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ASYMPTOTICS FOR STEADY STATE VOLTAGE POTENTIALS
IN A BIDIMENSIONAL HIGHLY CONTRASTED MEDIUM
WITH THIN LAYER

CLAIR POIGNARD

ABSTRACT. We study the behavior of steady state voltage potentials in two
kinds of bidimensional media composed of material of complex permittivity
equal to 1 (respectively «) surrounded by a thin membrane of thickness h and
of complex permittivity o (respectively 1). We provide in both cases a rigor-
ous derivation of the asymptotic expansion of steady state voltage potentials
at any order as h tends to zero, when Neumann boundary condition is im-
posed on the exterior boundary of the thin layer. Our complex parameter «
is bounded but may be very small compared to 1, hence our results describe
the asymptotics of steady state voltage potentials in all heterogeneous and
highly heterogeneous media with thin layer. The terms of the potential in the
membrane are given explicitly in local coordinates in terms of the boundary
data and of the curvature of the domain, while these of the inner potential are
the solutions to the so-called dielectric formulation with appropriate bound-
ary conditions. The error estimates are given explicitly in terms of h and «
with appropriate Sobolev norm of the boundary data. We show that the two
situations described above lead to completely different asymptotic behaviors
of the potentials.

INTRODUCTION

We study the behavior of the steady state voltage potentials in highly contrasted
media surrounded by a thin layer. The motivation of the present work comes from
numerical problems raised by the researchers in computational electromagnetics,
who want to compute the quasi-static electric field in highly contrasted materials
with thin layer. The thinness of the membrane surrounding an inner domain leads
to numerical difficulties, in particular for the meshing.

To avoid these difficulties, we perform an asymptotic expansion of the potentials
in terms of the membrane thickness. The approached inner potential is then the
finite sum of the solutions to elementary problems in the inner domain with appro-
priate conditions on its boundary, which approximate the effect of the thin layer.
Thereby, the thin membrane does not have to be considered anymore. Our method
leads to the construction of so-called “approximated boundary conditions” at any
order [[L1]. We estimate precisely the error performed by this method in terms of
an appropriate power of the relative thinness and with a precise Sobolev norm of
the boundary data. This method is well-known for non highly contrasted media.
It is formally described in some particular cases in [[]] and [Lj]. We also refer to
Krahenbiihl and Muller [IE] for electromagnetic considerations. Usually, when it is
estimated (see for example [LT]) , the norm of the error involves a imprecise norm
of the boundary data (a ¥°° norm while a weaker norm is enough) and mainly,
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the constant of the estimate depends strongly on the dielectric parameters of the
domain.

It is not obvious (it is even false in general!) that such results hold for highly
contrasted domains with thin layer, and this is a fact that researchers in computa-
tional electromagnetics are often confronted to such media. For example, a simple
electric modelization of the biological cell consists of a conducting cytoplasm sur-
rounded by a thin insulating membrane!; the modulus of the cytoplasmic complex
permittivity divided by the membrane permittivity is around 10° while the relative
thinness is equal to 1073, On the other hand, the medium might be a dielectric
surrounded by a thin metallic layer. In both cases it is not clear that the usual
approximated boundary condition might be used.

We derive asymptotics of the potential steady state voltage in all possible do-
mains with thin layer (heterogeneous or highly heterogeneous). As we will see, the
two situations described above lead to different behaviors of the potentials. The
membrane relative thickness is equal to h, while the charateristic length of the in-
ner domains is equal to 1. The first medium consists of a conducting inner domain
(say that its complex permittivity is equal to 1) surrounded by a thin membrane;
we denote by a the membrane complex permittivity. The parameter « is bounded
but it may tend to zero. This is the reason why we say that the thin layer is an
insulating membrane. The second material consists of an insulating inner domain
of permittivity a surrounded by a conducting thin membrane (say that its complex
permittivity is equal to 1). In this case, we suppose that « tends to zero. These
two kinds of media describe all the possible media with thin layer. The aim of
this paper is to derive full rigorous asymptotic expansion of steady state voltage
potentials with respect to the small parameter h for bounded « (but it may tend
to zero).

Let us write mathematically our problem. Let 5 be a smooth bounded bidi-
mensional domain (see Fig. EI), composed of a smooth domain O surrounded by a
thin membrane O, with a small constant thickness h:

Qp =0UQOy.

Let o be a non null complex parameter with positive real part; « is bounded but
it may be very small. Without loss of generality, we suppose that |a| < 1. Denote
by ¢n and v, the following piecewise constant functions

1, ifzeO
Va € Qp, =<7 ’
v b (@) {a, if x € Oy,

a, ifx e O,

Yz €, (@) = {1 ifx € Oy,

We would like to understand the behavior for h tending to zero and uniformly
with respect to |a| < 1 of V}, and wuy, the respective solutions to the following
problems (f]) and (fl) with Neumann boundary condition; Vj, satisfies

(1a) V- (qnVVh) =0 in Qp,
oV
(1b) 8—: = ¢ on Oy,

(1c) / Vi do = 0:
20

IWe refer to the author thesis [E] for a precise description of the biological cell.
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qn = a (resp.yp = 1)

qn = 1(resp.yn = a)

FIGURE 1. Parameters of .

and uy, satisfies

(2&) V- (thuh) =0in Qh,
ou
(2Db) a—; = ¢ on Oy,

(2¢) / up do = 0.
o0

Since we impose a Neumann boundary conditions on 92, the boundary data ¢
must satisfy the compatibility condition:

¢do = 0.
aQy,

The above functions Vj, and uy, are well-defined and belong to H'(€;) as soon as
¢ belongs to H~'/2(0Qy,).

Several authors have worked on similar problems (see for instance Beretta et
al. [f{] and [f]). They compared the exact solution to the so-called background
solution defined by replacing the material of the membrane by the inner material.
The difference between these two solutions has then been given through an integral
involving the polarization tensor defined for instance in [f], ], ], 6], [, plus some
remainder terms. The remainder terms are estimated in terms of the measure of
the inhomogeneity. In this paper, we do not use this approach, for several reasons.

The Beretta et al. estimate of the remainder terms depends linearly on a and
1/a: their results are no more valid in a highly contrasted domain (i.e. for « very
large or very small). Secondly, « is complex-valued, hence differential operators
involved in our case are not self-adjoint, so that the I'-convergence techniques of
Beretta et al. do not apply. Thirdly, the potential in the membrane is not given
explicitly in [E], [E] or [ﬂ], while we are definitely interested in this potential, in
order to obtain the transmembranar potential (see Fear and Stuchly [@]) Finally,
the asymptotics of Beretta et al. are valid on the boundary of the domain, while
we are interested in the potentials in the inner domain.

The heuristics of this work consist in performing a change of coordinates in the
membrane O, so as to parameterize it by local coordinates (7, 6), which vary in
a domain independently of h; in particular, if we denote by L the length of 0O
(in the following, without any restriction, we suppose that L is equal to 27)), the
variables (7, @) should vary in [0, 1] x R/LZ. This change of coordinates leads to an
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expression of the Laplacian in the membrane, which depends on h. Once the trans-
mission conditions of the new problem are derived, we perform a formal asymptotic
expansion of the solution to Problem (fll) (respectively to Problem ({])) in terms of
h. It remains to validate this expansion. In this paper we work with bidimensional
domain and we are confident that the same analysis could be perfomed in higher
dimensions.

This paper is structured as follows. In Section ﬂ, we make precise our geometric
conventions. We perform a change of variables in the membrane, and with the help
of some differential geometry results, we write Problem (f) and Problem () in the
language of differential forms. We refer the reader to Flanders [E] or Dubrovin
et al. [[l] (or [§] for the french version) for courses on differential geometry. We
derive transmission and boundary conditions in the intrinsic language of differential
forms, and we express these relations in local coordinates.

In Section [} we study Problem (El) In paragraph B.1] we derive formally all the
terms of the asymptotic expansion of the solution to our problem in terms of h.
Paragraph is devoted to a proof of the estimate of the error.

Problem () is considered in Section | We supposed that o tends to zero: a
boundary layer phenomenon appears. To obtain our error estimates, we link the
parameters h and . We introduce a complex parameter § such that

Re(B) > 0,0r (Re(8) =0, and I(8) #0),

i-e(t). v freo(l)

We distinguish two different cases, depending on the convergence of || to zero:
a = Bhd, for ¢ € N* and a = o(hV) for all N € N.

For ¢ = 1 we obtain mixed boundary conditions for the asymptotic terms of the
inner potential, and as soon as ¢ > 1, appropriate Dirichlet boundary conditions
are obtained. We end this section by error estimates.

In Appendix, we give some useful differential geometry formulae.

and

Remark 1. The use of the formalism of differential forms ¢ (qnd) could seem futile
for the study of the operator V - (qnV). In particular the expression of Laplace
operator in local coordinates is well known. However we wanted to present this
point of view to show how simple it is to write a Laplacian in curved coordinates
once the metric is known.

Moreover once this formalism is understood for the functions (or 0-forms), it
is easy to study 6 (qnd) applied to 1-forms. This leads directly to the study of the
operator rot (g rot) , whose expression in local coordinates is less usual.

We choose to present our two main theorems in this introduction so that the
reader interested in our results without their proves might find them easily.

We suppose that dO is smooth. We denote by ® the ¥°°— diffeormorphism,
which maps a neighborhood of cylinder C = [0, 1] x R/27Z unto a neighborhood of
the thin layer. The diffeomorphism ®3 = ®(0, -) maps the torus unto the boundary
00 of the inner domain while ®; = ®(1.) is the ¥*°—diffeomorphism from the
torus unto 02,. We denote by k the curvature of 0O written in local coordinates,
and let hg be such that

1

0 < .
SUPgcRr /277 |1(0)]

Asymptotic for an insulating thin layer. The first theorem gives the asymp-
totic expansion of the solution V}, of (), for h tending to zero, for bounded «.
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Theorem 1. Let h belong to (0, ho). The complex parameter o satisfies
3) lal <1,
(4) R(a) >0 or {%(a) =0and (o) # 0}.

Let N € N and ¢ belong to HN*3/2(9Qy,). Denote by f and f the following func-
tions:

Vo e R/2xZ, f(0) = poD1(0),
Vr € 00, f(z)=do® 0d;" ().
Define the sequence of potentials (V,€, V™) _ as follows. We impose
Y(n,0)eC, 0,Vy" =0,

and we use the convention

V=0, ifl < 1.
For 0 < k < N we define for all 0 < s <1 the function 0,V;"(s,-) on R/277Z :

{Vf =0, ifl <1,

1
OVi'ta(s, ) =01 k41 f +/ {””” {3003 Vi + 0,V }

+ 37]2528727‘/]521 + 277/12877‘/]6721 + 3§kail

+ POV + POV + e Vi — m'aevka}dn,

and the functions Vi{ and V" are then defined by

AVkC = 0,

Vil g = @0 Vil 0By L,
/ Vk(/dO- = 0,

200

Vse (0,1), V(s,-) :/ B,V (n, ) dy + Vi o B,
0
Let RS, and RY} be the functions defined by:
RS = Vi — S ViERF, in O,
R =Vio® -0 Vi"hF in C.

Then, there exists a constant Co n > 0 depending only on the domain O and on
N such that

(5a) IR |2 0y < ConlIfll ga+srz a0y lal RN T2,
(5b) RN 12(c) < Co N lfll g+s/20)hN T2
Moreover, if ¢ belongs to HN5/2(98,), then we have

(6a) IR 11 (0) < ConlIEllgn+sr2 a0 ol N
(6b) RN o) < Co N[l grv+s2(90)h™ T2

In this theorem, we approach the potential in the inner domain at the order
N by solving N elementary problems with appropriate boundary condition. From
these results, we may build an approximated boundary condition on dO at any
order, in order to solve only one problem. However, this kind of conditions lead to
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numerical unstabilities, this is the reason why we think that the method to obtain
the potential step by step is more useful.

Since it is classical to write approximated boundary conditions we make precise
these conditions at the orders 0 and 1. Denote by 8 the curvature of 9O in Euclidean

coordinates and by V) and V| the approximated potentials with approximated

boundary condition at the order 0 and 1 respectively. We have:
0 _ .

(7) AV, =0, in O,
0 _

(8) OnVypp = of,

and
1 o .

(9) AV,,, =0, in O,

(10) O Vay — O}V = a(1 + hR)L,

where 8, denotes the tangential derivative on 0. The boundary condition ([Ld)
imposed to anva;p is well-known for non highly contrasted media. It might be
found in [[). With our theorem, we prove that it remains valid for a very insu-
lating membrane, and we give precise norm estimates. Moreover we give complete
asymptotic expansion of the potential in both domains (the inner domain and the
thin layer).

We perform numerial simulations in a circle of radius 1 surrounded by a thin
layer of thickness h. In Fig E, the left frame illustrates the asymptotic estimates at
the orders 0 and 1 of Theorem [l| for an insulating thin layer. However, the right
frame shows that as soon as the thin layer becomes very conducting, for example
as soon as « = 1/h, these asymptotics are no more valid: we have to use the
asymptotics of Theorem E

Asymptotics for an insulating inner domain. Let 8 be a complex parameter
satisfying:
Re(B) > 0,0r (Re(8) =0, and S(B) #0).

The modulus of 3 may tend to infinity, or to zero but it must satisfy:

1 1 1
16} :0(—), and —:o(—).
A=oln 3=\
Theorem 2. Let h belong to (0,hy). Let ¢ € N* and N € N. We suppose that «
satisfies:
(11) a = Bhi.
Let ¢ belong to HN+3/2+q(8Qh) and denote by f and f the following functions:
VO e R/2xZ, [f(0) =¢poPi(h),
Vr € 00, f(z)=do® o0d;" ().
Define the function (uy?,u"")N__, by induction as follows, with the convention
ulc’q =0, if ] <=2,
uw"? =0, ifl < -2.
o Ifg=1
Aui} =0, in O,
_ 62 c,l‘ an c,1 :f,
t%-1 20 5 Oy 20

2,1
/ ugldao =0.
00
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FIGURE 2. H! norm of the error at the orders 0 and 1.
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V(n,0) € C, u™' =u®}|so 0 Do.

Moreover,
m,1 __ m,1 __ 2 m,1
Oug” =0, guy"" = (1—n)ogu’; + f.

For 0 < k < N, denote by ¢}, the following function:

1
b = /o ( (37782uk+1 + 0, ukﬂ) T nﬁaguzl 11 _ W’aeuzlfl) .
and define uz’l by
Auz?l = 0, Zn O;

- a?uc,ll +6 a uc,l
t Yk 80 nYk

c,1
/ Uy, dao =0.
00

In the membrane uy"" is defined by

1
= <¢i - / (n— 1)392&7%”’16177) 0y,
0

:/ Opurtdn + ug? o @,
0

and anu’,gfi fori=1,2 is determined by:

0, u;n_i_t /1 (n (37782“;11 .1 +0 uk_H 1)

2 m,l 2 m,l
— Opupi_o — NKOGUL ;3 + MK Ggukﬂ 3>dn.

If ¢ > 2. The function ui"? is defined by

/ u™1df = 0,
T

2
— Opuli’ = f.

The potential u®? is solution to the following problem:
Au®! =0, in O,
uf|po =" 0 @g
Moreover,

Anug =0, dpuy™? = (1= n)dFu"? + f.
For 0 < k < N, denote by ¢} the following function:
1
= / (Ii (SUGQUZZ;% + Opup?) + nrdgutt — nfi’aguzl;ql) dn.
0

uy" =1 is entirely determined by the equality:

1
*3guzl’q|n:1 :ﬂ@nuZ’f_l_q o®dy + ¢Z — / naganu;”qun,
0

hence

S
mq(s,@):/ Onuy "t dn 4w p=1.
1
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The potential uy? satisfies the following boundary value problem:
Aup? =0, in O,
Ul g0 = up o ®g .
The functions (8,7u;€"+qz)l
placed by u™1.

Let vy and riy? be the functions defined by:

cq _ N N
{TN =up —y p__quy?h®, in O,

_, ., satisfies equation ([12), in which u™?! is re-
]

m,q _ N mapk
ryt=upo® =% u " in C.

Then, there exists a constant Co n > 0 depending only on the domain O and on
N such that

c [ h
HT]\}q”Hl(O) < CO,N||fHHN+3/2+Q(6(9) max < m, \/E) hN-i-l/Q7

Ir a3y < Co NIl sz @oyh™ /2.

If ¢ belongs to HN15/214(9Qy,), we have

7% N g1 o) < Conlfllansrzramh™

We observe that if ¢ = 1 and N = 0, the approximated boundary condition at
the order 0 is given by:
hOLR 14+ hR

2 h
Thus it is very different from the approximated boundary condition (E) imposed
to Vaopp in the case of an insulating membrane. This is a feature of the conducting
thin layer. Observe on Fig E that the numerical computations in a circle confirm
our theorical results.

Thanks to our previous results by comparing the parameters || and h of a
heterogeneous medium with thin layer, we know a priori, which asymptotic formula
(Theorem [ or Theorem []) has to be computed. We emphasize that our method
might be easily implemented by iterative process as soon as the geometry of the
domain is precisely known.

In the following, we show how the potentials (V,,V,)r>0 of the previous the-
orems are built, and then we prove these theorems. Let us now make precise the
geometric conventions.

—(1 = h&/2)0}uf 4 + DG app + BORUG oy = po®od; .

1. GEOMETRY

The boundary of the domain O is assumed to be smooth. The orientation of the
boundary 9O is the trigonometric orientation. To simplify, we suppose that the
length of 0O is equal to 2w. We denote by T the flat torus:

T =R/27Z.
Since 00O is smooth, we can parameterize it by a function ¥ of class ¢°° from T to
R? satisfying:
voeT, |¥(0)=1.

Since the boundary 9 of the cell is parallel to the boundary 0O of the inner
domain the following identities hold:

90 = {T(0),0 € T},
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3
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—4-
10 o

10
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O First Order & Zeroth Order

FiGURE 3. H! Norm of the error at the order —1 and 0 for an
insulating inner domain : « = ih.

and
o, = {¥(0) + hn(),0 € T}.

Here n(0) is the unitary exterior normal at () to d0O. Therefore the membrane
Oy, is parameterized by:

Oh = {(I)(nae)a (77’ 9) 6]07 1[XT}5
where
O(n,0) = ¥(0) + hnn(0).
Denote by & the curvature of 0O. Let hg belong to (0,1) such that:
N
[1#lloo”
Thus for all & in [0, ho], there exists an open intervall I containing (0, 1) such that ®

is a smooth diffeomorphism from I x R/27Z to its image, which is a neighborhood
of the membrane. The metric in Oy, is:

(14) h2dn? + (1 + hnk)?d6?.

(13) ho <

Thus, we use two systems of coordinates, depending on the domains O and Op: in
the interior domain O, we use Euclidean coordinates (x,y) and in the membrane
Oy, we use local (1,0) coordinates with metric ([[4).

We translate into the language of differential forms Problem ([[) and Problem
(). We refer the reader to Dubrovin, Fomenko and Novikov [[J] or Flanders [Ld] for
the definition of the exterior derivative denoted by d, the exterior product denoted
by ext, the interior derivative denoted by § and the interior product denoted by

int. In Appendix we give the formulae describing these operators in the case of a
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general 2D metric. Our aim, while rewriting our problems (f]) and () is to take
into account nicely the change of coordinates in the thin membrane.

Let V be the 0-form on £ such that, in the Euclidean coordinates (z,y), V is
equal to V', and let F' be the O-form, which is equal to ¢ on 9€;. We denote by N
the 1-form corresponding to the inward unit normal on the boundary €2, (see for
instance Gilkey et al. [[l4] p.33):

N = N,dz + N,dy,

= Nydn.
N* is the inward unit normal 1-form. Problem (fl]) takes now the intrinsic form:
(15a) 5 (grdV) =0, in Qp,
(15Db) int(N*)dV = F, on 9Q,.

According to Green’s formula (Lemma 1.5.1 of ), we obtain the following trans-
mission conditions for V along 00O:

(15¢) int(N*)dV|so = ozint(N*)dWaoh\th,
ext(N")V]po = ext(N*)V|s0,\00, -

Similarly, denoting by U the 0-form equal to u in Euclidean coordinates we rewrite
Problem () as follows:

(16a) 8 (7, dU) = 0, in Qp,

(16b) int(N*)dU = F, on 0Q;

the following transmission conditions hold on 9O:

(16 ) Oéth(N*>dU|ao = int(N*>dU|6Oh\6Qha
C * *

ext(N )[U|a(9 = ext(N )U|3@h\agh.
2. STATEMENT OF THE PROBLEM

In this section, we write Problem ([[§) and Problem ([Id) in local coordinates,
with the help of differential forms. It is convenient to write:

VQET, (1)0(9):(1)(0,9),(1)1(9):(1)(1,9>,

and to denote by C' the cylinder:

C=1[0,1] xT.
We denote by R, f and f the following functions:
(17) Y(x,y) € 00, R(x,y) =rody (z,y),
(18) VO eT, f(0)=dod(0),
(19) Yz € 00, f=fod;' ().

Using the expressions of the differential operators d and §, which are respectively
the exterior and the interior derivatives (see Appendix), applied to the metric ),
the Laplacian in the membrane is given in the local coordinates (7, §) by:

V(n,0) € C,

1 1+ hnk 1 1
2 A = :
( 0) |<I>(7716) h(l 4 hn’i) 877 ( h an) + 1 + h]n[{,ae (1 —+ hff]ﬁ:a‘g)
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Moreover, for a 0-form z defined in O;,, we have:
. X 1
int(N*)dz|y0 = Eanz|n:0’
. X 1
int(N")dz[pq, = E@,]z|n:1.

Denote by

Ve=V,in O,
V™ =Vod,in C,

and by

u¢ =wu, in O,

u" =wuo®,in C.

We infer that Problem ([[) may be rewritten as follows:

(21a) AV =0, in O,
1 1
(21b) V(n,0) € C, h26,7 (1 4+ hnk)0y V™) + 0p (1 . hm{&gV ) 0,
c _ g m
(21c) OnVE 0By = 20,V ‘n:o’
(21d) Veodo= V"], .,
(21e) O V™|,—y = If.

/ Vdo =0.
00

Similarly the couple (u®, u™) satisfies

(22a) Au® =0, in O,
1 1

22 —a,( m m) =
(22b) V(n,0) € C, 3 Oy (( + hnk)Oyu ) + g (1 " hnnaeu ) 0,

1
(22¢) adpuo Py = Eanum ,

n=0

(22d) u“o®o=u"|,_,
(22e) 8,7um|77:1 =hf,

/ udo = 0.
o0

Remark 3. In the following, the parameter a is such that:
R(a) >0 or {?R(a) =0and (a) # 0}.

Since o represents a complex permittivity it may be written (see Balanis and Con-
stantine []) as follows:

a=¢—io/w,

with €, o, and w positive. Thus this hypothesis is always satisfied for dielectric
materials.
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Notation 4. We provide C with the metric (@) The L? norm of a 0O-form u in
C, denoted by ||upor2 (c), is equal to:

1/2

1 2
lullszo = ([ [ n0+ w0 anas)
0o Jo
= llullL2(0,)
and the L* norm of its exterior derivative du, denoted by ||dul[s1p2 is equal to

! 27T1+]’L7’]K, 2 h 2 1/2
iz = ([ [ 00 + 5 (O anad)

= || graduHLz(oh).

To simplify our notations, for a 0-form u defined on C, we define by ||u||Hé(C) the
following quantity

lullziey = lullaorz, o) + ldullarzs, (o),

when the above integrals are well-defined. Observe that for a function u € H(O),
we have:

lullmo,) = w0 @1 c)-

Remark 5 (Poincaré inequality in the thin layer). Let z belong to Hy (C), such
that

2m
(23) / 2(0,0)do = 0.
0
Then, there exists an h-independant constant Co such that
(24) HzHAoLg(C) <Co HdZ”Ang(C) .

We prove (@) using Fourier analysis. According to the definition (B) of ho there
exists two constants Co and co depending on the domain O such that the following
inequalities hold:

1 2w
@) el <Coh [ [ 100 dsan

1 por 2

Onz(n, 0
@50)  aslusam) = o ( |0 o d9dn> .
0o Jo

For k € Z, we denote by Z the k'"*-Fourier coefficient (with respect to 0) of z:

1 27 .

Zp = o 2(0) e~ d9.

Since (892) = ikZy, we infer:
k

1 , 1 9
w20 [amPas [ [(@) of o
0 0 k
According to gauge condition (E), we have:
Z0(0) =0,

thus, using the equality

i = [ "(32), (s)as,
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we infer
/01 Zo(m)* dn < /01 ‘(3/77\2)0(77)‘2 dn.
Therefore,
1 1, 1,
k%/o 2k (n, 0)|* dn < %ZZ{/O ‘(592:)k (77)‘2 d77+/0 ‘(a,,z)k (77)‘2}

We end the proof of (@) by using Parseval inequality and inequalities (E)
3. ASYMPTOTIC EXPANSION OF THE STEADY STATE POTENTIAL FOR AN
INSULATING MEMBRANE

We derive asymptotic expansions with respect to h of the potentials (V¢ V™)
solution to Problem (RI). The membrane is insulating since the modulus of «a is
supposed to be smaller than 1. However, our results are still valid if |«| is bounded
by a constant Cj greater than 1. We emphasize that the following results are valid
for « tending to zero.

3.1. Formal asymptotic expansion. We write the following ansatz:
(26a) Ve =V§+hVE+ RS+,
(26b) V=Vt + AV A+ RV
We multiply (R1H) by h2(1 + hnrk)? and we order the powers of h to obtain:
V(n,0) € [0,1] x T,
27 RV™ 4+ his {3n0; V™ + 0V} + B {3n?K20;V™ + 20K 0, V™ 4+ 05V}
+ PP PV + 20 V™ + nrOGV — k' 9V} =0

We are now ready to derive formally the terms of the asymptotic expansions of V¢
and V™ by identifying the terms of the same power in h.

Recall that for (m,n) in N2, §,, ,, is Kronecker symbol equal to 1 if m = n and
to 0 if m # n. By identifying the powers of &, we infer that for [ € N, V,* and V™
satisfy the following equations:

(28a) AVf =0, in O,
for all (n,0) € C,
(28b) + 306200V + 20K 0, Vi + 05V
+ 7731&383‘/1@3 + 02620,V 4+ k0 Vs — K 05V },

with transmission conditions

(28¢) OV o®o =a 0,V |
(28d)  Vody— 1|

n=0"’
77:0 9

with boundary condition

(28e¢) OMVi™ =1 =011 ],
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and with gauge condition

(28¢) / Vido =0.
00

In equations (@), we have implicitly imposed
{szo, if 1 < —1,

(29) Vim =0, ifl < 1.

The next lemma ensures that for each non null integer N, the functions Vy and
V37 are entirely determined if the boundary condition ¢ is enough regular.

Notation 6. For s € R, we denote by € ([0,1]; H*(T)) the space of functions
u defined for (n,0) € [0,1] x T, such that for almost all 8 € T, u(-,0) belongs to
> (]0,1]), and such that for all n € [0,1], u(n,-) belongs to H*(T).

Lemma 7. We suppose that 0O is smooth.
For N € N and p > 0 we suppose that ¢ belongs to HNtP=1/2(9Qy,) and let
la] <1

Then the functions V§",--- , V' and Vi, -,V are uniquely determined and
they belong to the respective functional spaces:
Vk=0,---,N,
(30a) vir e 6> (0,1 HV /2 )
(30b) V¢ e NP O),
Moreover, there exists a constant Cn 0, such that:
Vk=0,---,N,
(31a) sup (V™ (0, ) grvro-wsr20my < ON.0pllfl aven-1/2(00),
n€lo,1]
(31b) ”VI:”HNﬂFkH(o) < |O‘|CN,O,p||f||HN+P*1/2(6(9)'

Remark 8. To simplify, we suppose that |a] < 1, but the same result may be
obtained if there exists Co > 1 such that |a| < Cy. In this case, the constant Cn,o0 p
would also depends on Cy.

Proof. Since 9O is smooth and since ¢ belongs to HN*P~1/2(9Q,), for N > 0 and

p > 0, then the functions f and f defined by ([L§) and by (1) belong respectively to

HN*P=1/2(T) and to HN*P~1/2(90). We prove this lemma by recursive process.
e N =0. Let p > 0 and let ¢ belong to H?~1/2(9Q,).

Thus f and f belong respectively to H?~'/2(T) and H?~'/2(9©). Using (8H) and

(B8d), we infer:

D2V =0
(32) no
877‘/0 |7]:1 = 05
hence, 9,Vy" = 0. According to (28H) and to (28¢), we straight infer
0,Vi" = f.

Therefore by (£8a) and (28d) the function V satisfies the following Laplace prob-

lem:
(33a) AVy =0,
(33Db) O Vilgo = of,
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with gauge condition

(33¢) / Vydo = 0.
00

According to (R8d), we infer

(34) V" = Vi 0 By,

hence Vi and V" are entirely determined and they belong to the following spaces:
Ve e ([o, 1];Hp+1/2(1r)) :
Vi € HPTHO).
Observe also that there exists a constant Cp,,, such that
sup ||Vg™ (n, ')||Hp+l/2(’]1‘) < Copltllmr-1/200),
n€lo,1]
V5l 4100y < lalCoplltllzro-1/200)-

e Induction.

Let N > 0. Suppose that for all p > 0, for all ¢ € HNTP=1/2(9Qy,) and for
M = 0,---,N the functions V}; and V;} are known. Suppose that they belong
respectively to HNP~M+1(0) and to Vj} € € ([0, 1]; HNTP~M+1/2(T)) and that
estimates (B1)) hold.

Let ¢ belong to HN+PT1/2(9Q,). Therefore, for M = 0,--- , N, the functions
Vi and Vi# are known, they belong respectively to HYTP=M+2(0) and to V;} €
% ([0, 1]; HN+P=M+3/2(T)) and the following estimates hold:

VM =0,--,N,

Sl[lp] Var (0, ')HHNJrP*M+3/2('J1‘) < CN,O,prHHNﬂH/?(aO),
nelo,1

[

We are going to build V§,, and V3, ,. From (28H) and (284), we infer, for all
(n,0) € C,

|‘VJ\C4HHN+P*M+2(O) < la|Cn,0,]

RV, =— {n {3002V + 0,V }
+ 3P K20V 4 20RO,V + 5V,
+ PPV + P POV + nrOFV o — m'agvgl_Q},

OV ,_y =0

Recall that we use convention @) Since we have supposed that V7 is known for
M < N and belongs to € ([0, 1]; HN*1+P=M=1/2(T)) we infer that:

Y(s,0) € C,
(35)

1
MV (s,) :/ {’i{3770727vz7\? +0,Vi'}
+ 3772,%283%(,"71 + 20K20, VI + O3V,

+ PPV + POV + mROFV o — nn'agw_Q}dn,
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is entirely determined and belongs to €' ([0, 1]; HP*'/2(T)). Moreover, since
Oy Vi1 is known, we infer exactly by the same way that 0,V , is also deter-
mined. Actually, it is equal to

Y(s,0) € C,

1
OV (5,7 :/ {5{37785%%1 + 0V}
+ 32OV + 2k 0V + OV
+ PPV + PR OV + ROV — s BV, }dn,
and it belongs to € ([0, 1]; HP*1/2(T)). According to (28d), the function Vi$_, is
then uniquely determined by
(36a) AV, =0,
(36b) OV i1] o = @O Va0 P5

with gauge condition

(36¢) / Vi ydo = 0.
o0

Moreover, it belongs to HPT1(0O). Transmission condition (R8d)) implies the fol-
lowing expression of V', ;:

Vs e (0.1), Vi(s.) = / O,V (n, ) dy + Vi1 0B,
0

where 9,V;7,, is given by (B3) and belongs to € ([0, 1]; HP*'/2(T)). We infer
also that there exists Cy41,0,p > 0 such that

Sl[tpl] HVﬂAn, .)||Hp+1/2(']1‘) < CN+1,O,pr||HN+p+1/2(ao),
n€elo,

||V](\:[+1||HP+1(O) < |O‘|CN+1,O,]0Hf||HN+P+1/2(6(9)7
hence the lemma. O

Observe that the functions (V,¢, V;™) are these given in Theorem [I.

3.2. Error Estimates of Theorem EI Let us prove now the estimates of Theo-
rem fl. Let N € N and ¢ belong to H¥*3/2(9),). The function f is defined by
([9). Let RS, and RY be the functions defined by:

RS = Vi — S0, VERF, in O,

Ry =Vyo0®— Yo Vi"h*, in C.

We have to prove that there exists a constant Co y > 0 depending only on the
domain O and on N such that

(37a) RNl (0) < Conlfllzn+sr2a0)lal kN2,
(37b) RN 11 (o) < Co N lfll gx+s/200)h T2
Moreover, if ¢ belongs to HN5/2(9€;,), then we have

(38a) IR 110y < Conlfll mv+s/2 o0y lal BV

(38b) IBX 12 (c) < Conlfllmvisrzpoh™ 2.
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Proof of Theorem []. Since ¢ belongs to HN3/2(90;,), according to the previous

lemma, the couples of functions (RS, R%) and (R?V 11 BY +1) are well defined and

belong to H'(O) x H] (C). The Sobolev space Hy (C) is defined in Notation H
Denote by gy the following function defined on C:

gN =K (37783%(," + GUVJ(,”) + 3772&28727\/](,711 + 277528,7%’\?71 + agV]’\}Zl
+ 773/-@38,27‘/;\?_2 + 02RO, Vo + nOFV o — 1K DV

+h (3772&28,27\/1([" + 20K20, V' + GV
+ PPV + P EPONV A ROV — nﬁawgq)

+ h? (773&38727\/](," + K320,V + nroG VT — 77/<;’89V1(,”>

According to the previous lemma and since ¢ belongs to HN+1/2(9Q;,), the above
function gy belongs to € ([0,1]; H~Y/*(T)) and the function 9,V belongs to
% ([0,1]; H*/?(T)). Moreover, there exists a constant Cy,o such that

SUPye(o,1] llgn (n, ')HH*l/z(’]l‘) < CN,O||f||HN+1/2(1r)a
(40) O, Vi <C
SUPpefo,1] | VN (777')HH3/2('J1*) > N,OHfHHN+1/2(T)-
The functions R%; and R} satisfy the following problem:
AR%Y =0, in O,
1+ hnk h —nN
Oy | ——— 90, Ry Op | —————0RY | = ——F—
"( he N) e (thﬂ ’ N) (1 + h) "™

with transmission conditions:
o N+1
Ontiy 0 @0 = T (04 R,y + hVH OV, )
R?V o @0 = W |77:O 9
with boundary condition
GUR}T\}L]:l =0,

and with gauge condition

Ry do=0.
00

By multiplying the above equality by Ry and by integration by parts, we infer
that:

HdevHile((Q) ta HdRWHing(C) = —ah® /CQN(%‘Q)W(U’@ dn do
(41) + ahN Tt /T OV ,—o BRI, g 40

- othJrl/Tn VRl — R, _, df.

n=1

By hypothesis (E), and using by Cauchy-Schwarz inequality and estimates (@), we
infer that there exists a constant Co,y > 0 such that

m (|12 - m m
R(0) AR 3 12 (o) < 1dConhN VIR s 1F sz |RK 111 0,
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and
m |2 — m m
[S(@[ AR 7120y < || Co,nh™ 2| RRH 1) | f a2 emy | R 3 )
hence

2 _
AR 31220y < Conh™ 21 fllgnarz | RN |1 0)-
Since [, Ry, -y d0 = 0, by Poincaré inequality (B4), there exists a strictly positive
constant Co, which does not depend on h such that
||R7I7\/I||A°L§(C) <Co ||dR717\/I||A1LZE(C) s
hence

1R 123 () < CollFllnsremh™ =2,

and therefore we deduce directly from the above estimate and from (),

BN i1 o) < Co NI £l vzl WV 12,

The above estimate holds for ¢ € HN71/2(99,). Since ¢ belongs to HV+3/2(09),),
we obtain the same result by replacing N by N + 1:
(42) 18R 411l sy < Conallfllvenszmh™ 72,
[R5 11l 1 o) < Co N1l £l grvssz eyl kN T2,

According to the previous lemma, the functions Vy,, and V{7 , are well-defined
and there exists a constant Cy o such that:

VN 1llz o) < |elCnollfll gr+s2 00y,

m Cn,0
IVatallmie) < WHfHHNWZ(acQ)-
Writing
N = ?v+1 + VJ\C/+1hN+1a
and

N = Ri1 + VA b,
we infer that
||R?V||H1(O) < CO,N||f||HN+3/2(T)|04|hN+1/27
and
1Rl 113 0y < Conllfllmssramh™ 2.
If ¢ belongs to HN*5/2(9Q),), we write
N=DRy+ VJ\C/Jrth—ir1 + VJ\C/+2hN+2a
and
N =Ry + VJ(/thNH + VJ(/nJrthHa
to obtain estimates (Bg), hence Theorem [I. O
Remark 9 (The case of an insulating inner domain). Consider Problem ([):

div (yn gradu) = 0 in Qp,

ou
o ¢ on Oy,

/ udo = 0.
o0



20 CLAIR POIGNARD

If the inner domain is perfectly insulating (i.e. if yn vanishes in O), the steady
state potential in the membrane satisfies:

1 m 1 m | _ :
ﬁ&] ((1 + hnﬂ)&nu >+ (99 <m8&’u ) = 0, m C,

with the following boundary conditions:
Ou™,—o =0, Ogu™|, _, =Nhf,

and with gauge condition

2m
/ um|n:0d9 = 0
0

By identifying the terms of the same power of h we would obtain: ui® =0, and uf*
would satisfy:

2 m __ .
Opui* =0, in C,

aﬁuT|n:0 =0, (977u71n|n:1 = fa

2m
/ uy|p—odf = 0,
0

which is a non sense as soon as f # 0. QOur ansatz (E) fails.  Actually, the
asymptotic expansion of u™ begins at the order —1: a boundary layer phenomenon
appears. This is described in the next section.

4. ASYMPTOTIC EXPANSION OF THE STEADY STATE POTENTIAL FOR AN
INSULATING INNER DOMAIN
Consider now the solution uy to Problem (E) In this section, we suppose
(43a) || tends to zero,
(43D) R(@) >0 or {R(a) =0 and S(a) #0}.
Thus the inner domain is insulating. Let 3 be a complex parameter satisfying:
Re(B) > 0,0r (Re(8) =0, and (B) #0).
The modulus of # may tend to infinity, or to zero but it must satisfy:
1 1 1
|6|0<E>’ and m0<ﬁ>
We suppose that u may be written as follows:
up = %u_l—l—uo—i—hul—i—--- .

We denote by u¢ and u™ o ®~! the respective restrictions of uy to © and to Oy.
One of the two following cases holds.

Hypothesis 10 (« = §h9). There exists ¢ > 1 such that:
(44) a = Bhi.

Hypothesis 11 (a = o(h"Y), VN € N). The complex parameter o satisfies ([E)
and for all N € N,

(45) VN €N, |a| =o(h").
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First we suppose that Hypothesis E holds: we will discuss on Hypothesis EI later
on. We denote by (u®?,u"™1) the solution to Problemﬂ under the Hypothesis E

According to (), by ordering and identifying the terms of the same power of
h, for k € NU —1, for ¢ € N*, up? and u;"? satisfy:

(46a) Aup? =0, in O,
for all (n,0) € C,
qu;n’q =— {H {Bnaﬁuﬁ’f + Oyu™ 1}
(46D) + 30 K205 u 4 20K 0pu + Oy
+ 3 f<a30727u71’§ + 772/<a36,7u71’g + nﬁaguﬁ’g — nn’agu;’“g},

(46¢) u; o Py = u)"

(46d) Ouy %, _y =011,

(46¢e) / uy%do =0.
00

n=0"

Transmission condition () coupled with Hypothesis [1( implies:
(46f) ﬂ(?nulc’_ql_q 0Py = yu,™|

n=0"’
In equations (@), we have implicitly imposed
79=0,if1 <=2
(47) Ca
u, =0, if I < -2

Let us now derive formal asymptotics of © when Hypothesis E holds.

4.1. Formal asymptotics.
e N=-1.
The functions u™}? satisfies
{ aguTiq =0,in C,

Oui =0 = 0,  Ipul{;=1 =0,
hence u™;? depends only on the variable 6. Observe that we have, for almost all
0 € T the following equality:

u™9(0) = u®% o Py(h).
e N=0.
The function uy"? satisfies:
{ O2uf™? = 0,in C,
Iug p=0 =0,  Iyug =1 =0,
hence, 9,uy"? vanishes identically in C.
e N=1.
The functions uy"? satisfy:
{ aﬁu;’“q = -0, in C,

Onuyln—o = BOu_,0®0, Oyui" =1 = f.
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Therefore for ¢ = 1 we obtain the following equality:
—05u™! + B uS 0B = f,
hence the following boundary condition imposed to uﬂ on 00:
2 ¢l c,1
— Ogu” Onu” ’ =f.
o *1’604_6 " Hao
Therefore, the function v} is solution to the following problem:
Au®l =0, in O,
2u51’ +ﬁ@uc’1’ —t
" 1s0 "o

c,1
/ uildao =0.
00

(49) V(n,0) € C, u™i' = uli]po 0 .

(48)

)

Since R(3) > 0, a straight application of Lax-Milgram theorem ensures that u®! is
uniquely determined and belongs to H(O) as soon as the boundary data belongs
to H=3/2(00).

If ¢ > 2, the function u]"? satisfies:
(50) —Ofu™t = f.
Since [, u”i?df = 0, equality (E) defines uniquely «™;?. We infer that u®? is
solution to the following problem:
{ Au®? =0, in O,

c m,q —1
—u u_i"o®y .

(51) .
~lloo =

Hence we have determined v™? and u®? for ¢ € N*. Observe that u®} is solution
to Laplace equation with mixed boundary condition, and for ¢ > 2 the potential
u®% is the solution to Laplace equation with Dirichlet boundary condition, while for
an insulating membrane, we obtained Neumann conditions for the approximated
steady state potentials.

Let us now determined u\;'? and uyy? for ¢ € N* by recurrence.

e Induction.
Suppose that for NV > 0, the functions uw)?,, uy® |, Oyuiy? and dyuyyy; are built.
The function u)y +2 satisfies:
Opunty = —r (3n0quiyiy + Oquiyiy) — OGuy® — nrdGuiyy + 0k Opuiy?y in C,
av7uz\r+2|v7:0 = ﬂanuz\urkq 0P, an“N+2|n:1 =0.

Denote by ¢% the following function:

1
qﬁ‘}v:/o ( (37782uN+1+8 uNH)—l—nn@guN | — K Ogu™ ’q) dn.

Since d2u?; and 9,uy; are supposed to be known, the function ¢% is entirely
determlned. Observe that if ¢ = 1, 8,7u7\,112|,7:0 is unknown since anuf\’,l is not yet
determined, while as soon as ¢ > 2, d,uy"5|y=0 is known.

Using transmission condition (@) , we infer the following equality satisfied by
u%’l inn=0:

1
— 03U =0 + BOnufy 0 B0 =g} — / (n — 1)030,uy dn,
0
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hence the boundary condition imposed to u?(,l on 00:

1
= <¢}v - / (n— 1)33&7%3’16177) 0@y
00 0

Thus the function uf\’,l is solution to the following problem:

c,1 2 ¢l
6 &ﬂLN 00 — (%uN

c,l _ .
Auy =0, in O,

2 ¢l
oUN

c,1
/ U pn dao =0.
00

In the membrane uyv“l is defined by

+ B 0,ust
90 B Onuy

1
= | ¢ —/ — 1)030puydn | 0 @5,
(52) 00 (N 0(77 )05 Opuyydn 0

S

(53) upt = / Opunytdn + uy' o @o.
0
If ¢ > 2, u}?],=1 is entirely determined by the equality:
1
O s =805y 0 0+ — [ (0 D0
0
hence

S
uy (s, 0) = / Opu'ntdn + u'ly | p=1.
1
The potential u? satisfies the following boundary value problem:
Auy' =0, in O,
54
(54) ug\}q|60:u%’qo¢al.

Observe that for ¢ > 1, d,uiy?Y, is then entirely determined by:
S
m, 2, m, m,
Ouydy = /1 —k (3ndiuly + Oyuily)
— Ojun? — nrdjun? + 77’1/89“71(/%(11> d.
Therefore, we have proved that for all N > —1, for ¢ € N*, the functions uy? and

mq : ;
uy'" are uniquely determined.

Remark 12 (Regularity). Observe that these functions are the potentials given in
Theorem IQ We leave the reader verify by induction that the following reqularities
hold. Let g € N*, N > —1 and p > 1. Let ¢ belong to HN+P=3/2(9Q),).

u®f € HN(0),
Wit e g ([0,1; BN () )
Vk=0,--,N,
(55a) up? € HUHN =220,
(55b) u™l € ¢ ([0, 1]; HY/2+N+p=21(+1)/2 (’]I‘)) .
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Moreover, there exists a constant Cn,0,p independant on h and (3 such that:

(56a) sup ||uTiq(777 ')HH1/2+N+P(’]1‘) < CN,(97P||f||HN+P*3/2(6O)v
n€[0,1]

(56b) ||UJC,1HH1+N+,) o < CN1(97P||f||HN+P*3/2(6O)7
(0)
Vk=0,---,N,

(56C) Sl{tpl] ||u?7q(77a ')||H1/2+N+p72[(k+1)/2] (T) < CN,O,prHHNH*L"/Z(BO)a

nelo,
(56d) ||“Z7q||H1+N+p—[k/2](o) < CN,O,prHHNﬂ*?'/z(aO)-

4.2. Error estimates of Theorem E Let us now prove Theorem . Let ¢ € N*
and N € N. The complex parameter « satisfies () with Hypothesis E Let ¢
belong to HN+3/2+4(90),). Let r%? and ry’'? be the functions defined by:

cq _ N capk
ryt=u—3_ juy?ht in O,

m,q _ N mqpk
TN —u0<1>—§k:71uk h® in C.

We have to prove that there exists a constant Co y > 0 depending only on the
domain O and on N such that

¢ [ h
(57&) ||T]\,fq||H1(O) < CO,N||f||HN+3/2+q(6O) max ( m, \/E> hNJrl/Q,

(57b) Irn o) < Conlfllgn+arz@oyh™ 172,

If ¢ belongs to HN5/2+4(9Q);,), we have

||T§\}q||H1(O) < CO,N||f||HN+5/2+q(1r)hN+1-

Proof. The proof of TheoremE is similar to the proof of Theorem [ll. Since ¢

belongs to HN—1/2 (09Q4,), according to the previous lemma, the couples of functions
(ry®,ry?) and (ry?y,7v) are well defined and belong to H'(O) x H] (C).
Denote by gy the following function defined on C:

N =K (3778,271/1:}"1 + Oyuny?) + 3772&28,271&%& + 20K 0puiy | + FgulY,

3 .392, m,q 2.3 m,q 2, 1,4 / m,q
+ K20 unty + 07K Opun Yy + nrOguny — nK Opuy,

+h <3772/128727u7]$’q + 2nn28nuﬁ’q + 892u%’q
(58)

+ 773%333#%1 + 772“3877”%& + nn@ﬁuﬁfl - U’flaeu%f1>
+ h2 (773%36727“%,11 + 772%3877“%,11 T nﬁagu%,q _ 775/39”7137(1)

According to the previous lemma and since ¢ belongs to HN~1/2(9Q;,), the above
function gy belongs to € ([0,1]; H~1/%(T)) and the function 9, V"¢ belongs to
% ([0, 1]; H*/*(T)). Moreover, there exists a constant Cy,o such that
SUPye(o,1] g (n, ')||H*1/2(’]1‘) < CN,OHfHHN*l/Q(’]I‘)v
(59) Ouy? <C
SUPyelo,1] [0un (77a')||H3/2(1r) hS N70||f||HN*1/2('J1‘)-
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The functions ry? and r'? satisfy the following problem:

&4 _ ;i
Aryt =0, in O,

1+ hnk h o A
O, | ———0,r\1? Op | ————Oprv? | = ———
"( no TN )+ 9(1+h77f1 brN ) TSk
with transmission conditions:

1
B 10,15 0 B = & (a7l + BRI (D57 0 Do + hOyuly 0 @0) )

c.q _ ,ma
ryto®o =1y g,
with boundary condition
m.q _
anTN |77:1 - 07

and with gauge condition

/ rjc\’,q do =0.
o0

By multiplying the above equality by 7 and by integration by parts, we infer that:
(60)

c 2 m 2 ~ “m.,q
ﬂth ||d7’1\}q||A1L2(o) + ||d7"N7q||A1L§(c) =—n" /CQN(Wv 9)7’N’q(777 0) dn do

1 BRIt / (01", 0 B0 + hdyuiyt oo) TR b,
T n=0

The end of the proof is similar to Theorem [ll. Using the positivity of R(5) we
straight infer estimate (F7H) of ry*?. To obtain the estimates of ry?, we write:

q
4 _ .C4q c,q N+k
TN =TNtq T g uN+kh .
k=1
O

4.3. The case a = o(h"Y), VN € N. Now, we suppose that Hypothesis @ holds.
In this case, we prove that ¢ and u™ may be approximated by U¢ and U™, which
are solution to:

(61a) AU™ =0, in O,
(61b) MU 90 =0, U™ |yq, = ¢
(61c) / U™do = 0.
20
and
(62a) AU =0, in O,
(62b) Uc|ao = Um|ao :

Actually, we have the following lemma:

Lemma 13. Let ¢ belong to H='/2(0Q,). Let (u®,u™) be the solution to Prob-
lem (B), and U™ and U® be defined respectively by (61) and (64). Then, we have:

(63) [u™ — Um”Hl(Oh) < Colal |¢|H71/2(am) J

(64) [[u® = UC”Hl(O) < Cov/|al |¢|H*1/2(69h) :
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Proof. Denote by w® and w™ the following functions:
w=u-U°¢ w"=u"-U",

and let ¢ belong to H~/2(98y,). We have:

(65a) Aw® =0, in O,
(65b) Aw™ =0, in Oy,
(65c¢) a Onw|y0 = Onw™ g0 — a0 OnUC 50
(65d) wlpo = w"y0 ;
(65¢€) Imw™|5q, =0,
(65f) / w™do = 0.
o0

Thus we infer:

(66) a/ |Vwc|2dvolo+/ IVw™|? dvolp, = a/ OnU°| 50 w™do.
(@] Oy, 00

It is well-known that :

10" |1 (0,) < Coldlu-11200,)
and
”UCHHl(Oh) <Co |Um|8(9|H1/2(ao) .
Since « satisfies (i) we infer,

meHHl(Oh) < Cola| |¢|H*1/2(6Qh) )
and thereby

w10y < Covlal 0] g-1/2090,) -
[l

It remains to derive asymptotics of U™ and then these of U¢. They are similar
to asymptotics of u™? for ¢ > 2: we just have to replace 3 by zero. We think the
reader may easily derive these asymptotics from our previous results.

CONCLUSION

In this paper, we have studied the steady state potentials in a highly contrasted
domain with thin layer when Neumann boundary condition is imposed on the ex-
terior boundary. We derived rigorous asymptotics with respect to the thickness of
the potentials in each domain and we gave error estimate in terms of appropriate
Sobolev norm of the boundary data, electromagnetic parameters of our domain and
a constant depending only on the geometry of the domain. It has to be mentionned
that for an insulating inner domain (or equivalently a conducting membrane), the
asymptotic expansions start at the order -1 and mixed or Dirichlet boundary con-
ditions has to be imposed on the asymptotic terms of the inner domain.

To illustrate these asymptotics, numerical simulations using FEM are forthcomig
work with Patrick Dular from Université de Liege and Ronan Perrussel from Ampere
laboratory of Lyon. Few results have been shown at the conference NUMELEC
[[§ with GetDP[[0]. The main difficulty in illustrating the convergence of our
asymptotic consists in the geometrical approximation of the domain: high-order
geometric elements seem to be necessary.
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APPENDIX

Let x denote the Hodge star operator, which maps 0-forms to 2-forms, 1-forms
to 1-forms and 2-forms to O-forms (see Flanders [LJ]). We give explicit formulae for
the operators d, §, ext and int. These formulae are straightforward consequences
of the definition of the operators x, d and § = * 'd*. We refer the reader to
Dubrovin, Fomenko and Novikov [g.

We consider the metric given by the following matrix G

(67) G — g1 912
912 922) "
We denote by |G| the determinant of G. The inverse of G is denoted by G~!
G~ = ("),

and we suppose that the signature of G is equal to 1. Thereby, the operator %2 is
equal to Id on the space of 0-forms and 2-forms and it is equal to — Id on 1-forms.

4.4. Star operator in R2.

4.4.1. On 0-forms and on 2-forms. Let T be a O-form and let S be the 2-form
vdy'dy?. Then 7T is the 2-form pdy'dy? and %S is the O-form f. The following
identities hold:

\/ﬁl/.

4.4.2. On I-forms. Let T be the 1-form Ty dy' + Tody?. Then *T is the 1-form
p1 dy' + pp dy?, and we have the following formulae:

= —/I|G| (¢"T1 + g°°T2)
p2 = /|G| (¢"'T1 + ¢g"*T) .

4.5. The action of d acting on 0-forms in R2. Let ; be a 0 form, then du has
the following expression:

0]
dy* + —udyQ.

o
dpy = — PYE

= oy

4.6. The action of § acting on 1-forms on R2. Let p be the 1-form puidy* +
p2dy?, and define . = a. The 0-form « is equal to:

o= \/%{G%W@ (9" 11+ 9" p2))

0
T o (\/ Gl (9" + 922M2)) }
Y2
4.7. The exterior product of a 1-form with a 0-form. Let N be the 1-form
Nidy! + Nady? and f be a 0-form. The exterior product of ext(N)f is:
ext(N)f = fN1dy' + fNody?.
4.8. The interior product of a 1-form with a 1-form. Let N and p be the

1-forms Nydy!+ Naody?, and pqdy* + pedy?. Then O-form int(N)u has the following
expression:

int(N)p = Ny (ngll + u2912) + Na (H1912 + M2922) .
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