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FULL ASYMPTOTICS FOR STEADY STATE VOLTAGE
POTENTIALS IN A BIDIMENSIONAL HIGHLY CONTRASTED
MEDIUM

CLAIR POIGNARD

ABSTRACT. We study the behavior of steady state voltage potentials in a bidi-
mensional media composed of material of complex permittivity equal to 1 (re-
spectively a) surrounded by a thin membrane of thickness h and of complex
permittivity a (respectively 1). We provide in both cases a rigorous derivation
of the asymptotic expansion of steady state voltage potentials at any order as
h tends to zero, when Neumann boundary condition is imposed on the exterior
boundary of the thin layer. Our complex parameter « is bounded but may
be very small compared to 1, hence our results describe the asymptotics of
steady state voltage potentials in highly contrasted media. The terms of the
potential in the membrane are given explicitly in local coordinates in terms
of the boundary data and of the curvature of the domain, while these of the
cytoplasmic potential are the solutions to the so-called dielectric formulation
with appropriate boundary conditions. The error estimates are given explicitly
in terms of h and a.

INTRODUCTION

We study the behavior of the steady state voltage potentials in bidimensional
highly contrasted media. This work is the generalization to a domain of class €
of arbitrary shape of the asymptotic expansion performed by the author in the case
of a circular domain (see Chapter T Section 1.1 of [[I4]) for the so-called dielectric
formulation with Neumann boundary condition and is inspired by Chapter I Sec-
tion 1.2 of [[4]. The motivation of the present work comes from numerical problems
raised by the researchers in computational electromagnetics of Ampere!, who want
to compute the quasi-static electric field in the biological cell, and generally speak-
ing in highly contrasted materials. We refer the reader to the introduction of [@]
for a precise description of the biological cell.

In this paper, two kind of media are considered. The first one constists of a con-
ducting inner domain (say that its complex permittivity is equal to 1) surrounded
by an insulating?® thin membrane; we denote by « the membrane complex permit-
tivity. This model corresponds to the electric model of biological cells [E], [D] The
second material considered consists of an insulating inner domain of permittivity «
surrounded by a conducting thin membrane (say that its complex permittivity is
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2 CLAIR POIGNARD

equal to 1). The membrane relative thickness is equal to h, while the charateristic
length of the inner domains is equal to 1.

The aim of this paper is to derive full rigorous asymptotic expansion of steady
state voltage potentials with respect to the small parameter h, whatever « is. Let
us write mathematically our problem.

Let Qp, be a smooth bounded bidimensional domain (see Fig. ), composed of
a smooth domain O surrounded by a thin membrane O; with a small constant
thickness h:

Qp =0 U Oy,

Let a be a non null complex with positive real part; « is bounded but it may be
very small. Without loss of generality, we suppose that |a| < 1. Denote by ¢, and
~p, the following piecewise constant functions

1, 1f{EEOv
Vo € Qp, Qh(l’):{a ifz € Oy

a, ifx e O,

Vo € (@) = {1 ifzco,

qn = a(resp.y, = 1)

qn = 1(resp.y, = @)

FIGURE 1. Parameters of €)y,.

We would like to understand the behavior for h tending to zero and uniformly
with respect to || <1 of V and u the respective solutions to Problem ([]) and ()
with Neumann boundary condition:

(1a) V- (gnVV) = 0in Qp,
oV
(1b) B = ¢ on 0y,

(1c) / Vdo = 0;
90
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and u satisfies

(2a) V- (vVu) =0 in Qp,
0
(2b) a—z = ¢ on O,

(20) /aoudazo.

Since we impose a Neumann boundary conditions on 02 the boundary data ¢
must satisfy the compatibility condition:

¢odo = 0.
oQy,
The above functions V and u are well-defined and belong to H'(€,) as soon as
¢ belongs to H~/2(98y,). For sake of simplicity, we suppose that ¢ is smooth, a
weaker assumption will be made precise in our main theorems.

Several authors have worked on similar problems (see for instance Beretta et al.
[ and [f]). They compared the exact solution to the so-called background solution
defined by replacing the material of the membrane by cytoplasmic material. The
difference between these two solutions has then been given through an integral
involving the polarization tensor defined for instance in [m], [E], [E], [E], [ﬂ], plus
some remainder terms. The remainder terms are estimated in terms of the measure
of the inhomogeneity. In this paper, we do not use this approach, for several reasons.

The Beretta et al. estimate of the remainder terms depends linearly on « and
1/a: their results are no more valid in a highly contrasted domain (i.e. for « very
large or very small). Secondly, « is complex-valued, hence differential operators
involved in our case are not self-adjoint, so that the I'-convergence techniques of
Beretta et al. do not apply. Thirdly, the potential in the membrane is not given
explicitly in @], [E] or @, while we are definitely interested in this potential, in
order to obtain the transmembranar potential (see Fear and Stuchly @]) Finally,
the asymptotics of Beretta et al. are valid on the boundary of the domain, while
we are interested in the potentials in the inner domain.

The heuristics of this work consist in performing a change of coordinates in the
membrane O, so as to parameterize it by local coordinates (7, 6), which vary in
a domain independently of h; in particular, if we denote by L the length of 9O,
the variables (7, 0) should vary in [0,1] x R/LZ. This change of coordinates leads
to an expression of the Laplacian in the membrane, which depends on h. Once
the transmission conditions of the new problem are derived, we perform a formal
asymptotic expansion of the solution to (fl) (respectively (f)) in terms of h. Tt re-
mains to validate this expansion. In this paper we work with bidimensional domain
and we expect that the same analysis could be perfomed in higher dimensions.

It has been brought to our attention that a similar approach has been developped
in the thesis of Vial . However, our result is more general and more precise.
First, our coefficient « is complex with non-negative real part, and not only strictly
positive thus it is slightly more complicated to obtain our estimates. Then our
estimates involve appropriate Sobolev norms of the boundary data ¢, whereas in
the constant depends on ¢. But mainly, our asymptotics are valid for all a.
Actually, Vial estimates cannot be used neither for « tending to zero nor for |«|
tending to infinity, while ours can. In particular, when the inner domain becomes
insulating (i.e. if & = Sh?, ¢ > 1), the asymptotic expansions of the potentials
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begin at the order -1. In this case, it is a feature of our results that mixed boundary
condition or Dirichlet boundary condition have to be imposed to the terms of the
asymptotics of the inner potential respectively if ¢ =1 and ¢ > 2.

This paper is structured as follows. In Section , we make precise our geometric
conventions. We perform a change of variables in the membrane, and with the help
of some differential geometry results, we write Problem (f]) and Problem (f}) in the
language of differential forms. We refer the reader to Flanders or Dubrovin
et al. [ (or [[i] for the french version) for courses on differential geometry. We
derive transmission and boundary conditions in the intrinsic language of differential
forms, and we express these relations in local coordinates.

In Section ] we study Problem (f]). In paragraph B.J] we derive formally all the
terms of the asymptotic expansion of the solution to our problem in terms of h.
Paragraph @Eis devoted to a proof of the estimate of the error.

In Section § Problem (B) is considered. We supposed that « tends to zero: a
boundary layer phenomenom appears. To obtain our error estimates, we link the
parameters h and . We introduce a complex parameter G such that

Re(B) > 0,0r (Re(8) =0, and I(8) #0),

|ﬁ|:0(%), and |—;|:o(%).

We distinguish two different cases, depending on the convergence of |a| to zero:
a = pBhd, for ¢ € N* and a = o(hV) for all N € N.

For ¢ = 1 we obtain mixed boundary conditions for the asymptotic terms of the
inner potential, and as soon as g > 1, appropriate Dirichlet boundary conditions
are obtained. We end this section by error estimates.

In Appendix, we give some useful differential geometry formulae.

and

Remark 1. The use of the formalism of differential forms ¢ (qnd) could seem futile
for the study of the operator V - (qn V). In particular the expression of Laplace
operator in local coordinates is well known. However we wanted to present this
point of view to show how simple it is to write a Laplacian in curved coordinates
once the metric is known.

Moreover once this formalism is understood for the functions (or 0-forms), it
is easy to study ¢ (qnd) applied to 1-forms. This leads directly to the study of the
operator rot (g, rot) , whose expression in local coordinates is less usual.

1. GEOMETRY

The boundary of the domain O is assumed to be smooth. The orientation of the
boundary 9O is the trigonometric orientation. To simplify, we suppose that the
length of O is equal to 2. We denote by T the flat torus:

T = R/2n7Z.

Since 0O is smooth, we can parameterize it by a function ¥ of class €>° from T to
R? satisfying:

Vo ET, |V (0)=1.
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Since the boundary 0, of the cell is parallel to the boundary 0O of the inner
domain the following identities hold:

00 ={¥(0),0 € T},
and
00, = {V(0) + hn(0),0 € T}.

Here n(f) is the unitary exterior normal at ¥(#) to 9O. Therfore the membrane
Oy, is parameterized by:

Oy = {(I)(nae)’ (na 9) E]Oa 1[XT}5
where
®(n,0) = V(0) + hnn(0).

Denote by « the curvature of 0O. Let hg belong to (0,1) such that:

1

(3) ho < ——.
l[£lloo

Thus for all & in [0, ko], there exists an open intervall I containing (0, 1) such that ®
is a smooth diffeomorphism from I x R/27Z to its image, which is a neighborhood
of the membrane. The metric in Oy, is:

(4) h?dn® + (1 + hnk)?do>.

Thus, we use two systems of coordinates, depending on the domains O and Op: in
the interior domain O, we use Euclidean coordinates (x,y) and in the membrane
Oy, we use local (1, ) coordinates with metric ([f).

We translate into the language of differential forms Problem (f]) and Problem
(). We refer the reader to Dubrovin, Fomenko and Novikov [§] or Flanders [[L1] for
the definition of the exterior derivative denoted by d, the exterior product denoted
by ext, the interior derivative denoted by ¢ and the interior product denoted by
int. In Appendix we give the formulae describing these operators in the case of a
general 2D metric. Our aim, while rewriting our problems ([l) and (f) is to take
into account nicely the change of coordinates in the thin membrane.

Let V be the 0-form on Qj, such that, in the Euclidean coordinates (z,y), V is
equal to V, and let F' be the O-form, which is equal to ¢ on 9. We denote by N
the 1-form corresponding to the inward unit normal on the boundary €, (see for
instance Gilkey et al. [LJ] p.33):

N = N,dz + N,dy,
= Nydn.
N* is the inward unit normal 1-form. Problem (fll) takes now the intrinsic form:

(ba) 0 (grdV) =0, in Q,
(5b) int(N*)dV = F, on 9.
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According to Green’s formula (Lemma 1.5.1 of [L3]), we obtain the following trans-
mission conditions for V along 00O:

(50) int(N*)dV]so = aint(N*)dV|s0,\00,
ext(N*)V|po = ext(N*)V|50,\00, -

Similarly, denoting by U the 0-form equal to u in Euclidean coordinates we rewrite
Problem (f]) as follows:

(6a) § (ypdU) = 0, in Qp,

(6b) int(N*)dU = F, on 0Qp;

the following transmission conditions hold on 00O:

(6 ) aint(N*)dU|ao = int(N*)dU|60h\6Qha
C * *

ext(N )[U|a(9 = ext(N )U|3@h\agh.

2. STATEMENT OF THE PROBLEM

In this section, we write Problem () and Problem (f}) in local coordinates, with
the help of differential forms. It is convenient to write:

VOET, @ (0)=3a(0,0),d, (0) = (1,0),

and to denote by C' the cylinder:

C =[0,1] x T.
We denote by R, f and f the following functions:
(7) V(z,y) € 00, R(w,y) = ko®y (z,y),
(8) VOeT, f(0)=dodi(0),
(9) Vo € 00, f=fod;'(z).

Using the expressions of the differential operators d and §, which are respectively
the exterior and the interior derivatives (see Appendix), applied to the metric (E),
the Laplacian in the membrane is given in the local coordinates (7, 8) by:

V(n,0) €C,

1 1+ hnk 1 1
1 A = ‘
( 0) |<1>(77,9) h(l 4 hn’i) 877 ( h 877) + 1 —+ hnf{ae (1 —+ hff]ﬁ:a‘g)

Moreover, for a 0-form z defined in Oy, we have:

. . 1
int(N*)dz[pp = Eanzhz:o’

. . 1
int(N")dz|5q, = E&?Zh:l'

Denote by
Ve=V,in O,
V™ =Vo®,in C,
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and by

u¢ =wu, in O,

u™ =uo®, in C.

We infer that Problem (f) may be rewritten as follows:

(11a) AVE =0, in O,
1 m 1 m\ _
[0
11 VoD, = & m’ :
(11c) 0V 0D = LV
(11d) Veo®o = V™| _,,
(11e) 9,V"™,_y = hf.

/ Vdo =0.
20

Similarly the couple (u®, u™) satisfies

(12a) Au® =0, in O,

1 m 1 m\ _
(12b) V(n,0)eC, ﬁ&] ((1 + hnk)Oyu ) + 0y (1 n hnnagu ) =0,

1
(12¢) aOpuo Py = Eanum ,
n=0
(12d) u“o®o=u"|,_,
(12e) G,Ium|n:1 = hf,

/ udo = 0.
o0

Remark 2.1. In the following, the parameter « is such that:
R(a) >0 or {%(a) =0and (o) # 0}.

Since « represents a complex permittivity it may be written (see Balanis and Con-
stantine [ ) as follows:

a=¢—io/w,

with €, o, and w positive. Thus this hypothesis is always satisfied for dielectric
materials.

Notation 2.2. We provide C with the metric ({f). The L? norm of a 0-form u in
C, denoted by ||ul|por2 (c), is equal to:

1/2

1 27
||u||AoLg<c></ / h(1+hnn>|u<n,9>|2dndo) |
0 0

= llullz2(0n)
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and the L* norm of its exterior derivative du, denoted by ||dul[s1p2 is equal to

! 2F1+h7’]:‘€ 2 h 2 1/2
udwzzer = ([ [ 00 + 1 b ) dnat)

= || gradu||L2(oh).

To simplify our notations, for a 0-form u defined on C, we define by H“HH;(C) the
following quantity

ullrrc) = llullaorz, ) + lldullarzz (),

when the above integrals are well-defined. Observe that for a function u € H*(Oy),
we have:

lull tr10h) = llwo @l m1(c)-

Remark 2.3 (Poincaré inequality in the thin layer). Let z belong to Hé (C), such
that

2m
(13) / 2(0,0)d6 = 0.
0
Then, there exists an h-independant constant Co such that
(14) I2llacz 0y < Co lldzllzi 2 (c) -

We prove (@) using Fourier analysis. According to the definition (E) of hg there
exists two constants Co and co depending on the domain O such that the following
inequalities hold:

1 2m
(15a) Hz”?\ULZE(D) < Coh/ / |2(n,0)> 46 dn,
0o Jo
1 2 2
|0nz(n,0)] 2
(15b) HdZH?\ng(D) > co (/0 /0 Wf + h|0pz|” dodn | .
For k € 7, we denote by Zy, the k'-Fourier coefficient (with respect to 0) of z:
I .
= — 2(0) e~ dg.
2m Jo

Since (892) = ikZy, we infer:
k

1 ) 1, 9
w20, [ EmPans [ |(@2) o]
0 0 k
According to gauge condition (@), we have:
20(0) = 07

thus, using the equality

B = | "(@2), (s)as,

we infer

/01 Zo(m)® dy < / (202, o an
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Therefore,
S [ mwor s S{ []@), of w []@), 0f ]

We end the proof of () by using Parseval inequality and inequalities ([13).

3. ASYMPTOTIC EXPANSION OF THE STEADY STATE POTENTIAL FOR AN
INSULATING MEMBRANE

We derive asymptotic expansions with respect to h of the potentials (V¢, V™)
solution to Problem ([L]). The membrane is insulating since the modulus of « is
supposed to be smaller than 1. However, our results are still valid if || is bounded
by a constant Cy greater than 1. We emphasize that the following results are valid
for « tending to zero.

3.1. Formal asymptotic expansion. We write the following ansatz:

(16a) VE=V§+hVE+ RV 4o

(16b) V™ = Vem + hV™ + W2V 4

We multiply ([[IH) by h?(1 + hnr)? and we order the powers of h to obtain:
¥(n.0) € [0,1] x T

V™ 4+ his {3nOV™ + 0.V} 4+ B {3n?K2O;V™ + 20K20, V™ + 05V}
+h3 {773,@38371/’” + POV + eIV — K 8V} =0

We are now ready to derive formally the terms of the asymptotic expansions of V¢

and V™ by identifying the terms of the same power in h.

Recall that for (m,n) in N2, §,, ,, is Kronecker symbol equal to 1 if m = n and

to 0 if m # n. By identifying the powers of h, we infer that for [ € N, V,* and V™
satisfy the following equations:

(18a) AV =0, in O,

(17

for all (n,0) € C,
(18b) + 30 K20] V™ + 20K 0, Vi + 05V,
+ PRV 4 1P K20, Vi + e VT — 1k 0V }

with transmission conditions

(18c) MV 0Py = 9, V14|
(184) Voo = V™|

n=0"’
n=0"

with boundary condition

(18e) 9V, =011 f,
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and with gauge condition

(18f) / Viedo =0.
00
In equations ([Lg), we have implicitly imposed

X VE=0,ifl < -1,
(19) {V;":o, if 1< —1.

The next lemma ensures that for each non null integer N, the functions Vy and
V3 are entirely determined if the boundary condition ¢ is enough regular.

Notation 3.1. For s € R, we denote by € ([0,1]; H*(T)) the space of functions
u defined for (n,0) € [0,1] x T, such that for almost all 0 € T, u(-,0) belongs to
€ ([0,1]), and such that for all n € [0,1], u(n,-) belongs to H*(T).

Lemma 3.2. We suppose that 0O is smooth.
For N € N and p > 0 we suppose that ¢ belongs to HN*TP=1/2(9Qy,) and let
la| < 1.

Then the functions V§",--- , V' and Vi, -,V are uniquely determined and
they belong to the respective functional spaces:
Vk=0,---,N,
(20a) vir e 6> (0,1 HN 42 )
(20D) V¢ € HNTP=RL(),
Moreover, there exists a constant Cn 0, such that:
Vk=0,---,N,
(21a) sup ||V (n, ')||HN+pfk+1/2(’]I‘) < CN7(91P|‘f||HN+P*1/2(BO)’
n€l0,1]
(21b) Vil gvr-rsr 0y < 1CN0 pllfll grvr-1/2(00)-

Remark 3.3. To simplify, we suppose that |a| < 1, but the same result may be
obtained if there exists Co > 1 such that || < Cy. In this case, the constant Cn,0 p
would also depends on Cy.

Proof. Since 90O is smooth and since ¢ belongs to HNTP=1/2(9Q,), for N > 0 and
p > 0, then the functions f and f defined by (E) and by (E) belong respectively to
HN*P=1/2(T) and to HNTP~1/2(90). We prove this lemma by recursive process.

e N =0. Let p> 0 and let ¢ belong to HP~/2(9%,).
Thus f and f belong respectively to HP~1/2(T) and HP~'/2(90O). Using ([L8H) and
(I8d), we infer:

O2Vm =0
(22) S
a"7‘/0 |7]:1 = 05

hence, 0,Vg" = 0. According to ([18H) and to ([L84), we straight infer
V" = f.



FULL ASYMPTOTICS FOR STEADY STATE VOLTAGE POTENTIALS 11

Therefore by ([L84)) and ) the function Vi satisfies the following Laplace prob-
lem:

(23a) AVy =0,

(23b) O Vy'lgeo = of,

with gauge condition

(23¢) / Viedo = 0.
20

According to ([I8d), we infer

(24) V" = Vi 0y,

hence Vi and V" are entirely determined and they belong to the following spaces:
vgr e > (10,1); H"H1/3(T))
Vi € HPTH(0).

Observe also that there exists a constant Cp , such that

sup (V5™ (0, )l o2 (ry < Copllfll zre-1/200,
nelo,1

Ve o410y < ldCo,pllfll mro-172(00)-

e Induction.

Let N > 0. Suppose that for all p > 0, for all ¢ € HNTP=1/2(9Qy,) and for
M = 0,---,N the functions V}; and V;; are known. Suppose that they belong
respectively to HN+P=M+1(0) and to V7 € € ([0, 1]; HNTP=M+1/2(T)) and that
estimates (1) hold.

Let ¢ belong to HN+tP+1/2(9Q,). Therefore, for M = 0,--- , N, the functions
Vi and Vi# are known, they belong respectively to HYTP=M+2(0) and to V;} €
% ([0, 1]; HN+P=M+3/2(T)) and the following estimates hold:

VM =0,---,N,

Sl[lp IVar (0, M gvo-serszry < ON0pllfll avestirz 00,
nelo,1

HVAC}IHHNﬂ»fMH(O) < |04|CN,O,pr||HN+p+1/2(6O)-

We are going to build Vg , and V3 ;. From ([L8H) and ([L84), we infer, for all
(n.0) € C,

RV, =— {m {3n02Vi + 0,V }
+ 37 RPO VA 4 20200V + VAT
+ 773,%38,27%(}1_2 + 2 K20, Vi + nrOG Vs — nmlagi\}l_Q},

Vi, —y =0
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Recall that we use convention (E) Since we have supposed that V}} is known for
M < N and belongs to € ([0, 1]; HNT1+P=M=1/2(T)) | we infer that:

Y(s,0) € C,
(25)

1
OnVa'ia(s,) :/ {fi {3778,27‘/;\}I + 8,7‘/;\}1}
+ 3 RPIVA 4 2020V + VAT
+ 773,%363%’\?72 + 2 K20, Vs + ROV s — nK' OV o }dn,
is entirely determined and belongs to € ([0,1]; Hp+1/2(']1‘)). Moreover, since

Oy V' 1 is known, we infer exactly by the same way that 0,V , is also deter-
mined. Actually, it is equal to

V(s,0) € C,
1
OVl a(s, ") :/ {n{snagvml + 0y VA1 }
+ 32OV + 2P0V + 05V

+ PRIV + 0RO, VL + RV — 0k De VT, }dn,

and it belongs to € ([0, 1]; HP*1/2(T)). According to ([[8d), the function Vi, is
then uniquely determined by

(26a) AVE ., =0,
(26b) OnViii1]po = @O V20 @5,

with gauge condition

(26¢) / Vi 41do = 0.
00

Moreover, it belongs to HPT(O). Transmission condition ([[8d) implies the fol-
lowing expression of V', ;:

Vs € (0,1), Viii(s,-) = / Oy Vi1 (n, ) dn + Vi, 0 @,
0

where 0,V , is given by (RH) and belongs to € ([0, 1]; HP*1/2(T)). We infer
also that there exists Cyy1,0,p > 0 such that

Sl[lopu ||V1</n+1(77, '>||Hp+1/2(']1‘) < CN+1,O,pr||HN+p+1/2(a(9),

ijt\:/-',-l HHP+1(0) < |O‘|CN+1,O,pHf||HN+P+1/2(6(9)v

hence the lemma. O
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3.2. Error Estimates. In the previous section, we have proved that for each non
null integer N, the functions Vy and V* are well defined by equations (B)7 more
precisely, using convention (@) we get

AVE =0,
On Vi loo = of,

with gauge condition

/ Vido = 0;
00
V(n,0) e C, Vi =Vyod.

For N > 0, we have
V(s,0) € C,
1
oV (s.) = [ {wfnoRvit s o)
+ 30 K200V o + 20K,V o + O3V o
RSOV RO,V + ORVR s — ik OV
Y(s,0) € C,
1
Vi1 (s,7) :/ {H{snaflvgl +0,Vi'}
+ 3772&28,27\/](,”_1 + 2nK20, V1 + 05V,
ROV + POV mRORVR s — K OV
the functions Vi qnd V" are then defined by
AVy =0,
0Vl go = a0y Vi 0®5 ",

with gauge condition

/ Vydo =0,
20
Y€ 0.0, VR(s,) = [ 0V () dn+ Vi 000,
0
It remains to prove error estimates.

Theorem 3.4. Let hy be defined in (f) and h belong to (0,ho). The complex
parameter o satisfies

(27) lal <1,
(28) R(a) >0 or {%(a) =0and (o) # 0}.

Let N € N and ¢ belong to HN13/2(0Qy,). We suppose that 0O is smooth. The
function f is defined by ({). We denote by V' the solution to Problem (). Let R
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and RY; be the functions defined by:

R =V =0 VEhk, in O,

R =Vod— Yo, Vi"h*, in C.
Then, there exists a constant Co,ny > 0 depending only on the domain O and on
N such that
(29a) 1R i1 0) < Conlflln+ar2o0) A F1/2,

(29b) RN 12 (o) < Co N lfll g+s200)h™ 2.

Moreover, if ¢ belongs to HN15/2(0Qy,), then we have

(30a) IR |71 0) < Conlfllan+s/2 (a0l A F1

(30b) IR% |13y < ConlIfll rav+srzpo)h ™ 2.

Remark 3.5. If |« is greater than 1 but bounded by Cy, the same results hold: the
constant Co, n would also depends on Cy.

Proof of Theorem [B.4. Since ¢ belongs to HN+3/2(9€),), according to the previous

lemma, the couples of functions (RS, Ri) and (R% 1, R, ) are well defined and

belong to H'(O) x H, (C). The Sobolev space H} (C) is defined in Notation R3d.
Denote by gy the following function defined on C:

gn =k 3OV + 0 Vi) + 30 KOSV + 20K20, Vi) + VR,
+ PRIV + 0RO, Vg + GV — k' OV

+h (3772&28,27\/1(,” + 20K 0, V' + 05V
+ P POIVE L+ P EP OV + ROV — 77/<;’89VJ(,"1>
+ h? (773&38,27\/]\? + K20,V + nrOFVT — 77/<;’89V1(,”>

According to the previous lemma and since ¢ belongs to HN*1/2(9€;,), the above
function gy belongs to > ([0,1]; H~*/%(T)) and the function 9,V belongs to
%> ([0,1]; H*/*(T)). Moreover, there exists a constant Cy,o such that

(32) {supne[o,l] lgn ()l ir-12(my < Ol fllan /20y,

sup,efo,1) 100 VA" (0 M ggasz ) < Onoll fll sz ey
The functions R%; and RY; satisfy the following problem:

ARS =0, in O,
N

1+ hnk m h m) =
On ( h 8"RN) o <1 + hnﬁaeRN> T b)Y
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with transmission conditions:
@ N+1
OnRSy 00 = T (a,]Rmn:O + RNt anvmnzo) :
Ry o® = W'nzo )
with boundary condition
a’nRRHn:l = 07
and with gauge condition

R% do =0.
80

By multiplying the above equality by Ry and by integration by parts, we infer
that:

c 12 m (|2 m
||dRN||A1L2(0) +a ||dRNHA1L§(C) = —an® /CQN(Uﬁ)RN(?%e) dndé
(33) + ahVH /T OV ,mo BRI,y 40
— ahNH! / K 0.V, R, _, 0.
T

By hypothesis (R§), and using by Cauchy-Schwarz inequality and estimates (@),
we infer that there exists a constant Co y > 0 such that

m |2 — m m
R(e) ||dRN||A1L§(C) < |a|Co,nhY 1/2||RN||H;(C')||f||HN+1/2(1r)||RN||H;(C')’
and
S(a)] AR < |a|Conh™N V2| R Ry
[S(@) BN a1 220y < lalCo.n IRN N 2o | f vz | BN [ 520,
hence

m||2 — m
[ARN A1 L2 (o) < Co NP 2| fll gxsaz(ny | R as -

Since [ Rﬁ|n20 df = 0, by Poincaré inequality (B), there exists a strictly positive
constant Co, which does not depend on h such that

1B [laoLz(c) < Co [[ART [ z1 2 () »

hence
IRy iy < Conllfllmnsnzmh™ 12,

and therefore we deduce directly from the above estimate and from (BJ),

IR Nl 10y < Con I flmmsasaemlal k¥ 12,
The above estimate holds for ¢ € HV+1/2(9€;,). Since ¢ belongs to HN+3/2(09)y,),
we obtain the same result by replacing N by N + 1:

1BR 1llmy ) < Consallfllmmearzmh™ 72,

(34)
HR}:\/HHHl(O) < Co N1l fll sz (myl o BN T2,
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According to the previous lemma, the functions Vy,, and V{7 , are well-defined
and there exists a constant C o such that:

IN

VN1l 0y < |alCnollfllv+ar2(a0),

m Cn,o
IVAallmr o) < 7 £l zrxv+3/7200) -
Writing
N=Ryp+ szr+1hN+1a
and

m __ m m N+1
N =Ry Vi

we infer that

IR N 1120y < ConlIf | mssramlalh™ 172,
and
HRWHHé(C) < CO,NHfHHN+3/2(1r)hN+1/2-

If ¢ belongs to HN5/2(9Q,), we write

N = Rypo + Vi hV T 4+ VEoh V2
and

N =Ry + VJ(/thNH + VJ(/nJrthHa
to obtain estimates (B(), hence the theorem. O

Remark 3.6 (The case of an insulating cytoplasm). Consider Problem (E)
div (yn gradu) = 0 in Qp,
ou

I = ¢ on 0y,

/ udo = 0.
20

If the inner domain is perfectly insulating (i.e. if yn vanishes in O), the steady
state potential in the membrane satisfies:

1
ﬁ&] (1 + hnk)Opyu™) 4 Og (

1
Opu™ | =0, in C
T hm ou ) , in C,

with the following boundary conditions:
8num|n:0 =0, 877um|n:1 = hf,

and with gauge condition

2
/ ’um|77:0d9 =0.
0

By identifying the terms of the same power of h we would obtain: ui* =0, and uf*
would satisfy:

2, m __ .
Opui* =0, in C,

Out*l,—g =0, Opui*|,_, = f,

2T
/ u’1"|n:0d9 = O,
0
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which is a mon sense as soon as f # 0. Our ansatz (E) fails. Actually, the

asymptotic expansion of u™ begins at the order —1: a boundary layer phenomenom
appears. This is described in the next Section.

4. ASYMPTOTIC EXPANSION OF THE STEADY STATE POTENTIAL FOR AN
INSULATING INNER DOMAIN

Consider now the solution u to Problem (E) In this section, we suppose
(35a) || tends to zero,
(35b) R(a) > 0 or {m(a) =0 and S(a) # o}.
Thus the inner domain is insulating. Let 8 be a complex parameter satisfying:
Re(B) > 0,0r (Re(B) =0, and I(B) #0).

The modulus of § may tend to infinity, or to zero but it must satisfy:

1 1 1
60(—), and —0<—>.
oo\ 5=\
We suppose that u may be written as follows:

1
u:ﬁu_1+u()+hu1+---.

We denote by u¢ and 4™ o ® ! the respective restrictions of u to O and to Oy,.
One of the two following cases holds.

Hypothesis 4.1 (o« = Sh%). There exists ¢ > 1 such that:
(36) a = [hi.

Hypothesis 4.2 (o = o(hY), VN € N). The complex parameter o satisfies ([B5)
and for all N € N,

(37) VN €N, |a| =o(h").

First we suppose that Hypothesis @ holds: we will discuss on Hypothesis @
later on. We denote by (u®9,u"™?) the solution to Problem E under the Hypothe-
sis Q

According to (@), by ordering and identifying the terms of the same power of
h, for k € NU —1, for ¢ € N*, up? and u;"? satisfy:

(38a) Aup? =0, in O,
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for all (n,0) € C,
82 L= { {37732 L+ Opuy
(38b) + 3 /1282 T8 2nk20nu)™d + OFu)
+ 1620w + P20 d + nrdgug — nk' Bpuy” },

(38¢) u o Py = u)"?
(38d) O™, _y =011,

(38e) / uy?do =0.
00

Transmission condition ([L2d) coupled with Hypothesis @ implies:

o

(38f)  BO,uy 0P = 8nu;n’q|n:0,

In equations (), we have implicitly imposed

(39) u =0, if | < -2,
u}nq: ifl < -2.

)

Let us now derive formal asymptotics of © when Hypothesis @ holds.

4.1. Formal asymptotics.
e N=-1.
The functions u™;? satisfies
aguTiq =0,in C,
Oui =0 =0,  Ipul{[;=1 =0,
hence u™;? depends only on the variable 6. Observe that we have, for almost all
0 € T the following equality:
u1(0) = u®% o0 ®y(0).
e N=0.
The function uy"? satisfies:
82 0""=0,in C,
&7u0 Nly=0=0, dyug"?y=1 =0,
hence, 9, ug;"?
e N=1.
The functions u]"? satisfy:
Pui"? = —9Fu?,in C,
Onuy?n=o = BOnus]_j 0o,  Opui™fp—1 = f.

vanishes identically in C.

Therefore for ¢ = 1 we obtain the following equality:
—02u"™ + B0 U] 0D = f,
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hence the following boundary condition imposed to uﬂ on 00:
2 cl c,1
— Ogu” + B Opu’ ’ =f.
071 ’60 B0y

Therefore, the function u® i is solution to the following problem:

Au®l =0, in O,
2c1’ c,1
U +68u;’ =f
71150 "o

c,1
/ uildao =0.
00

(41) V(n,0) € C, u™}' =u®]|so 0 Do.

Since R(3) > 0, a straight application of Lax-Milgram theorem ensures that u®! is
uniquely determined and belongs to H*(O) as soon as the boundary data belongs
to H=3/2(00).

If ¢ > 2, the function u]"? satisfies:
(42) —Ofu{" = f.
Since [ u”?df = 0, equality [#D) defines uniquely u™9. We infer that u? is
solution to the following problem:

{Au"{: , in O,

(40)

)

(43) _ ’U/_’l{ 00 — uTqu(DO_I-
Hence we have determined v? and u®? for ¢ € N*. Observe that u®} is solution
to Laplace equation with mixed boundary condition, and for ¢ > 2 the potential
u®? is the solution to Laplace equation with Dirichlet boundary condition, while for
an insulating membrane, we obtained Neumann conditions for the approximated
steady state potentials.
Let us now determined uy'? and uyy? for ¢ € N* by recurrence.
e Induction.

Suppose that for N > 0, the functions u)y?

The function u7) N +2 satisfies:

1 uyy, Oguy? and dyulyy, are built.

82uN+2 = - (37732uN+1 + 0, UN+1) — Ogu'y? — nrOFul | + K Opuy? |, in C,
aﬁuN+2|77:0 = ﬂanuN-i—l—q 0P, a77“N+2|77:1 =0.

Denote by ¢%; the following function:

1
?V:/( (37782UN+1+8 uNH)—i—nm@euN | — K Opu™ ’q)dn
0

2,,mM,q m,q
Since 0 LUN 1 and Opuyy’

t1
determined. Observe that if ¢ = 1, 8nurﬁi2|n:0 is unknown since 8,u%" is not yet

are supposed to be known, the function ¢% is entirely

determined, while as soon as ¢ > 2, dyuyYs|,=0 is known.
Using transmission condition (B8() , we infer the following equality satisfied by
m,1 .
Uy innp=0:

927/1:11 1|77:O + ﬁ@nuf\}l 0Py =¢ — / 77595 Uy d77,
0
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hence the boundary condition imposed to u;’,l on 00:
B d,usy oo 2 §V1 (qﬁ}v —/ NG Opuyy 1d77> ody .
0

Thus the function u Nl is solution to the following problem:

AuN =0, in O,

1
c 1 c,1 m,1 —
(44) = Bpuiy |, + OOy | = <¢}v /O 105 Oyuly dn) o5,

/ u}:\}l dso = 0.
00

In the membrane uy" is defined by
(45) upt = /S Opunyldn + uy? o ®y.
0
If ¢ > 2, u}yY|,=1 is entirely determined by the equality:
—0Fuly | p=1 =B0nu 0 Po + ¢ — /01 1030,y dn,
hence
1(s,0) = /S Oy tdn + w =1
1
The potential uy? satisfies the following boundary value problem:

{ Auy?' =0, in O,

46
(46) uﬁ\}q|6ozuﬁ’qo¢al.

Observe that for ¢ > 1, dyuyy?/, is then entirely determined by:
S
Opunly = / (—FL (37782u71<}f1 + Opuy)
1

— Ogulyy? — nrOFuNY, + K Oguiy? 1>d77

Therefore, we have proved that for all N > —1, for ¢ € N*, the functions uy’

m,q . .
up’" are uniquely determined.

and

4.2. Error estimates. Let us summarize the expressions of (uy?,u;"?). In the
following we use implicitly the convention (B9).
o Ifg=1.
fN=-1
Au®} =0, in O,

2 ¢l c,1 _
U 1‘ +ﬁ@nu_1‘ =1,
20 20

2,1
/ ugldao =0.
00

V(n,0) € C, uTil = uiﬂao o ®.
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Moreover,
m,l m,l 2 m 1
Oguy ™ =0, Oyuy = -—-ndyu’; + f.

¢ N >0. Suppose that for N > 0, the functions uj',, u%",, d,un’ and
&ﬂ/ﬁ’il are built. Denote by ¢, the following function:

1
ON = /0 (’i (3n0pu iy + Oquiyly) + neOjui?y — nw'Opu’ ,q) dn-

.1 .
Then ufy satisfies

AuN =0, in O,
1
— QZuy 0 + B0t = <¢}V —/ n@é@nu%’ldn> 0dyt,
0

c,1
/ Upn dao = 0.
00

In the membrane uy" is defined by
S
= / Opunytdn + u? o ®y.
0

Observe that 8771/]3;}2 is then entirely determined by:

7) uN+2 /1 <n (37782uN+1 +0 UN+1)

/1 - nrdjuny 11 + nn’@gu%’%) dn.

o Ifg>2.
f N = —1. The function uy"? is defined by

/uTiqu =0,
T

u®? is solution to the following problem:
{ Au®? =0, in O,

. m,q —1
u® ‘[wfufl od, .

Moreover,
m,q __ m,q __ 2, m,q
Onpug ' =0, Oyuy ¥ =—nlyui? + f.

# N > 0. Suppose that for N > 0, the functions wy?;, uy’,, dpuy’? and
Onuyy are built. Denote by ¢% the following function:

1
?\,:/ ( (37782UN+1+8 uN+1)+7m89uN | — Nk Ogu” ’q) dn.
0
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u)y!|;=1 is entirely determined by the equality:

1
—0uy =1 =B0nuf, ;0o + Of — /0 n93 Oyuy dn,
hence

uy(s,0) = /S Opunytdn + uly ) p=1.
1
The potential uy? satisfies the following boundary value problem:
Auy?' =0, in O,
{ U g = un o ®g .

Observe that for ¢ > 1, dyuj/y is then entirely determined by:
S
Opunly = /1 —k (3nd7uly + Ogul)
— 831/]\,“1 — nnagu?vlfl + nn’@gu%’%) dn.

Remark 4.3 (Regularity). We leave the reader verify by induction that the fol-
lowing regularities hold. Let ¢ € N*, N > —1 and p > 1. Let ¢ belong to
HN+p73/2(8Qh)‘

u®? e H'NP(0),

uit € > ([0 B2V R(T))

Vk=0,---,N,
(473,) uz»q c H1+N+p—2[k/2](0)’
(47b) ,UJZWI c E> ([0, 1]; H1/2+N+p72[(k+1)/2] (T)) )
Moreover, there exists a constant Cn, 0, independant on h and 3 such that:
(48a) sup HuTiq(n, .)||H1/2+N+p(’]1‘) < CN,O,p||fHHN+p—3/2(ao)7
n€lo,1]
(48b) Huc—1||H1+N+p(o) < CN,pr”fHHN+P*3/2(6O)7
Vk=0,---,N,
(48¢) Sl[tpl] [y (n, ')||H1/2+N+p72[(k+1)/2]('ﬂ‘) < On.0pllfllga+-sr2(00),
nelo,
(48d) H“?q”HHNM—Wﬂ(o) < CN,O,prHHNﬂ*?'/z(aO)-

Theorem 4.4. Define ho by (fl). Let h belong to (0,hg). Let ¢ € N* and N €
N. The complex parameter o satisfies (@) with Hypothesis @ Let ¢ belong to
HN+3/274(9Qy,), and suppose that 0O is smooth. The function f is defined by ().
We denote by u the solution to Problem ({]). Let r3? and vy be the functions
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defined by:
Cq _ N capk
ryl=u—>_ _juyh”, in O,
m,q _ N m.qpk
ryt=uo® -3 u"h" in C.

Then, there exists a constant Co n > 0 depending only on the domain O and on
N such that

. h
(493.) HT]\,[q”Hl(O) S CO,NHf||HN+3/2+q(6(9) max ( m, \/E> hN+1/2,
(49b) ey a3y < Con|fllan+arz@oyh™ 172,
If ¢ belongs to HN15/24(9Q,), we have
HTJC\}q”Hl(o) < CO,N||f||HN+5/2+q(1r)hN+1-

Proof. The proof of Theorem Q is similar to the proof of Theorem @ Since ¢
belongs to HY~1/2(9Q,), according to the previous lemma, the couples of functions
(ryt,ry?) and (ry?y, ) are well defined and belong to H(O) x Hy (C).
Denote by gy the following function defined on C:
JN =K (377831/]3"7 + a,]u’];*q) + 3772&287271&%111 + 2775;28,71/]3111 + agu’ﬁfl

3,392, m,q 2.3 m,q 2, m,q / m,q
+n°k 8,7uN 5 + N R°OpuN Yy + nrOyuy s — nr'Oguyn?y

+h (3772&28,271&%” + 20K20puny? + Oguiy?
+P RSO + PR+ nrOju? — nﬁ,a@“ﬁﬂ)
+h? (773%335%"’ + 0ROy + nedjuly ! — nn’aeu’ﬁ’q>

According to the previous lemma and since ¢ belongs to HN~1/2(9Q;,), the above
function gy belongs to € ([0, 1]; H~/%(T)) and the function 8,Vy"? belongs to
% ([0, 1]; H*/*(T)). Moreover, there exists a constant Cy,o such that

(51) Supn€[0,1] H§N(77, ')HH*I/Z(T) < CN,OHfHHN*l/?(’]I‘),
Sup”]E[O,l] Ha’VIUN,q(T]a .)HHH'/Z(’]I‘) < CN,O”fHHN*l/?('ﬂ‘)-
The functions ry? and r}’? satisfy the following problem:

Ary? =0, in O,

1+ hnk h AR
O, | ———0,r"\? Op | ————0pr? | = ———
"( RO )+ ’ (thﬁ TN ) (L+ )
with transmission conditions:

1
B 10,15 0 B = & (a7 g + BN (D 0 o + hOyuR 0 ®y) )

.q _ mg
rylo®y = ry |n:0’
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with boundary condition
m.q —
a”IrN |77:1 =0,

and with gauge condition

/ rytdo = 0.
20

By multiplying the above equality by 7 and by integration by parts, we infer that:
(52)

c 2 m,q| 2 ~ “m,q
ﬂth Hdrj\}q”/\le(o) + HdTN q”AlL%(c) =—h" /CQN(Wv 9)7’N q(777 0) dn do

+ BRI+ / (BuS | 0D + hdyuS o By) rﬁ*q’  do.
T n=

The end of the proof is similar to Theorem E Using the positivity of R(5) we
straight infer estimate (E9H) of 7. To obtain the estimates of ry?, we write:

q
Cq __ ,.Cq c,q N+k
TN =TNtq T E uN+kh .
k=1
O

4.3. The case a = o(h"V), VN € N. Now, we suppose that Hypothesis D holds.
In this case, we prove that ¢ and ™ may be approximated by U¢ and U™, which
are solution to:

(53a) AU™ =0, in Oy,
(53b) U™ 50 =0, anUm|th = o,
(53c) / U™do = 0.
le}
and
(54a) AU =0, in O,
(54b) Ulpo = UM po -

Actually, we have the following lemma:

Lemma 4.5. Let ¢ belong to H=/2(9Q,). Let (u®,u™) be the solution to Prob-
lem (E), and U™ and U¢ be defined respectively by ) and (Q) Then, we have:

(55) [u™ = U™ |10,y < Colal 18l g-1/200,) -
(56) [u® = Ul g1 0y < CoVlalldlg-1/2(00,) -
Proof. Denote by w® and w™ the following functions:

we=ut-U° w"=u"-U",
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and let ¢ belong to H~/2(98y,). We have:

(57a) Aw® =0, in O,
(57b) Aw™ =0, in Oy,
(57¢) a Opw| g0 = Onw™|go — @ O U |50
(57d) oo = w"yo ;
(57e) Iw™|q, =0,
(571) / w™do = 0.
00

Thus we infer:

(58) a/ |Vwc|2dvolo+/ |Vw™[* dvolp, = a/ OnU°| 50 wmdo.
(@] Oy 00

It is well-known that :

HUWHHl(Oh) <Co |¢|H*1/2(89h) )
and
HUC”Hl(Oh) < CO |Um|t9(9|H1/2(60) .

Since « satisfies (Bg) we infer,

meHHl(Oh) < Colaf |¢|H*1/2(6Qh) )
and thereby

[w | g1 0y < Covlal 1ol g-1/250,) -
Il

It remains to derive asymptotics of U™ and then these of U°. They are similar
to asymptotics of u"? for ¢ > 2: we just have to replace 3 by zero. We think the
reader may easily derive these asymptotics from our previous results.

CONCLUSION

In this paper, we have studied the steady state potentials in a highly contrasted
domain with thin layer when Neumann boundary condition is imposed on the ex-
terior boundary. We derived rigorous asymptotics with respect to the thickness of
the potentials in each domain and we gave error estimate in terms of appropriate
Sobolev norm of the boundary data, electromagnetic parameters of our domain and
a constant depending only on the geometry of the domain. It has to be mentionned
that for an insulating inner domain (or equivalently a conducting membrane), the
asymptotic expansions start at the order -1 and mixed or Dirichlet boundary con-
ditions has to be imposed on the asymptotic terms of the inner domain.

To illustrate these asymptotics, numerical simulations using FEM with GetDP [E]
are forthcomig work with Patrick Dular from Université de Liege. Few results have
been shown at the seminar Numelec [LH].
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APPENDIX

Let x denote the Hodge star operator, which maps 0-forms to 2-forms, 1-forms
to 1-forms and 2-forms to O-forms (see Flanders [[L1]). We give explicit formulae for
the operators d, §, ext and int. These formulae are straightforward consequences
of the definition of the operators x, d and § = x~!d*. We refer the reader to
Dubrovin, Fomenko and Novikov [{].

We consider the metric given by the following matrix G

(59) G = (91 912
g1z g22)
We denote by |G| the determinant of G. The inverse of G is denoted by G~!
G =(9")ij

and we suppose that the signature of G is equal to 1. Thereby, the operator %2 is
equal to Id on the space of 0-forms and 2-forms and it is equal to — Id on 1-forms.

4.4. Star operator in R2.

4.4.1. On 0-forms and on 2-forms. Let T be a O-form and let S be the 2-form
vdy'dy?. Then T is the 2-form pdy'dy? and %S is the O-form f. The following
identities hold:

w=I|GIT,
1

VIGI

4.4.2. On 1-forms. Let T be the 1-form Ty dy' + Tody?. Then *T is the 1-form
p1 dy' + po dy?, and we have the following formulae:

= —/IG| (¢"°T1 + 97°T2) ,

VIGI (98T + g™ T2) .

4.5. The action of d acting on 0-forms in R2. Let u be a 0 form, then du has
the following expression:

V.

H2

Op 1 Op o 9
dp = ——d —dy~.
H oyt Y +8y2 Y

4.6. The action of § acting on 1-forms on R2. Let p be the 1-form puidy* +
1ody?, and define 6pr = a. The 0-form « is equal to:

a= —\/%{aiyl (\/@ (9" + gmuz))
+ a% (\/@ (9" p1 + g”m)) }

4.7. The exterior product of a 1-form with a 0-form. Let N be the 1-form
Nidy' + Nady? and f be a 0-form. The exterior product of ext(N)f is:

ext(N)f = fNidy' + fNody?.
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4.8. The interior product of a 1-form with a 1-form. Let N and p be the
1-forms N1dy! + Naody?, and pydyt + pedy?. Then O-form int(N)u has the following
expression:

1

2

3

[9

[10
[11
[12

[13

[14

[15

[16

int(N)pu = Ny (,ulg11 + ,u2912) + N (M1912 + M2922) :
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