(Z)) + us(t, W(Z))hz(Z)6Z + o(82)

Therefore, at the first order,

d(62)
at

= Fz07 + Fyuyhz0Z 4+ Fydou+ Fy ughz0Z + Fy 0ul  (A.19)

- (FZ + Fyughy + mehz) 07+ F, ou+ F,, sul  (A.20)
~~ ~—

B c

A

Using the transition matrix M defined by M(t) = A(t)M(t) and M(0) = Id (Id
denoting the identity matrix), it follows that

dEzq,t,(u) - 6u = 0Z(ty) = M(ty) / M~ B(s)ou(s )—G—C’(s)dug(s))ds. (A.21)

If u is the control of the leader in a closed-loop Stackelberg solution, then there
exists a vector 1) € R2"*1 ) = 0 such that

U dEzy¢, (w)du =0, Y oucl. (A.22)
Set (t) = Y M (t;)M~'(t), then
B(t) = —p()A(t) = —(t) (FZ + Fouyhz + Fuyuyyhz) . (A.23)

Furthermore the relation (A.22) holds for every control du, and thus

/ v o) (B(t)éu(t ) + C(1)sul (1, x))dt =0. (A.24)
0

This relation is satisfied for all controls u functions of ¢ and x. In particular it is
also satisfied for controls u functions of ¢ only. For such a control, the relation (A.24)

becomes f(ff () (B(t)éu(t))dt = 0. It implies that almost everywhere on [0,t],
(t) B(t) = 0. Then, (A.24) leads to fgf p(t) (C(t)éu?j(t,x))dt = 0. Hence, almost
everywhere on [0, ], there holds ¢ (t) C(t) = 0.
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Let H(t,Z,u,uy) = ¥(t) F(t, Z,u,u,) be the Hamiltonian associated with this
optimization problem. The last equations can be rewritten almost everywhere on
[0,tf] as:

Z(t) = F(t, Z(t), u(t, h(Z (1)), uy (t, M(Z(2))))

= %(tvz(t%wt, WZ (1)), uy(t, h(Z(1)))), (A.25)

d(t) = —(t) (Fz(t, Z(t), u(t, h(Z(t))), uy(t, h(Z(1))))
HE(t Z(8), ult, M(Z(1))), uy (8, MZ(1))))Juy (8, h(Z () hz(Z(1))
+Fu, (t Z(8), ult, M(Z(1))), uy (t, BZ(1))) Juyy (2, h(Z(t)))hz(Z(t))> (A.26)

= S (6 Z00),u(t, A(Z(0)), 6, h(Z(1)), (a2
9" _ B =0, P _ywew = o (A.28)

Ouy

Denoting ¢ = ( A1 Az A° ), one obtains the necessary conditions (3.13)-(3.16)
given by Proposition 3.11 for a closed-loop Stackelberg equilibrium. Finally, some part
of the initial and final values of the extended state Z, defined by (A.15) are imposed
by the transversality condition for the follower optimization problem (3.4) and by the
initial state x(0) = zp. We can formalize these conditions by defining two sets My
and M1

) (D R e I
T - T € Mo, T — | 9¢2 € My,
3 (0) P2 (0) 20} (tf) %(h(z(tf)))
(A.29)
Mo{xo}xR”{<p2T> |f0<pg>Axx00}, (A.30)
e {(2) () e s).
Pl P ox

The tangent manifolds T'z(0)Mo and Tz(;,)M; are defined by

where

82
Tz0)Mo = {(0,a) eR*" | €R"}, Ty, M = {(ﬁ,ﬁ fz) | B e Rn}-

922
(A.32)
The transversality conditions can be written as (see [40, p. 104])
)
AO) L Tz Mo, Alty) = X5 2 (W(Z(t))) L Ta(ep) M, (A.33)

and lead to Equations (3.17).
Proof of Proposition 3.12.
The proof goes by contradiction. The term A Fpy in (3.14) is the product of a
of 0L

column vector ()\g) and a line vector Fyy = pga— + D since As is a line costate
U U
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vector. The triviality of this term induces that all components of Ay or all components
of Fyy are trivial (or both).

0 oL OF.
Assume that Ay #Z 0, then Fyy = pg—f 1+ 222 = 0. If furthermore 2 _
5 5 oL ou ou ou
— pg—f + =2 s invertible, then the Implicit Function Theorem applied to the
ou ou  Ou

function Fyo with respect to the variable u permits to write locally along the trajectory
the control u = u(t, z, p2).
The system in (z,ps) is rewritten as

JC(t) :Fl(tvxaanu(t7x7p2)) (A 34)
pQ(t) = F21(t’$7p27u(t7xap2))7 because F22 =0. .

Since the dynamics and the criterion do not depend on u,, we can deduce that
any control u, is extremal for the optimization problem. But the relation (3.13) is a
constraint on u,. The relation (3.19) follows. O

Proof of Lemma 3.17.
The proof uses the controllability Hautus test. The pair (A, B) satisfies the

Kalman condition if and only if the matrix [ A—al | B ] is of full rank, for ev-

ery a € C. The proof consists in showing that all line vectors ( P A ) ) satisfy

(2 28 25 )[A—al B]=0, (A.35)

are trivial. Developing Equation (A.35), we have
—2{ Q1 =z (A - aly), (A.36)
—2{ Q2 = 25 (A — aly), (A.37)
2 (AT —al,) = 23 (S) + BoRy; BY), (A.38)
Z;BQ = Z;B2R2_21R12, ( )
23 B1Ry;' Roy = 21 By. ( )

Multiplying Equation (A.36) by z; and Equation (A.38) by z2, we obtain

—2{ Q21 = 23 (A — aly)z = 23 (S1+ BoRiy By ) 22 (A.41)

The first term is nonpositive (@1 > 0) and the last term is nonnegative, hence
both are zero. It follows that 2 Q; = 0, 22 B; = 0 and 2 B, = 0. Plugging these
relations into (A.36), (A.40), one gets

(AT —al,) =0, 2{Q, =0, (A.42)

23 (A—al,) =0, 2iBy=0, 2B =0, (A.43)
2(A—al,)=0, 2I'By=0, 2zIB;=0. (A.44)

The relations (A.42) correspond to the observability Hautus test of the pair
(Q1,A), the relations (A.43) and (A.44) to the controllability Hautus test of the
pair (A, By) or (A, Bs). The assumptions of controllability and observability lead to
21, z2 and zg trivial. O

Proof of Proposition 3.16.
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With the condition

pQBl + uTRgl = 0, (A45)

ou
the term . does not appear anymore in the necessary conditions (3.41)-(3.44).
x
Derivating with respect to time the relation (A.45) does not induce necessary condi-
ou
tions for —.
0

x
However assuming that Ro; is invertible, the control u admits two representations

u(t,x(t)) = —Ry BT (t) = — Ry BTpL (1), (A.46)

From this relation and from (3.44), necessary conditions about z(¢y) are developed
by successive derivations with respect to time,

{ A1 (t)By — pa(t)BaRyy Riz = 0, (A.47)
A1 (t)B1Ryy Ryy — pa(t) By = 0. '
These two relations can be rewritten for every ¢ € [0,ty] as

() M) pa(t) )B=0. (A.48)

Plugging (A.45) into the dynamics of x, A; and ps, we obtain the autonomous
differential system

d

S (270 M@ ) ) = (2T M) pat) ) A (A.49)

The k-order derivation of (A.48) with respect to time, at time ¢ = ¢y, gives
[ .Z‘T(tf) Z‘T(tf)K1f xT(tf)KQf ]AkB =0, VkeN (A.50)

The assumptions of Lemma 3.17 are checked. It leads to the controllability of the
pair (A, B), which implies that z(¢;) = 0. Furthermore the autonomous linear system
in 2, \; and py with end value conditions z(t7) = AT (t;) = pI'(t;) = 0 imposes, by a
backward integration of (A.49)

() = AT (t) =pi(t) =0, Vte0,ty]. (A.51)

The unique optimal trajectory in this case is the trivial one. O

Proof of Lemma 3.19.

Similarly as in the classic linear quadratic problem, we seek a solution in the form
M (t) = K1(t)x(t). Then, the matrix K;(t) € R™*" must satisfy

Ki(t)z(t)+K1(t) (Az(t) — (BiRy! B] + B2Riy BY) K1(t)2(t)) = —ATK1 ()2 (t)—Qia(t).
(A.52)

This relation should hold for every x, which leads to define K (t) as the solution of

the following Riccati differential equation

{ Ki(t) = —Ki(1)A = ATK\(t) = Q1 + K1(t) (B1Ry)' B + BaRiy BY) K1),
Ki(ty) = Kuy.
(A.53)
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The existence of a solution of the optimization problem is ensured in a standard way
”a la Riccati” and by the uniqueness of an optimal trajectory. This is justified a
posteriori in the following by using the theory of focal times.

Plugging AT (t) = K1 (t)z(t) into (3.38) and (A.46), the state x(t) has the dynam-
ical constraint

{ i(t) = (A— (BiRy{' Bf + BaRyy) BY) Ky (t)) 2(t) = Ax(t),

2(0) = oo, (A.54)

Let M(t) be the transition matrix associated with (A.54). Then z(t) = M(t)xo.
Then the constraint (3.47) becomes

(BQTKlf - R12R2_2132TK2]0) M(ty)zo = 0. (A.55)

This is a me-codimension (at most) condition on the initial states zg. (]

Proof of Lemma 4.3.

From Equation (4.1), one gets z(t) = etAxo—fOt e=94 (ByR3,'&(s) — Byu(s)) ds.
There exist scalar constants Cj > 0 such that for a given ty > 0, for every t € [0, /]

le(t)]| < Callwoll + Con/F7 l( / s<s>||2ds)é v ||u<s>||2ds)é (A56)
Hence
\ / Y o7 (9)Qua(s)ds| < Cylmol? + Cut? (f 7 es)Pas + / ! ute) s

ty ty
+ Cty + Cst2 / 1€(s)2ds + Cst2 / lu(s)|2ds  (A.57)
0 0

In addition, assuming Ri; > 0 and R521R12R521 >0,
ty
[ € oms mamsetss
0
_ Using these inequalities and (4.2), we can compute a lower bound of the criterion
Jﬂuag)

/fuT(s)Ruu(s)ds > C(;/f |lu(s)||*ds, (A.58)
0 0

> C / ()]s, (A.59)

2J,(1,€) > (Cs — (Ca + C3) £2) [ [ uleas+ [ ||f||2ds}
0 0

+a! (tp) Ky pa(ty) — Csllwol|* — Csty (A.60)
Cs P N
For t; > 0 small enough, ty < it the criterion Jp(u, &) is finite, then 0 <
4 5
ty <t O
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