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Abstract. This paper deals with the Stackelberg strategy in the case of a closed-loop information
structure. Two players differential games are considered with one leader and one follower. The
Stackelberg controls in this case are hard to obtain since the necessary conditions to be satisfied
by both players cannot be easily defined. The main difficulty is due to the presence of the partial
derivative of the leader’s control with respect to state in the necessary condition for the follower.
We first derive necessary conditions for the Stackelberg equilibrium in the general case of nonlinear
criteria for finite time horizon games. Then, using focal point theory, the necessary conditions are
also shown to be sufficient and lead to cheap control. The set of initial states allowing the existence
of an optimal trajectory is emphasized. An extension to infinite time horizon games is proposed.
The Linear Quadratic case is detailed to illustrate these results.

1. Introduction. The Stackelberg strategy for dynamic games was introduced
in [14, 15, 7]. Such a strategy, named after Heinrich von Stackelberg in recognition
of his pioneering work on static games [20], exhibits an information bias between
players leading to establishing a hierarchy between them. The player who has the
ability to enforce his strategy on the other player(s) and knows the rational reaction
set of his/her opponent is called the leader. The other player(s) is (are) called the
follower(s). We consider here two-players nonzero sum differential games with one
leader and one follower.

The information structure in the game is the set of all available information
for the players to make their decisions. When open-loop information structure is
considered, no measurement of the state of the system is available and the players
are committed to follow a predetermined strategy based on their knowledge of the
initial state, the system’s model and the cost functional to be minimized. For the
closed-loop information structure case (or more precisely the memoryless closed-loop
information structure), each player has access to state measurements and thus can
adapt his strategy in function of the system’s evolution.

The necessary conditions for obtaining a Stackelberg equilibrium with an open-
loop information structure are well known [1, 14, 15, 16, 17]. The obtained controls
in this case are only functions of time. For the closed-loop information structure case,
determining the Stackelberg strategy for dynamic games is much harder and has been
for a long time an open problem. The main difficulty comes from the presence, in
the expression of the rational reaction set of the follower, of the partial derivative of
the leader’s control with respect to the measurement of the state. Moreover, dynamic
programming cannot be used due to the inconsistency of Stackelberg strategy [9].
Several attempts have been proposed in the literature to avoid this difficulty [3].
Among such techniques, two main approaches could be distinguished.
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The first method is based on a team-optimal approach, introduced in [4] for
discrete time games. Differential games are treated in [2]. At the first step, the leader
and the follower are looking for optimizing the leader criterion as a team. With
some weak assumptions, the optimal value of the leader criterion is attained for a
parametrized family of controls for the leader and the follower. At the second step,
the parameters of both controls are choosen such that the control of the follower lies
in the rational reaction set in response to the control of the leader. When the leader
is able to influence the criterion of the follower, with some additional assumptions,
the leader can achieve the infinimum of his/her own criterion [18]. This could be
interpreted as a threat formulated by the leader toward the follower.

The second approach consists of defining the whole rational reaction set of the
follower to a leader control. The resulting optimal control problem turns out to be
nonclassical, not solvable a priori with the standard Pontryagin Minimum Principle.
To solve this kind of nonclassical problem, a variational method is proposed in [12],
assuming that this is a normal optimization problem (the abnormal case is not men-
tioned). Moreover, in [11] it is emphasized that this technique does not lead to a
solution for all initial states, and the difficulty is circumvented by assuming that the
initial state of the system is uniformly distributed over the unit sphere and replacing
the optimization criterion with its mean value over the initial state.

Other techniques are also used to solve the problem of determining the closed-loop
Stackelberg strategy and in [8] a sliding mode approach is proposed.

In this paper, we prove rigorously the necessary conditions for a Stackelberg
equilibrium with closed-loop information structure in the same spirit as in [12] by
considering all cases. In addition, sufficient conditions of the optimization problem
for Linear Quadratic differential games are established using focal times theory. These
necessary and sufficient conditions permit to describe the set of initial states associated
with optimal trajectories. Also, an extension is proposed to associate with every initial
state an optimal trajectory by introducing the Jacobian of the leader’s control in his
own criterion. Note that in [12], although the final result (for Linear Quadratic games
only) is correct, some of arguments thereof used to derive the necessary conditions
are erroneous or not precise.

The outline of the paper is as follows: in Section 2, the Stackelberg strategy is
mathematically formulated. Section 3 gathers the necessary conditions for an equi-
librium for the follower (Section 3.1) and for the leader (Section 3.2). A degenerating
property of the Stackelberg strategy is emphasized in Section 3.5. These necessary
conditions are detailed in the case of Linear Quadratic two players differential games
in Section 3.6. The sufficient conditions are provided for the Linear Quadratic case
in Section 4. All these results lead to the two main results of this paper Theorem
3.19 and Theorem 4.4, which ensure the existence of optimal trajectories. Concluding
remarks make up Section 5.

2. Preliminaries: Stackelberg strategy. Let t; > 0. Consider a two players
differential game defined on the time horizon [0,¢¢] with

@(t) = f (& 2(t), ult, z(t), v(t, z(t)),  x(0) = o, (2.1)

where the state vector x(t) is in R”, f is of class C!, the controls u(t,z(t)) and
v(t, z(t)) of the two players are respectively mi— and mo—vector functions lying in
the sets of admissible controls ¢ and V. Here, U (resp. V) denotes an open subset of
L>2([0,tf],R™) (resp. of L>([0,tf],R™2)) such that, for every couple (u,v) € U x V,



the associated trajectory z(-), solution of (2.1), is well defined on [0,¢;]. The two
criteria, defined as real-valued functions on U x V, are

T (u, ) :gl(x(tf))—i-/ofLl(t,x(t),u(t,x(t)),v(t,x(t)))dt, (2.2)

Ta(u,v) = ga(a(ty) + / " La(t, (), ult, (1)), v(t, 2(1))) dt. (2.3)

The first player, who chooses the control u(t,z(t)), aims to minimize the criterion
J1 and the second player, who chooses the control v(t,x(t)), aims to minimize the
criterion Jy. It is assumed in this paper that there exists an information bias in the
game which induces a hierarchy between the two players. Stackelberg strategy is thus
well suited to study such differential game.

Player 1, associated with u announces his strategy first and is called the leader
while Player 2, associated with v is called the follower. The leader knows how the
follower will rationally react to a control u, but the follower does not know the leader’s
rational reaction.

Define the rational reaction set of the follower by

T: U—=YV

u+— Tu = {v | v minimizes J(u,v),v € V}.

(2.4)

DEFINITION 2.1. A Stackelberg equilibrium strategy (u*,v*) is defined by the
mintmization problem

v* e Tu*,
u* minimizes max Jq(u,v). (2.5)
veTu

Within the framework of a closed-loop information structure, the controls issued
from Stackelberg strategy depend on time ¢ and state vector x(¢). The main dif-

*

ficulty is the presence of the partial derivative in the necessary conditions for

T

the follower. Without this dependence, that is, when «* is only a function of time

t, (as for a Stackelberg strategy with an open-loop information structure) the nec-

essary conditions are well known (see [1, 14, 15, 16, 17]). To avoid the difficulty of
*

U
the presence of the partial derivative e in the necessary conditions for the follower,

different alternatives have been propose?l in the literature and summarized in [3]. The
first approach is to find an equivalent team problem leading to a global minimization
of the leader’s cost and obtaining a particular representation of the leader’s control
[2]. The second approach consists of determining the follower’s rational reaction set
and the necessary conditions for the leader optimizing a dynamical problem over an
infinite dimensional strategy space subject to dynamical constraints (evolution of the
state vector and follower’s rational reaction set). In [12], this problem is dealt using
a variational method. This method does not lead to all solutions. In this paper, an
approach based on the Pontryagin Minimum Principle is provided for deriving rig-
orously the necessary conditions. Then, using the theory of focal points, sufficient
conditions for optimality are obtained.

3. Necessary conditions for a Stackelberg equilibrium. Due to the hier-
archy between the two players, necessary conditions must be established first for the
follower, and then for the leader.



3.1. For the follower. Equation (2.5) implies that, for a fixed control u*, the
control v* minimizes Jo(u*,v). It can be reformulated in terms of a classical optimal
control problem as:

z(t) = f(t,z,u*(t,z(t)),v(t, z(t))), =(0)=xo,

) (3.1)
min Ja(u*, v).
veV
The Hamiltonian Hy associated with problem (3.1) is given by
Hy = paf + p3La, (3:2)

where ps is a line vector with the same number of components as the state vector =,
and p3 > 0 is a constant scalar. Necessary conditions for the follower are issued from
the Pontryagin Minimum Principle [13] are:

0H, 0 of = 0L

o0 =p2% +pQW, (3:3)
L AHs (0] 0fow (9L oLyou
P2y T <8x+8u 81:) pz(&z T 81:)' (8.4)

Note that there is no term g_v in (3.4) due to (3.3). Since the final state z(ts) is free,
x

the above differential equations (3.3) and (3.4) are associated with the transversality
condition

polty) = p3 2200, (35)

Moreover (p2(ty),ps) is necessarily nontrivial. Then from (3.4) and (3.5), it is clear
that pS # 0. It is possible to normalize the costate vector with p§ = 1, since (p2(t5), p3)
is defined up to a multiplicative scalar.

3.2. For the leader. Assuming that Equation (3.3) is solvable, note S a possible
solution

v(t,x) = S(t, z, pa,u”). (3.6)

This assumption is a weak and a natural one. The leader, with his top hierarchical

position with respect to the follower, can impose the control of the follower. The

leader knows the reaction of the follower, i.e., he knows the function S. Then the

leader seeks to minimize his own criterion where v is replaced by the function S.
REMARK 3.1. If Equation (3.3) has several solutions, then our study can be

applied to each of them (at least according to the Implicit Function Theorem). For

the Linear Quadratic case, there exists a unique (global) solution (see Section 3.6).
Using the notations

Ly(t,z,pa,u) = L1(t,x,u, S(t, z, pa, u)) (3.7)

and

Jy(u) = / " Ly (b, (1), pa(t), ult, 2 (D))t + g (a(t)), (3.8)



the following problem is considered:

min Ji(u) (3.9)

under two dynamical constraints:

T = {(tv$(t)a u(t,x(t)), S(t, x(t) p2(t) (t 'r(t))))
= f(t,z(t),p2(t), u(t, x(t))
_ Byt x(t),palt) ult. (1)

=

), (3.10)

o = —a(0) S 0,0(0) u(t 2(0), (8,20, o), wlt, (1))

= O82,a(0),ult, (), (6, 2(0), p2(0), u(t, 2(0)

PG (0, ult, (0), 8(6,2(0), p2(0), ut, 2(D) 5 (1)

O824 (), (1), S0, 2(0),pal0), wlt, 2(0) 2, (1)

= Fo (8, 2(t), p2(t), ul(t, () + Fao(t, 2(t), pa(t), ult, a?(t)))gx (t, (1)), (3.11)

0
and z(0) = zg, p2(ty) = 8gx2( x(ty)). Denote

EQ(tv x(t)aPZ(t)7 u(t7 $(t))) = LQ(ta x(t)a u(t7 l‘(t)), S(ta lf(t),pg(t), u(t7 1‘(t)))),

. of oL, af 0Ly
F == F = — _—— d F = — _
1= 1, 21 = —P2 o or an 22 P2 ou ou
PROPOSITION 3.2. The necessary conditions for the leader for a closed loop
Stackelberg equilibrium are

B 3F1 OFy | 0Fym \' 0L
af oL
0=AFyy = AT ( 25+ a;) (3.13)
8F21 8F22 T 6L1
A = —/\1 ( y> — == o (3.14)
oF, (8F21 OFy )T oL,
Ay = —Aj— — — N = 3.15
" aps ops | Opy Op2 (3.15)

where Ay € R™ and Ay € R™ are the two line costate vectors respectively associated
with the dynamical constraints (3.10) and (8.11), and \° > 0 a constant scalar.

U
The occurence of the Jacobian u, = I of wu(t,y) with respect to the second
Y

variable y in the dynamic (3.11) prevents the use of the classical Pontryagin Mini-
mum Principle. Two different approaches are proposed here to solve this nonclassical



problem. The first approach is based on an affine formulation of the leader control
and allows to go back to the classical Pontryagin Minimum Principle. The second one
is based on a general variational study which leads to prove a modified version of the
Pontryagin Minimum Principle adapted to the system (3.11).

3.2.1. First proof of Proposition 3.2. This optimization problem associated
with the dynamics (3.10) and (3.11) and with the criterion (3.8) can be reformulated

T

as the auxiliary problem by noting z = s | € R27
)

Z(t) = F(t,z(tt),u(t,h(z(t))),uy(th(z(t)))),

min J(u) = /0 fL(t,z(t),u(t, h(2(1))), uy (£, h(2())))dt + g(h(2(tf))), (3.16)

ou
where u, = 90 is the Jacobian of u with respect to the second variable of u, and
Y

h(z) = h((z",p2)T) = z is a projection. It is important to note that u is not a
function of the whole extended state (x7,p2)T, but only of a projection of the state.
The next lemma gives an equivalent and more standard formulation for this auxiliary
optimization problem.

LEMMA 3.3. The optimal control problem

a(t) = Pt 2(2), u(t, h(z(1))), uy (£, h(2(1)),

PO min ) = [ 220t 20),w, e hG) g,
is equivalent to the classical optimal control problem
A(t) = F(t, Z(t)gfwl(t), wa(t)),
(F2) \ nin Jy (u) = /O L(t, 2(8), w1 (8), wa(£))dt + g(h(=(t7)). (3.18)
Furthermore, the respective optimal controls are related by
u(t, y) = (wa(t), (y — h(2(1)))) + wi (). (3.19)

Proof. Let u(t,y) be an optimal control for (P;), associated with the trajectory
z(+). Then using w1 (t) = u(t, h(z(t))) and wa(t) = uy(t, h(2(t))), the controls (w1, ws)
generate for (Py) the same trajectory z(-). Therefore, inf J; < inf.Jj.

On the other hand, if (wy,wsz) is an optimal control for (Ps), associated with the
trajectory z(-), then the control u(t,y) = wa(t)(y — h(2(t))) + w1(t) generates the
same trajectory z(-), and thus inf J; < inf J;.

Hence, inf J; = inf J;.

Both optimization problems are equivalent, in the sense that if a trajectory is
optimal for one problem, then it is also optimal for the other, and the optimal values
of both criteria coincide. The associated optimal controls are related by (3.19).

REMARK 3.4. We choose here an affine representation of u(t,y), but we can
choose another one, like in [12]. This choice allows to reduce the optimal control
research only to the term wy in (3.19), along the optimal trajectory since wa does not
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appear anymore in the control. That is, along the optimal trajectory the control is
only a function of time t.

This lemma allows a direct application of the Pontryagin Minimum Principle
with the following Hamiltonian (3.20) to obtain necessary conditions for the leader
(\e R2"™ denotes the line costate vector associated with the state z € R2” and A\° > 0
a constant scalar):

H = MF(t,z,wy,ws) + A°L(t, 2, w1, wa). (3.20)

The necessary conditions are given by

0H

— =0=AF,+\°L 3.21
D, wt AL, (3-21)
0H

A —0=)\F, +\°L, , 22
g 0=AFy,, +A°Ly, (3.22)

: dH oF 0L
Introducing the additional notations A = (A1, A2) € R?". Then

F(t, z,u,u,) = F(t,z, p2u) ) . (3.24)

( (F21(taxap2; U’) + F22(ta x»PQ,U)“y)T
The Hamiltonian (3.20) takes the form
H = )\1F1 + )\Q(FQ]_ + F22uy)T + Aoil(t,x,pg,u). (325)

The necessary conditions (3.21), (3.22), (3.23) can be rewritten as

%—5:0:)\1%+A2 (6;31 +a£2uy)T+/\°%—%, (3.26)
S«Z 0= ATFp = AT (pggz ; 8;;) | (3.27)
A = 41% pY <8§;1 + a(f;;? uy)T - >\°%le, (3.28)
Ao = —/\13—2 — X <881;221 6;;222 uy)T — AOZ—Z. (3.29)

This proves Proposition 3.2.
3.3. Second proof of Proposition 3.2. In the necessary condition (3.11) the

ou o . .
term 2 comes out. The optimization problem for the leader is then nonclassical.

T
T

Define the extended state Z = pg € R?"t1 where 2° is the instantaneous cost
xO

associated with the criterion of the leader satisfying

° ~

° = Lq(t, z, pa,u), x°(0) = 0. (3.30)



The extended system admits the dynamics

. B Fl(tvxvp%u)
Z = F(t, Z,u7uyT) = (F21(t,x,p2,~u) + Fao(t, 2, pa, u)uy)T , (3.31)
Ll(t7$>p2>u)

where u = u(t, h(Z)) is a function of time ¢ and of the projection h(Z) = x.

Solving this kind of problem requires to define the end-point mapping and singular
controls.

DEFINITION 3.5. The end-point mapping at time ty of system (3.31) with initial
state Zy is the mapping

EZo,tf : UC Loo([()’tf] x RnJle) _ ., R2n+l

w — Zut)) (3.32)

where Z,, is the solution of (8.31), associated to u, starting from Zy. Here U denotes
the open set of controls w € L>([0,tf] x R™,R™) such that the solution Z,(-) of
(8.81), associated with u and starting from Zy, is well defined on [0,t7].

Note that, if F is of class C?, p > 1, then Ez 4, is also of class CP.

To compute the Fréchet first derivative, consider a fixed control du on ¢/ and note
Z + 8Z the trajectory associated with the control w + du [19, 10]. A Taylor series
development of F leads to

d(Z +62)

AT F(t,Z +6Z,u(t,h(Z +62Z)) + du(t, h(Z + 52)),

uy(t,h(Z +62))" + duy(t, W(Z + 62))7) (3.33)

Furthermore a Taylor series development of the control u gives

w(t,h(Z +62)) = u(t, (Z) + hz(Z)8Z + 0(6Z))

=u(t,h(Z)) + uy(t,h(Z))hz(Z2)6Z + o(6Z)
By identification in these two Taylor series developments, we have, at the first order,

d62) - i S .
% = P07 + Fyuyh 07 + Fubu+ Fuyuyyh 707 + By oul (3.34)

)
~—~

B
A C

= (FZ + Fuuyhz + Fuyuyyhz> 87 + F, du+ Fuy oul (3.35)

Using the transition matrix M verifying M = AM and M(0) = Id (Id denoting the
identity matrix), it follows that

Bz, ., (u) - 6u=62(t7) = M) /0 "M (s) (B)3duls) + Os)oul(s) )ds. (3.36)

DEFINITION 3.6. A control u € U is said to be singular on [0,ty] if the Fréchet
first derivative of the end-point mapping is not surjective.

We next provide a Hamiltonian characterization of singular controls. If w is
singular, then there exists a vector 1) € R?"*1 ¢) £ 0 such that

Y -dEgzy;(u)ou =0, V du. (3.37)



DEFINITION 3.7. A singular control is said to be of corank 1 if
codim Im dEx, ¢+, (u) = 1.

In other words, 1 is the unique vector (up to a multiplying scalar) verifying (5.87).
Set (t) =M (ty)M~1(t), then

Furthermore the relation (3.37) is verified for every control du, and thus

/ Vo) (B@su(t, ) + C)sul (t.2))dt = 0. (3.39)

This relation is verified for all controls u functions of £ and x. In particular it is also
verified for controls u functions of ¢ only. For this kind of controls, the relation (3.39)
becomes

ty
/ W(t) (B(t)au(t))dt =0. (3.40)
0
It implies that almost everywhere on [0, %]
¥(t) B(t) = 0. (3.41)

The relation (3.39) can be simplified as

ty
/ b(t) (C(t)au,j (t, a:))dt =0. (3.42)
0
Hence, almost everywhere on [0,%], there holds
»(t) C(t) = 0. (3.43)

REMARK 3.8. This argument holds because the time is an arqument of the controls
u. If the admissible controls are pure feedback controls u(x) and independent of time,
the relations (3.41) and (3.43) do not hold anymore. The condition (3.40) in this
case gives a constraint linking B(t) and C(t).

Let H = wF (t,Z,u,u,) be the Hamiltonian associated with this optimization
problem. The last equations can be rewritten as a Hamiltonian characterization of a
singular control almost everywhere on [0, t¢]:

0H

Z=F(t Zuuy) = 90 (3.44)
; = ~ ~ dH
'l;[} = _,(/} (FZ + Fuuth + Fuyuyth> = _d_Z, (345)
0H
5 =~ Y@ B) =0, (3.46)
0H
Juy Y(t)C(t) = 0. (3.47)

LEMMA 3.9. If a control u is optimal for the optimization problem composed of
the dynamical constraints (3.10) and (3.11) and the criterion (3.8), then it is singular
for the extended dynamic (3.31).
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A proof can be found in [5].
Denoting ¢ = ( A1 Ay A° ), one obtains

ozAl%HQ (8(551 +6£2uy)T+A°%, (3.48)
0=M"Fy =\ (mgi + %ff) ; (3.49)
A= —Al% — X (8551 + a;"f uy>T - X’%, (3.50)
Ay = —Alg—]il — X (%szl %l;z? uy>T - X’g—il, (3.51)

which are the necessary conditions given by Proposition 3.2 for a closed-loop Stack-
elberg equilibrium.

3.4. Transversality conditions. Some part of the initial and final values of
the extended state z are imposed by the transversality condition for the follower
optimization problem (3.5) and by the initial state £(0) = z¢. We can formalize these
conditions by defining two sets My and M,

() (i) () (i )
PL(0) P1(0) o\ ey 99 (a2 (t)) ;

(3.52)
MO:{xO}xR":{< ’
p

F0< Z)zx—xoz()}, (3.53)
b2
()

D2

z 0
B ( T ) = %(h(?r(tf))) —p2 = 0} : (3.54)
The tangent manifolds 17, )Mo and T, ;)M are defined by

where

NN
~__—

and

T )Mo = {(0,0) €R*™ | €R"}, (3.55)

and

32
Tz(tf)Ml = {(6;/8 83‘7922

The transversality conditions can be written as (see [19, p. 104])

) ﬁeR”}. (3.56)

A(0) L T, My, (3.57)

Mtg) =3 92 (h(at) L Tegepy M1, (3.59)
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and lead to

A2(0) =0, (3.59)

2
Mlt) = XX a(t)) + Malt) S 2 (1) = 0. (3.60)

3.5. Degenerating property. In this section, under a weak assumption, the
omnipotence of the leader is emphasized leading to a degeneracy of the Stackelberg
strategy. The hierarchical roles of the players seem to disappear. An omnipotent
leader is able to impose his/her control to the other player without taking into account
the rational reaction set of the follower.

PROPOSITION 3.10. Equation (3.13) implies that Aa = 0 or Fas = 0 (or both).
Under the additional assumption that the m1 X m1 matriz

d of  OL\"
— (po=t + 22 61
ou <p28u+ Bu) (3:61)
is invertible, there holds
A2 =0. (3.62)

Proof. The proof is obtained by contradiction. The term A\l Fyo in (3.13) is the
of 0L,

product of a column vector ()\QT) and a line vector Foy = po—=— + ——, since \; is a

ou

line costate vector. The triviality of this term induces that all components of Ay or
all components of Fyy are trivial (or both).

Assume that Ay # 0, then Fyy = pgﬁ + % = 0. If furthermore
ou ou
OFyy 0 of  0Ls
ou  Ou <p2 ou * ou (3:63)

is invertible, then the Implicit Function Theorem applied to the function Fsy with
respect to the variable u allows to write locally along the trajectory the control

u = u(t, z,p2). (3.64)
The system in (z,ps) is rewritten as

{ x :Fl(tax7p27u(t7x7p2))

P2 = Fai(t, @, p2,u(t, =, p2)), because Fhy = 0. (3.65)

Since the dynamics and the criterion are independent of u,,, we can deduce that any
control wu, is extremal for the optimization problem. But the relation (3.12) is a
constraint on u,. Hence

Ao = 0. (3.66)

O

REMARK 3.11. The fact that Ao = 0 means that the leader does not take into
account the rational reaction set of the follower. It seems to be in contradiction with
the hierarchical position between the leader and the follower. In fact, the leader does
not take into account the reaction of the follower, because he can impose his desired
control to the follower. The leader is ommnipotent with respect to the follower. The

2 invertible formalizes this priveliged position of the leader.

condition



12

3.6. Linear Quadratic case. In this section, the obtained results are applied
to the linear quadratic case. Consider a linear dynamic constraint

T = Ax + Biu + Byv (3.67)

and the quadratic criteria

1 [t 1
Jl(u,v):§/ (Q:TleJruTRnquvTngv)dtJr§:U(tf)TK1f:L'(tf), (3.68)
0

1 [tr 1
Jo(u,v) = 5/ (27 Qoz 4+ u” Rayu + v7 Rogv) dt + §$(tf>TK2fl'(tf)7 (3.69)
0
(3.70)

where the matrices Q;, R;; and K, are symmetric for ¢,j € {1,2}, and Ras and R1y
are invertible.

3.6.1. Necessary conditions for the follower. The Hamiltonian associated
with the follower (dynamic constraint (3.67) and criterion (3.69)) is

Hy = p2(Az + Biu + Byv) + %(xTQQJJ + u” Rogu + v Ragv). (3.71)
Applying the relations (3.3), (3.4), we obtain
P2 = —% = —poA—2" Qs — p2By %1;* —u" Ry 881;*, (3.72)
pa(ty) = x(ty)" Koy, (3.73)
% =0 = p2By + v’ Rao. (3.74)
Since Rgs is invertible by assumption, the optimal control is
v=—Ry Bip; = S(t,x,ps,u). (3.75)

3.6.2. Necessary conditions for the leader. In the case of quadratic criteria,
there holds

Fi(t,x,pa,u) = Az + Byu — BaRyy B pl (3.76)
Foi(t,m,pa,u) = —paA — 27 Qs, (3.77)
Fya(t, @, p2,u) = —p2 By — u” Ryy. (3.78)

By injecting the expression of the optimal control of the follower (3.75), the instan-
taneous leader’s criterion can be written as

- 1 B B
Ll(t, T, pa, u) = 5 ({,CTQlit —+ 'LLTRuu + prngleuRzle;‘rpg) . (379)
The necessary conditions (3.12), (3.13), (3.14), (3.15) lead to
OH ou\"
- _ By — et o T .
ou 0 )\1 1 )\2 (al’) R21 + A\°u R117 (3 80)
OH
8— =0= —)\g (pQBl + UTR21) s (381)
Uy
).\1 = —/\1A + )\QQQ - )\OI‘TQl, (382)
. P T
A2 = M BoRyy BY + Ay (A + By <8—Z>) — A°pe By Ry Ria Ry, BY | (3.83)

A\° =0, (3.84)
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with the transversality conditions

M(tp) = Nx(ty) Kip — Xa(ty) Koy, (3.85)

A2(0) = 0. (3.86)
L

From Proposition 3.10, and assuming that g pgg + & = Ry is invertible,
ou ou ou

we can deduce that Ay = 0.

Since the vector (A1, A2, A\°) at ¢ = t; cannot be zero, and according to the transver-
sality condition (3.85), we can take \° = 1.

From (3.80), we deduce with the invertibility of R, that

u=—R'BTA\. (3.87)
Moreover, Equation (3.83) becomes, with Ay = 0,
/\132R22 32 — p2B2R22 R12R2 32 =0. (388)

Assuming that the rank of B is maximal, that is, rank By = ms (the number of the
components of the control v), this relation yields

M\ By = p2ByR3y Rys. (3.89)

In this expression the optimal control v, given by (3.75) can be recognized. The
optimal control v verifies also

Rigv = —BIAT. (3.90)
If Ry5 is invertible, then the control v admits two expressions:
v= _R1_2leT)\1T Rzlez Py (3.91)

We gather the necessary conditions for optimality obtained in the following the-
orem.

PROPOSITION 3.12. For xg # 0, if the matrices Q;, Ri; and K;; are symmetric,
if Ri1 > 0, Ro2 > 0, Ri2 > 0, and Ray invertible and if rank By = mo (B is
of full rank), then the controls issued from a Stackelberg strategy with a closed-loop
information structure are

u= le‘llBT)\lT, (3.92)
v=—Ry BIpl = —R,'BIAT, (3.93)

with
& = Az + Biu+ Bav, z(0) = zo, (3.94)
po=—p2A—2"Qs — (PzB1 +u R21>g , pa(ty) = QE}FKzf, (3.95)
A o=-MA—2TQ, Ai(ty) =2 Ky, (3.96)
M\ B; = p2BaRyy Ry (3.97)

At this step, two cases are considered: poB; +u” Ry; = 0 and paB; +uT Ry # 0
to derive the necessary conditions. It is shown that the first case is irrelevant under
some additional weak assumptions. The investigation of the second case shows that
it is relevant.
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3.6.3. Case prl + uTRgl =0.
LEMMA 3.13. If the pair (Q1,A) is observable, and at least one of the pairs
(A, B1) and (A, Bs) is controllable, then

z(t) = AT (t) =pi(t) =0, Vte[0,tf]. (3.98)

This means that the only optimal trajectory is the trivial one.

REMARK 3.14. FEquations (3.98) imply in particular, that x(0) = 0. If z(0) =
xg # 0, there does not exist any optimal trajectory starting from xg.

Proof. With the condition

p2B1 +u' Ry =0, (3.99)

0
the term — does not appear anymore in the necessary conditions (3.94)-(3.97).
x

Derivating with respect to time the relation (3.99) does not induce necessary con-

u
ditions for —.

x
However assuming that Ro; is invertible, the control u admits two representations
u=—R'BI\I = —R;'BY p?. (3.100)

From this relation and from (3.97), necessary conditions about z(ts) are developed
by successive derivation with respect to time.

MBs — paBaR5y Ris = 0,
= 3.101
{ >\1B1R111R21 71)231 =0. ( )

These two relations can be rewritten for every t € [0,ty] as

0 0

(z M p2) By BiR{'Ry; | =0. (3.102)
—ByRy'Ri;  —By
B

Injecting (3.99) into the dynamics of x, A1 and ps, we obtain the autonomous
differential system

d x g x g AT 7Q1 7@2
O A =| AT ~BiR'Bf —ByR,)BY —A 0 (3.103)
3 ps 0 0 -4
A

The k-order derivation of (3.102) with respect to time, at time ¢ = ¢, gives
[ .’bT(tf) (ET(tf)Klf Z'T(tf)KQf ] .AkB =0, Vk € N. (3104)

Assuming that the pair (A, B) is controllable, these conditions imply that z(ty) =
0. However the autonomous linear system in x, A\; and ps with end value conditions
z(ty) = AT (ty) = pl(t;) = 0 imposes, by a backward integration of (3.103)

z(t) = A (t) =pi(t) =0, Vte0,t]. (3.105)
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The only optimal trajectory in this case is the trivial one. O
Sufficient conditions are derived below to ensure that the pair (A, B) is control-
lable.
PROPOSITION 3.15. Assuming
e the pair (Q1, A) is observable,
e at least one of the pairs (A, By) or (A, By) is controllable,
then the pair (A, B) is controllable.
Proof. The proof uses the controllability Hautus test. The pair (A, B) is control-
lable if and only if the matrix

[A—ol i B] (3.106)
is of full rank, for every a € C. The proof consists of showing that all line vectors
( LT ) verify

(2l 23 25 )[A—al B]= (3.107)
are trivial. Developing Equation (3.107), we have
—2TQ, = 21'(A - al,), (3.108)
—2{ Q2 = 23 (A — al,,), (3.109)
2L(AT — al,) = ZQT(BlRHlBlT + ByRyy BY), (3.110)
23 By = 23 BaRyy Ria, (3.111)
2¥ BiR; 'Ry = 21 By. (3.112)

Multiplying by z; Equation (3.108) and by z3 Equation (3.110), we obtain
—2{ Q121 = 23 (A— al,)z = 23 (B1R'BY + BoR, B3 ) o (3.113)

The first term is nonpositive and the last term is nonnegative, hence both are
zero. It follows that

Q1 =0, 27B; =0, 22By=0. (3.114)
Plugging these relations in (3.108), (3.112), one gets
24 (AT —al,) =0, 21Q, =0, (3.115)
22 (A—al,)=0, z2IBy=0, 2B =0, (3.116)
2 (A—al,)=0, z2IBy=0, zIB; =0 (3.117)

The relations (3.115) corresponds to the observability Hautus test of the pair
(Q1,A), the relations (3.116) to the controllability Hautus test of the pair (A, By) or
(A, Bz), and the relations (3.117) to the controllability Hautus test of the pair (A4, By)
or (A, Bs). The assumptions of controllability and observability lead to z1, 29 and z3
trivial. U

REMARK 3.16. This means that the particular case paBi + uTRa1 = 0 can be
avoided with weak assumptions on the system. The leader should be able to observe
the system (pair (Q1,A) observable) and at least one player should be able to control
the system ((A,By) or (A, Ba) controllable). Once again, it is emphasized that the
roles of the players are not symmetric.

We can then assume that

p2B1 +u" Ryy # 0. (3.118)
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3.6.4. Case poB; + u” Ry; # 0. The relation (3.97) is equivalent to both rela-
tions: (3.97) at time ¢ = ¢; and his derivative with respect to time, that is,

Al(tf)Bg = Z‘T(tf)KlfBQ = pg(tf)BgR;;ng = xT(tf>K2fBgR521R12, (3.119)

and
MBs = paBaR5y Ria (3.120)
= ()\1A+CETQ1) B (3.121)
= <P2A + 27 Qs + (p2B1 + u” Ray) <§Z>) ByRyy Rya. (3.122)
Hence
(p2Bi1 +u’ Ray) (gi) By = (MA+2"Q1) BaRiy Ros — (p2A+27Q2) By, (3.123)

Therefore, (3.97) is equivalent to
(BzTKlf - R12R2_2132TK2f>55(tf) =0,

0 _
(p2B1 + UTR21) (a—z) By = (/\1A + xTQl) BoRyy Rog — (p2 A+ 27Qs) Bo.
(3.124)

ou
Equation (3.123) permits to derive an expression of e since paBy4+ul Ry # 0
z

)
(prl + UTR21) (%) = wg + wg, (3125)
with
BT
wy = (MA+27Q1) BoRiy Rao — (paA + 27 Q2) By) W’ (3.126)

and (w))” € Ker(B]) (arbitrary).

The constraint (3.119) translates into a constraint on the set of initial points
zo € R™ from which an solution starts.

LEMMA 3.17. The existing solutions are associated with a set of xy included in
a subset of R™ with a ma-codimension (at worst).

Proof. Here, like in a classical Linear Quadratic problems, it is possible to look for
an optimal solution by assuming that the costate vector A;(¢) is linear with respect
to the state x(t).

M) = Ky (t)x=(t). (3.127)
The matrix K7 (t) € R™*™ verifies
Kiz + Ky (Az — (B1Ry' Bf + B2Ri3 BT ) Kiz) = —ATKyz — Q. (3.128)

This should be true Yz, hence K (¢) is the solution of the following Riccati differential
equation

{ Ky = —KiA— ATK, — Q1 + K1 (Bi Ry BT + ByRyy BY) K1, (3.129)

Ki(ty) = Kiy.
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The existence of a solution of the optimization problem is assured classically ”a la
Riccati” and by the uniqueness of an optimal trajectory. This is justified a posteriori
in the following by using the theory of focal times.

By reinjecting AT = Kz in (3.91) and (3.100), the state z(¢) has the dynamical
constraint

{ i(t) = (A~ (BuRy\BT + ByRyy BY) Ku (1)) a(t) = Aa(t),

2(0) = 0. (3.130)

Let M(t) be the transition matrix associated with (3.130). Then x(t) = M(t)xzo.
Then the constraint (3.119) becomes

(BgKlf — R12R;21BgK2f) M(tf)l‘o =0. (3131)

This is a me-codimension (at worst) condition on the initial states . O
It should be noted that the optimal trajectory is unique, in this case, but it
is achieved by all controls which verify the relation (3.123). An optimal trajectory

. ou
induces several —.

This explainsxthe idea in [11] to assume that the initial state is uniformly dis-
tributed over the unit sphere and replacing the optimization criterion with its mean
value over the initial state.

REMARK 3.18. In the case of optimization problem without terminal criteria,
the relation (3.119) does not reduce the set of initial state xo associated with optimal
trajectories.

We gather all previous results in the following theorem.

THEOREM 3.19. If

® To 7é Oz

Qi, Rij and K;j are symmetric,

Ri1 >0, Rogs > 0 and Ry2 and Rop are invertible,

the pair (Q1, A) is observable,

at least one of the pairs (A, By) and (A, By) is controllable,
o rank By = my (Bs of full rank),

then the optimal trajectory verifies the necessary conditions

u(t,x(t)) = =R BT Ki(t)z(t),  v(t,z(t)) = —Ryy Bl K1 (t)x(t), (3.132)
with
i(t) = (A— (B1Ry' Bf + B2Ryy BI)Ki(t))z(t), x(0) = o, (3.133)
where
K, = K A-ATK,—~Q,— K (B1R}' Bl + BoR3;' BT Ky, Ki(t;) = K. (3.134)

ou(t, x(t))
ox

Futhermore verifies

ou _
(pa By + uTRgl)aBg = (MA+27Q1)BaRyy Roy — (p2 A+ 27Q2) By, (3.135)
where

. ou
po = —p2A— 2" Qs — (p2B1 + UTR21)%, pa(ty) = 2" (ty) Koy, (3.136)
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and

(BYK\; — RiaRy, BY Kap)x(ty) = 0. (3.137)

In the next section, the theory of focal times allows to obtain sufficient conditions
for the Stackelberg strategy with a closed-loop information structure.

4. Sufficient conditions. In this section, in order to obtain sufficient condi-
tions, the theory of focal times is required (and no conjugate times, because the final
state z(ty) is free). Sufficient conditions for optimality are first derived for the leader,
and then for the follower in the case of Linear Quadratic games.

4.1. Sufficient conditions for the leader. The optimization problem of the
leader is

i = Ar — BoRyy BYp% + Byu,

. T

pg = —AlTpg — QQI’ — ’LUT (szl + ’LLTR21) s )

u) = 5 J37 (27 Qix + uT Riyu + p2Bo Ry, Ris Ry, BY pk) dt + 5:cT(ztf)mf:c(tf),
(4.1)

with z(0) = z¢ and pa(ty) = 27 (t)K1s. When poB; + u? Rey # 0, the control w is
cheap [5], and py can be also be considered as a control. More precisely, y = Bapl is
considered as a control. Then the problem (4.1) can be rewritten as

T =Axr — BQRQ2 y + B,

{ J1 (u,y) = = fo ( TQvx +uTRiju + yTRQ_QIngR;Qly) dt + %xT(tf)Klfx(tf).
(4.2)

REMARK 4.1. Note that this Linear Quadratic problem with controls (u,y) can
be linked to the Team optimal approach in [2]. In this reference, the first step in the
research of Stackelberg equilibrium is to obtain the minimum of the criterion of the
leader, by a team cooperation between the leader and the follower. Then the follower
control is modified to achieve the minimum of the criterion of the follower.

The Linear Quadratic problem corresponds to find the optimal control (u,y). A
necessary condition for the existence of an optimal control is Ry Ri2Ryy > 0. It is
equivalent to Rio > 0, since Ros is positive definite. A sufficient condition for the
existence of an optimal control, when ¢, is small is Ry1o > 0 [19]. In the following, it
is assumed that R > 0.

To characterize the focal points, by taking

u=—R'BI\],  y=RnRy B, (4.3)
we consider the variational system

{ 6i = Adx — (B1Ryy BY + BoRy, BY) 6T, (4.4)

A = —-MA—62TQ;.

We search the first focal time denoted t. > 0 (see [6]), such that there exists a
solution (dz,d\1) verifying (z(0) = xo is fixed)

2(0) = o
{ S (te) = 6z (o) Kay. (4.5)
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This is equivalent to

K@) — oo, (4.6)

t—t.

t <t
where K (t) is the solution of the Riccati differential equation

{ K=KA+ATK +Q: — K (B\R{{' Bl + BoR;' BY) K,

K(0) = Ky, (47)

The first focal time t. is a finite escape time for the Riccati differential equation
(4.7). The matrix K(t) can be viewed as the matrix K;(¢) after a change of time
te [O,tf] — (tf — t).

LEMMA 4.2. If Ry1 > 0 and Ri3 > 0 then t. > 0.

Proof. From Equation (4.1), one gets

x(t) = ethxy — /0 elt=9)4 (BgRgzly(s) — Blu(s)) ds. (4.8)

Given ty > 0, for every t € [0,%y], there exist scalar constants Cy > 0 verifying

le(®)] < Cillwoll + Co /55 l( / ! |y<s>||2ds)é +(/ ! uto) s é] - (@9)

Hence

/O t'f 2T (s)Q12(s)ds

ty

ty
< Callaoll? + Cut? ( / ly(s)]?ds + /
0 0

ty ty
City + Cst2 / ly(s)|2ds + Cst2 / u(s)[[2ds (4.10)
0 0

ute) s

In addition, by assuming Ry; > 0 and Ry, Ri2Ry, > 0,

/fuT(s)Ruu(s)ds ZCG/f |u(s)||*ds, (4.11)
0 0

ty tf
/ y7 () Ry Ria Ryby(s)ds|| > Co / ly(s)|12ds. (4.12)
0 0

_ Using these inequalities and (4.2), we can compute a lower bound of the criterion
Jl <u7 y)

. tr tr
21 = (o= 4 ) | [ alass [Twitas) s
0 0

+:CT(tf)K1fx(tf) —C3H3;‘0H2—C5tf. (4.14)

For t; enough small
Cs

tr <y =8 4.15

=V + G (4.15)

the criterion J; (u,y) is finite bounded, then 0 <t < .. O

REMARK 4.3. If Q1 > 0, then Equation (4.7) admits a solution on [0, +00[. There
is no finite escape time for this equation. There is no first focal time (t. — +00).
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4.2. Sufficient conditions for the follower. The optimization problem for
the follower is

& = Az + Byu(t,z) + Bov, z(0) = xo,
{ Jo = % Otf (27 Qox + u” Ryyu + v Rypv) dt + %I'T(tf)KQfl'(tf). (4.16)
with
v=—Ry Bipy (4.17)
where
P2 = —p2A — 2" Qa2 — (paB1 + u” Ry1) %’ pa(ty) = x” (t) Koy (4.18)
The variational system along the trajectory x(-) is
6i = Adx + Blg—Z&n — ByRy, B pl, (4.19)
§pa = —0paA — 02" Qy — (p2B1 + u” Ray) %M
T
- (519231 + (%5»@) R21> % (4.20)

with dz(0) = 0 and dpa(ty) = dz7 (t7)Kap. Here u(t,z) is affine with respect to z,
62
then 8—1; = 0. Equation (4.20) then rewrites
x

T
5]52 = 75]9214 - 5£TQ2 - 5p231 + @5(£ R21 @ (421)
ox ox

A focal time ¢/, characterizes the existence of a solution (dx, dp2) such that dx(0) =

0
0 and dpa(t,) = 6z (t,)Kay. For each choice of the term a_u7 there exists a first focal
x

time ¢/

4.3. Sufficient conditions for Stackelberg Strategy. The sufficient condi-
tions ensuring the existence of an optimal trajectory are summed up in the following
theorem.

THEOREM 4.4. Assume that

® To 7é 07
Qi, Rij and Ky are symmetric,
Ri1 >0, Ry >0, Ri2 > 0, and Ro1 tnvertible,
the pair (Q1, A) is observable,
at least one of the pairs (A, By) and (A, Bz) is controllable,
e rank Bs = mso (Bs is of full rank).
Let wh a function of time t such that w) € (BQT)L, and let

T* = min (t,,t,) > 0. (4.22)

For every ty < T, there exists a unique solution of the Riccati differential equation
(3.129). Denoting x(t,zo) the solution of Equation (3.130), let

H = {20 €R" | (B] K1y — Ri2Ry; B] Kay) x(ts,z0) =0} . (4.23)
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Then, for every xg € H, there exists a unique optimal solution of the optimization
problem on [0, 5] associated with wy. The optimal controls (u, v) associated with verify
(8.125) and furthermore

u(t,z(t)) = —R ' BT K, (t)=(t), v(t,x(t)) = —Ryy B Ky (t)x(t). (4.24)

In addition, for every xo ¢ H, there does not exist any optimal trajectory starting
from xg.

REMARK 4.5. Theorem 4.4 provides a new result of existence of closed-loop
Stackelberg strategies for linear-quadratic differential games.

REMARK 4.6. The sufficient conditions for optimality are developed in the Linear
Quadratic case. The optimality results are here global. It is also, by the same argu-
ment, possible to express similar sufficient conditions in the general case of nonlinear
criteria. However they are not developed here, because their expressions are more
technical and because they lead only to local optimality results [6, chap. 9].

0
4.4. Extension: weighting of au in criteria. The problem is degenerated,

or

because for each zg € H, there can exist an infinite choice of terms
* *

is to include a weighting on the term

*

u
. A way to
ox ey

in the criterion J; of

yield a unique

i T
the leader. Then the leader takes into account a restriction on the Jacobian of its
control. The leader is no more omnipotent.

The new criteria of the leader is then

1 ty T T T L 8uj 6’U,j T
Ji(u,v) = §/ " Qir +u' Riju+v" Rigv + Z <%) R; (%) dt
0 =

(i) Kagaliy), (4.25)

where u; are the my components of the control u, and R; € R™*™, (Vj=1,--- ,my)
are symmetric positive definite matrices.

There is no change for the follower. However the necessary conditions for the
leader are modified as follows

OH ou\"

% =0=MNB1 — X2 (a) Ro1 + /\OUTJ%H7 (426)
8H ( T T 8Uj )

— =0= (A2 (Bip5; + Ro1u). + —R; . (427)
auy ( 12 )j or J i1

The other necessary conditions (3.14) and (3.15) are unchanged. Equations (4.26)
and (4.26) are easily solvable, without considering different cases. In this framework,
Ao is not trivial anymore. One gets a nonlinear optimization problem on boundary
values. The computation leads to the result of [12]. More precisely from (4.27), we
obtain

Ou5 _ ((BT 3 + Raju) A R._1> (4.28)
or 1 D2 21U) ; A2l ity .

In order to simplify like in [12], it is assumed that R; = R > 0, Vj =1,--- ,m;.

Then

)
6—;‘ — (BTpY + Ryyu) MR~ (4.29)
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By reinjecting this expression in the equation (4.26),
Riyu=—BIX + Ry BT pI MR\ + RZ udyR7INT, (4.30)
or
(Ri1 — AR A R3))u=—BT A + Ry B pJ MaR™'AJ. (4.31)
REMARK 4.7. Fort = 0, A\2(0) = 0, then Ry; — MaR™\\ITR3, = Ryp > 0 is

invertible. Fort > 0 small enough, the matriz Ry — Ao(t) R™INE(t)R3, is invertible.
As long as Ri1 — Aa(t)R7IAL(¢)RZ, is invertible, the optimal control verifies

_ -1 _
u= (Ri1 — RN R3)) (=B{ A + Ra1 B pi MaR™'A]) (4.32)
The nonlinear optimization problem becomes

i = Az — BaRy, Bop?
_ —1 _
+B1 (R — MR\ R3)) (=B{ A + Ry BIpi MaR7'A]),  (4.33)

P2 = —p2A — 2" Q2 — ||p2B1 + UT321H2 AR, (4.34)
M= —MA+ Qs —2TQ, (4.35)
Ao = M BoRyy BY + Mo (AT + R7*\] (p2B1 + u"' Roy) BY)

—p2B2Ryy Ri2Ray By - (4.36)

with boundary conditions

x(0) = xo, (4.37)
pa(ty) = a" (ts) Koy, (4.38)
Mi(ty) =2 (t5)Kip — Xa(ty) Koy, (4.39)

A2(0) =0 (4.40)

0
REMARK 4.8. If R = ~I and v — 400, we obtain at the limit 24— 0 and we

x
recognize the necessary conditions for the strategy of Stackelberg with an open-loop
information structure. Note that to obtain this result, only an infinite weighting on

Ju
— 1is needed in the criterion of the leader.

ox

These conditions are necessary conditions. Like previously, the theory of focal
points leads to sufficient conditions associated with the Stackelberg strategy with

ou
closed-loop information structure including a weighting for — in the criterion of the
x

leader, namely, given xg € R". For s less than the global focal time of the system,
there exists only one trajectory starting from xo solution of (4.33)-(4.40) associated
0
with the optimal control (u, a—u) (4.32), (4.29).
x

5. Conclusion. In this paper the Stackelberg strategy with a closed-loop infor-
mation structure is studied. The framework is restricted to two players differential
games. Necessary conditions for obtaining a closed-loop Stackelberg equilibrium are
derived considering all cases. It is shown that the Stackelberg strategy could degen-
erate if the leader is omnipotent and can impose his control to the follower. The focal



23

times theory provides sufficient conditions for the optimization problems of the two
players. The Linear Quadratic case is used to illustrate the obtained necessary and
sufficient conditions. An extension is proposed to allow an optimal trajectory starting
from any initial state by including, in the criterion, the Jacobian of his/her control in
the criterion of the leader.
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