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RIGOROUS ASYMPTOTICS FOR THE ELECTRIC FIELD IN TM
MODE AT MID-FREQUENCY
IN A BIDIMENSIONAL MEDIUM WITH A THIN LAYER

CLAIR POIGNARD

ABSTRACT. Consider an ambient medium and a heterogeneous entity com-
posed of a bidimensional material surrounded by a thin membrane. The elec-
tromagnetic constants of these materials are different. By analogy with bio-
logical cells, we call this entity a cell. We study the asymptotic behavior of
the electric field in the transverse magnetic (TM) mode, when the thickness
of the membrane tends to zero. The membrane is of thickness of hf(6), with
6 a curvilinear coordinate. We provide a rigorous derivation of the first two
terms of the asymptotic expansion for h tending to zero. In the membrane,
these terms are given explicitly in local coordinates in terms of the boundary
data and of the function f, while outside the membrane they are the solutions
of a scalar Helmholtz equation with appropriate boundary and transmissions
conditions given explicitly in terms of the boundary data and of the above
function f. We prove that the remainder terms are of order O(h3/2). Tn addi-
tion, if the complex dielectric permittivity in the membrane, denoted by zm,
tends to zero faster than h, we give the difference between the exact solution
and the above asymptotic with z,, = 0; it is of order O(h3/2 + |z ]).

INTRODUCTION

We study in this paper the behavior of the solution of Helmholtz equation in a
bidimensional medium in transverse magnetic (TM) mode (see Balanis and Con-
stantine [E]) The medium is made out of three materials: a central region sur-
rounded by a thin membrane of thickness hf(6), with 6 curvilinear coordinate and
a third material, which is not assumed to be thin; see Fig. . This assemblage
is submitted to a field of pulsation w; after proper scalings, w is included in the
complex dielectric permittivity, which may be different in the three materials. By
analogy with the biological cell, we call this entity a cell in an environment. In
this article, we show that as the thickness of the membrane tends to zero, i.e as h
tends to zero, the electric field tends to the solution of a Helmholtz equation with
an appropriate transmission condition at the boundary between the cell and the
ambient medium. This work is a sequel to the author’s former article in the static
case .

Let us give now the precise notations. Let Q be a bidimensional bounded do-
main composed of three subdomains: a bounded domain O, surrounded by a thin
membrane Oy, with small thickness hf, and an exterior domain O, j:

0= OCUOhUOe,h.

Date: ...
1991 Mathematics Subject Classification. 34E05, 34E10,35J05.
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FIGURE 1. Geometric and dielectric data.

We suppose that the cell is strictly embbeded in the ambient domain, that is:

(0. UOR) NN = 0.

The closed curves I'g and I'j, are supposed to be of class €>°. We denote by I'g and
I'y, respectively the boundaries of 00, and of 00, N 9O, p:

I‘0 = aOCa
Ty =00,N 6057h.

Let pte, pm and p. be the magnetic permittivities: they are constant and strictly
positive. Let ¢e, ¢ and g. be three complex numbers with strictly negative imagi-
nary part; they are non dimensionalized complex permittivities ( see @] or @] for a
description of the non dimensionalization). We define piecewise constant functions
w and ¢ on €2 as follows:

He, in Oe,ha Ge, in Oe,h;
=9 fim, in O, q =1 Gm, in O,
te, in O, e, in Oe.

To simplify, we denote by z the product ug, and z., 2, and z. designate the
restrictions of z respectively to the domains O, , O,, and O.. We summarize our
hypotheses in Fig El

Let ¢ be a given function of 9. Its regularity will be chosen later on. We con-
sider the electric field u solution of the following Helmholtz equation with Neumann
boundary condition:

1

(1a) div (— gradu> +qu =0, in Q,
]

(1b) Onu]on = ¢, in €,

where 0,, denotes the exterior normal derivative. Let us denote by u°, u” and u¢ the
restrictions of u respectively to the domains O, p, O, and O.. These restrictions
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satisfy the following transmission conditions:

1 . 1
(2a) — 0 ulp, = — O ul|r,,
c Hm
1 1 h
(2b) E nue|rh = M_manu |Fh’
(2C) uc|F0 = uh|Foa
(2d) wlp, = u"|p, .

We would like to understand the behavior for h tending to zero of the solution u
of Problem (m)

In our proof, it suffices to assume that u,, and g,, are given constants; pi., e, gc
and g, could be continuous functions of the spatial coordinates with the imaginary
part of g. and ¢, bounded away from zero.

Beretta and Francini have worked on a similar problem in [H] They consid-
ered the thin dielectric material O in an ambient medium, and they dealt with
a Helmholtz equation with Dirichlet boundary condition. They compared, on the
boundary of the domain 02, the exact solution to the so-called background solution
defined by replacing the material of the membrane by the interior material. The
difference between these two solutions restricted to the boundary 0f2 has then been
given through an integral involving the polarization tensor defined for instance in
, [E], [E], [H], [ﬁ], plus some remainder terms. The remainder terms are estimated
in terms of the measure of the inhomogeneity. In this paper, we do not use this
approach since we are definitely interested in the transmembranar potential (see
Fear and Stuchly [{]), and in the behavior of the field in the whole domain. We
work with bidimensional domains and we expect that the same analysis could be
performed in higher dimensions.

The heuristics of this work are the same as these performed in @] A change
of coordinates in the membrane Oy, is performed, so as to parameterize it by local
coordinates (7, 6), which vary in a domain independently of h; in particular, if we
denote by L the length of 9O, the variables (n,6) belong to [0,1] x R/LZ. This
change of coordinates leads to an expression of the Laplacian in the membrane,
which depends on h. Once the transmission conditions of the new problem are
derived, we perform a formal asymptotic expansion of the solution of () in terms
of h. It remains to validate this expansion.

This paper is structured as follows. First, we suppose that the electromagnetic
constants qc, ¢m, Qe, e, Um and pe are given constants such that z., z, and z.
have strictly negative imaginary parts. In Section EI, we make precise our geometric
conventions. We perform the change of variables in the membrane described above.
We refer the reader to [[L0] for more information on the local coordinates. In Section
E, we derive formally the first two terms of the asymptotic expansion of the solution
of our problem in terms of h. Section E is devoted to estimating the error.

In addition, in Remark @, we give the first two terms of the asymptotic ex-
pansion of the electric field for a thin inhomogeneity attached to the boundary of
the domain, and in Remark @, we consider the case z, = 0. We do not give the
proofs of these asymptotics since they are very close to the one we performed in
Section ﬂ

In the case of a biological cell, y is identically equal to 1 and the ratio |z, /2|
and |z, /2| are very small, while |z./z.| is of order 1. Tn Section [}, we show that if
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the ratio |zm|/|zc| and |zm|/|ze| are small compared to h , we just have to replace
zm by 0 in the asymptotics found in Section E to obtain the electric field in the
whole domain Q with an error in O(h%/2 4 |z,,|).

1. GEOMETRY STATEMENT

The boundary of the domain O, is assumed to be smooth. The boundary I'y is
counterclockwise oriented, and we denote by 0; the tangential derivative along O..
To simplify, we suppose that the length of 'y is equal to 2. We denote by T the
flat torus:

T = R/27Z.

Since T’y is of class €>°, we can parameterize it by a smooth function ¥ from T to
R? satisfying:

Vo ET, |V (0)=1.

We suppose that there exists a function f of class C*°(T) strictly positive, such
that the membrane is of thickness A f.
The following identities hold:

'y = {\11(9>a9 € T}v
and
Ty = {U(0) + hf(O)n(6),0 € T).

Here n(f) is the unitary exterior normal at ¥(f) to I'y. We parameterize the
membrane O, as follows:

On = {¥(0) + hf(0)nn(0), (n, 0) €]0, 1[xT}.
We define now:

®(n, 0) = U(0) + hf(O)nn(0).
We denote by « the curvature of the I'g. Let hg € (0, 1) satisfy:
1
(3) ho < 7——.
1/ 5 lloo

Then, for all h in [0, ho], there exists an open interval I containing (0,1) such
that ® is a diffeomorphism of class € from I x R/27Z to its image, which is a
neighborhood of the membrane. The metric in Oy, is:

(4) W2 f(0)%dn® + (1+ hf(O)nr(0))* do>.

For convenience, we denote by f the following function corresponding to f written
in Euclidean coordinates on 90O..:

Vo € 00., f(z)= fo¥ !(x).

We use two systems of coordinates, depending on the domains O, p,, O, and Op: in
the interior and exterior domains O, j, and O, we use Euclidean coordinates (z,y)
and in the membrane Oy, we use local (1, #) coordinates with metric ().
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2. STATEMENT OF THE PROBLEM

In this section, we write Problem ([l) in local coordinates. It is convenient to
write:

VOET, ®(0)=®(0,0), D (0)=(1,0).

Let us denote by u® and u° the electric field in O, j and in O, respectively, written
in Euclidean coordinates, and by u™ the electric field in Oy, in the local coordinates:

u® =, in Ocp,
u¢ = wu, in O,

u™ =wo®,in [0,1] x T.

We have shown in [[[(] that the Laplacian is given in the local coordinates (1, ) by:

B 1 14+ hfnk hf
OF Ao SR R (5" (7o) o (W‘ﬂ)

Therefore, we rewrite Problem ([lf) as follows:

(6a)  Auf+ z.u® =0, in O p,
(6b)  Auf+ z.u =0, in O,
V(n,0) €[0,1] x T,

(6c) Oy <%&7um) + 0o <%&9um) + zmhf(1+ hfnr)u™ =0,

with the transmission conditions () expressed in local coordinates at 7 = 0:

1 1
6d —Ophufo®Pyg = —a,u™
(6d) fhe O hfpm "

)

n=0
(6e) u‘o®o=u"|,_,
atp=1:
1 14+ hfr
6f) —Ooutod; = ——du™ )
G0 hfm " |2y
(Gg) uody = um|n:1 )

and with the boundary condition

(6h)  Opully = o

3. FORMAL ASYMPTOTIC EXPANSION

In this section, we derive asymptotic expansions of the electric field (u®, u®, u™)
solution of (f]) in terms of the parameter h. We multiply (Bd) by 2 f(1+hfnk)? and
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we order in powers of h in order to obtain the partial differential equation satisfied
by u™:

V(n,0) € [0,1] x T,
8,271/” +hfk {3778,271/” + a,]um} + h2f{3772ff<528,27um
+ 20 fK2Ou™ + fOFu™ + Zpm fu™ + f’@gum}
+ hgfg{ngngagum + n? K3 Ou™ + nrdju™
— nK' Opu™ + 3zm77fwm} + 3ht fAz P RPu™ + RE PRk zpu™ = 0

We write the following ansatz:

(8a) u® =uf + huf + -,
(8b) u®=uf+huf + -,
(8¢) u™ =ul + hult -

We are now ready to derive the first two terms of the asymptotic expansions of u¢,
u® and u™ by identifying the terms of the same power in h.

We want to obtain transmission conditions on I'g between u® and u® so as to
replace the membrane. Therefore, we extend formally u¢ to Q\ O..

Moreover, we suppose that ¢ is as regular as we need, so that we can apply
Taylor formulae at any orders to the function u¢o ®:

V8 € T, Vi € [0, 1],
u®o®(n,0) =u®o0Py(0) + hfopu®o®o(0) + -,
Onu® o ®(n,0) = 0,u’ 0 ®o(0) + hfou o do(0) + - - - .

In particular, transmission conditions (B),(@) are rewritten formally as follows:

h 1+h
(9a) —f<8nueo<bo+hf32ueo@o+"') = Jr7fﬁan“m ;
e Hm n=1
(9b) u® 0@+ hfdhu®o®o+ - = u™|,_;.

First step. Substituting into (J]) the potential 4™ by its expansion (E), and using
the transmission conditions (Bd)) and (Pd), we obtain:

{agugl —0,

an%"l,,:l = an“mn:o =0,
thus,
(10) V(n,0) € [0,1] x T, ug'(n,0) = ug'(0).
In particular, we have :
(11) USO(I)OZUSO(I)O.

We will determine ug® later on.
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Second step. Substituting into ([]) the potential u™ by its expansion (@), and
using the transmission conditions (5d)—(94) and equality ([Ld), we obtain:

831/1” =0,

7fﬂm

m C
O], o = Onug o o,

C

O], —; = fﬂ—manug 0.
e

According to transmission conditions (E), by integrating by parts with respect to
7, the following equality must hold:

(12) ult = nfu—m[?nugotl)o + uf 0 Pp.

thus

(13) L g0 @0 = ~0,u0®
—OpUg 0Py = —O0pUy OPy.
He 0 He 0

Remark that we must have also :

uf" = (n— 1)f’:"8nu80<1>0 +u§ 0P + fOnuf o Po.

C

Therefore, according to ([L1)-([LJ) and substituting into (6d)-(BH) respectively the
potentials u¢ and u¢ by their expansion (BH)), we infer that they satisfy the following
PDE in O, U O, :

(14a) Aug + zeug = 0, %n Oc.hs
Au§ + zcuf =0, in O,

with the transmission conditions

(14b) u(C)|F0 = u8|F0a

1 1
(14c) o Ontitlry = 2= Ontiolry

with Neumann boundary condition:

(14d) Onugloa = ¢.
According to the transmission condition (Bd), uf® is equal to:
(15) V(n,0)€[0,L] xT, wug(n,0)=u;oPe(0).

We have determined uf, uf and ug'.

Third step. As in the previous paragraph, substituting into (ﬁ) the potential u™
by its expansion @), we obtain:

(16) uy + frOgu + fPO5ug + zm frug’ + [ fOoug’ =0,

and hence integrating (E) with respect to n and using the transmission conditions
(E) the following equality holds

(17) Oquy' = —nf (m@nu’ln + f@gugl + zm fug’ + f’@gug‘) + f’l;—manui 0®g.
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We also have
Opust = (1 —n) f (kOqul" + fOpul + zm fug' + f'Opug’)

18
(18) + f <i:—m (8nu‘fo<l>o + f@iuéo@o) - n@nuﬂn_l) .

€

By the transmission condition (Bd) and equality ([J), u§ and u§ are the solution
of:

Au§ + zeu§ =0, in O p,
(19a) Au§ + zeu§ =0, in O,
Onuflyn =0,

with transmission conditions

B Bl = 220,y = £0FuSIr, + 2fuslr, + O,
(19Db) ¢ ©

+ ‘;’” £02ugr,,

€

€

(190) WSley — Sy = (1 - ’j;") 9,6y

Therefore, u* given by equality (@) is entirely determined.
Let us summarize the first two terms of the asymptotics we obtained formally.

e The 0 order terms. The electric fields u§ and u§ are solution of the follow-
ing problem in §:

(20a) Au§ + zou§ = 0, ?n O\ O,
Au§ + zeu§ =0, in O,

with transmission conditions

(20b) uglr, = uglro,
1 (& 1 e

(20c) I an“0|r0 = Z anU0|FU )

and with Neumann boundary condition:
(20d) Onuglon = ¢.

In the membrane, the field uf" is equal to:
(21) V(n,0) € [0,1] x T, uf® = uioPy(h).

o The first order terms. The fields u{ and u§ are solution of the following
problem in :

Au§ + zeu§ =0, in Q\ O,
(22a) Au§ + z.u§ =0, in O,
Onuflyn =0,
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with the following transmission conditions

1 1 1
_anuﬂro - u_anu(ﬂro =

(22b) l’l/C e /’f[:m
+ u_ aiug | o>
e

(fa?ughb + meu(C)|Fo + (atf)atu8|Fo)

(220) uflry — uflry = S0,
In the membrane, we have:
1 ,
(23) Y(n,0) € 0,1] x T, uf :nfﬂ—anugo@o—i—uio(bo.

Remark 3.1. Remark that we can write 0>ug|r, in terms of Opul|r,, of u§|r, and
of its tangential derivatives. Actually, we perform the change in local coordinates
in a neighborhood of 0O,.

according to (@), the following identity holds along Ty:

2 —1 2
dnuglry = —r0®q dnuglr, — diuglr, — zeuglr,
thus we can rewrite transmission condition ) as follows:

1 1 f f

_anuc o — _anue o= (_a?uc - _82u€> 4 f qmuc o qeue
. 1| 0 Le 1| 0 L t 20 Le t 0 ( 0 O)
O, f Pyt

n Lat’u,(c) _ RO P

m He

(24)

f@nu8|p0 .

We have given the first two terms of the asymptotic expansion of u¢, u¢ and u".
It remains to prove that the remainder terms are small. First we need to study the
regularity of u§ and u{ in a neighborhood of I'y.

4. REGULARITY RESULT

In this section, we study the regularity of the solution of Helmhotz equation with
non usual transmission condition. This result is required to prove our main theorem
in Section E, which gives the errors estimates between the exact solution and the
asymptotics. The following result is well-known, and such a work has already been
done by Y.Li and M.Vogelius in [E] in the Appendix page 147. However, they do
not give exactly the result we need. We thanks very warmly Michael Vogelius for
his suggestions on the reflection principle.

Theorem 4.1. Let G be in H*(Ty), s > —1/2. Let (U¢,U°) be the solution of the

following problem:

1
div (— gradUc) +q.U°=0, in O,

(6]

1
div <— gradUe> +q.U¢=0,1in Q\ O,
e

with the following transmission condition:
U6|F0 = UC|Foa

1 1 X
— 0 U®r, — —0nUCr, =G,
He He
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with the Neumann boundary condition on OS2
U 90 =0
Then we have:
U e HP2(Q\ 0,), U e H*20,).

Proof. Since I'y is smooth, we use local coordinates in a neighborhood of T'g. Ac-
tually, as in Section , there exists hg such that:

Yo = {¥(0) + honn, (n,0) €] —1,1[xT},

is an open neighorhood of I'y. We denote by ¢ the function G written in local
coordinates:

VO eT, ¢g(0)=Go¥(h).

We denote by D the unit disc [0, 1] x T and by H;}, (D) the space of the functions
o defined on D such that:

1 27
/0 /0 hf(1+ hfne)a(n,0)? dydd

1 op2m g + hfnk 5 hf ,
+/0 /0 (T |67704(77,9)| + m |69a(77,9)| )dnde < +00.

By partition of the unity, to prove Theorem @, it is obvious that it suffices to
prove that the solutions (V¢, V<) of the following problem:

Y(n,0) € [-1,0] x T,

! 1+ honk
- c I c . 1 h, c_ :
(977 <(1 T honﬁ)ucanv > + O ( i OV > +q, ( + OUH)V 0

Y(n,0) € [0,1] x T,

1 1+ honk )
O (9 V) 40 [ v ) 4 (1 + honr)VE = 0,
"<(1+hon%)ue ! > 9( pe 0 4e(1 7+ honr)

with Dirichlet boundaries conditions
Vé9p=c1 =0, V=1 =0,
with transmission conditions
V=0 = V*[y=o,
1 1
—8 Ve :0*_8 VC =0=9,
e " I TR |

have the same regularity respectively as the functions U¢ and , U® restricted to
7. We use the reflection principle, suggested by Vogelius, which comes from an
idea of Nirenberg (see [[[] page 147). With this principle, we transform transmission
conditions in boundary conditions.

We define V" in [0,1] x T by:

V(n,0) € [0,1] x T, V"(n,0) =V(—n,0).
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The functions V¢, V" satisfy the following problem in [0, 1] x T:
v(n,0) € [0,1] x T,

1+h 1
(252) 0, (Manve) + 0 (magve) + qe(1 + honr)VE =0,

(&)

1 — honk

1
2 T - T (1 — r_
(25b) 0y ( o,V ) + Oy ((1 — honﬁ)ucaev ) + qc(1 — honr)V 0,

C

with Dirichlet boundary conditions in n = 1
(25¢) V'|,=1=0, V¢,=1 =0,

with boundary conditions in 1 = 0:

(25d)  V'|y=0 — V®y=0 =0,

1 1
256 —3 VT = +_a Ve =0 =9,
( ) Lie n |n 0 Lie n |n 0

By multiplying () by V¢ and ) by V7 and by integrating by parts and by

summing, we obtain:

T14+h —h
/ / ( A e

1

Ao gV * = qe(L — honr)[V"|?

VeQ
(1+h w0V

27
1 —e , —r
—q.(1+ honn)|Ve|2>d77 dg = / (u—anve|n_ov ln=0 + u—(?nV l[n=0V |n—0>
0 e c

Using boundary conditions (R5d)—([R5d), we obtain easily

2m 2m
1 —e 1 —r -
/ (_anVeM—oV =0+ —0,V"lp=0V |n—0) =/ gvedo.
0 \Me fe 0

This implies directly the uniqueness and then the existence of (V¢, V") in H} (D).
To obtain the regularity result, we just have to apply the method of freezing
coefficients. Let 6y € T, and denote by ko the value of k in 6y. Actually, it
is obvious that V¢ and V" have the same regularity respectively as V' and V”
solutions of:
V(Uae) € [_150] X Ta
hofio 82‘//
RV ———9, V' + — =0
n 1+ ho?]lio g (1 + honKQ)Q
V(n,0) € [0,1] x T,
hoHO a V” 892‘/”

82‘/” _ —
n 1-— ho?]lio g (1 — ho?]lio)Q

with Dirichlet boundaries conditions

V6 =0, V7]ymr =0,
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with transmission conditions
Vl|n:0 =V |7]:Oa
L ouV o + —0,V"|
- =0 - =0=9,
R AN
Then, writing this problem in Fourier coefficients, we obtain easily the result. O

5. ERROR ESTIMATES

We give an error estimate, which proves that the first two terms found in Section
E by a formal argument are indeed the first terms, in the sense that the remainder
is smaller.

Remark 5.1. Let us denote by D the unit disc [0,1] x T. We remember that the
L? norm of a 0-form « in D with the metric ({), denoted by llallaozz (py, is equal
to:

1 27
loloss. o = [ [ n#+fulat.0)F anas,
= |\040‘I)_1H%2(oh)a

and the L? norm of the exterior derivative do of «, denoted by ||da|a1z2 (py is
equal to

o
otz = [ [ 0,000 + 1 a0 ana,
= || grad (040‘1’ ) 17200
We have the following theorem.
Theorem 5.2. Let f be in C*°(T), such that
voeT, f(0)>0

and let hg be in (0,1) such that:
< 71 .
1/ 5l
Let h be in (0,ho) and let ¢ be in H/?(0Q).

We denote by u the solution of Problem (), and (u§, u§) and (u§, us), are defined
in Section E by equalities @)7(@) Let (ve,v°) be the functions defined on Q by:

v® =ug + hui, in Q\ O,
v =ug + huf, in O..

Then, there exists a constant C > 0 independant of h but depending on the domain
O, on the function f and on the dielectric parameters i, tic, qe, Gm and q. of the
material such that

[ = vl 0. < CBY2||@] s/2(00)
€ 1 1 e
lu—v|aoLz, (D) + ||u—du - u—dv larzz, 0y < CB*2)|@| g5 2 a0y,

[Ju — UeHHl(Oe,h) < Ch3/2H¢||H5/2(6Q)-
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Proof. First, remark that since ¢ is in H%/2(992), it is clear, by the results of Section
[, that ug is in H*(Q\ O,). Thus, for almost all § € T, u§ o ®(-, ) is in H7/2([0, 1]).
We infer also that u$ is in H3(Q\ O,).

To prove theorem (p.2), we need the following lemma.

Lemma 5.3. Let h be in (0, h).
Let uf, u$, ul* and ui" be defined by (RA) and (B). We denote by v and © the
following functions:
Ve e Q\ O, v*(z) = ui(z) + hu§(z),
V(n,0) € [0,1] x T, ¥(n,0) = ug' + huy".
Then, there exists a constant C > 0 independant of h but depending on the domain

O, on the function f and on the dielectric parameters e, m, e, Ge, Gm and qc
of the material such that

(26) [v°0® — V| por2(py < Ch3/2”¢HH5/2(BQ)a

(21) |--aron) - ap < CB2)|6l| /2 00
He Hom ALL2(D)

and

(28) [0° 0 @1 — Uly=1llaoL2(r) < CR?||9l 1152 (002)-

Proof. Since for almost all 6 € T, u§ o ®(-,6) is in H/2([0,1]), we can apply Taylor
formula. Let (n,0) be in [0, 1] x T, we have:

V9o ®(n,0) = ufoPo(0) + hfndn,uf o o(0) + huf o Po(0)

+h2f/n(n—t) (anuioq>(t,9)+ (n = )aﬁugm(t,e)) d,
0

t
2
and

Iy (v 0 ®)(n,0) = hfd,ufo®o(0) + h>f <8nu§ o®(n,0)

n
+ f/ (n— t)@iuﬁo@(t,@)dt@nufo@>.
0

Since we have:

v(n,0) = ugoPo(h) + hnfl;—manug 0®g(0) + huf o Py(h),
0,5(n,0) = h f/;—m(’)nug 0B (0),

using transmission condition (R0H) we obtain:

€

veod —v= h(nf(@) (1 - Z—m> Onu 0 Do(8) + uf o Po(8) — ui o Do(h)

+ hf(6) /On(n 1) (anui od(t, )+ U - D o2ue o, 9)) dt).
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This equality implies directly estimate (@) Moreover, using transmission condi-

tions (R2H) and (R2d), we obtain:

(n—1)
2

1

veo®y(0) —v(1,0) = h2f/ (1—1) (anufoq)(t,e) + 821180@(15,9)) dt,
0

which implies (R§). We also have:

h2f
fe

1 1 -
— 0y (veo@) (n,0) — M—@,]v(n,H) =

He

7
(0) (f(é’)/ (n — 1)&2ug o ®(t,0) dt
0
+ Opus o ®(n, 9)) ,
which implies (R7). This ends the proof of Lemma f.q 0

Now, we prove Theorem [.2
Denote by We, W¢ and W™ the following functions:

(29a) W =u® — (uf+ huf), in O,
(29b) W =u’— (u§ + hu), in O,
(29¢) W™ =u™ — (ug" + hu), in [0,1] x T.

In order to simplify the notations, we introduce .%;, 9, the Helmholtz operator writ-
ten in the local coordinates (7, 8) given by

1+h h
Ly =0, (%an) 0 (ﬁ%) 2 f(1+ hne).

Let us write the problem satisfied by (W, We, W™). We use the expressions of ug,
uf, ug, uf, vy and u* found in Sectionﬁ to obtain, by a simple calculation:

(30a) AW® 4 2, W€ =0, in O, p,
(30Db) AW + z.W, =0, in O,,
V(n,0) € 0,1] x T,

L oW =— {h (KOyub, + fORUE + zm ful’ + f'Opug’)

+h2f< 06l oo SRR,

—_—— Uu, — Uu,
(30¢) 1+ hfnk 070 (14 hfnk) %0
nw' f m fOpul
A+ hfqm2 08+ O (1 T

+ zmnfrug’ + 2m (1 + hfnﬁ)fﬂi") }
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with the transmission conditions coming from (P

1 1 1
30d —0,Wody=—— | 0,W™| _ —h2f—0,uo® ) ,
G " hf pim ( o pe Y
(30e) Weodg=W"| _,

1 1+h

Loweon, ~LER (™ + B =)

He hftim =
(30f) . ,

— —8nu80q)1 — —8nu§ O(I)l,
e e

(30g) Weody =W™| _; +ug'|p=1 + hui"l=1 — ugo 1 — hujo @y,

and the boundary condition
(30h) O We| =0.

n=1

Using (R2H) and (29), and applying Taylor formula, we rewrite (B0f) as follows:

1 1+h h? m
_8nW60(I)1 _ + f“{an m|n:1 f H

fie "~ hfpm 1+ hfE pe
+ fO2uf 0 Bg + Opus 0 B

1
+ hf/ (1- t)(%f&gugotﬁ(t,@)
0

+2uS 0 Bt 0))dt> }

moreover, according to Lemma f.3, we rewrite (B0gd) as:

<nf8nu8 0®g

(31)

(32) W60¢1:Wm|n:17(1)0q)7’17) |77:1.

The trick of the proof consists in building a function B™ defined on [0,1] x T and
in introducing the function A™ defined on [0, 1] x T by:

A™ =W™ — h2B™,
such that the term in  of the right-hand side of (B0J) disappears. Let us define in
[0,1] x T the function ™ as follows:
2

(33a) b™ = f% (KOyu + FORUT + 2 full' + f'Opuil?) + m; Em . us 0 @,

and let B™ be such that:

(33b)
B™(n,0) = b™(n,0) — b™(1,0) + (vo®y — Tly—1) /h>.

According to Lemma (), there exists a constant C' depending on O, on the
function f and on e, fm, te, ge, Gm and g. such that the following estimate holds:

(34) vn € (0,1, [1B™ 0, )z ) < Clléllmsr2on)-
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A simple calculation gives the following equalities in [0, 1] x T:
Oy B™ = —nf (n@nugn + fORUD + Zm fult + f Opul ) f5m8 u§ 0 @y,
3727Bm =—f (n&]u;” + fORUD 4 Zp fult + f’@gugl) .

In particular, according to (P2}), we have in n = 1:

fM_m (anuf o®y + f@ﬁug 0Py — kOpugo @0) .

e

aan|n:1 =
We define A™ in [0, 1] x T as follows:
A™ = W™ — h*B™.

It is obvious that A™ satisfies the following equalities:
(35a)
h2 f o, ,
Oy A™| o= B W™ o — %&Lui 0By,
(35b)

m m hzfﬂm
A |n:1 =0, |n:1 -

€

<8nu‘f 0®g + fO2us 0Py — K fOus o@o),
(35¢) A™[, _o=W™|, _, —h*B™|,0,
(35d) A’"|n:1 = Wm|n:1 —(vo® —0)|y=1.

Therefore, according to (BA)-(B1) and to (BF), (We, A™, W¢) satisfies the following
transmission conditions respectively in n =0 and in n = 1:

1, 1 .
(36&) E(’%W Oq)o :W 877A |77:07
(36b) Weody = A™|, _,+h* B™|,_,

1 . 1+hfk m h3f? pm c

EanW 0d; = i (877 |77 T fn(nfanuoo@o
(36¢) — Opufo Py — fOZufo D) / (1-1) 82u10<l>(t 0)

1-—
+ ( )f83 ug o ®(t, 9 )
(36d) Weod, = A’"|n:1 ,
We denote by b the right-hand side of (B6d):
! fn(ﬁf@nu 0dy — Ipuf o Py — f@QUSO@O)
1+ hf’i e 0 n 0

+/01(1 —t)(aiuﬁo@(t’e) + %

D3usod(t, 9)) dt) .
Let us now introduce B¢ defined in O, by:

AB¢ B¢ =0, in O,
(37) : +z - in
B |F0 =B |

n=0"1 on Fo.
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We define in O, the function A€ as follows:
(38) A¢ =W* — h2B°.
According to equalities (BQ)-(BY)), (B4) and (B7), we see easily that the three
functionsA¢, A™ and W€ satisfy the following problem
(39a) AW® 4 2. W° =0, in O p,
(39b) AAC + 2,A° =0, in O,,
V(n,0) € [0,1] x T,

/ +hf7721£2)
Am:_ 2 _£2m_f(nﬂ m
fn,g h f{ 1+ hfnﬂaeuo 1+ hf??li 89u0
nfK' f (Opul* + th))
! A Y I
(39¢) (LF hfyr)2 0t + 0 ( 1+ hfnr

+ Zmfnrug’ + 2 f (1 + hfne)ul
+ zmf (nﬁzugl + (1+ hfnk) (ui* + th)) }

with the following transmission conditions

1 1 h2
39d — 0, A0 P = —— 0,A™| _, — —0,B0®g,
(39d) e T T B =0 e e%o
(39¢) A%0®g = A™|,_,

1 . _1+hfk m 3
(39f) W 0@y = S (anA - fb),
(39g) Weody = A™|, _,,
and the boundary condition
(39h) ayWe|,_, = 0.

To simplify the notations, we denote by g the right-hand side of (@)
V(n,0) € [0,1] x T,
/LIRS i ULk )

g(n,9>:71+hf7’]l€ o UQ 1+hf77:‘€ aGUO
(40) B fnr' m f (Qpu* + hfB™)
(1 —l—hfnﬁ;)QaeuO + % 14+ hfns

+ zmfnrul + zm f(1+ hfnr)ul®.

Now we are ready to perform L? estimates as it has been performed in [@]
In O. parameterized by Euclidean coordinates, the L? norm of a 0-form g,
denoted by [|3|r2(0,), is equal to:

18lla0z2(0.) = [18llL2(0.)>

and the L? norm of its exterior derivative d3, denoted by [dullarz2(0,) is equal to

[dBllarz20.) = |l grad Bl L2(0,)-



18 CLAIR POIGNARD

In O, parameterized by Euclidean coordinates, the L? norm of a 0-form v, denoted
by ”'YHL?(Oeyh), is equal to:

7lla0L20.0) = 17llL2(0. 1)

and the L? norm of its exterior derivative dv, denoted by ||dulla1z2(0, ,) is equal
to

ldyllarrz(o,.,) = ll grad vl L2 (o, ,)-

We multiply equalities (@)7(@)7(@) respectively by the conjugates of W¢e, A°¢
and A™. Using the transmission conditions (@), we integrate by part and we take
the imaginary part of the result. To simplify the notations, we define ||A[%, L2(9)

and ||dA||i1L2(Q)as follows:
1A o L2y = Wl R0 20, ) + 1A™ R0 2, (D) + 1A% R0 L2 (0.
AR 22y = 1AW Ri 20, ) + 1AA™ [Ri 2, 0y + (44K 120,

we obtain:
h? e
min (S (ze), S(2m)s S(2)) [ Al2o 12y <o / 0, BA° dvolr,
:LLC Fo
e I —
+ — / bA o@ldQ‘
Mm |Jo
1 27 .
+h2f// gAmdndG‘.
0 0

Therefore, there exists a constant C' depending on O., on f and on the dielectric
constant fic, fe, Gey @m and g. such that:

Ch3/2
Ao a0y SV (1008 172z, + 18l 2r))

m,c

1 o2 1/2
+</ / |9|2d77d9) )(|A|A0L2(m+|dA|A1L2(Q>).
0 0

One more time, we multiply equalities (B93)—([B9IH)-(B9d) respectively by the con-
jugates of W€, A¢ and A™. Using the transmission conditions (BY), we integrate
by part and we take the real part of the result. We infer:

(41)

h2
IdANIR1 L2 () < max {R(ze), R(zm), R(ze)} | AllRoL2(0) + —

He
2m 1 2m
+ — / bA" 0, d / / gA"dndo
Hm |Jo o Jo
Using () we infer easily that there exists a constant C' depending on the domain
O, on f and on the dielectric paraleters pic, tte, qc, gm and g. such that:

9, B¢A° dvolr,
To

2
+h2f

1Al sozsc@) + [44] a1 2y < CHY2 (Vﬁ (100 Bl -1721) + bl 22 )

1 p2r 1/2
+ (/ / |g|2dnd9> )
0 0
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According to the estimate of B™ given in (@) and according to the definition of
B¢ given in (@), it is obvious that there exists a constant C' depending on O, and
the dielectric constants such that the following estimates hold:

1,27 1/2
(/ / |g|2d77d9) < Cll6llsr2 e,
10n B 1120y < Clllaror2 o2

Therefore, there exists a constant C' depending on the domain O, on f and on the
dielectric constants such that:

1Al a0 b1 @) < CB2116]l /200

Remark 5.4. Now we consider the domain Qy, defined by:
Qp = 0. UQOy,.

Let v be in H/?(08,), and we denote by g the following function defined on the
torus:

VOeT, g(0)=~o0®.(0).
Let u be the solution of the following problem:

1
div <— g‘radu> +qu=20, in Qp,
I
Onuloq, =1, in Qn,
Then, we have the following theorem:

Theorem 5.5. We remember that hg and f are defined in Theorem . Let vy be
m H5/2(8Qh>.
We denote by u§, ug’, uf, and ui* the functions defined as follows:

Au§ + zcuf =0, in O,
{C%USIFO = (te/km)g0 ®5", on To.
In the membrane, the field ug® is equal to:
V(n,0) € [0,1] x T, wug* = ufoPo(h).
The field u§ is the solution of the following problem in O.:
Auf + zeu§ =0, in O,
{(um/uc) Onuflp, = f07uflr, + zmfuf|r, + t'druflr,, on To.
In the membrane, we have:
V(n,0) € 0,1] x T, ui*= fny+ uioPy.
Let W be the function defined on Qy by:

W= u— (u§ + huf), in O,
Cu— (uf 0@t +huP o® ), in O
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Then, there exists a constant C > 0 independant of h but depending on the domain
O, on the function fand on the dielectric parameters zy, and z. of the material
such that

Wl i1 (0 < CR*2|lgo @5 |52 (00, -

Remark 5.6. In Theorem @, we can replace z, by zero. The proof is then very
similar, except that we need the following inequality.

Proposition 5.7. Let h and f be as in Theorem @ Let u be a function of class
C1([0,1] x T). On the domain [0,1] x T, we use the metric h? f2dn+ (1 + hfnr)do.

Then, there exists a constant C' depending on O and on f and independant of h
such that

21
(42) lull3oss ) < C (|du|%1Lgn(D> . |u<o,e>|2d9) |

Proof. Actually, according to the definition of hg in (E) there exists two constants
C1 and C5 depending on the domain O and on f such that the following inequalities
hold:

1 27
@) by <O [ [ o) aoan,

2 T (0gun, ) 2
(43b) [dullz1L2 (D) = C2 /0/0 f+h|89u| dodn | .

Let us denote by (@), for k € Z the k*®-Fourier coefficient (with respect to ) of u:
Uy = / u(f) e=2k/L 49,
0

Since (8/9;)]c = 2imkuy, it is easy to see that:
1 T, 9
20, [l an<ae [ |(om) )] an
0 0 k

Using the following equality
o~ n = o~
Aol = [ (3), (5)ds + (0),
0 0

we infer

1 v, 9
[ 1wl an <2 [](@,47) )] + 2z an
0 0 0

We deduce easily inequality (@) O

6. APPLICATION TO THE BIOLOGICAL CELL

In the biological cells, the membrane is insulating (see Fear and Stuchly [g]).
This means that at mid frequencies, the ratio |z,,|/|zc] and |z,|/|2z¢| are small
compared to h. Actually, the thickness is of order 1073, while |zy,|/|2¢| is about
1075 (see ) We say that we work at mid frequency since we suppose that z.
and z. are of order 1. The following results show that the asymptotics obtained by
replacing z,, by zero in the expansions of Theorem @ give a good approximation
of the electric field in the biological cell. We have the following proposition.
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Proposition 6.1. Let z. and z. be complex constants with strictly negative imag-
mary part.

We suppose that |zm,| tends to zero and that there exists a constant ¢ > 0 such
that:

(44) 0<_deml .

Let z and Z be such that:

Ze, mn Oe,h; Ze, mn Oe,h;
2=19q 2Zm, in O, Z=140,in Oy,
Ze, 1 O, Zey in Og.

Let ¢ in HY/2(0Q). Let u the solution of the following problem:

(45a) Au+zu =0, in Q,
(45b) Onulon = ¢, in Q,
and let v be such that

(45¢) Av+zv =0, in Q,
(45d) Onvloa = ¢, in Q.

Then, there exists a constant C' depending on O, ¢ and on the function f such
that:

lu = vl 1) < Clamlllollm/200)-

Proof. To prove this theorem, first, using hypothesis (@), we prove that there exists
a constant C' depending on O.,and on the constants ¢, z, and z. such that:

ull ) < Cll@lir2(a0)-

Then, we just have to write the problem satisfies by © — v in local coordinates in
the membrane. As usual, we multiply in by u — v and we integrate by parts. Then,
using inequality (1), we show easily the following inequality:

= vll sy < Clmlllallin o,
which ends the proof of the theorem. O
Using Proposition @ and Remark @, we obtain easily the following theorem.
Theorem 6.2. Let f be in C°°(T), such that
voeT, f(9)>0,

and let hg be in (0,1) such that
1
ho < ——.
1/ 5 lloo
Let h be in (0, ho).

Let z. and z. be complex constants with strictly negative imaginary part.
We suppose that |zm| = o(h) and that there exists a constant ¢ > 0 such that:

— < cC.
S(em) ¢
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Let z and Z be such that:
Ze, mn Oe,h;
z2 =2 zZm, in O,
ch ZTL OC)
Let ¢ be in H/2(0Q).
We denote by u the solution of the following problem:
Au+ zu =0, in Q,
Ont = ¢, on Of).

We define (u§, u§), ug’, (uf,us), and ui* are defined as follows.

e The 0™ order terms. The electric fields u§ and u§ are solution of the fol-
lowing problem in O¢p U O,:

(46a) Au§ + zeuf = 0, m Oe.h,
Au§ + zeuf =0, in O,

with the transmission conditions
(46b) U8|F0 = U8|F0,
(46¢) anu8|r(, = 3nu8|1~0 )

with Neumann boundary condition:
(46d) Onuglon = ¢.

In the membrane, the field ug® is equal to:
(47) V(n,0) €0,1] x T, wuj* = ugoPo(0).

e The first order terms. The fields u§ and u§ are solution of the following
problem in O¢ p U O,:

Au§ + zeu§ =0, in O p,
(48a) Au§ + zeu§ =0, in O,
O]y =0,

with the following transmission conditions
(48b) Onu§|r, — Onuf|r, = fOFu§|r, + ' Owug|r, + f02ug|r, ,
(48¢) u§|r, — ui|r, = 0.
In the membrane, we have:
(49) V(n,0) € 0,1] x T, ul® =nfo,ufoPo+ uioPyg.
Let W be the function defined on Q by:
u— (u§ + huf), in Ocp,

W = u— (u§ + huf), in O,
u— (ugro® ! + huf o @), in O.
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Then, there exists a constant C > 0 independant of h but depending on the domain
O, on the function f and on the dielectric parameters z. and z. of the material
such that

1

2

(3

[7

B
[9

10

[11

IW i) < € (B2 + [zl 9]l 5200
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