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RIGOROUS ASYMPTOTICS FOR THE ELECTRIC FIELD IN TM
MODE AT MID-FREQUENCY
IN A BIDIMENSIONAL MEDIUM WITH A THIN LAYER

CLAIR POIGNARD

ABSTRACT. Consider an ambient medium and a heterogeneous entity com-
posed of a bidimensional material surrounded by a thin membrane. The elec-
tromagnetic constants of these three materials are different. By analogy with
biological cells, we call this entity a cell. We study the asymptotic behavior of
the electric field in the transverse magnetic (TM) mode, when the thickness
of the membrane tends to zero. The membrane is of thickness of hf(6), with
6 a curvilinear coordinate. We provide a rigorous derivation of the first two
terms of the asymptotic expansion for h tending to zero. In the membrane,
these terms are given explicitly in local coordinates in terms of the boundary
data and of the function f, while outside the membrane they are the solutions
of a scalar Helmholtz equation with appropriate boundary and transmissions
conditions given explicitly in terms of the boundary data and of the above
function f. We prove that the remainder terms are of order O(h3/2). Tn addi-
tion, if the complex dielectric permittivity in the membrane, denoted by zm,
tends to zero faster than h, we give the difference between the exact solution
and the above asymptotic with z,, = 0; it is of order O(h3/2 + |z ]).

INTRODUCTION

We study in this paper the behavior of the solution of Helmholtz equation in a
bidimensional medium in transverse magnetic (TM) mode (see Balanis and Con-
stantine [E]) The medium is made out of three materials: a central region sur-
rounded by a thin membrane of thickness hf(6), with 6 a curvilinear coordinate,
and a third material, which is not assumed to be thin; see Fig. . This assemblage
is submitted to a field of pulsation w; after proper scalings, w is included in the
complex dielectric permittivity, which may be different in the three materials. By
analogy with the biological cell, we call this entity a cell in an environment. In
this article, we show that as the thickness of the membrane tends to zero, i.e as h
tends to zero, the electric field tends to the solution of a Helmholtz equation with
an appropriate transmission condition at the boundary between the cell and the
ambient medium. This work is a sequel to the author’s former article on the static
case .

Let us give now precise notations. Let 2 be a bidimensional bounded domain
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FIGURE 1. Geometric and dielectric data.

composed of three subdomains: a bounded domain O, surrounded by a thin mem-
brane Oj, with small thickness hf, and an exterior domain O, p:

Q=0.U0, UOe_’h.
We suppose that the cell is strictly embbeded in the ambient domain, that is:

(0. UO0R) NI = 0.

The closed curves I'g and I'j, are supposed to be of class €>°. We denote by I'g and
I'j, respectively the boundaries of 00, and of 00, N 9O, p:

FO = aOCa
Ty =00,N 8067},

Let pe, pmy and p. be the magnetic permittivities: they are constant and strictly
positive. Let qe, ¢ and ¢, be three complex numbers with strictly negative imag-
inary part and strictly positive real part; they are non dimensionalized complex
permittivities ( see [[LF] or L] for a description of the non dimensionalization). We
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define piecewise constant functions u and ¢ on Q as follows:

He, in Oe,h; Ge, in Oe,ha
=9 tm, 0 Op, ¢ = 9 ¢m, in Op,
MC; in OC? q07 in OC'

To simplify, we denote by z the product pug, and z., z, and z. designate the
restrictions of z respectively to the domains O, Oy and O.. We summarize our
hypotheses in Fig EI

Let ¢ be a given function on 9. Its regularity will be chosen later on. We
consider the electric field u, which solves the following Helmholtz equation with
Neumann boundary condition:

1

(1a) div (— gradu) +qu =0, in €,
1

(1b) Ontlon = ¢, on 09

here 9,, denotes the derivative in the direction of the vector n: n is the exterior

normal to Iy, and is oriented by continuity on I'j, and also on 99 (see Fig. m) Let
us denote by u°, u” and u® the restrictions of u respectively to the domains Oc.h,
Oy, and O,.. These restrictions satisfy the following transmission conditions:

1 1

(2&) _anuC|F0 = _a’ﬂuh|roa
c Hm
1 1

(2b) —8nue|1‘h = _a’nuh|rha
e Hm

(2C) UC|F0 = uh|ro’

(2d) ue|Fh = uh|Fh'

We would like to understand the behavior for h tending to zero of the solution «
of Problem ([l]).

In our proof, we assume that u,, and ¢, are given constants; pi., e, g and g
could be continuous functions of the spatial coordinates with the imaginary part of
g and g. bounded away from zero, without changing the argument.

Beretta and Francini have worked on a similar problem in [ﬁ] They considered
a thin dielectric material Oy, in an ambient medium, and they studied a Helmholtz
equation with Dirichlet boundary condition. They compared on the boundary of
the domain 9f) the exact solution to the so-called background solution defined by
replacing the material of the membrane by the interior material. The difference
between these two solutions restricted to the boundary OS2 is then given through
an integral involving the polarization tensor, plus some remainder terms. This
polarization tensor is defined for instance in [E}, [@, [ﬂ], [E], [E] In this paper, we
do not use this approach since we are interested in the transmembranar potential
(see Fear and Stuchly [L1]), and in the behavior of the field in the whole domain.
We work with bidimensional domains and we expect that the same analysis could
be performed in higher dimensions.

The heuristics of this work are the same as in [@] We parameterize Oy, by local
coordinates (7, 0) varying in the h-independent domain [0,1] x R/LZ. Here L is
simply the length of the curve 00,

A change of coordinates in the membrane Oy, is performed, so as to parame-
terize it by local coordinates (7, 0), which vary in a domain independently of h;
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in particular, if we denote by L the length of 90., the variables (7, 6) belong to
[0,1] x R/LZ. This change of coordinates leads to h-independent expression of the
Laplacian in the membrane. Once the transmission conditions of the new problem
are derived, we perform a formal asymptotic expansion of the solution of (m) in
terms of h. It remains to validate this expansion.

This paper is structured as follows. First, we suppose that the parameters g,
Qms Qes Mhes m and pe are constant with respect to space and to h and do not vanish.
Moreover we assume that the imaginary parts of z., z,, and z., which always have
the same sign for physical reasons are negative and bounded away from 0.

In Section EI, we define our geometric conventions. We perform the above de-
scribed change of variables in the membrane. We refer the reader to [[I§] for more
information on the local coordinates. In Section , we derive formally the first two
terms of the asymptotic expansion of the solution of our problem in terms of h.
Section { contains regularity result, which is necessary for estimating the error, and
Section [ is devoted to estimating the error.

In addition, in Remark @, we give the first two terms of the asymptotic ex-
pansion of the electric field for a thin membrane on the boundary of O, and in
Remark , we consider the case z,, = 0. The proofs of these asymptotics are very
close to the proof performed in Section E and therefore, they are omitted.

In the case of a biological cell, u is identically equal to 1, z. and z, are constants
as above and z,, is very small. In Section E, we show that if |z,,| is small compared
to h , we just have to replace z,, by 0 in the asymptotics found in Section E to
obtain the electric field in all of the domain Q with an error in O(h%/2 + |2,,]).

1. GEOMETRY OF THE PROBLEM

The boundary of the domain O, is assumed to be smooth. The boundary T’y
is counterclockwise oriented, and we denote by 0; the tangential derivative along
O.. Thanks to a change of units of length, we may suppose that the length of I'y
is equal to 2w. We denote by T the flat torus:

T = R/27Z.

Since Ty is of class ¥°°, we can parameterize it by a smooth function ¥ from T to
R? satisfying:

Vo eT, |9 (0)=1.

We suppose that there exists a function f of class °°(T) strictly positive, such
that the membrane is of thickness hf.
The following identities hold:

[y ={v(),0 € T},
and
T ={Y0)+hf(0)n(d),0 € T}.

Here n(f) is the unitary exterior normal at ¥(f) to I'y. We parameterize the
membrane O, as follows:

On = {¥(0) + hf(0)nn(0), (n, 0) €]0, 1[xT}.
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We define now:
®(n,0) = V(0) + hf(O)nn(0).

We denote by x the curvature of the I'y in curvilinear coordinate, and by K the
curvature in Euclidean coordinates:

(3) Vr €00, R=rod;'(z).
Let hg satisfy:
1
(4) 0<hy <57 —.
1/ 5lloo
Then, for all h in [0, ko], there exists an open interval I containing (0,1) such

that ® is a diffeomorphism of class € from I x R/27Z to its image, which is a
neighborhood of the membrane. The metric in Oy, is given by:

(5) W2 F(0)%dn® + (1+ hf(0)nk(0))” d6>.

We use two systems of coordinates, depending on the domains O, p,, O. and Op: in
the interior and exterior domains O, j, and O, we use Euclidean coordinates (z,y)
and in the membrane Oy, we use local coordinates with metric (f).

2. STATEMENT OF THE PROBLEM

In this section, we express our Problem (m) in local coordinates. It is convenient
to write:

VOeT, ®y(0)=>(0,60), D,(0)=P(1,0).
Let us denote by u® and u® respectively the electric field in O, j and in O, written
in Euclidean coordinates, and by u™ the electric field in O}, in the local coordinates:
u® =wu, in Ocp,
u® = u, in O,
u™ =uo®,in [0,1] x T.
We have shown in that the Laplacian in the local coordinates is given by:

B 1 14+ hfnk hf
© Blowo =55 ham) (a” (57 ) <o (5 hfnﬂae)>'

Therefore, we rewrite Problem ([l]) as follows:

(7a)  Au®+ z.u® =0, in Oy,
(7b)  Auf+ z.u =0, in O,
V(n,0) €[0,1] x T,

(7c) 0Oy <%&7um) + 0o <%&9um) + zmhf(1+ hfnr)u™ =0,

with transmission conditions (]) expressed in local coordinates at 7 = 0:

1 1
7d —Opufo®yg = —9,u™
(7d) e *7 hfpm "

(7e)  uo0®Pg= u™|

)

n=0

7]:0 I
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atp=1:

1 1
7t —Opufo®; = —o,u™ ,
@ = g
(7g) wo®i=u"|_,,

and with boundary condition

(Th)  Onhul|yq = @.

3. FORMAL ASYMPTOTIC EXPANSION

In this section, we derive asymptotic expansions of the electric field (u®, u®, u™)
solution of () in terms of the parameter h. In the limit, we want to be able to
replace the membrane by transmission conditions.

We multiply (E) by hf(1 + hfnk)? and we order the result in powers of h, in
order to obtain the partial differential equation (PDE) satisfied by u™:

V(n,0) € [0,1] x T,
831/” + hfk {377831/" + anum} + h2f{3772ff<a28$um
+ 20 fR20u™ + FOFU™ + zpm fu™ + f’@gum}
+ h3f3{773/<a38,27um + 772,%38,71/" + nrOFu™
— 0K Opu™ + Bzmnru™ } + 3h [z kP + B PPz u™ =0

We assume the following ansatz:

(9a) u® =u§ + huf + -,
(9¢) u™ =uy' 4+ hult + -

We will to derive the first two terms of the asymptotic expansions of u¢, u¢ and
u™ by identifying the terms of coefficients of a given power of h.

We extend formally u®¢ to Q\ O, by extending a finite number of coefficients of
the powers of h. Moreover, we suppose that ¢ is as regular as needed. We will also
need the first two terms of

u®o®(n,0) = u®o(¥(0) + hf(0)nm(0))

and J,,u® o ®(n, #). This amounts to composing two asymptotics series. We remem-
ber that we introduced &g = ¥ and ®; = ®(1,-) to homogenize our notations. A
simple calculation gives:

uod = ’U,eO(I)O + h(’u(io(l)o —|—77f8nu80(1)0) + e
and similarly

Onu’ 0 ® = dpu 0 Po + h (Opuf o P+ nfOauioPo) + -+ - .
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These expansions enable us to rewrite transmission condition (@) as:

hf pm
(10&) He

= Ohug'ly=1+h @zUTIW:l +h? 877“’2”|n:1 e

<8nu80<1)0+h(8nu§‘0<1>o+f3,2,1t80q’0) Jr)

and transmission condition (7d) as

(10b) ugo®o + h (u§o Py + fOpugoPo) + -+ = ug|y=1 + ui*|lp=1 +--- .

Observe that we have chosen to limit the order of explicit asymptotic expansions
to what will be needed below.

We systematically substitute the fields u®, u® and u™ by their asymptotic ex-
pansion (f)) in ({]). For transmission condition, at = 1, it is more convenient to
use transmission conditions ([L() instead of ([)—([g).

We are going to select all terms of an appropriate order in these expanded equa-
tions in order to get the conditions satisfied by ug", uf, u§ and wj}, (i = 0,1).

First step : identification of 0" order terms. Substituting into (E) the field
u™ by its expansion (Pd) we obtain:

(11) d2ug =0,%(n,0) € (0,1) x T.

Moreover, we obtain easily:

(12a) Au§ + zeu§ =0, in Q\ O,

(12b) Aug + zeug =0, in O,

and the boundary condition

(12c) Onugloa = ¢.
Equality (d) implies:
Oug'ln=0 = 0,

and equality (@) implies:
Onug' =1 = 0.

Therefore, uf* depends only on 6. By identifying 0" order term in (I@),(@)’ we
infer:

(13) ug 0Py = ug' = ug o Py,
thus we obtain the following transmission condidtion:
(14) ’LLSO(I)O :’LLSO(I)().

We will determine ug® later on.
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Second step : identification of first order terms. Substituting into equal-
ity (B) the field u™ by its expansion (Bd), and using that in (0,1) x T, we have

831/0” = Oyug' =0,

we obtain:

(15) 2uf* = 0.
Moreover, we obtain easily:

(16a) A + zou§ =0, in Q\ O,
(16Db) Auf + z.uf =0, in O,

and the boundary condition

(16¢) Onuflaa = 0.
Equality (@) implies:
(17a) Opul* =0 = f:j—manug 0P,

and equality ([L0d) implies:

(17b) ey = 1178 e o .
fhe
We infer the following transmission condition between 0, uf§ and 0, ug:
1 c 1 (&
(18) —ugo Py = —ugoPDo.
C (&)

Therefore, with ([[J), ([[4) and ([[§) we infer that (u§, uf) satisfies the following PDE
in Q:

(192) {Au8 + zeu§ =0, in Oc p,

Au§ + zcuf =0, in O,
with the transmission conditions
(19b) u(%'Fo = u(e)|ro’

1 c 1 €
(19¢) Z 8nu0|rU = E anu0|r0 )

and with Neumann boundary condition:

(19d) Onufloa = 0.

According to ([L3), uf* is equal to:

(20) V(n,0) €[0,L] xT, wui(n,0)=u;oPyb).

We have determined uf, u§ and ug'.
Observe that the identification of the first order term in ([7d) implies:

(21) W= = uf 0y,

and u{ will be determine later.
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Third step : identification of second order terms. According to (E) and
(R0), we have

m — 92, m —
(9,,]’&0 :(977’11,1 =0.

Therefore, by identifying the second order term in h of (E), we obtain:

(22) 8,2711;” +my =0,
with
(23) my = f (KOyul" + fOFul’ + zm ful’ + f'Opuf’) -

Observe that m; depends only on 6.
The identification of second order terms of @) implies

fiim

C

m C
Opuy|p=o = Onu§ o Dy,

and those of ([L0d4) implies

(24) Ol 1 = ch—m (D5 0 Bo + fO2uG 0 Bp) .

€

Observe that d,ui* depends only on 6 thanks to (TE))
Hence by integrating (@) with respect to 1 we obtain:

(25) Opuy'(n, ) = —nmy + f//j—manui 0 Py.
From (P4) and (2§) we will obtain a transmission condition for (u§,u§). More
precisely, by taking n = 1 in @), with the help of (@) we obtain:

f“’"anui 0By fim

(26)
e e

1
Opu§ 0Py =my + f2,umﬂ—02u80@0,
€

and the right-hand side of (Rd) is entirely determined.
By identifying the terms of order 1 in ([LOH) we obtain:

(27) uf o Py —ufo Py = <1 — ,Um> fOnug o Dg.
e

For convenience, we denote by f the following function corresponding to f written
in Euclidean coordinates on 00,.:

Vo € 00., f(x) = foU (x),

and we will write equations satisfied by (u$, u$) in Euclidean coordinates.
Thanks to ([2), () and (R7) we infer that (u¢,u$) solves:

Au§ + zou§ =0, in Q\ O,
(28a) Auf + z.u§ =0, in O,
Onuflyn =0,
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with transmission conditions

S Onulr, — L Ok, = $0Rulra + zmfulr, + (4f) Deulr,
(28b) + Hm 92ue M’"ﬁc’) ¢
,Ltef nU0|F0 + I f nuO|Foa
c e ,LLm e
(28¢) mmwmQM>@%m

In Section [l we prove the existence and uniqueness of (u§,u$) defined by (Rg).
Therefore, ul* given by equality ) is entirely determined and O,us* is entirely
determined by (R5).

Observe that (R8H) contains a second normal derivative; this is a feature of the
asymptotics of a cell in an ambient medium; no second derivative appeared in [@],
where there is a cell with boundary condition on the exterior of the membrane.

Let us summarize the first two terms of the asymptotics we obtained formally.

e The 0" order terms. The electric fields uf and u§ are solution of the follow-
ing problem in §:

(29) Au§ + zou§ = 0, ?n O\ O,
Au§ + zeu§ =0, in O,

with transmission conditions

(29Db) uglr, = uglr,,
1, 1,

(29¢) I an“0|r0 = E anuo|r0 )

and with Neumann boundary condition
(29d) anu8|ag = (b

In the membrane, the field u{® is equal to:
(30) V(n,0) € 0,1] x T, ug’ = u;oPo(h).

o The first order terms. The fields u§ and u{ are solution of the following
problem in :

Au§ + zeu§ =0, in 2\ O,
(31a) Au§ + z.u§ =0, in O,
Ontu§]yq =0,

with the transmission conditions

1 C 1 e 1 C C C
_anu1|F0 - _anu1|F0 = (fat2u0|ro + me“oh“o + (atf)atu0|ro)
He He Hm,
(31b)

£
m

(31c) uSlry — uSr, = B0, g,
C

1
+ a?zuglro + M_Rfanuglroﬂ
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In the membrane, we have:

(32) V(n,0) € [0,1] x T, ™= nfl;—manug 0®o + uS 0 Dg.

Remark 3.1. We may write 02u§|r, in terms of dnu§|r,, of ulr, and of its
tangential derivatives. Actually, we perform the change in local coordinates in a
neighborhood of 00... According to (@), the following identity holds along T'y:

8721“8|F0 = 7Ra’ﬂu8|ro - at2u8|Fo - Z€u8|roa
thus we can rewrite transmission condition ) as follows:

1 . 1 . .
Ok, — Ol =( fopug - fafus) T (gt — o)

fom e

(33) ’ o, 1 1
+ M—tmatUS + R <E3nu8|ro - E&mﬁlro) :

We have given the first two terms of the asymptotic expansion of u¢, u¢ and u".
It remains to prove that the remainder terms are small. First we need to study the
regularity of u§ and u{ in a neighborhood of I'y.

4. REGULARITY RESULT

In this section, we study the regularity of the solution of Helmhotz equation with
our transmission condition, which is non usual. This result is required to prove
Theorem E of Section ﬂ, which estimates the errors between the asymptotics and
the exact solution. The following result is natural and expected; it is very close to
a result of [@] (Appendix, page 147) by Li and Vogelius, but different enough to
require a proof. We thank very warmly Michael Vogelius for his suggestions on the
reflection principle.

Theorem 4.1. Let G belong to H*(Ty), s > —1/2. Let (U°,U¢) be the solution of
the following problem:

1
div <— gradUC) +q.U° =0, in O,
e

1
div (— gradUe) +q.U®=0, in Q\ O,

€

with the following transmission condition:
U6|F0 = UC|Foa
1 . 1 .
—anU |F0 - _anU |Fo = Ga
He e
and with the Neumann boundary condition on Of)

anUe|ag =0.
Then we have:
U e HP/2(Q\0,), U e H32(0,).

Moreover let m be a non negative integer, and s > m + 1/2. Then,

Uc e e™@Q\ 0., U ee™O,).
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Proof. Since T'g is smooth, we use local coordinates in a neighborhood of I'y. Ac-
tually, as in Section EI, there exists hy such that:

¥ ={Y(0) + hinn(d), (n,0) € (—1,1) x T},
is an open neighborhood of T'y and
(n,6) — W (0) + hann(0)

is a diffeomorphism from (—1,1) x T to ¥;. We denote by g the function G written
in local coordinates:

Vo eT, ¢g(0)=Go¥(h).
We denote by C the cylinder [0,1] x T and by H}, (C) the space of the functions
a defined on C such that:

1 27
ol m oy = (/ / hi(1 + haine)|e(n, 6)|* dn d6
0 0

1 2 1/2
14+ hink 5 hy ,
5 1O )" + 6)% ) dn do
+/O /O < I |Oya(n, 0)]” + T hom 0gce(n, 0)* ) dn ,

is finite. We equip H},(C) with such a norm, which is equivalent to the ordianry

norm
1/2

1 2
</ / (|a* + [Onal?® + |8pc|?) d9dn> :
0 0

because we have the following equality:

||UO(I)—1HH1(%) = vl o -

We use a partition of unity and classical elliptic regularity to reduce our problem
to establishing the regularity of the solutions (V¢, V) of the following problem:

V(Uae) € [_150] X Ta
1 +h17]li > ( h,l >
Oy | ———0, Ve )+ 09 | ————0pV° ) +qhi(1+h Ve=0,
gl ( P e ] 0 (1 R e (7 gcha( 11K)
V(n,0) €[0,1] x T,

1+ hink . h . .
877 (T;nanv > +(99 (maev > + qehl(l + hmn)V = 0,

with Dirichlet boundary conditions
Velyerr =0, Velypa =0
and with transmission conditions
V=0 = V[y=o,
Lo, vel Lo, vel
- =0 — — =0 =9,
pe pe

We use the reflection principle, suggested by Vogelius and coming from an idea
of Nirenberg (see [, page 147 or [[]] and [B]). With the help of this principle,
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we transform transmission conditions into boundary conditions. We define V" on
[0,1] x T by:

Y(n,0) € [0,1] x T, V"(n,0)=V(-n,0).
The functions V¢, V" satisfy the following problem in (0,1) x T:
V(n,0) € (0,1) x T,

1+ hink hy
34a) 9, (LG ve) Loy (— 9,V ) + qoha(1+h ey,
(34a) n( O >+ 0((1+h177f<0) 89V>+q 11+ hinr)Ve =0
3ab) 9, (L0 v ) 4oy (T 0,Vm ) 4+ qohn (1 — hag) VT =0
n hl,uc n 0 (1 *hff]lﬁ) 0 qch1 ULy — Y%

with Dirichlet boundary conditions in n =1
(34c) V'|y=1 =0, V°,=1 =0,
with boundary conditions in 1 = 0:
(34d) V'|y=0 — Vy=0 =0,
1 1
(34e) — 0,V |p=0 + — 0,V °|y=0 = g,
TR TR In

Multiplying ) by V¢ and () by V7, integrating by parts and summing, we

obtain:
2m
1+ hink 2 — hink ,
o, Ve i 2 ik r
//<hle|n| 10V
h1
1 e|2 2 o
At 2V 1 — hore), —qchi(1—h
(35a) " (1 +h177’€),ue| oVl + (1- hln“)ﬂck%v | qchi( 1K)V

27 1
_qeh1(1+h1n1€)|ve|2)d7’]d9:/ (h1 8 Ve |77 0V |77 0
0 He

T OV |0V | )
hape " 0T 0

Using boundary conditions (B4d)-(B4d), we obtain:

2w 27
1 . 1 _, _
(35b) / (—8nVe|n_0V |77:0 + —anV’”|n:0V |77—0> = / gVedo.
0 e e 0

We argue as in [[[4] or in [, and the reader will verify that (B5d) and (B5H) suffice
to give existence and uniqueness of solutions of (B4) in H} (C).

To obtain the regularity result, we just have to apply the method of frozen
coefficients. Let 0y € T, and denote by kq the value of k at 8. A classical argument
(see for instance ], [B, (0], [IJ or [[4 ) shows that (V¢,V") have the same
respective regularity as (V', V") solution of:

V(n,0) € [0,1] x T,
h 02V’

—82 78 V),
1+ hink (14 hinko)?
Ko hlagV”

_82vll _ a VII 4

_— _— = 0
hi " 1— hinkg " (1 = hinko)? ’
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with Dirichlet boundary conditions
V/|77:1 =0, V”|n:1 =0,
with transmission conditions
V' |y=0 = V"|s=0,
ic’) V/| —0 + ic’) V”| —0=4g
e Y= e =
The regularity results of this last problem is obtained directly by working in Fourier
coefficients, hence the regularity result, in 7;.

The end of the proof follows by classical regularity theorems (see [@] for in-
stance). m

5. ERROR ESTIMATES

We give an error estimate, which proves that the first two terms obtained in
SectionE through a formal argument are indeed the first terms, i.e. the remainder
is smaller.

Remark 5.1. Recall that the L* norm of a 0-form « in C with the metric (§),
denoted by |laf[aor2 (c), is equal to:

1 27
lolforsicr = [ [ nFO-+hfwolat.0)F dnao.

= a0 @7 [720,),

and that the L? norm of the exterior derivative da of o, denoted by [defarzz ()
is equal to

1 2
laltossior= [ [ (S 0t + 1 ot 0) an) 0.
= ||grad (a0 @) H%Z(oh)-
We have the following theorem.
Theorem 5.2. Let f be in C°°(T), such that
Vo eT, f(0)>0,

and let hg be such that:

1
0<hy <777
1/ 5l

Let h belong to (0, hg) and ¢ to H*(09), s > 7/2.
We denote by u the solution of Problem ([l]). Let (u§,u§) and (u$,u§) be defined

by B -BD). Let (v°,0°) be defined in Q by
(36a) v = uf + hu$, in Q\ O,
(36b) v¢ =ug + hui, in O..
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Then there exists a constant C' > 0 independent of h but depending on the domain
O, on the function f and on the dielectric parameters i, lic, qe, Gm and q. of the
material such that

(37a) lu = 2% (0,) < CR*216]| (o0
1 1
(37b) lu—v°)p0r2 (0 + ‘ —du — —dv*° < CL*"2|||| = 002
fm He llarez, o)
(37¢) lu =m0, ) < CP*2(6]l s 00)-

Remark 5.3. The estimates of Theorem @ are piecewise H' estimates since
estimate (BTH]) involves

)

1 1
‘ —du — —dv®
[im e

ATLZ(C)
which is not the norm of a difference of gradients. However, we could have global

estimate with an appropriate norm involving the permeabilities e, pm and pe and
by defining an appropriately modified w; details are left to the reader.

Since ¢ belongs to H*(992), s > 7/2 and Theorem .1 holds, u§ belongs to
%S(Oh) and u‘{‘ to %2(0}1)
To prove Theorem @, we need the following lemma.

Lemma 5.4. Let h belong to (0, ho).

Let ug, uf, ug® and ui* be defined by (@) and ) We denote by v the following
function:

(38) V(n,0) € [0,1] x T, v(n,0) = ug" + huy".

Then, there exists a constant C > 0 independent of h but depending on the domain
O, on the function f and on the dielectric parameters pe, fm, e, Ge, Gm and qc
of the material such that

(39) [v¢0® — Bl r0r2(c) < ChY2||8]| 1s (002
1 1

(10) |-arom - L < CH6]1 - om)
He Hm ALL2(C)

and
[0¢ 0 @1 — Blp=1lla0L2(ry < CR?(|9]l 12+ (902);
(41) 1090 0 ®1 — BpUly=1aoL2 () < CB||¢]l 11+ (692)
[05v° 0 ®1 — 50]y=1llnoL2() < CB®||6l| 1+ 062)-
Remark 5.5. A priori, one would have expected that the statement of Theo-
rem would have given a comparison of the exact solution with its asymptotics
in the three regions Ocpn, On and O.. Actually, Lemma shows that we may
dispense with the asymptotics in Oy, provided that v¢ defined by () has been ex-

tended up to the inner boundary of the membrane, and this is precisely how v¢ has
been constructed.

Proof of Lemma [5.4. Since u§ o ® belongs to €3([0, 1] x T) and since u§ o ® belongs
to €2([0,1] x T), using Taylor formula with integral remainder, we obtain for all
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(n,0) € 10,1] x T:
Ve 0 @[, 5 = uj 0o P|(0,0) + hfNInuioP(0,0) + huio P,

(1-1)
2

1
+ h2772f/ (1-1) (anu‘f o®(tn,0) + D2us 0 ®(tn, 9)) dt,
0

and

Oy (v 0 @) |(n79) = hfOnu§o®|,e +h*f (&m‘f 0, 4

1
Jrfﬂ/o (1t)8,2,u80<1>(t,9)dt>.

Since we have:
5(0,0) = 0 Bo(0) + hnf 2 0nuf 0 o(0) + huf o 2o(0),

0,5(n,0) = hf 2 0,u8 0 By (6),
e

using transmission condition (R9H), we obtain for all (1,6) € [0,1] x T:

(’er(I) — :J)|7779 = h(nf(@) <1 — 'L';—m> 8nu80@0 + U?Oq)o — uio(I)o

€

1
+ hnf/o (1—-1) <8nu§ o®(tn,0) + n@@iuﬁo@(tn, 9)> dt).

This equality implies directly estimate (@) Moreover, using transmission condi-
tions (R9H) and (B1d), we obtain for all 6 € T:

veo®1(0) —o(1,0) = h*f /01(1 — 1) (&m‘fo@(t,@) + u—ﬁ@iuﬁo@(t,@)) dt,

which implies the first estimate of ([]). Applying the same reasoning to dpv®o ®
and to 93v° 0 ®, we obtain the two last estimates of ([I).
Observe that:
_hy

1
if?n(vemb)(n,@) - uimanﬁ(n,e) -~Lo <77f /O (1= 1)02u 0 B(tn, 0) dt

+ GnUiO‘P(??,@)),

hence estimate (). This ends the proof of Lemma [.4 O
Let us prove now Theorem @

Proof of Theorem @ Define mg by

_ fum
e

mo Onug o Po,

and uy" by
2

,a72n(77, ) = _n_ml + nmo,

2
where m; is defined by (23J).
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Let
(42a) We =u®— (u§+ huf), in O p,
(42b) W =u® — (u§ + hu§) — h?B¢, in O,,
(42¢) W™ =u™ — (uf* + hu*) — h*B™, in [0,1] x T,
where
(43) B™(n,0) = ug' +a™(0) +nb™ (n),

and B¢, a™ and b™ are allowed to depend on h and will be chosen later, so that
yield the easiest estimates of W€, W¢ and W™.

Let us write the problem satisfied by (We, W W™). In order to simplify the
notations, we introduce ., the Helmholtz operator written in the local coordinates

(n,0) given by

(14 hf 2i
$8n< n 377)Jrag<1+hfnﬂae>+zmhf(1+hfnn).

We obtain
(44a) AW 4+ 2, W = 0, in O,
(44b) AWE + 2,W¢ = —h? (AB® + 2.B°) , in O,,
Y(n,60) € [0,1] x T,
LW = =2 (ug’ + hul* + h*B™)

with transmission conditions coming from @)

1 1 1 1
— 0, Wby =— 8,W™| _ +h(—a B™|,— f—anucod))
(44c)  pe * T hfpm " ln=0 foom " In=0 po T
— h29,,B°0 ®y,
(44d) Weo®g = W™ _o+ h* (B™|,=0 — B0 ®y),
1 1
(1) -0 0By =y (anwm|n:1 + RO u + h28an|n:1)
1 e h €
(44f) — —0Ohugo Py — —Ipuf 0Py,

e m 2 pm m
(44g) Wéod, =W |n:1 + h*B™|p=1 + ug'[n=1
+ h’LLTln|n:1 — USO@l — hui 0Py,

and the boundary condition
(44h) 0 W5 =0.
We calculate ZW™, knowing that d,uj’ and aﬁu’ln vanish and we obtain:

1
LW™ = — hwdyul — hd, (%W@Bm) — h (ﬁ&)) (u

+ hu* + h*B™) — zphf (1 + hfnk) (uf + hul* + h>B™),

and we find that in the above expression, the coefficient of terms of order 1 in A is:

(45)

1
(46) —?872737" — KOpu" — Op (fOpuy') — 2m fug'
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By definition () of B™, the first term of ([i§) is m1/f, and according to the
definition (RJ) of m,, the expression ([id) vanishes.

We will determine o™ and ™ so as to have nice transmission conditions. Observe
that if y satisfies, in the weak sense:

1
div (— grady> +qy=0, in O U Oy,
1
with discontinuous p on the outer boundary of the membrane O;,, then the trans-
mission conditions on this boundary are:
yeo®y =y"|=1,
tm

€

e 1 m
Oy o P = h_f Ony |n:1'

Therefore, it is natural to write transmission conditions of this form on the outer
boundary of @},. The continuity condition (§4g) may be rewritten :

Weody — W™ _ = h*B™|)=1 — 0ly=1 — v°0 @,

where U and v¢ are respectively defined by (Bg) and (Bf). We choose B™ so that
the right-hand side of the above equality vanishes:

Vlpeq1 — 0P m
(47) am+bm:%7u2 |77:1’

and thanks to Lemma @ estimate (1)), the right-hand side of (@) is bounded in
H?(T).

The condition (f4f) is rewritten into:
1

1
—O0,Weo®) — ——
Y b

m 1 m m
[ W |n:1 = (Onui" + hOy B™ |y=1)
(48) ‘

frim
1 h ’
- —8nu80<1)1 — —&m‘fo@l,
fhe

€

Observe that:
t(1—t)?
Onugo P = Opugo Py + hf@flug o®dy + h2f2/ Taf’lugocbdt,
0

1
anuioqnzanu‘fo@o—i—hf/ (1 —1)0%uf o ®dt,
0

and recall that

€

Therefore, in order for the right-hand side of (@) to be of order 2, we impose:

1 1
ﬁaanM:l - uiaZuSo@O - M—anu‘foq)o = 0,
which implies
2
(49) by = 1 — g+ 2 umaﬁugo@oqu:j—manuio(I)o,

thanks to (). We infer from (j7) and (9) that a,, and b,, are bounded in
H?(T) independently of h, and therefore, since B™ is polynomial in 7, it belongs to



RIGOROUS ASYMPTOTICS FOR THE ELECTRIC FIELD IN TM MODE 19
€ ([O, 1]; H2(T)) , the space of functions, which are € in n € [0,1] with values
in H%(T). Particularly, there exists C' > 0 independent of h such that
(50) vn e [0,1], [IB™(,)lm—1(r) < Cllol n=(o0)-

Observe that with such B™, we have:

Gan|n:0 = by, + Mo,
Jbm

2
T Hm 52 06 o @ 4+ 217 9, 4 0 g,

€ €

thanks to (). Transmission condition (R§) with definition (Rd) of m, imply:

:m1+

Gan|n:0 = fﬂ—manu‘f O‘I)o.
M

Therefore, transmission condition (§4d) is simplified into:
1 1
51) — O Wody =——
( Pe hfpm
It remains to define B¢. It is simply define by
AB® + 2.B°=0, in O,

Beloso, = B"o®;* .

W™ _y — h*0,B° 0 @y,

Since B™ € H%(T), a classical argument and estimate (50) imply that there exists
C > 0 independent on A such that:

(52a) 100 B|o0, || 11 (00.) < ClI9ll 1589
(52b) 1B 217200,y < Cliollm=(00)-

To simplify our notations, we define
1 m m m
9(n,0) = 132 (ug” + hui* + h*B™)

1 1 1 h
g1(9) = ﬁ <ﬁ (87711{” + haan|77:1) — 'u—anugoq)l — M—&m‘fodﬁ) .

We equip L?(C) with the ordinary norm

1 pom 1/2
mm@=U/|mm@,
0 0

and L?(T) with the ordinary norm

1 21
nmmU/W%M@
0 0

We have chosen B™ and B¢ such that there exists an h-independent constant C' > 0
such that

(53a) lgll2cy < Cll9ll s (09)

and

(53b) lg1llz2(r) < Clldllms a0

1/2
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We rewrite Problem (i) as follows:

(54a) AWE + 2z, W€ = 0, in O p,

(54b) AW+ 2,We = 0, in O,
V(n,0) € [0,1] x T,

(54c) LW™ = —h?g,

with transmission conditions

1 (& 1 m (&
(54d) EanW 0® . W™, _y — h*0,B 0 @,
(54e) Weodg=W"| _,

1 € 1 m
(54f) EanW Oq)l :m 877W |77:1 + h291,
(54g) Weod, =W _,

and the boundary condition
(54h) 0nW*°| 5 =0.

Now we are ready to perform L? estimates as it has been performed in [@]
In O. parameterized by Euclidean coordinates, the L? norm of a 0-form g,
denoted by [|3] £2(0.), is equal to:

[BllacL200) = 18lz2(0.)
and the L? norm of its exterior derivative d3, denoted by [dullarz2(0,) is equal to

[dBllarz20.) = |l grad Bl L2(0,)-

In O, , parameterized by Euclidean coordinates, the L? norm of a 0-form , denoted
by ||7||L2(oe,h), is equal to:

[7llacz2o. ) = I7llz2(0. 1)

and the L? norm of its exterior derivative dv, denoted by ||dulls1z2(0, ,) i equal
to

ldyllarrz(o,.,) = |l grad vl L2 (o, ,)-

We multiply equalities (54d), (54H) and (54d) respectively by the conjugates of W,
We and W™, Using transmission conditions (54d)-(54d), we integrate by parts
and we take the imaginary part of the result. To simplify the notations, we define
HWH?\OLZ(Q) and ||dW||i1L2(Q)aS follows:
IWIRoz20) = IWENRoL2(0, ) + W™ R0z, 0y + W CllR0L2(0.)
”dWH?\lLZ(Q) = HdWeH?\lLZ(oe,h) + HdWme\ngn(C) + HdWCH?\lLZ(oC)a

Defining
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we obtain:

h? .
a|WRor2(q) < ” /F 9, BW* dvolr,
¢ 0
h2 27 e
+— / (L+hfr) W 0<I>1d9’
m [Jo

1 27
+ h? / fgW™dn d9’ .
0 0

Therefore, there exists an h-independent constant C' such that:

W30z < CHY? (ﬁ (19 Bl ey + 1l or))

1 p2n 1/2
+ (/ / |9|2d77d9) ) (Wl xoL2(e) + 1AW a1 L2(e)) -
o Jo

Observe that C' depends on the dielectric parameters. One more time, we multiply
equalities (54d)—(p4H)—(b4d) respectively by the conjugates of W¢, W¢ and W™.
Using transmission conditions we integrate by parts and we take the real part of
the result. Defining

(55)

a =max {R(z.), R(zm), R(z:)},
We infer:

h2
1AW %1 12(q) < allWIRor2q) + o

/ 9, BW* dvolr,
To

Y —
+—/ g W od,db

1 27 .
/ / ngdndQ‘.
Hm | Jo 0o Jo

Using (F5) we infer that there exists an h-independent constant C' > 0 such that:

+h2f

IWllaoss(oy + 1AW [lns 1) < Ch?? (Vﬁ (100 B 2y + g1l 22 )

1 pom 1/2
+ (/ / |g|2dnd9) )
0 0

Therefore, estimating the right-hand side of (5d) with estimates (F2) and (53), we
infer that there exists an h-independent constant C' > 0 such that:

IW | xom ) < CR*?(| 9| e (a0
Since we have respectively in the cylinder C

u™ —uf' — hu* = W™ — h*B™,

(56)

in O,

u® —ug — huf =W°— h?B¢,
and in O,

u® —ug — huj = W€,

we have proved Theorem @ (I
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Remark 5.6 (Neumann boundary condition imposed on the cell). Consider the
domain Qy, defined by:

Q= O, UOy,.

Let v be in H*(0Q,), s > 7/2, and we denote by g and g the following function
defined on the torus:

(58) Vo € 00, g(z)=god;*(z).
Let u be the solution of the following problem:
1
div <— g‘radu> +qu=20, in Qp,
I
Onuloq, =1, in Qn,
Then, we have the following theorem.:

Theorem 5.7. We remember that hg and f are defined in Theorem . Let ~ be
in H?(00) We denote by u§, uf’, u§, and uy" the functions defined as follows:

Auf + zeuf =0, in O,
Onuglr, = (fte/tm) 8, on Lo.

In the membrane, the field uj' is equal to:
V(n,0) € 0,1] x T, wuj* = ugoPo(0).
The field u§ is the solution of the following problem in O,:

Au§ + zeu§ =0, in O,
(m/ pie) Onuslp, = § (Rg + OFuf|r,) + zmfu§lr, + d:fdrufr,, on To.

In the membrane, we have:

V(n,0) € [0,1] x T, wui" = fny+ ufoPo.
Let W be the function defined on Qp by:
Wo— u— (u§ + huf), in O,
Cu— (ufo®t +huP o® ), in O

Then, there exists a constant C' > 0 independent of h but depending on the domain
O, on the function fand on the dielectric parameters zy, and z. of the material
such that

IW a1y < Ch*2lgll i 00.,)-

Remark 5.8 (The case z,, = 0 in Op). In Theorem @, we can replace z, by
zero. The proof is then very similar, except that we need the following inequality.

Proposition 5.9. Let h and [ be as in Theorem @ Let u be a function of class
CY([0,1] x T). In the cylinder [0,1] x T, we use Euclidean metric () written in
local coordinates defined at Section E, that is

R2 f2dn + (1 4 hfnr)dé.
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Then, there exists a constant C depending on O and on f and independent of h
such that

27
(59) ks ) < C <|du|i% ot |u<o,9>|2do) .

Proof. Actually, according to the definition of hg in (E) there exists two constants
C1 and C5 depending on the domain O and on f such that the following inequalities
hold:

1 27
00 Juloss e <Cib [ [ Jutn,0) ava,
0 0

1 27 2
19) ,0
(60b) |du|%1Lgn(C>zcg</ / meeufdedn).
0 0

Let us denote by (@), for k € Z the k*®-Fourier coefficient (with respect to ) of u:
g, :/ u(f) e AR/ L qp.
0
Since (@E)k = 2imkuy, it is easy to see that:
1 T, 9
w20 [l g < [ (o) o
0 0

Using the following equality
o,
() = [ (81), (s)ds + 7(0)
0

we infer

1 ) 1, 9
[t an <2 [ |(3,47), @] + 2@ an
0 0 0

We deduce directly inequality (@) O

6. APPLICATION TO THE BIOLOGICAL CELL

In biological cells, the membrane is insulating (see Fear and Stuchly [l or
Sebastisn al. [[7]). This means that at mid frequencies, the ratio |zm|/|2| and
|zm|/|z¢| are small compared to h. Actually, the thickness is of order 102, while
|zm|/|2c| is about 1075 (see [[§]). We say that we work at mid frequency since
we suppose that z. and z. are of order 1. Moreover, the relative permeabiltiy is
constant equal to 1, thus in the following, we suppose:

He = fbm = fte = 1.

The following results show that the asymptotics obtained by replacing z,, by
zero in the expansions of Theorem @ give a good approximation of the electric
field in the biological cell. We have the following proposition.

Proposition 6.1. Let z. and z. be complex constants with strictly negative imag-
mary part.
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We suppose that |z, | tends to zero and that there exists a constant ¢ > 0 such
that:

(61) 0<-Lml oo

Let z and Z be such that:

Ze, mn Oe,h; Ze, mn Oe,h;
Z =14 Zm, in Oy, zZ2=1<0, in Oy,
Zes in Oc; Zey m Oc-

Let ¢ in H'/2(0Q). Let u the solution of the following problem:

(62a) Au+ zu =0, in €,
(62Db) Ontt|oq = ¢, in £,
and let v be such that

(62¢) Av+zv =0, in Q,
(62d) Onvloa = ¢, in Q.

Then, there exists a constant C' depending on O, ¢ and on the function f such
that:

lu = vl g1y < Clamllldllm1/200)-

Proof. First, using hypothesis (EI), we prove by classical argument that there exists
an h-independent constant C' such that:

[ull @) < Cllll 2 a0)-

Then, we just have to write the problem satisfies by © — v in local coordinates in
the membrane. As usual, we multiply in by v — v and we integrate by parts. Then,
according to inequality (F9) the following inequality holds:

lu = vl 1) < Clemlllullmre),
which ends the proof of the theorem. O
Using Proposition @ and Remark @, we infer the following theorem.
Theorem 6.2. Let f be in C*°(T), such that
Vo eT, [f(0)>0,

and let hg be in (0,1) such that
1
ho < ——.
1/ 5 lloo

Let h be in (0, ho).
Let z. and z. be complex constants with strictly negative imaginary part.
We suppose that |zm| = o(h) and that there exists a constant ¢ > 0 such that:

|2m|

S(Zm>

0<— <c

Let ¢ be in H?(0R2), s > 7/2.
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We denote by u the solution of the following problem:

Au+ zu =0, in £,
Onu = ¢, on 0.
We define (u§,u§), uf’, (u§,u§), and u* are defined as follows.

e The 0" order terms. The electric fields u§ and uS are solution of the fol-
lowing problem in Ocp UOg:

(63a) Au§ + zeuf =0, m Oe,h,
Auf + zcuf =0, in O,

with transmission conditions
(63b) u8|F0 = u8|Fm
(63c) Onuglr, = Onulr, »

with Neumann boundary condition:
(63d) Onugloa = ¢.

In the membrane, the field ug® is equal to:
(64) V(n,0) €10,1] x T, uj = ujoPy(h).

o The first order terms. The fields u§ and u§ are solution of the following
problem in O U O:

Au§ + zeui =0, in O p,
(65a) Au§ + zeu§ =0, in O,
Onuf]gg =0,

with the following transmission conditions

(65b) Onuflr, — Onuilr, = fOFuglr, + f'Ocuglr, + §0nuflr, + Kfonuglr,,
(65c¢) u§|r, — uf|r, = 0.

Recall that 8 is defined by (). In the membrane, we have:
(66) V(n,0) € [0,1] x T, ul® =nfo,ugoPo+ ujoPg.

Let W be the function defined in 2 by:
u— (u§ + huf), in Ocp,
W = qu— (u§ + hu§), in O,
u— (ufro® ! + hul" o @), in Op.

Then, there exists a constant C' > 0 independent of h but depending on the domain
O, on the function f and on the dielectric parameters z. and z. of the material
such that

IW oy < € (B2 + Lzl ) 1]+ (o0)-
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