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Abstract

We derive a mathematical model for eddy currents in two dimensional geometries
where the conductors are thin domains. We assume that the current flows in the zs-
direction and the inductors are domains with small diameters of order O(e). The model
is derived by taking the limit ¢ — 0. A convergence rate of O(e*) with 0 < a < 1/2 in
the L>-norm is shown as well as weak convergence in the W1? spaces for 1 < p < 2.

1 Introduction

Mathematical modelling of eddy current problems often involves multiple conductors with
various sizes. Typically, electrotechnical devices involve thin conductors as wires or coils as
well as massive conductors. Numerical solution of such problems may then encounter serious
difficulties in the choice of the domain meshes which can in particular lead to ill conditioning.
Asymptotic analysis of these problems appears as an efficient tool to obtain limit problems
that are simpler to solve and better conditioned.

We consider, in the present work, a two-dimensional eddy current problem, formulated in
terms of a scalar potential in the whole plane. The electrically conducting domain consists
in a “thick” conductor 2 and two “thin” domains assumed to carry the same current with
opposite sign. In terms of the current conservation principle, this means that these inductors
are assumed to be virtually linked at the infinity. The derivation of the model for thin
inductors is obtained by assuming that these domains are of small diameters of order ¢ < 1.
We show that taking the limit when these diameters tend to zero leads to a singular elliptic
problem, the singularity being due to the presence of Dirac measures.

The outline of the paper is the following: We start in Section 2 by deriving the considered eddy
current model from a 3-D model. We emphasize on a careful modelling that takes into account
the total current flowing in the inductors. In Section 3, we state the main convergence result
and prove it through some preliminary lemmas. Section 4 is devoted to further convergence
results in WP spaces.

2 Statement of the problem

Let A = Q x R denote a cylindrical conductor where € is a domain in R? with a smooth
boundary I'. We assume that the domain §2 is the union of three connected domains 2 with



respective boundaries 'y, k = 0,1, 2 (see Figure 1), and that the closures of the domains €
are disjointed. We shall also deal with the complement Q' = R?\ Q of Q.
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Figure 1: A typical configuration of the conductors

In the following we shall make use of generic constants that do not depend on the small
parameter €. Time harmonic eddy currents equations read:

curlH —J =0 in A,
curl H =0 in R3\ A,
L (2.1)
iwpH +curl (67 J) =0 in A,
div(pH) =0 in R3.

Here the vector fields H and J denote respectively the magnetic field and the current density.
Moreover, o and p are respectively the electric conductivity and the magnetic permeability.
We assume for the sake of simplicity that ¢ and p are positive constants. In order to take
advantage of the geometry of A, we seek unknowns in the form:

H(:L'l,:L'Q,:L'g) = Hl(xl,:cg)el + HQ(SCl,:CQ),()) €,

J(z1,22,23) = J (21, 22) €3,

where (e1, ez, e3) is the canonical basis of R3. Equations (1l become then

curlH —J =0 in Q, (2.2)
curl H =0 in O, (2.3)
iwpH +curl (c=2J) =0 in Q, (2.4)
div H=0 in R?. (2.5)

where curl and curl denote respectively the scalar and vector curl operator in 2-D, i.e.

8H2 8H1 850 (9(,0
curly .= — — —, curlp=—e; — —es.
8961 8x2
Our aim now is to derive a simple model for eddy currents. Using Equation ([3]), we deduce
the existence of a scalar potential u : R2 — C such that

wH = curlu in R2. (2.6)
Equation ([Z2) yields
curl curlu = pJ in €,
curl curlu =0 in Q,



or equivalently,

—Au=puJ in Q,
A o (2.7)
Au=0 in Q.
On the other hand we obtain from (Z4) and (6,
curl (iwu 4+ o~ 1J) = 0.
Whence
wou+ J = oCj, in Q, (2.8)

where C}, are complex constants, for k = 0,1,2. Replacing this in (1), we obtain

— Au + iwpou = poCy in Qr, k=0,1,2,
Au=0 in Q.

Finally, various considerations dealing with interface conditions and the behaviour at the
infinity lead to the problem:

— Au + iwpou = poCy, in Q, k=0,1,2,

Au=0 in &,

[u] =0 onT, (2.9)
Ju

{%} =0 on F,

u(z) = a+ O(|jz|™) as |z| — oo.

Here above, [ -] denotes the jump of a function across the boundary T', this jump being equal
to the external trace minus the internal one. It remains to determine the constants C} in
function of problem data. For this end, it turns out to be realistic to prescribe the total
current in each conductor. We then assume that this quantity, denoted by I is given as

/ de:—/ Jdr =1. (2.10)
Ql Q2

Note that the first identity is imposed in order to enforce a current conservation principle.
For the same reason, we impose
/ Jdxr =0.
Qo

Making use of these conditions, we obtain for the constants Cy, the values

Coziwﬂl,

Cy = iwuy + ———

1 ZWU1+O_|QI|3
1

Cy = iwily — ——

2R T

where Q| stands for the measure of Qi and uy is the average of u on Q, i.e.

Uy, 1= wdz.

Q%] Jo,



We obtain the problem:

— Au+iwpo(u — ) =0 in O,
- I
— Au+iwpo(u —uy) = % in Qq,
1
- I
— Au+iwpo(u — ug) = —|g—2| in Qo,
2.11
Au=0 in ( )
[u] =0 on I,
0
{8—1&} =0 on T,
n
u(z) = a+ O(|jz|™) as |z| — oo.

Note that, owing to [ZI0), the solution of Problem ([ZTITI) is known up to an additive constant.
For this reason, we impose the condition

o = 0, (2.12)

which enforces a value for the constant a.
Let us prove that Problem II)-EIZ) has a unique solution. We define, for this end, the
Beppo-Levi space (see [9]),

WL(R?) := {u; pv e LA(R?), Vv e LQ(R2)2},

where p is the weight function given by

1
1+ |z|)log(2 + |2[)”

pla) = ¢ (2.13)

We furthermore define the space
V= {ve WHR?); vy =0}

It is well known (cf. [I0]) that the semi-norm

1
olwigesy = [ 1o do)
RZ

is a norm on the space V, equivalent to the one induced by W!(R?), i.e. we have in particular

||pU||L2(R2) <C |U|W1(]R2) VoveV. (2.14)

Here and in the following |Vv| stands for the function

LRI AL
81‘1 (9:61 81‘2 (9:62 '

vl = (
A variational formulation of [ZII]) consists in seeking a function u € V' such that
2 —_ p—
/ Vu - Vodr + wz/ (u—Tp)0de = pl(vy —02) Yo ev, (2.15)
R? k=0

where 8 = wpuo and v is the complex conjugate of v.



Theorem 2.1. Problem (ZTH) has a unique solution.

Proof. Let us define, for u,v € V, the sesquilinear and antilinear forms,

2

> /Qk(u — )V da,

a(u,v) = /]R2 Vu-Vodr + i
k=0

L(v) := pl (D1 — o).
The forms a and L are obviously continuous. In addition, since
/ (u—ug)vde = / (u — ug)(T — v ) da,
Qr Qp

then we have

2
a(v,v):/ |Vv|2dx+i52/ (v —og)vdx
R2 k=0 Qk

2
= Vol dz + i3 / v — 3% da.
/1w > [ -

Then
Re (a(v,v)) = |Vo|? da.
R‘Z

We deduce then that a is coercive on V' and the Lax-Milgram theorem gives the existence
and uniqueness of a solution v € V to [ZIH). O

We now consider that the domains ©; and 2 are thin in the following sense: we define the
domain Qf, := Qy, by
ch:szrer k=1,2,

where € is a small positive number, z, € R?, and ﬁk is a smooth domain in R?. We assume
furthermore that the domains ﬁ; and Qg are disjointed for € small enough. Furthermore, we
denote in the following by Q€ the union ¢ UQ§UQS. Finally, let us mention that, throughout
this paper, C,Cy, Co, ... will stand for generic constants that do not depend on e. Our aim
is to study the asymptotic behavior, as € — 0, of the solution u to Problem (ZITI).

3 The limit problem

Let us first, for clarity, rewrite Problem ([ZII) with the parameter e. Denoting by xo and x§,
the characteristic functions of {29 and Qf, respectively, we have

2 € €
—Aue—l—iﬁZX;(ue—ﬂi)—i—iﬁxOue:,ul( Xi - Xi ) in R?,
k=1 Q5] €3]

u(r) = a+ O(|z| ™) as |z| — oo.

Let us recall that the condition ([ZTI2) fixes the value of a.
We next define the weighted space that will be used for convergence results:

L2(R?) = {v; pv € L*(R*)}.



We also define a problem that will be defined as the limit problem. This one is the following:

*AUJrZﬂXOU:MI((Sm 75z2) in RQ, (3 2)
u(z) = a+ O(jz|™) as |z| — oo, .

where d,, is the Dirac measure concentrated at zx. For Problem ([B2), we need a uniqueness
result. Let us define for this the notion of weak solution. We shall say in the sequel that u is
a weak LZ2-solution of Problem [B2) if u € L?(R?) and if we have

[ uap B e = ul (o) ~F()) Vo€ 2RD), (3.3

where 2(R?) is the space of indefinitely differentiable functions with compact support in R2.
Lemma 3.1. Problem (B2) has at most one weak L2-solution.

Proof. Let u; and us denote two weak Lifsolutions of B3). The difference u = uy — ug
satisfies then

/ W(—AF +ifyoP)dz =0 Ve DR,
R2

This relation is still true for all functions ¢ € L/QJ(RQ) with

/ prutpdr =0 VwELi(RQ),
RZ

where _
—AP+ifxop=p*P  inR% (3.4)
Note that Equation (4] admits a unique solution in W*(R?). Choosing ¢ = u, we deduce

/ P |ul? dz = 0.
RQ

This implies v = 0 and uniqueness follows. [l
We now state the first convergence result.

Theorem 3.1. The sequence (u®) converges in L2(R?), when ¢ — 0, to the unique solution
of Problem (B2).

The remaining of this section is devoted to the proof of Theorem Bl It is clear that the
structure of the right-hand side in Problem [BII) suggests that the convergence cannot be
obtained in the space W!(R?). To obtain a weaker result we resort to a duality technique
due to Lions-Magenes (J6], p. 177) and Damlamian-Ta Tsien Li [3].

Let, in the following, B denote a ball that contains the domains Q, ﬁi and ﬁ; for all e < 1.
Multiplying Equation @) by a test function ¢ € VN HZ _(R?), and using the Green formula,
we obtain

2
R? k=1"%

Qo
/,

Since

(v - i) pdo = |

w(— Fo) do = / (u — ) (7 — B) d, (3.5)
: oR o



we deduce that
2 p— p— p—
[ ue(~ 82 +i8Yxile - Fo) + iBup) do = uI(F, - B (3.6)
R k=1
Let ¢ denote a function in L7(R?). Identity (BH) can also be written as

[ pubds = 1@ -, (37)

where ¢° is the solution in V N HZ (R?) of

2
—Ag" +iB Y Xi(9° — BL) +iBxop” = p’  in R (3.8)
k=1

Lemma 3.2. We have the estimates:

2

VeIl Lomeyz + 19 2gn) + €7 D llef = Billzaag) < Cllpvllzame).- (3.9)
k=1

e 2By < CllpYll 22y, (3.10)
for each ball B of R? containing .
Proof. By the Green’s formula, we have from X)) and Identity B3)

2
/ |V<p€|2dx+wz/ |<p€—¢;|2dx+w/ |<p€|2dac:/ P TE da
R? PRl (o R?
From this and ZTId)) we deduce that

/RZ [Vee? dz < | ppll L2y o9l 22y < Cllpvllce@ey [Ve©ll 2 @22,

and then )
(/]R2 |V<p€|2dx) ’ < C prHL?(Rz)- (3.11)

Therefore, the sequence (¢¢) is bounded in W1(R?). The L?-error estimate is obtained by
using the Poincaré-Wirtinger inequality (see [T], p. 194). We have indeed by using BI1), and
since the diameter of €2, is an O(e),

16Nl L2(00) < Cr Vel L2@ey2 < Co ol 2 (g2,
¢ — Gillzzg) < C3e||Vee|L2@e)2 < Caellpplle@ey,  k=1,2.
In order to prove the H2-estimate, we use standard regularity results for elliptic equations

(See [Bl, p. 183 for instance). We obtain for any ball B of R? containing ¢, and any regular
domain D containing B,

2

el m2By < C1 (||506||H1(D) +10°% 2oy + 19N L200) + Z llp© — SZEHLZ(Q;))
k=1

< Gy [|pY| 2 (r2)-

Note that the constant C5y depends on the domain B but does not depend on e. [l



The estimates obtained in Lemma B2 enable concluding that a subsequence of (¢°) converges
toward ¢ weakly in H?(B) for any ball B of R?. We now characterize the limit function.

Lemma 3.3. The sequence (¢¢) converges, when ¢ — 0, in W!(R?) to the unique solution
of the equation:

—Ap+ifxop = p*  inR? (3.12)
Moreover, we have the error estimates

2

D ol = elleziag) + 19" = ellmzs) + V(@ — @)Lz < Cellpy]l 2 @2, (3.13)
k=1

for any ball B of R? containing Q°.
Proof. Let ¢° = ¢ — . Then ¢° € V N HE (R?) and satisfies the variational equation

2
/V(ﬁE-Vﬁderiﬂ/ qﬁeid:chzﬂZ/ (pf —5)Tdz =0 YovelV.
R o k=1"7%

Choosing v = ¢, we obtain

2
€2 . €2 _ € ~e\ 7€
/R2|V¢| d$+@5/ﬂo|¢| dr = @5];_1/92(90 Pr)9 du.

Then using the estimates (), we have

2 1 1
[Pt [ora<sy ([ 1o -@Pa) ([ jopi)
R2 o k=1 7% o
< Crellpllaee) VO] L2 re)2-
Therefore, we have the bounds

Vo<l L2re)2 < Crel|pl| 2 (re), (3.14)
6 L2(00) < C2[IV©llL2(m2)2 < Ca el p]|L2(r2)- (3.15)
The sequence (¢¢) converges then to ¢ strongly in W1(R?), which yields the limit problem

B12).
To prove the L2-error estimate, we have from ([ZId) and @Id), for k = 1, 2,

9 z2(0g) < Cillpgll2(ag) < C1llpgcllLeme) < C2 [[VET||L2re) < Csel[pt]L2(re)-
The H?-estimate is handled in the following way: By subtracting E38) from (B12), we obtain

2
—A¢° = —ifxod —iB> Xile*—F)  inR%
k=1

Using B3), BIH) and classical regularity results for elliptic problems (See [B], p. 183 for
instance), we get

2
1620y < C1 (16111 o) + 16 200y + D 6 = Billz2cap))
k=1

< s (€lIVe llaaae + 116l 2y + € lp¥llaasye )
< Csellpy|lL2re),



for all compact subsets B of R? and all regular domains D that contain B. Note that the
constant C depends actually on B. [l

We are now ready to obtain the first convergence result for u°.
Theorem 3.2. There exists a constant C', independent of ¢, such that

a/2

||p(u — u€)||L2(]R2) < Ce O<a<l,

Proof. Consider the problem ) and the following one, for ¢ € L2(R?),

/R Pulide = I (7(1) ~ Plea). (3.16)

where ¢ is the solution of Problem ([BI2). Then

_ 1 1
2(uf —u)pde = pl ( — Cdr —@(z1)) — pl | — dr — ¢(z9) ). 3.17
/RZP( ) I (IQil o o 1)) 7 (|Q§| s o 2)) (3.17)

Since p € H*(B) C C%*(B) for all a with 0 < a < 1 (see [I] for instance) and all compact
subsets B of R?, we have for k = 1,2,

1 1
}m /f; o(z) dx — @(Zk)} < |Q—2| o lp(z) — o(zk)| dx

<C

] Jo, 17"
k

< Ce. (3.18)

Furthermore, we have from ([IJ), the imbedding H2(B) C C°(B) and the mean value
theorem,

1
|24

/Q (¢ — @) de| < O ll¢° — gllooga

¢
< Co ¢ = ollm2(By
< 036 prHLz(RZ)- (319)

Recalling (BI7) and using BIF), BId), we get

lir% (uf —u) p*pdr =0 Ve Li(RQ).
e—0 Jp2

The sequence (u€) converges then weakly to u in Lz(RQ). To obtain the strong convergence
of u®, we choose ¢ = (uf — u) € L2(R?) in ([ET1). We have by using again (EI5), BI9),

1
251 oy

pdr — ¢(z1)

2 2
o = )y <a Y| [ (6= o)da] + a1y
k=1 "% k=1

< Cye+Cse* < Ce”.



4 Sharper convergence results

The convergence result obtained in the previous section can be improved, as we shall show
hereafter, by using the technique of renormalized solutions for elliptic equations following
Boccardo — Gallouét [2] and Murat [7]. To simplify the settings, we shall sometimes resort to
writing Problem (BI) as a system of two coupled equations involving real valued unknowns.
Let us denote, for a complex number z, by zr and z; its real and imaginary parts respectively.
Equation Bl can be written:

2
€ € ()€ ~€ € X€ X€ s
—AuR—ﬁzxk(uI—UkJ)_5XOUI:MI(|Ql| — |Q§|) in R?, (4.1)
k=1 1 2
2
7A6+5 e(eifve )+5 5:0 'R2 (42)
Ur Xk uR ukyR XOU‘R 1n y .
k=1
ug(x) = ar +O0(jz|™) as |z| — oo, (4.3)
(@) = ar +O(z ™) as fo] 0. (4.4)

We start by deriving L? and L! uniform estimates.

Lemma 4.1. We have the estimates:

2
||pu€HL2(R2) +e 2 Z [Juf — ai”lp(gz) <C, (4.5)
k=1
2
-3 € ~E
lp*us | mey + €72 Y luf = gl g < C. (4.6)
k=1

Proof. The estimate on |[pu||z2(r2) is obtained from Theorem and from the fact that
pu € L?(R?). Next, The Hélder’s inequality gives

1 1 1
/ p*luf|de < (/ |pu5|2d$) (/ dex) §Cg(/ |pu5|2dx) .
R? R? R? R?

Using a variational formulation of Problem (BI), we then obtain the bound

2
e 1. _
/Rz |Vu |2 de < C; E |Q—;|Hu HLl(Qz) < (Cye 1
k=1

The Poincaré-Wirtinger inequality yields for £ = 1,2,

J

Again, the Cauchy-Schwarz inequality gives the L'—estimate:

1
/ |uf—a;|dxg|sz;|%(/ ot — g2 de) " < Ot
of or

lu¢ — g |* doe < Cy 62/ |Vu|? dr < Cye.
R2

€
k

O

We now need a technical result before proving a convergence result. The result, which is a
variant of the Poincaré-—Wirtinger inequality, can be established by an analogous proof.

10



Lemma 4.2. There exists a constant C such that

||’U||Lp(B) < C ||VU||LP(B)2 Vove Wl’p(B) with / vdr = 0,
Qo

where 1 < p < co and B is any compact subset of R? that contains Q€.

Theorem 4.1. The sequence (u€) converges weakly in Wlp( ), 1 < p < 2, toward the
unique solution u of Problem (B3) in each ball B containing Q.

Proof. For an integer m, we define a subset B, of B by
B;, = {z € By 2" < max{|uf(x)], luf ()} <277},

Let 1, stand for the truncature function defined by

0 if 0<s<om
Ym(s) i =< s—=2m if 2m <5< omtl
gm i omtl <

extended to R by oddity. Multiplying Equation @) by 9., (u%) and Equation @) by
P (u$), integrating on R?, using the Green formula and summing up, we get

/7,/} |VuR|2dx+/ Wl ( |Vu1|2dx—ﬂ/ XoUi¥m (uf) dx

+5 / XotuSythm (1 dwfﬂz / N — 15 b (1) d

+ ﬁkg [ xits = e = [ vt de, (@)

R2

where .

€ X1 X§
r :/LI( = — )
Q1] 9]

7N 1 (r2) < C. (4.8)
Since ¥}, > 0 and |¢n, (u)| < 2™, we have by using [EG),

Note that we have

1

— |Vus?dr < C, (4.9)
27 Jpe

where C is independent of € and m. Let p denote a real number with 1 < p < 2. We have
from the Holder inequality

/ |vu€|deg(/B |Vu€|2dx) 1B |15 (4.10)

Since |u| > 2™ on B¢, we have by using the Holder inequality,

1 A
Be, 2 Be,

11




for all s, > 1 with 1/s 4+ 1/s’ = 1. Hence

1
|B;,| < (/ |u6|5dz).
27”/& Bsn

Using (I0) and {3) yields then

C -3
\/2,€|P - - €|s
/E VufP de < 2m<s<1fp/2>fp/2>(/35 [ d””) ‘

We choose here s > p/(2 — p) so that s(1 — p/2) fp/2 > 0. Therefore

P
2

Z/ |V |pd$<cz e p/2> p/2>(/ [ufl? dz)l_ ' (4.11)

m>0

From the discrete Holder inequality

L
7

T = 1 1
Ejmbm<(§j )(§ b’”) forr, ' >1, —+ = =1,
ma < or r,r > T+TI
Inequality T) yields
1

Z/ |VusP dz < C ( Z 2mr(s(171p/2)7p/2))%( Z:O (/B |ue|sdx)’l“,(1fp/2)) -

m>0

Choosing ' = 2/(2 — p), we obtain

S [ wapasco(S [ wra) -

m>0 m>0

We next define B
B ={z € B; 0 < max{[ug ()], [uf(z)|} <1},
which clearly implies
B=BU(|J By

m>0

In order to estimate u¢ in W?(B¢), we define the truncation function

1 ifs>1
T(s) = s if —1<s<1
-1 ifs<—1.

Multiplying Equation @) by T'(u$%), Equation #2) by T'(u§), integrating on R?, using the
Green formula and summing up, we obtain

/ T (u%)|Vusg|? dm—i—/ T (u$)|Vus|? dm—ﬁ/ xous T'(u%) dz
R2 2

+5/ xougr T’ dm—ﬁZ/ Xe(ug — ug ) T'(ug) do

]R‘Z

s / X0y — T ) T(u§) i = / r T(ufy) de.
k=17 R?

12



Using ([EH), the bound (X)) and the properties |T'(s)| < 1, T > 0, we deduce

/B |VU§2|2d:C +/§ |Vu§|2 dr < ||TE||L1(R2) =+ 6 (||u§||L1(QU) 4+ ||u§2HL1(QO)

2 2
+ 7 e — Wl aag) + D s — Wil )
k=1 k=1
<C.
This yields
/~ |[Vu|P de < C. (4.13)
B€

Combining [I3) and [IZ), we have then in particular

1-2
/ [VulPdx < C (1 + (/ |u6|5d$) 2) for s > —2—. (4.14)
B B 2—p
We use successively the Gagliardo-Nirenberg (see Friedman [, p. 27) and Lemma B2 to get

1 1-)
/|u€| dz ’ <C /|Vu |pdz /|u€|dx ,

with 0 < A <1 and such that

—_
I
-

>
I

NI
|
=

Using ) yields

As
/|uf| dx<C’ /|Vu|p !

where C' = C(B). Whence, from I,

As(1—p/2)
/ IVuslP de < C <1+ (/ VP dz) ) (4.15)
B B

for all s > p/(2 —p) and 0 < A < 1. Let us choose for s the value (1 +p)/(2 — p) that yields

s P 2—p
—1f—): <1 forl<p<2.
p( 2) " 3p_2 ortsp

We then deduce from ([EIH) the bound

/ [VuP dx < C,
B

with C = C’( ). Therefore, the sequence (u€) is bounded in W1P(B) for all balls B that
contain Q. From this, we deduce that a subsequence of (1), still denoted by (u¢), satisfies

ut — u” in Wh?(B).
From the compactness of the imbedding W'?(B) C L4(B) for 1 < ¢ < 2p/(2 — p), we have
2
u® — u* in LY(B) for1§q<2—p.
—-p
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Theorem B2 implies ©* = w. Thus, the subsequence of (u€) converges strongly to w in L(B).
Let us show that the convergence to the solution of [F2) takes place in W1?(B)-weak for all
bounded balls B of R2. We have from (1)) for all ¢ € W' (B) extended by zero outside B,
with 1/p+1/p" =1,

2
_ _ I I
/vu€~vwz+w§ /(ue—u2)¢+zﬂ/ ude = 2 | Gdo— £ | Fda.
5 2 Jo o 1] Jo %] Jo

We have
/ Vu®-Vodr — / Vu-Vedz. (4.16)
B B

Next, using [H), we have for k = 1,2,

€ TENTS € € 1
| . (u *Uk)@dzl < uf = uillzag) lellLzog) < Ce llellLzag)-
k
Therefore
/ (u® —uy,)pdr — 0. (4.17)
o

For the term involving Qg, we deduce from Lemma BTl
/ updr — up dx. (4.18)
QU Q0

Finally, since p’ > 2, then we have the imbedding of W7’ (B) into C°(B), which implies

pd _

I
— | Bde— L | Gdr — pIp(z) - plp(22). (4.19)
195] Jog 1951 Jo

Collecting ([ETH)—-ET), we find for u the equation
/ Vu-Vodr + iﬁ/ updr = pl (P(z1) — P(22)).
B Qo

This implies that u satisfies the first equation of Problem B2) on B. Thanks to Lemma
BT the whole sequence (u€) converges to u weakly in W1P(B) and strongly in L%(B), for
1<q<2p/(2-p) O

Let us conclude by some remarks:

1. Tt is clear that the analysis carried out in this paper can be easily extended to the case
where the physical properties p and o are not constant. We shall however assume, in
this case, that the magnetic permeability is a W function. This is necessary for H?>
regularity results.

2. The obtained results are generalizable to an arbitrary number of (“thick” or “thin”)
conductors.

3. In the particular case where no “thick” conductor is present (i.e. Qo = @), the limit
problem becomes
—Au=pl(d,, —0,,) in R?.

Clearly, the solution of this equation is given by

I _
Sl e

27 |z — 2|
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