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Abstract

Let BHK = {BH:K(t), t € Ry} be a bifractional Brownian motion in R%. We prove
that B™-K is strongly locally nondeterministic. Applying this property and a stochastic
integral representation of B#KX we establish Chung’s law of the iterated logarithm for
BHK a5 well as sharp Holder conditions and tail probability estimates for the local times
of BIK,

We also consider the existence and the regularity of the local times of multiparameter
bifractional Brownian motion B#-* = {B#-K(t), t ¢ RY} in R? using Wiener-Ito chaos
expansion.
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1 Introduction

In recent years, there has been of considerable interest in studying fractional Brownian motion
due to its applications in various scientific areas including telecommunications, turbulence,
image processing and finance. On the other hand, many authors have proposed to use more
general self-similar Gaussian processes and random fields as stochastic models; see e.g. Addie
et al. (1999), Anh et al. (1999), Benassi et al. (2000), Mannersalo and Norros (2002), Bonami
and Estrade (2003), Cheridito (2004), Benson et al. (2006). Such applications have raised
many interesting theoretical questions about self-similar Gaussian processes and fields in
general. However, contrast to the extensive studies on fractional Brownian motion, there has
been little systematic investigation on other self-similar Gaussian processes. The main reasons
for this, in our opinion, are the complexity of dependence structures and the non-availability
of convenient stochastic integral representations for self-similar Gaussian processes which do
not have stationary increments.

The objective of this paper is to fill this gap by developing systematic ways to study sample
path properties of self-similar Gaussian processes. Our main tools are the Lamperti transfor-
mation [which provides a powerful connection between self-similar processes and stationary
processes; see Lamperti (1962)] and the strong local nondeterminism of Gaussian processes
[see Xiao (2005)]. In particular, for any self-similar Gaussian process X = {X(¢),t € R}, the
Lamperti transformation leads to a stochastic integral representation for X. We will show
the usefulness of such a representation in studying sample path properties of X.

For concreteness, we only consider a rather special class of self-similar Gaussian processes,
namely, the bifractional Brownian motions introduced by Houdré and Villa (2003), to illus-
trate our methods. Given constants H € (0,1) and K € (0, 1], the bifractional Brownian
motion (bi-fBm, in short) in R is a centered Gaussian process Bé{’K = {Bé{’K(t),t € Ry}
with covariance function

1
R (s,1) 1= R(s,1) = 5 | (22 + 52 — |t - SRHK] (1.1)

and Bé{’K(O) =0.
Let BlH ’K, . ,Bf’K be independent copies of Béq K We define the Gaussian process
BHE = {BEK(t) t € Ry} with values in R? by

BHE@p) = <Bf{’K(t), . ,Bf’K(t)>, Vt € R, (1.2)

By ([[1)) one can verify easily that BHE ig a self-similar process with index HK, that is, for
every constant a > 0,

{BH’K(at), te R+} 4 {aHKBH’K(t), te R+}, (1.3)

where X £ Y means the two processes have the same finite dimensional distributions. Note
that, when K = 1, B™X is the ordinary fractional Brownian motion in R?. However, if
K # 1, B®X does not have stationary increments. In fact, fractional Brownian motion is the



only Gaussian self-similar process with stationary increments [see Samorodnitsky and Taqqu
(1994)].

Russo and Tudor (2006) have established some properties on the strong variations, local
times and stochastic calculus of real-valued bifractional Brownian motion. An interesting
property that deserves to be recalled is the fact that, when HK = %, the quadratic variation
of this process on [0, ¢] is equal to a constant times ¢. This is really remarkable since as far as
we know this is the only Gaussian self-similar process with this quadratic variation besides
Brownian motion. Taking into account this property, it is natural to ask if the bifractional
Brownian motion B with KH = % shares other properties with Brownian motion (from
the sample path regularity point of view). As it can be seen from the rest of the paper, the
answer is often positive: for example, the bi-fBm with HK = % and Brownian motion satisfy
the same forms of Chung’s laws of the iterated logarithm and the Hélder conditions for their
local times.

The rest of this paper is organized as follows. In Section 2 we apply the Lamperti
transformation to prove the strong local nondeterminism of Béq K This property will play
essential roles in proving most of our results. In Section 3 we derive small ball probability
estimates and a stochastic integral representation for Bé{ k. Applying these results, we prove
a Chung’s law of the iterated logarithm for bifractional Brownian motion.

Section 4 is devoted to the study of local times of one-parameter bifractional Brownian
motion and the corresponding N-parameter fields. In general, there are mainly two methods
in studying local times of Gaussian processes: the Fourier analysis approach introduced by
Berman and the Malliavin calculus approach. It is known that, the Fourier analysis approach
combined with various properties of local nondeterminism yields strong regularity properties
such as the joint continuity and sharp Hoélder conditions for the local times [see Berman
(1973), Pitt (1978), Geman and Horowitz (1980), Xiao (1997, 2005)]; while the Malliavin
calculus approach requires less conditions on the process and establishes regularity of the
local times in the sense of Sobolev-Watanabe spaces [see Watanabe (1984), Imkeller et al.
(1995), Eddahbi et al. (2005)]. In this paper we make use of both approaches to obtain more
comprehensive results on local times of bifractional Brownian motion and fields.

Throughout this paper, an unspecified positive and finite constant will be denoted by
¢, which may not be the same in each occurrence. More specific constants in Section i are

numbered as c; ;,¢;,,.. ..

2 Strong local nondeterminism

The following proposition is essential in this paper. From its proof, we see that the same
conclusion holds for quite general self-similar Gaussian processes.

Proposition 2.1 For all constants 0 < a < b, Bé{’K 1s strongly locally p-nondeterministic
on I = [a,b] with o(r) = r**X_ That is, there exist positive constants c,, and ro such that
forallt € I and all 0 < r < min{t, ro},

Var(Bé{’K(tﬂBé{’K(s) csel, r<|s—t| < 7“0> > c,, (7). (2.1)



Proof We consider the centered stationary Gaussian process Yy = {Yy(t),t € R} defined
through the Lamperti’s transformation [Lamperti (1962)]:

Yo(t) = e KU BIE (Y, vieR. (2.2)
The covariance function 7(t) := E(Yp(0)Yp(t)) is given by

r(t) = QLKe_HKt [(eZHt + 1)K - ‘et - 1‘2HK}

L pke —oHn K _t2HK (23)
~ e [(He VK 1o }

Hence 7(t) is an even function and, by (R-J) and the Taylor expansion, we verify that r(t) =
O(e™P*) as t — oo, where 8 = min{H(2 — K), HK}. Tt follows that r(-) € L*(R). On the
other hand, by using (R.J) and the Taylor expansion again, we also have

L enk
r(t) ~1-— oK |t] as t — 0. (2.4)
The stationary Gaussian process Yj is sometimes called the Ornstein-Uhlenbeck process
associated with Béq K [Note that it does not coincide with the solution of the fractional
Langevin equation, see Cheridito et al. (2003) for a proof in the case K = 1|. By Bochner’s
theorem, Yy has the following stochastic integral representation

Yo(t) = /R EMW(dN),  ViER, (2.5)

where W is a complex Gaussian measure with control measure A whose Fourier transform is
7(-). The measure A is called the spectral measure of Y.

Since r(-) € L*(R), so the spectral measure A of Y has a continuous density function
f(A\) which can be represented as the inverse Fourier transform of r(-):

oy =1 /0 (8 cos(EN) dt. (2.6)

i
It follows from (R.4), (R.6) and the Tauberian theorem due to Pitman (1968, Theorem 5) [cf.
Bingham et al. (1987)] that

JA) ~c,, IA|TAF2HE) a5 X — o0, (2.7)

where ¢, , > 0 is an explicit constant depending only on H K. Hence, by a result of Cuzick and
DuPreez (1982, Lemma 1) [see also Xiao (2005) for more general results], Yo = {Yy(¢),t € R}
is strongly locally @-nondeterministic on any interval J = [~T,T] with ¢(r) = r2HK in
the sense that there exist positive constants 6 and ¢, ; such that for all ¢ € [T, T] and all
r € (0,[t| A ),

Var (Yo(t)|Yo(s) 1 s € J, v < |s —t| < 8) > ¢, o(r). (2.8)



Now we prove the strong local nondeterminism of Bé{ K on I. To this end, note that
Bé{’K(t) = t"KYy(logt) for all ¢ > 0. We choose 79 = ad. Then for all s,t € I with
r <|s—t| <rg we have

% < |logs - 10gt‘ <. (2.9)

Hence it follows from (R.§) and (.9) that for all t € [a,b] and r < r,
Var (B (0)| B (s) s e 1, r < Js— 1] < o)

= Var(tHKYO(logt)‘sHK Yo(logs):sel, r<|s—t| < 7“0)

> 2K Var(Yo(log t)|Yo(logs):sel, r<|s—t| < m) (2.10)
> aQHKVar(YO(logt)‘Yo(logs) csel, r/b<|logs—logt| < 5)
> Gy p(7):

This proves Proposition .. U

For use in next section, we list two properties of the spectral density f(A) of Y. They
follow from (R.7) or, more generally, from (R.4) and the truncation inequalities in Loéve (1977,
p.209); see also Monrad and Rootzén (1995).

Lemma 2.2 There exist positive constants c,; and c, ¢ such that for u > 1,
/ N FON) dA < ¢ , u21-HE) (2.11)
[Al<u

and
/A|> FO) AN < ey qu 2K, (2.12)

We will also need the following lemma from Houdré and Villa (2003).

Lemma 2.3 There exist positive constants c,, and c, s such that for all s,t € Ry, we have

2
Cor [t = s < B[ (BI(0) = B () | < ea lt = 55 (2.13)

3 Chung’s law of the iterated logarithm

As applications of small ball probability estimates, Monrad and Rootzen (1995), Xiao (1997)
and Li and Shao (2001) established Chung-type laws of the iterated logarithm for fractional
Brownian motion and other strongly locally nondeterministic Gaussian processes with station-
ary increments. However, there have been no results on Chung’s LIL for self-similar Gaussian
processes that do not have stationary increments [Recall that the class of self-similar Gaussian
processes is large and fBm is the only such process with stationary increments|.



In this section, we prove the following Chung’s law of the iterated logarithm for bifrac-
tional Brownian motion in R. It will be clear that our argument is applicable to a large class
of self-similar Gaussian processes.

Theorem 3.1 Let Béq’K = {Béq’K(t),t € Ry} be a bifractional Brownian motion in R.
Then there exists a positive and finite constant c, ; such that

lim inf a¥ie[0,] |B§I7K(t)|
r—0 " rHK /(loglog(1/r)) 7K

=cy, a.s. (3.1)
In order to prove Theorem B.T|, we need several preliminary results. Lemma B.3 gives

estimates on the small ball probability of Bé{ K

Lemma 3.2 There erist positive constants c,, and c,, such that for all to € [0,1] and
z € (0,1),

C3,2 HK N  pHK G
exp ( — W) <P {tfen[g:)l(] ‘BO (t) B, (t0)| < 1’} < exp < xl/(HK)) (3.2)

Proof By Proposition P.] and Lemma P.3, we see that Béq’K satisfies Conditions (C1) and
(C2) in Xiao (2005). Hence this lemma follows from Theorem 3.1 in Xiao (2005). O

Proposition B.3 provides a zero-one law for ergodic self-similar processes, which comple-
ments the results of Takashima (1989). In order to state it, we need to recall some definitions.

Let X = {X(t),t € R} be a separable, self-similar process with index k. For any constant
a > 0, the scaling transformation Sy , of X is defined by

(Sk,aX)(t) = a "X (at), vVt € R. (3.3)

Note that X is k-self-similar is equivalent to saying that for every a > 0, the process
{(Sk,aX)(t),t € R} has the same finite dimensional distributions as those of X. That is,
for a k-self-similar process X, a scaling transformation Sy, preserves the distribution of
X, and so the notion of ergodicity and mixing of S, , can be defined in the usual way, cf.
Cornfeld et al. (1982). Following Takashima (1989), we say that a r-self-similar process
X ={X(t),t € R} is ergodic (or strong mixing) if for every a > 0,a # 1, the scaling transfor-
mation S , is ergodic (or strong mixing, respectively). This, in turn, is equivalent to saying
that the shift transformations for the corresponding stationary process Y = {Y (¢),t € R}
defined by Y (t) = e "t X (e!) are ergodic (or strong mixing, respectively).

Proposition 3.3 Let X = {X(t),t € R} be a separable, self-similar process with index k.
We assume that X (0) = 0 and X is ergodic. Then for any increasing function ¢ : Ry — R4,
we have P(E, ;) =0 or 1, where

E.,= {w : there exists 6 > 0 such that sup |X(s)| > t"(t) for all0 <t < 5} . (34)
0<s<t



Proof We will prove that for every a > 0, the event Ej , is invariant with respective to
the transformation Sy ,. Then the conclusion follows from the ergodicity of X.

Fix a constant a > 0 and a # 1. We consider two cases: (i) a > 1 and (ii) a < 1. In the
first case, since 1) is increasing, we have ¥ (au) > 1(u) for all u > 0. Assume that a.s. there
is a 0 > 0 such that

sup | X (s)| > t"(t) forall 0 <t <4, (3.5)
0<s<t
then
sup |a™" X(as)| =a™" sup |X(s)| > t"p(t) forall 0<t<é/a. (3.6)
0<s<t 0<s<at

This implies that Ey, C Sg L (EK7¢). By the self-similarity of X, these two events have
the same probability, it follows that ]P’{E,QWAS,; (II(E,”D)} = 0. This proves that E , is
Sk q-invariant and, hence, has probability 0 or 1.

In case (ii), we have 1(au) < ¢ (u) for all w > 0 and the proof is similar to the above. If
Sk,aX € By, then we have X € E . This implies S,;}l(Eﬁ,zp) C B,y and again E, y is
Sk q-invariant. This finishes the proof. O

By a result of Manuyama (1949) on ergodicity and mixing properties of stationary Gaus-
sian processes, we see that Béq K mixing. Hence we have the following corollary of Propo-

sition B.3

Corollary 3.4 There exists a constant c,, € [0,00] such that

lim inf

(loglog 1/t)1% ‘BH K |
t—0+ tHK 0<s<t

(8)| = €545 a.s. (3.7)

Proof We take 1.(t) = ¢ (loglog 1/t) K and define C,y =sup{c>0: P{E, 4.} = 1}
It can be verified that (B.]) follows from Proposition B.3

It follows from Corollary B.4) that Theorem B.1] will be established if we show ¢, , € (0,00).
This is where Lemma B.3 and the following lemma from Talagrand (1995) are needed.

Lemma 3.5 Let X = {X(t),t € R} be a centered Gaussian process in R and let S C R be a
closed set equipped with the canonical metric defined by

911/2
d(s,t) = [E(X(s) — X(t)) } .
Then there exists a positive constants c, ; such that for all u >0,
D u2
PJ sup ‘X(s) _X(t)’ 2 Cy5 <u+/ \/logNd(S7€) d€> SeXp<__2>’ (3'8)
s, teS 7 0 D

where Ny(S,e) denotes the smallest number of open d-balls of radius € needed to cover S and
where D = sup{d(s,t) : s, t € S} is the diameter of S.

Now we proceed to prove Theorem B.1].



n

Proof of Theorem 3.1 We prove the lower bound first. For any integer n > 1, let r,, = ¢™".
Let 0 <~ < ¢;5 be a constant and consider the event

A, = {Oinzix |B§’K(s)| < AHERHK /(16g]0g 1/rn)HK}.

Then the self-similarity of Bé{ K and Lemma B.9 imply that
c
P{A,} <exp ( — 22 log n> = n"%3/7, (3.9)
Y
Since Y ;' P{A,} < oo, the Borel-Cantelli lemma implies

lim inf —es€[0ra] LSOl > ¢
n—oo rfIK/(loglog(1/r)) K = 757

It follows from (B.10) and a standard monotonicity argument that

a.s. (3.10)

H,K
lim inf a¥ie (0] ‘BO (t)‘
r—0 rHEK [(loglog(1/r))HE
The upper bound is a little more difficult to prove due to the dependence structure of
Bé{ K In order to create independence, we will make use of the following stochastic integral

>c a.s. (3.11)

3,6

representation of Bé{ K. for every t > 0,
B (t) = tHE / ML T (dN). (3.12)
R
This follows from the spectral representation (R.5) of Y and its connection with Béq K
For every integer n > 1, we take
th=n"" and d,=n", (3.13)

where 3 > 0 is a constant whose value will be determined later. It is sufficient to prove that

there exists a finite constant c;, such that

MaXse(0,¢,] ‘Bé{’K(S)‘

lim inf < .14
s tHK [(loglog(1/6,)HK — @7 %% (3.14)
Let us define two Gaussian processes X,, and )?n by

X, (t) = t1E / MBI (d)) (3.15)

[Al€(dn—1,dn]

and

X (t) = 1K / ¢INOBL T (43, (3.16)

IAI¢(dn—1,dn]

respectively. Clearly Béq’K(t) = X, (t) + X, (t) for all ¢ > 0. It is important to note that the
Gaussian processes X, (n = 1,2,...) are independent and, moreover, for every n > 1, X,
and X, are independent as well.

Denote h(r) = 7% (loglog 1/r) K We make the following two claims:

8



(i). There is a constant v > 0 such that

ZIP’{ max \X s)| < 4K h(tn)} = 0. (3.17)

— s€[0,tn]

(ii). For every € > 0,

ip{ max |X s)| > ah(tn)} < o0. (3.18)

ot s€[0,tn]

Since the events in (B.17) are independent, we see that (8.14)) follows from (B.17), (B.1§) and

a standard Borel-Cantelli argument.
It remains to verify the claims (i) and (ii) above. By Lemma .9 and Anderson’s inequality
[see Anderson (1955)], we have

P Xo(s)| < ATE n(t,) b > P B HE 1 (¢ }
e 000 <25 ha) | = B B )] <57 i

> exp ( — C— log(nlogn) > (3.19)

= (n log n) 372”.

Hence (i) holds for v > ¢, ,.

In order to prove (ii), we divide [0,t,] into p,, + 1 non-overlapping subintervals J, ; =
[an,j—1, @nj), (i =0,1,...,p,) and then apply Lemma B.§ to X, on each of Jn,j- Let B3>0
be the constant in (B.1J) and we take J, o = [0, to,n P, After Jn.; has been defined, we
take an j+1 = an ;(1+n"%). It can be verified that the number of such subintervals of [0, ,]

satisfies the following bound:
pn+1< enf logn. (3.20)

Moreover, for every j > 1, if s,t € J, j and s < t, then we have t/s —1 < n~% and this yields

t
t—s<sn P and log (—) <n P, (3.21)
S
Lemma P.3 implies that the canonical metric d for the process X, satisfies
d(s,t) < c|s — | forall s,t>0 (3.22)

and d(0, s) < ctITK n=PHK for every s € J,, . It follows that Dg := sup{d(s,t);s, t € Juo} <
ctHK n=BHE and

tn nP
SU(HEK)

Nd(JmQ,e’:‘) <c (3.23)

Some simple calculation yields

tHE p=BHIK

Do t,n=P
< n o
/ \/log Ng(Jno,€) de / IOg(€1/(HK))d€
A 3.24
:thKn_ﬁHK/ log <—) du (3:24)
U

JHE —BHEK
38 n

9



It follows from Lemma B.§ and (B.24) that

n2ﬁHK )

))2HK (3.25)

SeJn,O

IP’{ max | X, (s)| > ah(tn)} < exp ( —c (ot lonn

For every 1 < j < p,, we estimate the d-diameter of J, ;. It follows from (B.16) that for
any s,t € Jy, ; with s <1,

E(Xu(s) - Kalt) = /|>\<d )

. . 2
tHK ezAlogt _ gHK ezAlogs

FA) dA

+/ ‘tHK piMlogt _ HK ,iXlogs 2f(>\) X (3.26)
[A|>dn
=71+ Js.
The second term is easy to estimate: for all s,t € J, j,
Jo < 421K /IA ) FO)dX < ¢, 1205 200K (3.27)
>dp,

where the last inequality follows from (2.12).
For the first term, we use the elementary inequality 1 — cosz < 22 to derive that for all
s,t € Jy j with s <,

e /ngdnl [(tHK - )" 2t SHK<1 — cos (Alog é))} F(A)dx

<2 (L) /R FON A + 2275 Jog? (£) /A|<d R ar (3:28)

S

2HK _—2B8HK
3,10 tn n )

<c

where, in deriving the last inequality, we have used (B.21]) and (R.11)), respectively.
It follows from (B.2d), (B.27) and (B.2§) that the d-diameter of .J,, ; satisfies

Dj <ec,, tiE nPHE, (3.29)
Hence, similar to (B-2), we use Lemma B.5§ and (B.29) to derive
- n2BHK
]P’{ max |X,(s)| > eh(t )}Sexp(—c > (3.30)
$€Jn,j ‘ ! ‘ " (log(nlog n))QHK
By combining (B.20), (B.24) and (B.30) we derive that for every ¢ > 0,
o] _ o Pn _
ZIP’{ max | X,(s)| > sh(tn)} <y Z]P’{ max | X,(s)| > ah(tn)}
n=1 S0 n=1j=0 ST
00 2BHK 3.31
§cZnﬁlogn exp(—c n 2HK> ( )
" (log(nlogn))
< Q.
This proves (B.1§) and hence the theorem. O

10



Remark 3.6 Let ¢y € [0,1] be fixed and we consider the process X = {X(¢),t € R} defined
by X(t) = Béq’K(t + to) — Bé{’K(to). By applying Lemma B.2 and modifying the proof of
Theorem B.1], one can show that

HK HK
L < Liminf maxe[o,] |Bo (t+to) — B, (t0)|
312 = Tr0 rHK [(loglog(1/r))HE

< ¢34, a.s., (3.32)

where ¢;,, > 1 is a constant depending on H K only.

Corresponding to Lemma .9, we can also consider the small ball probability of Bgl K
under the Holder-type norm. For o € (0,1) and any function y € Cy(]0, 1]), we consider the
a-Hélder norm of y defined by,

y(s) —y(t
Wlo= sup B ZO] (3.33)
5,t€[0,1],s7#£¢ |5 - 7§|

The following proposition extends the results of Stolz (1996) and Theorem 2.1 of Kuelbs,
Li and Shao (1995) to bifractional Brownian motion.

Proposition 3.7 Let Bé{’K be a bifractional Brownian motion in R and o € (0, HK). There
exist positive constants c,,, and c,,, such that for all € € (0,1),

exp < —Cys 871/(HK7Q)) < P{HBé{’KHa < 6} < exp ( —Cyyy 571/(HK*°‘)>. (3.34)

Proof It follows from Theorem 3.4 in Xiao (2005). O

4 Local times of bifractional Brownian motion

This section is devoted to the study of the local times of the bi-fBm both in the one-parameter
and multi-parameter cases. As we pointed out in the Introduction there are essentially two
ways to prove the existence and regularity properties of local times for Gaussian processes:
the first is related to the Fourier analysis and the local nondeterminism property; the second is
based on the Malliavin calculus and Wiener-It6 chaos expansion. We will apply the Fourier
analysis approach for the one-parameter case and the Malliavin calculus approach for the
multiparameter case.

4.1 The one-parameter case

Let BILK = [BHE(¢) ¢ € R, } be a bifractional Brownian motion with indices H and K in
RY. For any closed interval I C R, and for any = € R?, the local time L(z,I) of B#K is
defined as the density of the occupation measure py defined by

pr(A) = /I 14(B*K(s))ds,  AeBRY.

11



It can be shown [cf. Geman and Horowitz (1980) Theorem 6.4] that the following occupation
density formula hods: for every Borel function g(t,2) > 0 on I x R?,

/Ig(t,BH’K(t))dt: /Rd/lg(t,x)L(x,dt) de. (4.1)

Lemma P.3 and Theorem 21.9 in Geman and Horowitz (1980) imply that if 1/(HK) > d
then Bf'X has a local time L(z,t) := L(z, [0,t]), where (x,t) € R? x [0,00). In fact, more
regularity properties of L(z,t) can be derived from Theorem 3.14 in Xiao (2005) which we
summarize in the following theorem. Besides interest in their own right, such results are also
useful in studying the fractal properties of the sample paths of BH:-K.

Theorem 4.1 Let BHK = {BHE(1) t € R} be a bifractional Brownian motion with indices
H and K in R%. If1/(HK) > d, then the following properties hold:

(i) B™K has a local time L(x,t) that is jointly continuous in (x,t) almost surely.

(it) [Local Holder condition] For every B € B(R), let L*(B) = sup,cra L(z, B) be the
mazimum local time. Then there exists a positive constant c,, such that for allty € Ry,

L*
Jim sup (B(to,r))
r—0 Y1 (T)
Here and in the sequel, B(t,r) = (t —r,t +7) and ¢1(r) = r'~HEd(loglog 1 /r) K4,

a.s. (4.2)

=Gy

(i4i) [Uniform Holder condition] For every finite interval I C R, there exists a positive finite
constant c, , such that

<c

L*(B(t
limsup sup L(Blto,r)) <cy, a.s., (4.3)

r—0 toel P2 (T)

where @o(r) = r1=HEd(Jog 1 /r)HK4d,
Proof By Proposition and Lemma P.3, we see that the conditions of Theorem 3.14 in
Xiao (2005) are satisfied. Hence the results follow. O

The following states that the local Holder condition for the maximum local time is sharp.

Remark 4.2 By the definition of local times, we have that for every interval @ C R,

d
Q= [ L@Qdr<20(@- (max B - B1@]) . @)
BHE(Q) S,teQ
By taking Q = B(to,r) in (f.4) and using (B.32) in Remark B.6, we derive the lower bound
in the following
L*(B(t
04’3 S lim sup M

<c a.s., 4.5
r—0 p1(r) - (4:5)

12



where ¢, ; > 0 is a constant independent of ¢y and the upper bound is given by ED). A
similar lower bound for ([£3) could also be established by using ([.4)), if one proves that for
every interval I C R,

liminf inf | BT (s) — BME (1)
iminf 1n max ¢
r—0 tel seB(ty) rHE/(logl/r)HE = "5

a.s. (4.6)

Theorem [i.1] can be applied to determine the Hausdorff dimension and Hausdorff measure
of the level set Z, = {t € R, : BYK(t) = 2}, where 2z € R%. See Berman (1972), Monrad and
Pitt (1987) and Xiao (1997, 2005). In the following theorem we prove a uniform Hausdorff
dimension result for the level sets of B7K,

Theorem 4.3 If 1/(HK) > d, then with probability one,
dim,Z, =1— HKd for all z € R, (4.7)

where dim,; denotes Hausdorff dimension.

Proof It follows from Theorem 3.19 in Xiao (2005) that with probability one,
dim,Z, =1— HKd forall z €O, (4.8)
where O is the random open set defined by

o= | {xeRWAM@b¢D>O}

s,teQ; s<t

Hence it only remains to show @ = R? a.s. For this purpose, we consider the stationary
Gaussian process Y = {Y(t),t € R} defined by Y (t) = e K BH.K (¢!) using the Lamperti
transformation.

Note that the component processes of Y are independent and, as shown in the proof of
Proposition R.1], they are strongly locally -nondeterministic with ¢(r) = r2HEK Tt follows
from Theorem 3.14 in Xiao (2005) that Y has a jointly continuous local time Ly (z,t), where
(z,t) € RY x R. From the proof of Proposition R.1, it can be verified that Y satisfies the
conditions of Theorem 2 in Monrad and Pitt (1987), it follows that almost surely for every
y € R?, there exists a finite interval J C R such that Ly (y, J) > 0.

On the other hand, by using the occupation density formula (f.1)), we can verify that the
local times of BF"¥ and Y are related by the following equation: for all € R? and finite
interval I = [a, b] C [0, c0),

L@D:/ (U-HE)s [ (o~HKs 3 oy (4.9)
[loga,logb]

Hence, there exists a.s. a finite interval I such that L(0,I) > 0. The continuity of L(x,I)
implies the a.s. existence of § > 0 such that L(y,I) > 0 for all y € R? with |y| < 4.
Observe that the scaling property of B#-X implies that for all constants ¢ > 0, the scaled
local time ¢~ HED [(z ct) is a version of L(c "z t). It follows that a.s. for every z € R,
L(z,J) > 0 for some finite interval J C [0, 00). O

13



Since there is little knowledge on the explicit distribution of L(0,1), it is of interest in
estimating the tail probability P{L(0,1) > =} as x — oco. This problem has been considered
by Kasahara et al. (1999) for certain fractional Brownian motion and by Xiao (2005) for a
large class of Gaussian processes. Our next result is a consequence of Theorem 3.20 in Xiao

(2005).

Theorem 4.4 Let BTK = {BHK (1) t € R} be a bifractional Brownian motion in R with
indices H and K. If 1/(HK) > d, then for x > 0 large enough,

—logP{L(0,1) >z} < 2K, (4.10)

where a(x) < b(x) means a(z)/b(x) is bounded from below and above for x large enough.

Proof By Proposition and Lemma P.3, we see that the conditions of Theorem 3.20 in
Xiao (2005) are satisfied. This proves ({.10). O

Let us also note that the existence of the jointly continuous version of the local time and
the self-similarity allow us to prove the following renormalization result. The case d = 1 has
been proved in Russo and Tudor (2006).

Proposition 4.5 If 1/(HK) > d, then for any integrable function F :R% — R,

tHE=1 /[0 ] F(B™5(u)) du @), FL0,1) as t— oo, (4.11)

where F = Jga F(x) dz.

Proof It holds that

F(BH’K(u)) du = t/

F(B™E (1)) dv £ t / F(t"EBEE () dv.  (4.12)
0.1]

[0,t] [0,1]

By using the occupation density formula, we derive
/ F(B%E () du = t/ F(t"52) L(x,1) do = /775 [ F(y) Lyt ™75, 1) dy. (4.13)
[0,¢] Rd Rd

Since y + L(y,1) is almost surely continuous and bounded, the dominated convergence
theorem implies that, as t — oo, the last integral in (1) tends to ' L(0,1) almost surely.

This and (f.13) yield (E17). O

4.2 Oscillation of bifractional Brownian motion

The oscillations of certain classes of stochastic processes, especially Gaussian processes, in
the measure space ([0, 1], A1), where A; is the Lebesgue measure in R, have been studied,
among others, by Wschebor (1992) and Azais and Wschebor (1996). The following is an
analogous result for bifractional Brownian motion.

14



Proposition 4.6 Let BK be a bi-fBm in R with indices H € (0,1) and K € (0,1]. For
every t € [0,1], let
BH’K(t + 6) _ BH’K(t)

Ze(t) = cHE

Then the following statements hold:

(i) For every integer k > 1, almost surely,

/1 (Ze(t))k dt — E(p") as € — 0,
0

where p is a centered normal random variable with variance o = 217K,
(i) For every interval J C [0,1], almost surely, for every x € R

M{te J: Z(t) <z} — M (J)P(p < x) as € — 0.

Proof Let us denote )
yek = / (Z(t)F dt.
0
It is sufficient to prove that
Var(YE’k) < c¢(k)e?  for some ¢(k) and 3> 0. (4.14)

Then the conclusions (i) and (ii) will follow as in Azais and Wschebor (1996) by the means
of a Borel-Cantelli argument.

Note that
Var YEk / / Cov(Z e(u)k) dudv.

We will make use of the fact that for a centered Gaussian vector (U, V),

Cov(U*, VF) = 37 e(p, k) [Cov(U, V)" [Var(U)Var(V)]“ 7.
1<p<k

Since the random variable Z. has clearly bounded variance [cf. Lemma .3, it suffices to
show that for every 1 < p <k,

1,1
/ / [E(Z.(u)Z:(v))]" dudv < ¢, e? (4.15)
0 Jo
We can write

/ / P dvdu = 2 / / (u—v<e) [E(Ze(u) Z:(v))]" dvdu

+2 /0 /0 Ly—vse) [E(Z:(v) Z:(v))]" dvdu

= A+ B.
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Clearly A < ce, hence it suffices to bound the term B. Note that

1 [ [’ &R
E(ZE(’U,)Z&-(’U)) = EQW/_E \/V_5 9ab dbda.

Since

§ OHK -
65 gb(a’ b) = K {(QQH i bQH)K 2a2H—1b2H—1 ~ (2HK — 1)|a — b|2HK—2} ’
a

we have

1 pu—c 1 U v K—2 p
B < ¢(p, H, K)/ / [m/ / (aQH + b2H) R dbda] dvdu
0 JO € u—e Jv—e¢

1 u—e 1 u v p
+ ¢(p, H, K)/ / [W/ / la — b\QHKdeda} dvdu
0 0 € u—e Juv—e

:= By + Bs.

The term By can be treated as in the fBm case [see Azais and Wschebor (1996), Proposition
2.1] and we get By < ce” for some constant § > 0. Finally, since a?#% 4 p2HEK > (HKpHK
we can write

1 u—e 1 U v p
Blgc(p,H,K)/ / [m/ / aHKleKldbda] dvdu
0 JO € u—e Jv—e
1 pu—e s, HK HKN\P /,HK HEKN\ P
ut — (u—¢) v — (v —¢)
:c(p,H,K)/O/O < HK > ( AK > dvdu
2
1 uHKT__OL__e)HBT p
SC[/O < K > dvdu | .

A change of variable shows that By < ce2(1=H#K)  Combining the above yields (f=13). There-
fore, we have proved ), and the proposition. ]

The above result can be extended to obtain the almost sure weak approximation of the
occupation measure of the bi-fBm B¥ by means of normalized number of crossing of BEH ’K,
where BI"® represents the convolution of BE with an approximation of the identity ®.(t) =
%@ (é) with @ = 1;_; g. If g is a real function defined on an interval I, then the number of

crossing of level u is
Nu(g,I) = #{t € I,9(t) = u},
where #FE denotes the cardinality of E.

Proposition 4.7 Almost surely for every continuous function f and for every bounded in-
terval I C Ry,

(g)l/Q elmie /OO F@)Nu(BER, ) du — /Oo f(w)L(u, I) du as € — 0.
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Proof The arguments in Azais and Wschebor (1996), Section 5, apply. Details are left to
the reader. O

4.3 The multi-parameter case

For any given vectors H = (Hy,...,Hy) € (0,1)" and K = (Ki,...,Ky) € (0,1]¥, an
(N, d)-bifractional Brownian sheet BX = {BH:K(t),t € RY} is a centered Gaussian random
field in R? with i.i.d. components whose covariance functions are given by

N
1 | NG
E(B{{’K(S)B{{’K(t)) -1l [(st1 + t?HJ) Tty — sy P | (4.16)
=1

It follows from (f.14) that, similar to an (NN, d)-fractional Brownian sheet [cf. Xiao and Zhang
(2002), Ayache and Xiao (2005)], B-¥ is operator-self-similar. However, it does not have
convenient stochastic integral representations which have played essential roles in the studies
of fractional Brownian sheets. Nevertheless, we will prove that the sample path properties
of BEK are very similar to those of fractional Brownian sheets, and we can describe the
anisotropic properties of BfX in terms of the vectors H and K.

We start with the following useful lemma.

Lemma 4.8 For any € > 0, there exist positive and finite constants c,, and c, such that
for all s,t € [g, 1]V,

N N
2
Car Z ’3j - tj‘QHjKj <E |:(B{{7K(S) - B1H7K(t)> ] < Cyg Z ‘Sj - tj‘QHjKjv (4.17)
j=1 j=1
and
N N
Cyz Z |s; — t;|2HiKi < detCov(BlH’K(s),BlH’K(t)> < s Z |sj — t;|2Hiks, (4.18)
j=1 j=1

Here and in the sequel, detCov denotes determinant of the covariance matriz.

Proof We will make use of the following easily verifiable fact: For any Gaussian random
vector (27, Z3),
detCov(Zy, Z3) = Var(Zy)Var(Z3|Zy), (4.19)

where Var(Z;) and Var(Z3|Z;) denote the variance of Z; and the conditional variance of Zs,
given Z1, respectively.
By (E19) we see that for all s,t € [¢,1]",

detCov (Bf{’K(s), Bf’K(t)) E[B{IvK(s)ﬂ Var <B1H’K(t)|B1H’K(s)>

<E|B"(5)?] E[(vaK(S) _ B{{,K(t»?} (4.20)
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Since Var (BlH ’K(S)) is bounded from above and below by positive and finite constants, it is
sufficient to prove the upper bound in ({.17) and the lower bound in ([L1§).

When N = 1, Lemma P.3, Proposition P.1] and ([E19) imply that both (E17) and (E.1J)
hold. Next we show that, if the lemma holds for any B with at most n parameters, then
it holds for B™-X with n + 1 parameters.

We verify the upper bound in (fE17) first. For any s,t € [e,1]" "1, let s’ = (s1,. .., Snstni1)-
Then we have

E|:(B1H,K(S) B B{{,K(t)ﬂ < 21@[(3{1%(5) - B{iK(s’)>2]

(4.21)
+2E [(B{{’K(s') - Bf{’K(t)>2] :

For the first term, we note that whenever s,...,s, € [¢,1] are fixed, B¥-X is a (rescaled)
bifractional Brownian motion in s,—;. Hence Lemma E implies the first term in the right-
hand side of ({:21)) is bounded by c|t,, — s,|?/n+1Kn+1 where the constant c is independent
of s1,...,8, € [¢,1]. On the other hand, when t,.; € [e,1] is fixed, B®X is a (rescaled)
(N, d)-bifractional Brownian sheet. Hence the induction hypothesis implies the second term
in the right-hand side of (:21) is bounded by ¢ Y=7_ [t; —s;|*7%5. This and (E21)) together
prove the upper bound in ([.17).

Suppose the lower bound in ) holds for any B"X with at most n parameters. For
N =n+1, we write detCov(Bf{’ (s), BfIK(t)) as

n+1 n+1 1

2
OH;K; 2H;K; OH; | 2H;\K; VH. K,
Hi Ky 2HiK; 15 VBT 1 o |2H K

114 % 11 52K, [(t] +s;7) [t — 5]

Jale =1

n+1
2
_ 2HjKj 2HjKj 2H1K1 2H1K1 1 2H1 2H1 Kl 2H1K1
_Htj Sj 51 tl _22—Kl (tl +81 ) —|t1—51|
i=2
K 2
2H, 2H, 1 2H1 K3
T 3K, [(tl +s71)7 = [t — s } (4.22)
n+1 n+1 1 9
X{Htj 5j _HQZKJ- T e e
j=2 =2
n+1

> ey |sy -ty
j=1
where the last inequality follows from the induction hypothesis. This proves the lower bound
in (4.18). O

Applying Lemma [[.§, we can prove that many results in Xiao and Zhang (2002), Ayache
and Xiao (2005) on sample path properties of fractional Brownian sheet also hold for B#X
as well. Theorem [L.9 is concerned with the existence of local times of BH.K,

18



Theorem 4.9 Let BTF = { BHK (1), t € RY} be an (N, d)-bifractional Brownian sheet with
parameters H € (0,1)N and K € (0,1]V. Ifd < z;vzl ﬁ then for any N-dimensional
closed interval I C (0,00)N, B®K has a local time L(x, 1), x € R%. Moreover, the local time
admits the following L?-representation

L(x,I) = (27T)d/ e v /ei<y’BH’K(“’)> dsdy, = eR% (4.23)
R4 1

Remark 4.10 Although the existence of local times can also be proved by using the Malliavin
calculus [see Proposition below|, we prefer to provide a Fourier analytic proof because:
1) we can compare in this way the two methods and 2) the above theorem gives in addition

the representation ([£.23).

Proof Without loss of generality, we may assume that I = [¢, 1]V where ¢ > 0. Let Ay be
the Lebesgue measure on I. We denote by p the image measure of Ay under the mapping
t — BHE(t). Then the Fourier transform of y is

7€) = / e!& BEW) gy, (4.24)
I

It follows from Fubini’s theorem and ([£.17) that
/ &) de = /// eites B () BH’K“») d¢ dsdt
R4
1
=c dsdt
// B (5) - BlH,K(t))2] /2 (4.25)

// ’2HjKj:|d/2 dsdt.

1 |sj —

The same argument in Xiao and Zhang (2002 p. 214) shows that the last integral is finite
whenever d < SN i=1 TR, K . Hence, in this case, i € L?(R?%) a.s. and Theorem [.9 follows from

the Plancherel theorem O

Remark 4.11 Recently, Ayache, Wu and Xiao (2006) have shown that fractional Brownian
sheets have jointly continuous local times based on the “sectorial local nondeterminism”.
It would be interesting to prove that BH:X is sectorially locally nondeterministic and to
establish joint continuity and sharp Holder conditions for the local times of BHX.

Now we consider the Hausdorff and packing dimensions of the image, graph and level set
of BH®K_ In order to state our theorems conveniently, we assume

O0< HK1<...<HyKpy<1. (426)

We denote packing dimension by dim,; see Falconer (1990) for its definition and proper-
ties. The following theorems can be proved by using Lemma [L.§ and the same arguments as
in Ayache and Xiao (2005, Section 3). We leave the details to the interested reader.
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Theorem 4.12 With probability 1,

N
1
. HK NY _ HK Ny _ o .
dim, B"* ([0,1]") = dim, B ([0,1]"') = min {d, Z; HjKj} (4.27)
.]:
and
dim, GrB™X ([0,1]") = dim, GrB"* ([0,1]")
_ Zé}l ﬁ if Zé}l Hlej <d N
= HyK . 1
> i1 nr +N-k+ (1-HyKg)d if >0 Hle] <d<yi Hle] )
(4.28)
where ZJ \ TR, K = 0.

Theorem 4.13 Let L, = {t € (0,00)N : B®E(t) = z} be the level set of BTK. The
following statements hold:

(i) If zé\fﬂ H% < d, then for every x € R we have L, =) a.s.

(ii) If z;vzl H% > d, then for any x € R? and 0 < ¢ < 1, with positive probability

dim,, (L, N [e, 1)) = dim,, (L, N [, 1]V)
"\ H,
= min — + N — k — Hpd, 1</<:<N}
{;H (4.29)
k k—1 k
Hy, . 1 1
Z::F N — k — Hyd, if ;Egck;F

4.4 A Malliavin calculus approach

Using the Malliavin calculus approach, we can study the local times of more general bifrac-
tional Brownian sheets. Consider the (N x d)-matrices

F:(Hl,...,ﬁd) and F:(Fl,...,Kd),
where for any i = 1,...,d
ﬁi = (H@l, e aHi,N) and fl = (Ki,la e aKi,N)

with H; ; € (0,1) and K;j € (0,1] for every i =1,...,dand j =1,...,N.
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We will say that the Gaussian field BHK i5 an (N, d)-bifractional Brownian sheet with
indices H and K if

BHE () = (BE (t),. .. ,Bﬁd(t)) . tel0,00)N

and for every i = 1,...,d, the process {BHi(t), t € RY} is centered and has covariance
function

N
E (BH“KZ(t)BH“KZ(S)> — RHi’Ki(S,t) = HRHi,iji,j(3j7tj)-
7=1

As in subsection 4.1, the local time L(z, t) ( t € RY and x € R?) of BHK is defined as
the density of the occupation measure p;, defined by

p(A) = / 14(BTE(s)) ds, A e BRY).

where §, denotes the Dirac function and J, (BfK) is therefore a distribution in the Watanabe
sense (see Watanabe (1984)).

We need some notation. For x € R, let p,(x) be the centered Gaussian kernel with
variance o > 0. Consider also the Gaussian kernel on R? given by

d
po(@) = ]po(@),  @=(a1,...,20) €R™
i=1

Denote by H,,(z) the n—th Hermite polynomial defined by Ho(z) = 1 and for n > 1,

2

H,(z) = (—nl')” exp <%2) dci—nnexp <—%>, z € R.

We will make use of the following technical lemma.
Lemma 4.14 For any H € (0,1) and K € (0,1], let us define the function

HK
Quc(z) = RZT(KLZ), 2 e (0,1]

and Qp .k (0) = 0. Then the function Qu i takes values in [0,1], Qu k(1) = 1 and it is
strictly increasing. Moreover, there exists 6 > 0 such that for all z € (1 — 0, 1),

(Qu,x(2)" <exp (—0(6, H,K)n(l - Z)ZH) . (4.30)
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Proof Clearly, the Cauchy-Schwarz inequality implies 0 < Qg x(2) < 1. Let us prove

that the function Qp i is strictly increasing. By computing the derivative Q’; (z) and

multiplying this by 25+ we observe that this is equivalent to show

(1—2)2E 0 42— 14 2D E 1 - 22) >0 forall z € (0,1). (4.31)

If HK < i, since (1 4 z27)K=1 < 1+ 2, the left side in ([{31]) can be minorized by
(14 22H)K (1 = 2)?E=1 — 1 4 22H) and this is positive since (1 — 2)?HK~1 > 1.
IfHK > %, we note that
(1 _Z)ZHK—1(1+Z) + (1 —|—22H)K_122H > (1 —Z)(l —|—Z) + (1+22H)K—122
> (1 _|_22H)K—1(1 _ 22) + (1 —|—22H)K_122 > (1 _|_22H)K—1.

and this implies ([.31)). Concerning the inequality ({.30), we note that

Qu,k(2)" = exp (nlog Qm i (z)) > exp (—n(l - Qu,k(2))) -
Now by Taylor’s formula
(14 2K, HE < oK 4 ¢(H, K, 8)(1 — 2)?
and therefore

Qui(z)  <1+c(H K612~ 2%(1 _ L 2HK

1
<1+ C(H, K, 5)(1 _ Z)2HK5272HK _ 2_[((1 _ Z)2HK.

The conclusion follows as in the proof of Lemma 2 in Eddahbi et al. (2005), since

1= Quic(z) 2 g1 — 2K (1~ o(H, K, 5)

for any z € (1 —6,1) with § close to zero and with ¢(H, K, J) tending to zero as § — 0. [

The following proposition gives a chaotic expansion of the local time of the (N,d)-
bifractional Brownian sheet. The stochastic integral I,,(h) appeared below is the multiple
Wiener-It6 integral of order n of the function h of nN variables with respect to an (N, 1)
bifractional Brownian motion with parameters H = (Hy,...,Hy) and K = (Ky,...,KxN) .
Recall that such integrals can be constructed in general on a Gaussian space [see, for example,

Major (1981), or Nualart (1995)]. We will only need the following isometry formula:

N
E (In(ﬂ%j;])fm(ﬂm)) = RTE(t, )" 1y = H1 (R (15, 57))" Limrmy (4.32)
]:

for all s,t € Rf.
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Proposition 4.15 For any = € R? and t € (0, c0)V, the local times L(z, t) admits the
following chaotic expansion

d (s
et = 2 /[0 t] H W Ho, <§ > (Mo ()°™) ds, (4.33)

n1,...,ng>0

where s = s1--+-sy and §ﬁi?i = HN,l SH”K”. The integrals Iﬁbi denotes the multiple It6
stochastic integrals with respect to the zndependent N -parameter bifractional Brownian motion
Bﬁh?z
Moreover, if ZjV:1 o > d, where Hi =max{H,;:i=1,...,d} and K; = max{K; ; :
J77
i=1,...,d}, then L(x, t) is a random variable in L?(52).

Proof The chaotic expression (f.33) can be obtained similarly as in Eddahbi et al. (2005)
or Russo and Tudor (2006). It is based on the approximation of the Dirac delta function
by Gaussian kernels with variance converging to zero. Let us evaluate the L?(€2) norm of
L(z, t). By the independence of components and the isometry of multiple stochastic integrals,
we obtain

L@ lE=> > /Ot] dU/Ot deﬁm ) B, (0) RIS (4, v)™ (4.34)

m>0ni+---+ng=m i=1

where

PyH g, (z4) T
foiu) = = Fm B 7

s

By Propositions 3 and 6 in Imkeller et al. (1995) [see also Lemma 11 in Eddahbi et al.
(1995)], we have the bound

B (1) B, (v) < ¢4 . = ! (4.35)

(nz V. 1)7 un,H K,,Un,H K

for any 8 € [1,1). Using the inequality ([.38), we derive from ({.34) that ||L(z, t)|3 is at

most

Y Y (It

Rii Kij (v

ARG ) R
anlelj

m>0ni+-+ng=m “i=1 (nz [0,¢] [0,u] i=1j=1

:cmZZ:Onl+-Z+;Ld=m<:1 m> 1:[/: ujduj/ (HQ Hiy K >dz (4.36)
) 1, (Mo )M

d
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m>0ni+--+ng=m >i=1 (




where we used the change of variables u; = u; and v; = zju;. Using the above lemma and
as in the proof of Lemma 2 in Eddahbi et al. (2005), we can prove the bound

1

/ <HQ 1]7 )dZ < C4 11 m72H;K; ° (437)

Here ¢, ,, = ¢,,,(H,K) depends on H, K. Finally, (:37) implies that

CETLE 1 01 e WD SN 01 oy

s s 0= '
ey Yom G
m>1
where ¢, , and ¢, , depend on H, K and t only. The last series in ([.38) converges if
N
1 83 —1
dl 1— . 4.39
SHK: ( 6 > (4.39)
j=1 J77
To conclude, observe that by choosing 3 close to 3, Zjvzl ﬁ > d implies the required
condition (4.39). O

We recall that a random variable ' = " I,(f,) belongs to the Watanabe space D*? if

IF(%2 = > (1 +m)* [La(fa)ll5 < oo.

n>0

Corollary 4.16 For any t € (0,00) and x € R?, the local time L(x, t) of the (N,d)-
bifractional Brownian sheet BHK belongs to the Watanabe space D2 for every 0 < a <

S R 4
j=1 2HJ*KJ* 2°

Proof This is a consequence of the proof of Proposition [l.1J. Using the computation

contained there, we obtain for any 3 € [%7 %)7
T K 1- SB ! 1- EN7Ed
IL(z, )2 2<C414(H,K,d,t)2(1+m)a « )1-EL | 3TR

m>1

which is convergent if a < zj 1 2H*K* —d(1 — 8‘2%1) —-1- Z;V 1 2H*K*' Choosing 3 close

to 5, we get the conclusion. O
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