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An algebra of deformation quantization for star-exponentials
on complex symplectic manifolds

Giuseppe Dito and Pierre Schapira
July 9, 2006

Abstract

The cotangent bundle T* X to a complex manifold X is classically endowed with
the sheaf of k-algebras Wr-x of deformation quantization, where k := Wy, is a
subfield of C[[h,h™1]. Here, we construct a new sheaf of k-algebras Wi which
contains Wr- x as a subalgebra and an extra central parameter t. We give the symbol
calculus for this algebra and prove that quantized symplectic transformations operate
on it. If P is any section of order zero of Wy« x, we show that eXp(th_lP) is well
defined in WE. .

Mathematics subject Classification: 53D55, 32C38.

Introduction

A fundamental tool for spectral analysis in deformation quantization is the star-exponential
[l]. However, at the formal level, the star-exponential does not make sense as a formal
series in A and A~!. The goal of this article is to construct a new sheaf of algebras on
the cotangent bundle T*X to a complex manifold X in which the star-exponential has a
meaning and such that quantized symplectic transformations operate on such algebras.
On the cotangent bundle 7*X to a complex manifold X, there is a well-known sheaf
of filtered algebras called deformation quantization algebra by many authors (see [, [H],
etc.). This algebra, denoted Wrex here, is constructed in [[f] as well as its analytic coun-
terpart Wy« x. The sheaf Wy« x is similar to the sheaf Ep+x of microdifferential operators
of [{], but with an extra central parameter A, a substitute to the lack of homogeneity!.
Here h belongs to the field k := Wy, a subfield of C[[, h~!]. (Note that the notation
7 = h"!is used in [[f].) When X is affine and one denotes by (x;u) a point of T*X, a
section P of this sheaf on an open subset U C T*X is represented by its total symbol

n this paper, we write Er+x and Wr+x instead of the classical notations £x and Wx.



oot (P) = Z_Oo<j§mpj(x; u)h ™7, with m € Z, p; € Op«x(U), the p;’s satisfying suitable
inequalities and the product being given by the Leibniz formula.

In this paper, we construct a new sheaf of k-algebras W... ., with an extra central
holomorphic parameter ¢ defined in a neighborhood of ¢ = 0, with the property that com-
plex symplectic transformations may be locally quantized as isomorphisms of algebras and
there are natural morphisms of k-algebras Wy« x 5 WtT* ¥ = W x whose composition
is the identity on Wr«x. We give the symbol calculus on Wk, -, which extends naturally
that of Wr«x (however, now we get series in A/ with —0co < j < 00) and finally we show
that, if P is a section of Wr+x of order 0, then exp(th™!P) is well defined in Wk.. . We
also briefly discuss the case where T%X is replaced with a general symplectic manifold.

Our construction is as follows. First, we add a central holomorphic parameter s € C
and consider the sheaf Wexr+x, the subsheaf of Wr«(cyxx) consisting of sections not
depending on Js. Denoting by a: C x T* X — T*X the projection, we first define an
algebra Wi. 5 1= R'aWexr+x. The algebra structure with respect to the s-variable is
given by convolution, as in the case of the space H!(C;Oc). In order to replace this
convolution product by an usual product, we define the sheaf W as the “formal”
Laplace transform with respect to the variables sh~! of the algebra Wi x-

In a deformation quantization context, the existence of exp(th~'P) in WE. , gives
a precise meaning to the star-exponential [[]] of P which is heuristically related to the
Feynman Path Integral of P.

Acknowledgments. We would like to thank Masaki Kashiwara for extremely useful
conversations and helpful insights. The first named author thanks Yoshiaki Maeda for
warm hospitality at Keio university where this work was finalized, and the JSPS for
financial support.

1 Symbols
The fields k and k

We set k := C|[[h, h~']. Hence, an element a € K is a series

a= Z ajh*j, aj € C, melk.
—oco<j<m
Consider the following condition on a:

(1.1) {there exist positive constants C,e such that |a;| < Ce™7(—j)!

for all j < 0.

We denote by k the subfield of k consisting of series satisfying ([L.1]).



Convention We endow E, hence k, with the filtration associated to
(1.2) ord(h) = —1.

The fields k and k are Z-filtered? and contain the subrings E(O) and k(0), respectively.
Note that k(0) = C[[A]] and k(0) = k Nk(0).

The sheaves (/9\;@ and (9?(
Let (X, Ox) be a complex manifold.

Definition 1.1. (i) We denote by @} the sheaf Ox[[h, h~!]. In other words, (5?( is the
filtered k-algebra defined as follows: A section f(z,h) of O% of order < m (m € Z)
on an open set U of X is a series

(13) flam = >, fil)n,
—oco<j<m
with fj € Ox(U)

(ii) We denote by O% the filtered k-subalgebra of (5?( consisting of sections f(x,h) as
above satisfying:

for any compact subset K of U there exist positive constants
(1.4) C, e such that sup |f;| < Ce™7(—j)! for all j < 0.
K
Note that
(1.5) O% ~ O%(0) By O% =~ 0% (0) @y k-

(To be correct, we should have written kx, ‘E\he constant sheaf with values in k, instead of
k in these formulas, and similarly for k(0), k(0) and k.)
Also note that there exist isomorphisms of sheaves (not of algebras)

(1.6) 6?((0) = OXX(CTXX{O}’
(1.7) O%(0) = Oxxclxx{o}
where Ox XCTXX{O} is the formal completion of Ox ¢ along the hypersurface X x {0} of

X x C and Oxxc|xxqoy is the restriction of Oxxc to X x {0}.
Denoting by ¢ the coordinate on C, the isomorphism ([.7) is given by the map

» t/
O% ()3 fih fojﬁ € Oxxclxx{o}-

J<0 J=0

2In the sequel, we shall say “filtered” instead of “Z-filtered”.



The convolution algebra H!(C;O¢)

The results of this subsection are well known and elementary. We recall them for the
reader’s convenience.

We consider the complex line C endowed with a holomorphic coordinate s. Using this
coordinate, we identify the sheaf O¢ of holomorphic functions on C and the sheaf Q¢ of
holomorphic forms on C.

The space H}(C; Oc) is endowed with a structure of an algebra by

HX(C;0c) x H{(C;0c) — HX(C%Oc2)
— H}(C;Oc),

where the first arrow is the cup product and the second arrow is the integration along the
fibers of the map C? — C, (s,s') — s+ 5.

When representing the cohomology classes by holomorphic functions, the convolution
product is described as follows.

For a compact subset K of C, we identify the vector space H Il<((C; Oc) with the quotient
space I'(C \ K;O¢)/T'(C;O¢) and, if f € T'(C\ K;O¢), we still denote by f its image in
HL(C;Oc) or in HY(C;Oc¢). Let K and L be compact subsets of C, let f € I'(C\ K;Oc¢)
and g € I'(C\ L; O¢). The convolution product f * g is given by

(18) Fr9) = 5= [ = wiglw)du

where 7y is a counter clockwise oriented circle which contains L and |z| is chosen big enough
so that z + K is outside of the disc bounded by . It is an easy exercise to show that this
definition does not depend on the representatives f and g, and that to interchange the
role of f and g in the formula ([L.§) modifies the result by a function defined all over C,
hence gives the same result in H!(C;Oc¢). Therefore, we obtain a commutative algebra
structure on H}(C; Oc).

Example 1.2.

1 1 (n+m)! 1

* = :
Zntl - gmtl nlm! zntmtl

The sheaf (’);h

From now on, we shall concentrate our study on (’);L(.

Notation 1.3. We shall often denote by C, the complex line C endowed with the coor-
dinate s.



Lemma 1.4. Let Y be a complex manifold and Z a Stein submanifold of Y. Then
HI(Z;08(0)|7) vanishes for j # 0.

Proof. Using the isomorphism ([7), we may replace the sheaf O&(0) with the sheaf
Oy xc,lt=o0. By a theorem of Siu [Id], Z x {0} admits a fundamental system of open
Stein neighborhoods in Y x C; and the result follows. O

Let X be a complex manifold. The manifold Cg x X is thus endowed with the k-filtered
sheaf O&xx- Let a: C4 x X — X denote the projection.

Lemma 1.5. (i) One has the isomorphism

Rja!(’)&xx >~ Rja!OngX(O) ®k(0) k.

(ii) RIaOF , x(0) ~ 0 for j #1.

(iii) Let U cC V. CC W be three open subsets of X and assume that W is Stein. Then
the natural morphism I'(W; Rlay(’)gsxx) — I'(U; Rlag(’)gsxx) factorizes through

lim T((Cs\ K) x V;OF, x)/T(Cs x V;OF, . x),
KCCS

where K ranges over the family of compact subsets of C.

Proof. (i) follows from the projection formula for sheaves (i.e., Ray(F®a"'G) ~ Ra)F®QG)

and ([L.§).
(ii) For z € X, we have

H(RayOF x(0))s = lim Hj (Cs x {z}; OF,  x (0)lc, xa))-
K

Applying the distinguished triangle of functors
RIx(Cox {}; +) = RI(Cy x {a}; +) = RI((C:\ K) x {a}; +) ==

to the sheaf O&xX(O)‘CSX{x} we get the result by Lemma [.4 for j > 1 and the case j =0
follows from the principle of analytic continuation.

(iii) Recall first that if W is a Stein manifold and if W; CC W is open, there exists a Stein
open subset Wy of W with W7 cC Wy cC W.
For a compact subset L of X, I'(L; Rlalogsxx) ~ I'(L; Rlalogsxx(O)) ®ye(0) k- Hence,

it is enough to prove the result for (’)&X +(0).



By Lemma [[4, H(D x U; Ogsxx(())) vanishes for D open in C,, U Stein open in X
and j # 0. Therefore, H}‘(X(](Cs x U, O&X)((O)) vanishes for j # 1 and we get the exact
sequence:

0—T(Cs x U; 0L, x(0)) = T((Cs \ K) x U; OF . x(0))
— Hiey(Cs x U; OF 5 (0)) — 0.

Definition 1.6. We set O}h = Rlalogsxx.

Clearly, O;&h is a sheaf of filtered k-modules. By Lemma [L.5, a section f(s,z,h) of

order m of the sheaf (’);h on a Stein open subset W of X may be written on any relatively
compact open subset U of W as a series

f(s,z,h) = Z fj(s,x)h_j,

—oco<j<m

where fj(s,z) is a holomorphic function on (C, \ Kg) x U for a compact set Ky not
depending on j and the f;’s satisfy an estimate ([.4) on each compact subset K of (Cj \
Ko) x U.

We shall extend the product ([.§) to O;&h as follows. For two sections f(s,z,h) =

> co<j<m fi(s,z)h™7 and g(s,z,h) = > —co<j<m g;i(s,z)h7 of (’);h, we set:

{f(s,m, h) * g(s,x, h) = Zfoo<j§m+m’ hj(sww)hij?

(1.9) hi(5,2) = Sis 2 [, fils — w, 2)g;(w, 2)dw.

Proposition 1.7. The sheaf O;&h has a structure of a filtered commutative k-algebra.

Proof. Tt is easily checked that multiplication by A~! induces an isomorphism of sheaves
of k-modules O;h(m) o~ O;h(m + 1). Hence we just need to check that the product of
two sections of order 0 is a section of order 0. Let f(s,z,h) =Y. _ ;o fi(s,z)h™" and
g(s,z.h) =30 <o g;i(s,z)h~7 be in 0}5(0) and K a compact subset of (Cs\ Ko) x U.
Let « be a counter clockwise oriented circle which contains Ky and s > R big enough so
that s + Ko does not meet . Then for w € vy and x € K N (C; \ Ko) x U, we have:

| Z fils —w,z)g;(w,x)| < C*(—Fk)! Z E_i_jw < 3C%7R(=k).

ey L (—k)!
t+j=k,i,j <0 i+j=k,i,j <0

Hence h(s,z,h) =3 ;<0 hi(s,z)h~* defined by ([L.9) is in O;h(O). O



The Laplace transform and the algebra OE’JL

In order to replace the convolution product in the s-variable with the ordinary product,
we shall apply a kind of Laplace transform to O;h.

Definition 1.8. On a complex manifold X, we denote by Oé’(h the filtered sheaf of k-

modules defined as follows. A section f(t,z,h) of (’)é’(h(m) (i.e., a section of order m) on
an open set U of X is a series

(1.10) fltah)y= > filt,o)h I, f; € T(U; Ocxx)y):

—oo<j<o0

with the condition that for any compact subset K of U there exists n > 0 such that f;(¢, x)
is holomorphic in a neighborhood of {|t| < n} x K and satisfies

(1.11) sup |fi(t,z)| < C -7 (—4)! for all j <O,

there exist positive constants C, e such that
z€K[t|<n

there exist positive constants M and R such that

j—m )
(1.12) sup | fj(t, x)| < M%MJ—W for |t| <mn and all j > m.

Let f(t,z,h) = > icoo fi(t,x)h™7 and g(t,z,h) = Z_Oo<j<oogj(t,x)h_j be two
sections of Oé’(h of order m and m/’ respectively. Define formally

(1.13) hit,mh)= > hitt,a)h, h(ta) = Y filt,2)g(t ).

—00<j<0o0 i+j=k

Lemma 1.9. (i) Multiplication by h™' induces an isomorphism of sheaves of k(0)-
modules (’)é’(h(m) =~ (’)é’(h(m +1).

(i) The product ([L.13) of a section f(t,x,h) € (’)E’(h(m) and a section g(t,z, h) € (’)g’(h(m')
is well defined and belongs to Oé’(h(m +m').

Proof. (i) (a) Let f(t,x,h) = Zfoo<j<oofj(t,x)h*j € (’)?{h(m), then h=1f(t,x,h) =

Z_Oo<j<oofj(t,x)h_j, with f; = fj—1. For any integer j < 0, we have:

sup  |fj(t,2)| = sup |fja(t@)] < CeI (= + 1! < (Ce)(ee) ™ (=)
zeK,|t|<n zeK,|t|[<n

Hence Condition ([[.11)) is satisfied.



For j > m + 1, we have:

)

- Ri—m-1 . 1
sup |f;(t,z)| = sup | fi_1(t,2)] < Mo [tJi=m—
sup fy(t.0)] = sup |fya ()] < Ml
which is simply Condition ([.L12) for m + 1 and A='f(t,z,h) € (’)E’(h(m +1).

(b) Let Af(t,z,h) = Z—oo<j<oo fi(t,x)h=9, with f; = fj11. For any integer j < —1, we
have:

- sty C ;.
sup  |fj(t,2)| = sup |fjia(t@)] < Ced7H(—j — DI < =7 (—))L
TEK,|t|<n z€K |t|<n €
For j = —1, we have:
sup |foi(t,z)| = sup |fo(t,z)|=A>0,
z€K,|t|<n z€K,|t|I<n

. . .. . _ A C
since fo(t, ) is holomorphic in a neighborhood of {|t| < n} x K. Set C' = max{Z, %},

then for all integer j < 0, we have:

sup |f](t,x)| < C"e_j(—j)!,
€K, [t/<n

and Condition ([L.11]) is satisfied.
For j > m — 1, we have:

R Ri—m+1 o

sup |fi(t,x)| = sup |fi1(t,x)] < M————[tP7 ™

sup (1. 0)] = sup [ fya(ta)] < Mmoo
which is Condition ([[.1J) for m—1 and Af(t,z,h) € Og’(h(m— 1). Therefore, multiplication
by A~! induces an isomorphism (’)E’(h(m) =~ (’)E’(h(m +1).

(ii) By (i), we may assume m = m’ = 0. Let f = >, . fi(t,x)h"" and g =
> cocj<oo 9i(ts x)h~J be in (’)z’(h(O). Let K be a compact set. There exists > 0 such that
fi(t,x) and g;(t, ) are holomorphic in a neighborhood of {|t| < n} x K. Conditions (|[L.11])
and ([L.19) guarantee the existence of the positive constants Cq, €1, M; and Ry for the
fi’s, and Cy, €2, My and Ry for the g;’'s. We set C = max{C1,Cs}, ¢ = max{er,ea},
M = max{M;, My} and R = max{R;, R2}
We shall show that the product ([.13)) is well defined. Let hy(t,z) = Dk it 2)g; (¢, ).

(a) Consider the case k < 0. The sum defining hj can be divided into three parts:

(1.14) hie=>_ figh-i+ Y Jigrh-i+ Y feig;.

k<i<0 >0 7=>0



The first sum is finite and defines a holomorphic function in a neighborhood of {|t| <
n} x K.
In the second sum, k — ¢ is strictly negative and for each term in this sum Condi-

tions ([L.11)) and ([L12) give the following estimates when = € K and [t| < n:

Fib gty < I ok gy

7!

i—k
< CMe *(—k)!(Rne) <Z , >
i
Recall that .-, o (";LZ) = W for |a| < 1. When Rne < 1, (Rne)l(lzk) is the
general term of an absolutely convergent series. Let 77 = min{n, ﬁ} Then the second
sum in ([L.14) converges uniformly on {|t| < 77} x K.
The third sum is handled in a similar way and one gets the estimate:

ey (t2)gy(62)| < CMe ™ (—k)(Rne) (j ; k)

It follows from the preceding that hx for k£ < 0 is a holomorphic function in a neighborhood
of {[f] < 1} x K.

Let now show that hy satisfies Condition ([L.11]). For z € K and [¢| < 7, the first sum
in ([L.14) is bounded by:

| > filt@)gr—i(t,2)| < C* Y e R (—i)l(i — k) < C%e R (—k)L.
k<i<0 k<i<0

For the second and third sums we have:

_ 1
|Zz>;fi(t,x)9k—i(ta$)| < CMe k(—k‘)!m,

_ 1
];fkj(t,m)gj(t,m)] CMe k(—kﬂm-

IN

Let £ = max{e, }. For x € K and |t| < 7, we find that:

13
T—r)
20M

lhi(t )| < (02+m

E@i1

Hence hy, satisfies Condition ([[.17]).
(b) The case k > 0. We again split the sum defining hj, into three parts:

(1.15) hie= > figkit Y figh—i+ Y fr i

0<i<k i<0 §<0



The first sum is a holomorphic function in a neighborhood of {|t| < n} x K.
For each term in the second sum, we have the following estimates when = € K and
[t <:

Rk:fi

|fi(t, ) gr—i(t, )| < Cs_i(—i)!M(k — )

k—i —iR_k k
11 < CM(Rn) ™l

(eRn)~" is the general term of the geometric series, hence the second sum in ([.15) defines
a holomorphic function in a neighborhood of {|¢| < i} x K where 7 = min{n, 7}
Similarly, for the third sum we have:

_.RF
|fe—j(t,2)g;(t,z)] < CM(eRn) ngtlk-

Therefore hy for k£ > 0 is a holomorphic function in a neighborhood of {|t| < 77} x K.
We now show that hy satisfies Condition ([L.12) with m = 0. For x € K and [t| < 7,
the first sum in ([I.15) is bounded by:

RF k 2R)k
Y sttt <arp 5 (5) < anEe
0<i<k ) 0<i<k ’
For the second and third sums we find:
Riie RF .
i(1, -2, < OCM——F——1t
IC a0l < CMTTE
Riie RF .
|ka—j(ta~"3)gj(ta~"3)| < CMmﬁm :
7<0
For x € K and |t| < 7, we have:
Rije  (2R)* 4
hy(t < (M?*+20M t|~.
el < (O +20M ) S
Hence hy, satisfies Condition ([[.12) with m = 0.
The product of f € O}h(()) and g € Og’(h(O) is well defined and fg € O}h(O). O

Therefore:

Proposition 1.10. The sheaf Oé’(h is naturally endowed with o structure of a commutative
filtered k-algebra.

10



Let U be an open subset of X and let f(s,z,h) € T'((Cs\ K) x U; OC «x)- One defines
formally the Laplace transform £(f) of f by

L(f)(t,z, h) /f s,z,h) exp(sth™!) ds,

where v is a counter clockwise oriented circle centered at 0 with radius R > 0.

Example 1.11.

L(sT" Yy =n""/nl,  L( ) = exp(th™1).

s—1
Lemma 1.12. The Laplace transform induces a k-linear monomorphism
~hOx([[sT [, R = Ox[[H][[R, A7)
Proof. One notices that the Laplace transform is given by:
S S o Y5 e
—00<j<mmn>0 i<mn>0

and the result follows. O

Theorem 1.13. The Laplace transform induces a k-linear isomorphism of filtered k-
algebras

(1.16) c: 03" =~ ot

Proof. (i) By Lemma [[.9, it is enough to check that £ induces an isomorphism O;h(()) =~
O (0).

(ii) Let W be a Stein open subset of X and let U be a relatively compact open subset
of W. Let us develop a section f(s,z,h) of I'(W; RlauOC . x(0)) with respect to s! for
s > R. We get

f(s,z,h) = Z fj(s,x)hfj

= Z > fin(w)s™ 0T

—00<j<0n>0

with the following Cauchy’s estimates:

for any compact subset K of U there exist positive constants
C, e, R such that sup |fj(z)| < Ce™7(—5)R".
zeK

11



~ tn
Applying the Laplace transform to f(s,z, k) means to replace s~ ! with —'h_". Hence,
n!

we find

LHtz,h) = > [t l= > ijv"(x)%h_j_n

—oo<j< o0 —00<j<0n>0

where

) = Y foaa)s

Jj<n,0<n

satisfies

Lo < ¢ 3 et @D gupy

n!
j<n,0<n

Let 7 < (eR)~!. It follows that f;(¢,z) is holomorphic in a neighborhood of {|t| < n} x K.
Assume j <0, |t| <nand z € K. We get

—3 . (n—j)' C 5 . )

(t < Ce ™7 (—j)! R)" < T(=)!

0 < O3 S )" < 1 =) ),

hence Condition ([[.T1)) is satisfied.
Assume j > 0. We get for [t| <nand z € K

e o jl(n —j)! C R
() < C=—S "L L (¢ Re)" < sy
htol < oS Y HO IR drey < T

" j<n
hence Condition ([.19) for m = 0 is satisfied and L(f)(t,z, h) is in (’)?{h(O).

(iii) Conversely, let f(t,z,h) be a section of (’)z’(h(O). We develop f as

(1.17) fa,h)y= > filtboh = ) Zn!fj,n(x)gh_"h_j+".

—o0<j<0o0 —oo<j<oon>0

For any compact set K, there exists n > 0 such that f;(¢,z) is holomorphic in a neighbor-
hood of {|t| < n} x K. Conditions ([L.11]) and ([.1J) give the Cauchy’s estimates

|fin(@)] < Ce™(—j)In~™ for j <0,

|fin(x)| < M?n for j > 0.

12



Notice that Condition ([.IJ) for j > 0 implies that

of. oi—1¢f.
(1.18) f0.0) = 0.0y = = L Li0.a) =0,

or fin(x)=0for0<n<j—1.
tn
The inverse Laplace transform consists formally in remplacing —'h*" by s in
n!

(), we then get
LY (s, 2, h) = f(s,x,h) = Z Zn!fjJrn,n(x)Sinilhij-

—oco<j<oon>0
Writing f(s,z, k) = Zfoo<j<oofj(s,x)h*j, (C18) implies that f;(s,z) = 0 for j > 1.
Let Ry > R large enough so that (nR;)~" < 1. We shall check that the sum f;(s,z) =
Y >0 n! fj4nn(2)s7" ! defines a holomorphic function in a neighborhood of {|s| > R} x K

for any j <0. B
For j <0, let us split the sum f;(s,z) as

(1.19) fi(s,x) = Z n fjnn(z)s "+ Z n fjinn(z)s "L

n>—j 0<n<—3
In the first sum we have n + j < 0 and for |s| > Ry and z € K, we get from the Cauchy’s
estimates
n—+j

(n+ )

~ M ~ R
(120 ltfynn(os™ ] <t < () G
Ry —J Ry
The right-hand side is the general term of a convergent series since Ry > R and we get
the result by noticing that the second sum in ([L.19) is finite.
Finally we shall show that f;(s,z) satisfies the required estimates. From ([.2(), the

first sum in ([L.19) is bounded by

. M I n R,
|3 lfnale) ™ < Ry Y (7)) G

n>—j n>—j N J

Similarly, for the second sum we have

| Z 0 fjnn(@)s " < —e7(=))! Z —(—)" < e (—)),
0<n<—j 10 0<n<—j (7)) na Ry
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where the last inequality follows from (nR;)~' < 1 and ZO§n<—j L <9,

Combining these estimates we get for j <0
|fj(s, @) < CE(=j)L,
S A M _ 2C s 1
with C' = maX{~RrR, 7 pand ¢ imax{s, m}. ]
Therefore f(s,z,h) = >, fi(s,x)h™7 is a section of O;h(O) and L(f)(t,x,h) =
flt,z, h). -

(iv) The fact that £ is a morphism of algebras follows easily from Example [.. O

The ring gr Oé’(h

If A is a filtered sheaf of rings, we denote as usual by gr A the associated graded ring.
Let C,, be the complex line endowed with the coordinate u and denote by b: X xC,, —
X the projection.

Definition 1.14. (i) One denotes by OF"" the subsheaf of C-algebras on X of the
sheaf b,.Ox xc, whose sections on an open set U C X are the holomorphic functions
f(z,u) on U x C, satisfying:

for any compact subset K of U there exist positive constants
C, R such that sup |f(z,u)| < Cexp(R|ul).
zeK

(ii) One sets OZP (b =] = O g C[h, A1),
Proposition 1.15. There is a natural isomorphism of graded sheaves of rings
gr O ~ O [, hY.
Proof. First note the isomorphism
OY"(0)/0%"(-1) = Rla0c,xx,
from which we deduce the isomorphism
gr 03" ~ R'a)Oc_xx @ Clh, h™Y).

The classical Paley-Wiener theorem says that the Laplace transform induces an isomor-
phism between H!(C;Oc¢) and the space of entire functions of exponential type. An
extension of this result with holomorphic parameters provides an isomorphism

1 ~ exp th!
L: R'aOc, xx = OFF

and the result follows. O

14



The formal case

It is possible to replace (’);L( with (5?( in the preceding constructions and to set
(1.21) 03" = R'a)O% .

However the Laplace transform of (5;? does not seem to have an easy description. Indeed,
its sections are no longer germs of holomorphic functions with respect to ¢t as shown in
the next example.

Example 1.16. Consider a sequence {c;};j<o of complex numbers and the section f of
(’);h given by

fls, ) =" (Sc_j 1)h_j.

J<0

Then, formally, the Laplace transform of f is given by

ZZC]—‘h n=j,

7<0n>0

and the coefficient of A is >°, c_n%n!, which does not belong to O, |i—o in general.

2 The algebra Wy x

Let (X,Ox) be a complex manifold. The cotangent bundle 7% X is a homogeneous sym-
plectic manifold endowed with the C*-conic sheaf of rings Ep«x of finite-order microdif-
ferential operators. This ring is filtered and contains in particular the subring Er«x(0) of
operators of order < 0. This ring is constructed in and we assume that the reader is
familiar with this theory, referring to [B] or [[] for an exposition.

On the symplectic manifold 7 X there exists another (no more conic) useful sheaf of
rings constructed as follows (see [[d]). Let C be the complex line endowed with the coordi-
nate ¢ and (¢;7) the associated coordinates on 7*C. Set T (720} (X xC) ={(z,t;&,7);7 #

0} and consider the map

(21) p: T«?’r;ﬁO}(X X (C) - T*Xa (x>t;£a7—) = (xag/T)
Set
(2.2) Eprxxcyi = AP € Er-(xxc)s [P,0/0] = 0}.

The ring Wp«x on T*X is given by

Wrsx = P*(ET*(XxC),?)-

15



In the sequel we set
(2.3) h=71"1.

The ring Wr+x is filtered and we denote by W+ x (j) the subsheaf of W+ x consisting
of sections of order less or equal to j. The following result was obtained in [f.

Theorem 2.1. (i) The sheaf Wr+x is naturally endowed with a structure of a filtered
k-algebra and gr Wr+x ~ Op«x[h, h™Y].

(ii) Consider two complex manifolds X and Y, two open subsets Ux C T*X and Uy C
T*Y and a symplectic isomorphism ¢ : Ux == Uy. Then, locally, b may be
quantized as an isomorphism of filtered k-algebras V: Wp«x =5 Wr«y such that
the isomorphism induced on the graded algebras coincides with the isomorphism
Or+x[h, kY] =% Opsy[h, A7 induced by 2.

Total symbols

Assume that X is affine of dimension n, that is, X is open in some C-vector space V of
dimension n.

Theorem 2.2. Assume X is affine. There is an isomorphism of filtered sheaves of k-
modules (not of algebras), called the “total symbol” morphism:

(24) Otot - WT*X L’ O’?‘*X

The total symbol of a product is given by the Leibniz formula. Denote by (x) a local
coordinate system on X and denote by (z,u) the associated local symplectic coordinate
system on T*X. If Q is an operator of total symbol oo (Q), then

plel N
(2.5) oot (Po@) = Y _ — 0510 (P) - 070101 (Q)-
acNn
The total symbol of a section P € Wr«x (U) is thus written as a formal series:
(26) Utot(P) = Z p](x’ u)hija m e Z, bj € OT*X(U)a

—oo<j<m

with the condition ([.4).
Note that (R.H) does not depend of the choice of a local coordinate system on X but
only on the affine structure of V. Indeed, (R.§) may be rewritten as

Ttot(P 0 Q) = (exp(fildu, dy))Tr0t (P) (2, ) Ttot (Q) (45 V) la=y,u=ov-

where (dy, dy) = > 1| 04,0y, does not depend on the affine coordinate system.

16



Remark 2.3. Let us identify X with the zero section of 7*X. Then the sheaf O% (see
Def. D) is isomorphic to the left coherent Wy« x-module obtained as the quotient of
W« x by the left ideal generated the vector fields on X.

3 The algebra Wj.

Operations on W

Let S be a complex manifold of complex dimension dg. One defines the sheaf Wg 7= x
on S x T*X as the subsheaf of Wr«(gx x) consisting of sections which commute with the
holomorphic functions on S. Heuristically, Wgxr=x is the sheaf Wp«x with holomorphic
parameters on S. For a morphism of complex manifolds f: S — Z we shall still denote
by f themap S x X — Z x X, as well as the map S x T*X — Z x T*X. One denotes as
usual by Qg the sheaf of holomorphic forms of maximal degree and one sets for short:

(3.1) WL = Wsxrex @, Qs.

Let us recall well-known operations of the theory of microdifferential operators. Al-
though these results do not seem to be explicitly written in the literature, their proofs are
straightforward and will not be given here.

Let f: S — Z be a morphism of complex manifolds. The usual operations of inverse
image f*: f~10z — Og and of direct image ff: Rf\Qglds] — Qz[dz] extend to Wexr+x.
More precisely, there exist morphisms of sheaves of k-modules (the second morphism holds
in the derived category DP(kzx7+x)):

(3.2) Wz — Wsxrex,
d d
(3.3) /f L RAWES) [ds]) — W92 [dz),

these morphisms having the following properties:

e they are functorial with respect to f, that is, for a morphism of complex manifolds
g: Z — W, one has (go f)* ~ f* o g* and fgof = fgoff’ and moreover the inverse
(resp. direct) image of the identity morphism is the identity,

e when X is affine, f* and [  commute with the total symbol morphism (R.4)).

As a convention, we choose the morphism in (B.J) so that the integral of ds €
H}(C4;Qc.) is 1. In other words, ’
/ 1_ b / ds
as  2im ), s’

where 7 is a counter clockwise oriented circle around the origin.
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The algebra Wi.
Denote by
(3.4) a:CoxTrX —T"X

the projection. Then, after identifying the sheaves Oc, and Qc, by f(s) — f(s)ds, the
sheaf Rla!W(csxT* x is endowed with a structure of a filtered k-algebra by

HY(Cy x T*X;We, xrex) X HY (Cy x T*X; We, x1+X)
— Hg(@is/ X T*X, W(ci v XT*X)
— H}(Cy; W, x1+x),

where the first arrow is the cup product and the second arrow is the integration along the
fibers of the map C? — C, (s,s') — s + 5.

Definition 3.1. The sheaf W4. 5 of k-modules on T*X is given by
(3.5) Wi x = R'ai(We, x1+x).

1
After identifying the holomorphic function — with the cohomology class it defines in
s

H}(Cs; Oc,), we define the morphism of sheaves
1
(3.6) t: Wrsx = Wrex, P~ =P
s

Clearly, the morphism (B.6) is a monomorphism of sheaves of k-algebras.
We define the morphism of sheaves

(3.7) res: Wi.x — Wr=x

by the integration morphism (B.J) associated to the map (B.4). Clearly, the morphism
(B.4) is a morphism of sheaves of k-algebras. Hence:

Theorem 3.2. (i) The sheaf Wi.. x is naturally endowed with a structure of a filtered
k-algebra and gr Wi ~ R'a)Oc, x1+x[h, h71].

(i) The monomorphism ¢ in (B.4) is a morphism of filtered k-algebras, the integration
morphism res in (BA) is a morphism of filtered k-algebras and the composition res o
L: Wrsx — Wiy — Wrex is the identity.

(iii) Consider two complex manifolds X and Y, two open subsets Ux C T*X and Uy C
T*Y and a symplectic isomorphism ¢ : Ux == Uy. Then, locally, b may be
quantized as an isomorphism of filtered k-algebras V: Wiy == Wiy such that
the isomorphism induced on the graded algebras coincides with the isomorphism

Rla\Oc, x1+x[h, B~ Y] == Rla)Oc, sy [h, A1) induced by 1.

18



(iv) Assume X is affine. There is an isomorphism of filtered sheaves of k-modules (not
of algebras), called the “total symbol” morphism:

(38) Otot - W%*X = O;—ZILX

The total symbol of a product is given by the Leibniz formula with a convolution
product in the s variable (see (B.10)).

Proof. These results follow immediately from Theorem R.1]. O

Assume that X is affine. For each Stein open subset W of T*X and each relatively
compact open subset U CC W, a section P of Wi. y on W admits a total symbol

(3.9) oot (P)(s,z,u) = Z pj(s,x;u)h_j, me7Z

—oco<j<m

where p; belongs to I'((C; \ Ko) x U; Oc,x1+x), for a compact subset Ky of C,; which
depends only on P and U, and the p;’s satisfy an estimate as in ([.4) on each compact
subset K of (C, \ Ko) x U.

Consider now two sections P and @ of Wi. y on a Stein open set W with total symbols
as in (B.9) (replacing p; with ¢; and m with m’ for Q). Then the total symbol of Po Q is
given by the Leibniz formula:

Blal
(310) Jtot(P 9} Q) == Z Fago-tot(P) * a(mlo-tot(Q)’
aeN™ )

where, setting f(s,z,u) = 0500t (P)(s, z;u) and g(s, x,u) = 9S00t (Q) (s, x;u), the prod-
uct f * g is given by ([.9).

4 The Laplace transform and the algebra W..,

The filtered k-algebra Wk, on T*X is the algebra W. y, but with a different symbol
calculus.

Definition 4.1. We set Wh.  := Wi. . For X affine, the total symbol morphism of
k-modules (not of algebras)

(4.1) Oror: Wiy =2 Ofly

. .- h t,h
is the composition Wj.. , = O7 % O x-
Otot
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For P a section of WE.. i on a Stein open subset V of T*X and an open subset U CC V,
oot (P) is written as a series

Utot(P)(tawaua h) = Z pj(tw%'?u)h_ja bj € OCXT*X|,5:0(U)

—o00<j<00

satisfying ([L11]) and ([.19).
Applying Theorem B.9, we get:

Theorem 4.2. (i) Wh.y is a filtered k-algebra and gr Wiy ~ (’);)?}gh_l[h, R (see
Definition [.14).

(i) The morphism v in (B.€) induces a monomorphism of filtered k-algebras 1: Wr«x —
WE., , the morphism res in (BA) induces a morphism of filtered k-algebras res: W
Wrr«x and the composition Wrsx — W%*X — W« x is the identity.

(iii) Consider two complex manifolds X and Y, two open subsets Ux C T*X and Uy C
T*Y and a symplectic isomorphism ¢ : Ux = Uy. Then, locally, v may be
quantized as an isomorphism of filtered k-algebras W: Wt = Wh.y such that
the isomorphism induced on the graded algebras coincides with the isomorphism

OB (1, h=1) = OSBRI (B h=Y induced by 1.

(iv) Assume X is affine. There is an isomorphism of filtered sheaves of k-modules (not
of algebras), called the “total symbol” morphism:

(42) O'tot: W%*X l) O;ZLX
The total symbol of a product is given by the Leibniz formula.

For P and @ two sections of Wk.. y on an open subset U of T*X, with X affine, the
total symbol of P o @) is thus given by the formula:

|al
(13 TPoQ) = Y 0o (P) - 0o (Q),
aeNn

where the product 05 oot (P) - 09040t (Q) is given by the usual commutative algebra struc-
ture of Oél’fx of Lemma [L.9.

Remark 4.3. In Theorem [£.3, the monomorphism Wr+x — Wk, is given on sym-
bols by otot(P) — otot(P) and the morphism Wi, — Wr«x is given on symbols by
Ttot (P)(t, x;u, h) — oot (P)(0, x5 u, k).
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The formal case

The above construgﬂions also work when replacing the sheaf Wy« x with its formal coun-
terpart, the sheaf Wyp«x. Let us briefly explain it.

Let X be a complex manifold, as above. Replacing the sheaf of rings Ep«x on T*X
with the sheaf of rings é’\T* x of formal microdifferential operators and proceeding as for
Wrr«x, we get the sheaf of rings Wy« x of finite-order formal WKB-operators on T*X. It
is defined by

Wrex = P*(ET*(XxC),?)-

When X is affine of dimension n, the total symbol morphism induces an isomorphism of
k-modules

Otot, - WT*X o~ 652*)(
and the symbol ot (P o Q) is given by the Leibniz formula (R.5). Then by a similar

construction as for Wi. yx we construct the filtered sheaf of ﬁ—algebras )7\/\% - Namely, we
set

Wi = R*aWer-x.-

~

If X is affine, the total symbol morphism induces an isomorphism of k-modules )7\7{7« x —
O;Jf v and the product is again given by the Leibniz formula (B.10).
However, as already noticed, the Laplace transform does not seem to behave as well for

the formal case as for the analytic case, and we shall not construct the Laplace transform
of O3,

5 Remark: The algebra W3 on a symplectic manifold X

The complex case

Consider a complex symplectic manifold X. There exists an open covering X = J; U; and
complex symplectic isomorphisms ¢;: U; == V; where the V;’s are open in some cotangent
bundles T X; of complex manifolds X;. Set Wy, := ¢; YW Xilv, - In general, the Wy,’s
do not glue in order to give a globally defined sheaf of algebras Wy on X. However the
prestack & on X (roughly speaking, a prestack is a sheaf of categories) U; — Mod(Wy,)
is a stack and the category Mod(Wx) := &(X) is well defined. Moreover, one can give
a precise meaning to Wy by replacing the notion of a sheaf of algebras with that of an
algebroid. We refer to [ for the construction of (an analogue of) this stack in the contact
complex case and to in the symplectic complex case for W\x and for the definition of
an algebroid. See also [[j] for a construction of Wy (by a different method). By adapting
the construction of [[f], one easily constructs the algebroid W associated with the locally
defined sheaves of algebras Wy . Details are left to the reader.
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The real case

Let M be a real analytic manifold, X a complexification of M and denote by wx the
canonical 2-form on 7*X. The conormal bundle T3, X is Lagrangian for Re wx and
symplectic for Im wyx. In particular, the real manifold T, X is symplectic. For an open
subset U of T3, X, we set Wy := Wr«x|u.

Now, consider a real analytic symplectic manifold 99t. It is well known that it is possible
to construct a globally defined sheaf of algebras Wgy on 9 such that:

e there exists an open covering M = | J,.; U; and real symplectic isomorphisms ¢;: U; ==
V; where the V;’s are open in the conormal bundles Tjk/[in‘ for some real manifolds
M; with complexification X,

o Wanly, =~ ¢; "Wy, for all i € I.

Replacing 9t with Cg x 9N, one easily contructs the sheaf of algebras W, xon of sections
with holomorphic parameter s € C;. Setting

Way = Rla!W(csxgm

we get a filtered k-algebra similar to the algebra W#. y of Definition B.. Then, if P

is well defined in Wgy,.

belongs to Wyy and has order 0, the section
S [e—

6 Applications

As an application, let us construct the exponential of sections of order 0 of Wy x.
Consider a section P of Wr«x(0) on an open subset U of T*X. For each compact

subset K of U, there exists R > 0 such that the section s — P of W7. 5 defined on C; x U

is invertible on (C, \ D(0, R)) x K, where D(0, R) denotes the closed disc centered at 0

with radius R. Therefore

defines an element of Hcl((Cs x U; We,xT+x ), hence, an
S p—

1
element of I'(U; Wj.. i ). We still denote this section of W#. v on U by ——.
S J—
n

1
Iz as Y >0 — and applying the Laplace transform, we get for-
s — =Vs

mally: £(-15) = exp(th™'P).

By developing

Notation 6.1. We denote by exp(th~1P) the image in Wi.y of the section

S
Wik x.

1
Pof

22



Proposition 6.2. For P € Wr«x(0), there is a section exp(th*P) € Wh.y such that,
when X is affine:

(thil(ftot (P))*n
n!

)

Otot (exp(th_lP)) = Z

n>0
where the star-product f*™ means the product given by the Leibniz formula (R.5).

Remark 6.3. The Leibniz formula (R.5) is nothing but the standard or normal or Wick
star-product and Proposition .9 tells us that the star-exponential [I]] of P makes sense in
WE. ¢

In a holomorphic deformation quantization context, the star-exponential of P is heuris-
tically related to the Feynman Path Integral FPZ(P) of P. Indeed, the Feynman Path
Integral of a Hamiltonian H is the symbol of the evolution operator associated to H, the
precise relation being given (see [B]) by

exp(—xuh™ ) FPI(P) = oyt (exp(th 1 P)).

Example 6.4. As a simple example, take X = C and P € Wr-x(0) with oy (P) =
po(t,z;u) = Ozu, § € C. Up to a change of holomorphic symplectic coordinates, oot (P)
represents the Hamiltonian of the harmonic oscillator in the holomorphic representation.
Clearly P is in Wc(0), and the total symbol of exp(th~!P) is easily computed:

%O‘tot (exp(th 'P)) =010t (h 1P o exp(th ' P))
=17 (1ea (P)oran (50t P) + i (P) v exp(th ™ P))
=h Quzoye (exp(th 1 P)) + Hx%Jtot(exp(th_lP)).
Since oo (exp(th 1 P))|;=o = 1, the solution to the preceding equation is:
Ot (exp(th 1 P)) = exp ((exp(6t) — 1):cuh_1).
The Feynman Path Integral for the harmonic oscillator is well known in the Physics
literature and is given by exp (exp(6t)zuh~') [f].
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