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Abstract

In the framework of regression model with (known) random design, we prove

that estimators of wavelet coefficients of the unknown regression function
satisfy a strong large deviation inequality. This result can be used to show
several statistical properties concerning a wavelet block thresholding estima-
tor.

Key Words: Regression with random design, Large deviation inequality,
Wavelet, Block thresholding.

AMS subject classification: 62G07, 62G20.

1 Motivation

Wavelets have been shown to be a very successful tool in the framework of
nonparametric function estimation. They provide adaptive estimators which
enjoy good theoretical and practical properties.

In the present paper, we focus our attention on the regression model with
(known) random design. We show that estimators of wavelet coefficients of
the unknown regression function satisfy a strong large deviation inequality.

Thanks to this inequality, we can apply several general results established
in the literature concerning the performances of a IL? version of an adaptive
wavelet block thresholding estimator. It has been initially developed by Cai
(1997, 2002) in the framework of the regression model with deterministic
equispaced data. Among the numerous consequences of our inequality, we
can show that the considered BlockShrink construction provides adaptive
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confidence balls under the local L risk and that it achieves (near) minimax
rates of convergence over Besov balls under the global IL? risk.

The paper is organized as follows. Section 2 describes wavelet bases.
Section 3 presents the model and the main result of the paper. Some appli-
cations are described in Section 4. Section 5 contains a detailed proof of the
main result.

2 Wavelets

We consider an orthonormal wavelet basis generated by dilation and trans-
lation of a compactly supported ”father” wavelet ¢ and a "mother” wavelet
1. For the purposes of this paper, we use the periodized wavelets bases on
the unit interval. Let us set

S = 226(2w — k), Vi =222z — k).

And let us denote the periodized wavelets by ¢f,(v) = >, djn(z — 1),

Pe(@) = Y ¥ik(r — 1), x € [0,1]. If 7 large enough then the collection
C=A{d)(x), b =0,..,27 = 1; ¢7,(x), j=7,.,00 k=0,.,2 —1}
constitutes an orthonormal basis of L%(]0, 1]). The superscript "p” will be
suppressed from the notations for convenience.

For any [ € {7, ...}, a square-integrable function on [0, 1] can be expanded
into a wavelet series

2l—1 co 21—1
Zazkcbm +ZZﬁgk¢jk
=l k=0

where ), = fo x)djx(x)dz, Big = fo )k (
For further details about Wavelets see Meyer (1990) and Cohen et al. (1993).

Since the wavelet basis ( is compactly supported, it satisfies the following
property of concentration : there exists a constant C' > 0 such that, for any
m > 0 and any z € [0, 1], we have

27 -1

Z [y ()| < €22, (2.1)
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3 The model and the main result

In this study, we consider the regression model with random design de-
scribed as follows : suppose that we observe n pairs of random variables
iid ((X1,Y1),..., (X, Ys)) governed by the equation:

Y; :f(XZ)—i‘ZZ, 1€ {1,...,?1}, (31)

where the z;’s are Gaussian i.i.d with mean zero, variance one and are in-
dependent of the design (X7, ..., X,,). We assume that the design is known
with X; € [0,1]. We denote by ¢ the density of X; and we assume that g
is bounded from above and below. The function f is unknown and bounded
from above (|| f||o is supposed to be known). The objective is to estimate f
from observations ((Xi, Y1), ..., (Xn, Yo)).

This statistical problem has been investigated by many authors via var-
ious approaches. Numerous minimax results can be found in the book of
Tsybakov (2004).

If we consider the framework of wavelet analysis, the first step to estimate
f consists in estimating the associated wavelet coefficients 3;,. Here, we
consider the following unbiased estimator :

Biw=n"")  Yig(Xi) " (X0). (3.2)

=1

Theorem 3.1 below shows that (ﬁjk)k satisfies a strong large deviation
inequality.

(It is important to mention that all the constants of our study are inde-
pendent of f and n.)

Theorem 3.1. Let us consider the regression model with random design
(3.1). Let p € [2,00] and L < (logn)P/2. Let j, and j, be integers satisfying

200 < I, 272 = (n/logn)"2.
For any j € {j1,..., Ja}, let us set A; = {1,...,27 L7} and

Bix={ke{0,...,27 —1}: (K-1)L<k<KL-1}, KecA,.
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Then, there exist two constants py > 0 and C' > 0 such that, for any j €
{j1,--sjo}, K € A; and n large enough, the estimators (B;)r defined by
(5.2) satisfies

PH((L! Z 1Bk — BiklP)'P = a2 ') < O, (3.3)

kGBj,K

The proof of Theorem 3.1 uses several well-known large deviation in-
equalities as the Talagrand inequality, the Cirelson inequality, the Bernstein
inequality and the Hoeffding inequality.

Remark 3.1. Let us adopt the statistical framework of Theorem 3.1. For
any k € {0,...,27 — 1}, there exist three constants K* > 0, pp > 0 and C' > 0
such that

P2 (|8, — Bixl = pa/(log n/n))
< PHELT N B = Bl = w27 ') < O

kEBj,K*

Therefore, the inequality (5.3) is stronger than an usual large deviation in-
equality generally used to investigate the performance of the hard threshold-
ing procedure introduced by Donoho and Johnstone (1995). See, for instance,
(Kerkyacharian and Picard, 2000, Theorems 5.1 and 5.2).

4 Some applications of Theorem 3.1

In the framework of the regression model with (known) random design (3.1),
the inequality of large deviation proved in Theorem (3.1) can be applied to
show several statistical properties concerning the following adaptive estima-
tor of f :

J2
f(z) = @jl,k¢jl,k($)+z Z Z 5j,k1{5,].’1(%1,,1/2}%@(95)7 (4.1)
k=0 j=j1 K€A; k€B; k

where 7jq, jo, Bj’k, A;, Bjx and p; are defined in Theorem 3.1, the esti-
mator &;y, is defined by d;, = n~ ' Y1, Yig(Xi)_l@,k(Xi) and b; k is the
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normalized l,-norm of (3;x)res, , 1-€:

b = (L7 Y 1Bl

kGBj’K

This construction is a IL? version of the BlockShrink estimator adapted to
our statistical problem. Such estimator has been introduced by Cai (1997,
2002) in the framework of the regression model with deterministic equispaced
data. Two applications of Theorem 3.1 are briefly described below.

o Adaptive confidence balls : if we apply Picard and Tribouley (2000,
Proposition 1) then the estimator (4.1) provides adaptive confidence
intervals around f(zo) with 2 € [0, 1] under the local L? risk.

e Optimality result : if we use the Bernstein inequality, one can show
that there exists a constant C' > 0 such that the estimator 3} defined
by (3.2) satisfies the following moments inequality :

E}(|85k — Bjxl*) < Cn7?,

(see for instance (Kerkyacharian and Picard, 2005, Proof of Proposi-
tion 3)). Combining this result with Theorem 3.1, Chesneau (2006,
Theorem 4.2) determines the rates of convergence achieved by the esti-
mator (4.1) over Besov balls under the global IL? risk. More precisely,
by considering the Besov balls B; (M) defined by :

27 -1

By (M) = {f € L™([0, 1]); [Z [ 1/21/m( Z BTV < MY,

j=7—1
(with the usual modification if r = 0o) we can set the following theorem

Theorem 4.1 (Application of Theorem 4.2 proved by Chesneau (2006)).
Let us consider the regression model with random design (3.1). Let
p € [2,00[. Let us consider the estimator f defined by (4.1). Then
there exists a constant C' > 0 such that, for any m € [1,00], r € [1, o],
s €]1/m +1/2,N] and n large enough, we have

sup E”/ |f(z r)[Pdr) < Cop,

feB; (M)
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where

) nmerr(log n)*PHesmy when € > 0,
o (logn/n)22P(logn)P~™/M+le=0y  when € <0,

with oy = s/(2s + 1), ap = (s — 1/m + 1/p)/(2(s — 1/7) + 1) and
e=ns+27Ym —p).

These rates of convergence are minimax and better than those achieved
by the well-known hard thresholding estimator. Theorem 4.1 can be
viewed as a generalization of a result proved by Chicken (2003, Theorem
2) for the uniform design, the L. risk and the Hélder balls B3,  (M).

5 Proofs

First of all, let us recall the Talagrand inequality and the Cirelson inequality.

Lemma 5.1 (Talagrand (1994)). Let (V4,...,V,,) be i.i.d random wvariables
and (€1, ...,€,) be independent Rademacher variables, also independent of
(Vi,.., V). Let F be a class of functions uniformly bounded by T. Let
r, : F — R be the operator defined by :

() =17 > h(VE) ~ B(h(V)).

Suppose that sup,cr Var(h(Vy)) < v and E(supper i h(V;)) < nH.
Then, there exist two constants Cy; > 0 and Cy > 0 such that, for anyt > 0,
we have :

P(supr,(h) =t + CoH) < exp(—nCy (o' AtT)).
heF

Lemma 5.2 (Cirelson et al. (1976)). Let D be a subset of R. Let (n:)iep be a
centered Gaussian process. Suppose that E(sup,cpm) < N and sup,ep Var(n) <
Q. Then, for any x > 0, we have

Plsupry, > 7+ N) < exp(—2°/(2Q)). (5.1)
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We are now in position to prove Theorem 3.1. Here and latter, C' rep-
resents a constant which may be different from one term to the other. We
suppose that n is large enough.

Proof of Theorem 5.1. We have the following decomposition
Bj,k — Bjk = Ajr + Bjx

where

jk=n"" Z f(X Tk (X0) = EF(F(X1)g(X0) " (X0)),

7,k =n Zg 1%, )

By the [, Minkowski inequality, for any ;> 0, we have

PH(LT Y Bk — BV =27 un ) U+ Y,

]CGBJ‘,K

where
U=TPH(LT Y AN =47 ™),
kGBjYK
V=LY Bl > 4 ),
k’EBj,K
Let us investigate separately the upper bounds of & and V.
e Upper bound for U. Our goal is to apply the Talagrand inequality

described in Lemma 5.1. Let us consider the set C, defined by C, = {a =
(ajk) € 2% Y ken,  lajkl? < 1} and the functions class F deﬁned by F =

{h; h(x) = f(:v)g(m)*lzkij’K ajrik(x), a € C;}. By an argument of
duality, we have

Z |A; £ )P = sup Z a;pAjr =supry(h),

keB; a€Cy keB; heF

where 7, denotes the operator defined in Lemma 5.1. Let us evaluate the
parameters 7', H and v of the Talagrand inequality.
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First of all, notice that, for p > 2 (and a fortiori ¢ = 1+ (p — 1)7! <
2), an elementary inequality of I, norm gives sup,ec, (X jep, la;1]2)V? <
SUPaec, (Mres, . [@ikl") < 1.

— Value of T'. Let h be a function in F. By the Holder inequality, the

assumptions of boundedness of f and g and the property of concentration
(2.1), we find

(@)l < @@ @) sup( Y lael)?

kGB]K a€Cq kEB K
< el /ol 3 R PV < 0257, ——
kEB]K

Hence T = C27/2.
— Value of H. The [,-Holder inequality and the Holder inequality imply

n

]E?(Sup Z( Z aj,keif(Xi)g<Xi)ile,k(Xi)))

a€Cy i=1 keBjx

< sup( Y Jagul )V EH( |Z€zf ) k(X))

9€Ca kB, i k:eB]K
< () EX |Z€z i) “Mbe(X) PP (5.2)
kGBJK

Since (€q, ..., €,) are independent Rademacher variables, also independent of
(X1, ..., X,,), the Khintchine inequality yields

E¥( |Z€zf D) e(X0)P)
= E}E} ’ZEZf “(X5)IPX)

< CE¥( IZIf DX 2 (X0 PIP2)
= (I (5.3)

Let us consider the i.i.d random variables (Ny, ..., N,,) with

= | F(X)Plg (20|72 [ (X0) P, i€ {1,..,n}.



Regression with Random Design and Wavelet Block Thresholding 9

An elementary inequality of convexity implies I < 2?/271(I; + I,) where
E"|§:Af E}(N))[P2), I = nPPER(N, )P/,

Let us analyze the upper bounds for I; and I, in turn.

— Upper bound for I;. The Bernstein inequality applied to (NVy, ..., Ny)
and the Cauchy-Schwartz inequality imply

I < CEEHIN — B (N)P2) + (nER(IN: — Ej(N)P)P)
< CHEH(INP?) + (mE}(N ).

For any m > 1, j € {j1,...,J2} and k € {0,...,27 — 1}, the assumptions of
boundedness of f and g give

AR / (@) P g () |2 () [Pl

< gt [ aae < 02 <
0

We deduce that I; < Cn?/2.
— Upper bound for I. Since E}(N;) < C, we have I, < CnP/?.
Combining the obtained upper bounds for I; and I, we find
I <O+ 1,) < CnP2, (5.4)
Putting (5.2), (5.3) and (5.4) together, we see that

E%( supz Z ajrei f(X:)g(Xs) 7 6(X5))) < ( Z nNYr < ontPLYP.

@€Cq i1 keB, x kEB;, K

Hence H = Cn~'/2LY/P,
— Value of v. By the assumptions of boundedness of f and ¢ and the
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orthonormality of {, we obtain

iugVar(h(Xl)) < supEf(!f(Xl)l g(XOI2 Y aptbin(X0)P)
€ kEB; k

< C’supE Z Z aj ki g(X1)~ %k(Xﬂ%k'(Xl))

@€Ca keB, ik keB; ke

1
= Csup Z Z ajkajk’/ Yk (2)Vj 0 (2)dw

e

= C'sup Z la;k]? <

acCy keB; x

Hence v = C.

Now, let us notice that, for any j € {Jji,..., jo}, we have n2/ < n272 <
Cn32(logn)~"? and LY? < (logn)"/?. Therefore, if t = 81 LY/Pn="/2 then

(Co AT 2 ( (logn/n) A py/ (logn/n27) > Cu?(logn/n).
So, for ;1 large enough and t = 8 ' LY/Pn=1/2 the Talagrand inequality yields

U = PHEL D AP =47 un™'7?)
kJEB]‘,K
< PHET YD 1A > 8 un 2 4 OV
k)EBj,K

]P)f(ilelp rn(h) >t + CoH)

< exp(—nCy (v ' AT ™)) < exp(—nCpP(logn/n)) < nP.

N

We obtain the desired inequality for U.

e Upper bound for V. Our goal is to apply the Cirelson inequality de-
scribed in Lemma 5.2. Let us consider the set C, defined by {a = (a;x) €
Y/ Zkij,K laj k¢ < 1} and the process Z(a) defined by Z(a) = Zkij‘K a;jrBjk.
Let us notice that, conditionally to X = (X1, ..., X,,), Z(a) is a gaussian cen-
tered process. Moreover, by an argument of duality, we have

sup Z(a) =sup > a;Bix= (Y |Bxl")"".

a€Cy a€Cy keB; x keB; x
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Now, let us investigate the bounds of E(sup,ec, Z(a)[X) and sup,ec, Vari(Z(a)|X).
— Upper bound for E%(sup,ec, Z(a)|X). Let us consider the set B, defined
by

B, = {ln" Zg ) i (X[ = 1] > -

Let us work on the set Bj. By the Jensen inequality, the fact that
Z(a) | X~ N(0,n7 23" g(X3)|72|,.£(X:)]?) and the fact that ¢ is bounded
from below, we find
Ef(sup Z(a)[X) < () EF(IBxlPIX)"

acCy

k‘EBjK
= C( > ( _QZW D72 (X PP/
kEBJK
< Cl/glloe( D (072 g(X0)Hbia(X0)[2)P/2)P
kEBjK =1

- Cn—1/2 Z -1 Zg 1|¢]k )| 1+ 1)p/2)1/p
k‘EBJK

< OnM¥( Z (4 DPHY? < O+ 1DY2LM P12,
k‘EBj,K

Hence N = N(X) = C(u + 1)Y2LYrn=1/2,
— Upper bound for sup,ec, Var}(Z(a)|X). Let us define the set A, by

= {sup( Z Z ;1 g (10 Zg (X (X Z |aji|*)

9€Ca keB, i KeB; keB; x

Let us work on Aj. By using the assumptions of boundedness of g, we
have

= Sup Z Z a]k‘ajk" Z|9 |2¢Jk i)%}k’(Xi)))

a€Cq kEB, x K EB; i

< Sup Z Z Qjkaj, k’ Zg ¢jk 2)¢],k'(X1))

9€Ca keB; x kB
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= > lagl) + sup > laalI< Op+1).

keB; Cq keB; Kk

Since E?(zizi/) = 1if 7 =4 and 0 otherwise, we have

sup Vary(2(a)|X) = sup E}(|2(a)[*[X)

a€Cy a€Cy

= sup En Z Z A Qg k/B] kBj k/|X)

a€Ca keB, x KeB; x

= sup(n Z Z kA5 k! Z Z l9(Xa)|™ 21/’3 k(X)) p (X )]Ef(zzzz )

a€Cq kEB; i k' E€B; K i=1 i'=1

= n7tsup( Y D aa(n Z!g D72 (Xi) s (X3)))

9€Ca keB; x keB; x

= n G <CnH(pn+1).

Hence Q = Q(X) = Cn~Y(u +1).

The obtained values of N and @) will allow us to conclude. For any x > 0,
we have

P (sup Z(a) >z + C(1+ p)' /2L rn~1/?)

a€cCy
= E}P}oup 2(0) > o+ C1+ 0 2LV ) 1y, + 1)
< PH(B,) + E(P(sup Z(a) > » + N(X)[X)). (5.5)

a€Cy

The Cirelson inequality described in Lemma 5.2 implies

B (P (sup Z(a) > 2+ N(X)X)) < E}(exp—(22/(2Q(X)))).  (5.6)

a€Cyq

Moreover, by definition of A,,, we have

Ej(exp (—/(2Q(X)))) = Ep(exp (—/(2Q(X)))(La, + Lag))
< PHA,) +exp (—na®/Q2u+ 1), (5.7)

Putting the inequalities (5.5), (5.6) and (5.7) together, for 2 = 8~ LY/Pn=1/2
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and p large enough, we obtain

YV = P’;(supZ(a)24_1,uL1/pn_1/2)

acCq

< Pi(sup Z(a) > 8 uLMPn =2 4 C(1 + p) 2L Pn~Y/2)
a€cCyq

< C(B}(AL) + B}(B,) +oxp (~Cu L [+ 1))). (55)

Lemma 5.3 below investigates the asymptotic properties of P}(A,,) and P}(B,,).

Lemma 5.3. For p and n large enough, there exists a constant C' > 0 such
that
max(P%(A,), P}(B,)) < Cn".

By the inequality (5.8), the fact that L < (log n)p/2 and Lemma 5.3, for
i large enough, we have

YV <On?.

Combining the obtained upper bounds for &4 and V), we end Theorem
3.1. m

Proof of Lemma 5.5. Let us investigate the upper bounds for }P’?(Bu) and
P2(A,).
F\ A

e Upper bound for P%(B,,). First of all, notice that the random variables

(1056 (XD Pg(X0) oy [150(Xa) P9 (X)),
are i.i.d. and, since g is bounded from below, we have
(e (X Pg(Xa) ™ < 11/ gllooll91%27, Ef (|¢5x(X0)Pg(X1) ™) = 1.

So, for any j € {ji,..., j2}, the Hoeffding inequality implies the existence of
a constant C' > 0 such that

P%(B,) < 2exp (—Cnp*27%) < 2exp (—Cnp*27%2) < on~ O

We obtain the desired upper bound by taking p large enough.
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e Upper bound for P(A,). The goal is to apply the Talagrand inequality
described in Lemma 5.1. Let us consider the set C, defined by C, = {a =
(ajr) € Z*; Zkesj < la;r|? < 1} and the functions class F” defined by

= {h; h(z Z Z a; k@ ik (T) i (T), a € Cy}.

kEB] K k' EB] K

We have
n
sup( > Y arag(n Y D g(X) T (X)) (X)) = > lajl)
9€Ca keB; x KB, i=1 kEB; Kk
= sup r,(h),
heF’

where r, denotes the operator defined in Lemma 5.1. Thus, it suffices to
determine the parameter 7', H and v of the Talagrand inequality.

— Value of T. Let h be a function of F’. Using the Holder inequality, the
fact that g is bounded from below and the concentration property (2.1), we
find

A@) <119l D lagul® > [yu(a) < C2, z € [0,1].

keB; K keB;, Kk

Hence T = C'27.
— Value of H. The l5-Holder inequality and the Holder inequality imply

Flsup > > ajraze Zezg( D)7k (X)W (X0)))

aec‘l keB; x k'€B; i

< sup( Y0 Y Jagallagel?)

9€Ca keB; x keB; x

(> > EX IZ@ (X (X))

kEB] K K EBJ K

c(y, > E"!Z@ D7k (X (X)) EDV2. (5.9)

k‘EBJ K k' EBJ K
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Since (€y, ..., €,) are independent Rademacher variables, also independent of
(X1, ..., X;), the Khintchine inequality and the fact that ¢ is bounded from
below imply

E ( IZQ ) (X (X))
= EF(E}( IZ@ D)7 k(X0 (X)) PIX))

< CE"Z!Q D725 (X) Pl (X))
< C\Il/gHionE?(!wj,k(Xl)! [0 (X)), (5.10)

Using the property of concentration (2.1) and the inequalities (5.9) and
(5.10), we find

Flsup > > ajraim Zezg( i) k(X (X0)))

M aec, kEB; i k'EB; i
< COmN(Y W KPP < O
kEBJ K
Hence H = C2in~1/2,

— Value of v. By using the fact that g is bounded from below, the Holder
inequality and the property of concentration (2.1), we have

sup Var(h(X;)) < supEf(|g(X1 )72 Z Z ;0 Vs (X1) 0 (X1)]?)

heF k‘EB] K k/EBJ K

< Cl/gllZsup( ) JaieEBHC Y [wia(X0)?)?)

9€Ca keB. kEB; K
0
< 029,

Hence v = C2%,

Now, let us notice that if ¢ = 271y then

(o' AT = C (pP27% Ap277) = Cp*27%.
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For any j € {Jj1, ..., jo}, it large enough and ¢ = 27!y, the Talagrand inequal-
ity gives

P7(Ay)

< P (sup( Z Z aj k(N Zg (X s (X5)) — ...

a€Cy keB; k k'€Bj k
S Jagal) = 27+ €20 Y2) < P(sup ra(h) > ¢+ CoH)
keB; i heF
< exp(—nCy (v ' AT ) < Cexp(—nCp27%)
< Cexp(—nCOp?2722) < Cn?.

This ends the proof of Lemma 5.3. O
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