
HAL Id: hal-00082799
https://hal.science/hal-00082799v1

Preprint submitted on 28 Jun 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

A Set-Covering Approach for SONET Network Design
Nadia Brauner, Pierre Lemaire

To cite this version:
Nadia Brauner, Pierre Lemaire. A Set-Covering Approach for SONET Network Design. 2002. �hal-
00082799�

https://hal.science/hal-00082799v1
https://hal.archives-ouvertes.fr


LLLeeesss cccaaahhhiiieeerrrsss
ddduuu lllaaabbbooorrraaatttoooiiirrreee
LLLeeeiiibbbnnniiizzz

A Set-Covering Approach for SONET
Network Design

Nadia BRAUNER, Pierre LEMAIRE

Laboratoire Leibniz-IMAG,  46 av. Félix Viallet, 38000 GRENOBLE, France - n°62
ISSN : 1298-020X Oct. 2002

� � � � � � � � � � � � � http://www-leibniz.imag.fr/LesCahiers/





� � � � � � � � � � 	 
 � � � � � �  � � � � � � � � � � � � � � � � �

� � � 	 � 


� � � � � � � �  � ! � " # � $ % % $ & ! ' � ( � ! "

) * + ) , $ % - . . -

/ 0 1 2 3 4 5 2
6 7 8 9 : ; < = < > ? @ > A B ? C = D : E > = F ? = < 9 G < = ? 8 : 8 : B 7 : 7 F < ? B H D > C 8 9 = 8 = ? : ; > ;

: 7 8 9 > I > ; : F 7 B A J K L M N 7 > 8 @ B ? O ; = ; = J > 8 G P B Q > ? : 7 F < ? B H D > C R S > 8 9 > 7
: C < ? B Q > 8 9 > F > 7 > ? = D < > ? A B ? C = 7 T > ? = 8 : B B A 8 9 > U ? > > I V W D F B ? : 8 9 C < ? B Q > I

H V P 9 Q X = 8 = D A B ? 8 9 : ; < = ? 8 : T Y D = ? T = ; > R

Z [ \ ] ^ _ 3 ` 1 a ; > 8 G T B Q > ? : 7 F b = < < ? B c : C = 8 : B 7 ; b 8 > D > T B C C Y 7 : T = 8 : B 7 7 > 8 G
@ B ? O ; R

d e f g h i j k f l h e

m n o p q r s t u v w x y z { | } w s ~ v � � v r } r � u � � s � � � y s � t s � s ~ v � � � r � ~ } t � v r r s t �
u v w x y � � v w y � ~ � r s t u v w x y � t � s � w y t � w v � � s � t v ~ v � s u � t � � y t v � } w t � t � v r t � s

s � � s y v � t � s � s � } r � � w } � � � r t v y � � � � w } � � y ~ } � � s � � � � � � � o v � s y v � } y } � s
w � r � } w s t � s r � � r x s � t v � s t � s w � � t u v � � s w y y v } y t v � v w � } ~ � ~ � s } r � � s � } r � y

} w s w v � t s � } � t v � } t � ~ } � � � } w v � r � t � � y ~ � ~ � s v r v r s v � t � s � � s w y � } ~ ~ v w � � r �
t v � v y y � � � s � } � � � w s y � q � � y � y � } � s � v y y � � � s � � ~ v � � � s � � s � � ~ s y ~ } � � s � � � �

} t s � s w � r v � s � q � s y s � s � � ~ s y � } � s } � � � � t s � ~ } � } ~ � t � v � t w s } t � s r t u � � ~ �
~ v r y t w } � r t y } w � r � t v } � } � � � � � � � � � � � � � � � � r t � s y ~ v � s v � t � � y � } � s w �

u s ~ v r y � � s w t � } t t � � y ~ } � } ~ � t � � � y t � s } t � s } y t } y � � � } y t � s y � � v � t � s
� s � } r � y u � t � � r } w � r �   �

� � � y � } � s � � � � ~ v y t � } r � � r u � } t � v � � v u y u s ~ v r y � � s w } � � v t � s w ~ v y t y t v
� s r s � � � � � � � s � q � s ~ v y t v � } w � r � � y t � � y � t y r � � � s w v � r v � s y � } r � t � s � � v � } �

~ v y t v � } � } w t � t � v r � y t � s y � � v � t � s ~ v y t y v � t � s w � r � y �¡
¢ £ ¤ ¥ ¦ £ § ¥ ¨ ¦ © ¢ © ¨ ¤ ª ¨ « ¬  ® ¯ ° ± ² ³ £ ´ © ª µ © ¶ · © ¸ ¨ ¹ º ¨ £ ¸ ¸ © § ± » ¼ ½ » ¾ ° ¦ © ª ¥ ¤ ¸ © ¿ © À © ¹ Á ª £ ¬

À ¨ £ Á ¤ ¦ £ µ ª © ¦ Â ¨ Ã £ Ä Á Å ¦ ± Æ ¨ © ¦ ¦ © Á ¸ © Ã £ ¨ ¦ © Â ¨ Ã £ Ä Á Å ¦Ç
È É ¨ Ê ¿ ¥ ¦ ¦ © Ê Æ ¥ ª À Ê § ¥ µ ª ¨ À ¨ ¦ © ¿ § ¨ ¥ ª £ ¸ ¦ ¨ ª Ä Ê ± § É £ § ¨ Ê Ë É © ª £ Ì ¤ © ¦ ¨ Ê À © À ¨ ¿ £ § © À § ¥ ª ¥ ¦ Ã £ ¸

Ë ¥ ¦ Í ± § É © ¥ § É © ¦ ¥ ª © Ê £ ´ © À Å ¥ ¦ Å £ ¨ ¸ µ ¦ © ¿ £ Ê © Ê Î § É © ª £ ¸ ¸ À © Ã £ ª À Ê Ã µ Ê § Ä ¥ £ ¸ ¸ £ ¦ ¥ µ ª À § É © ¦ ¨ ª Ä ±
£ ª À § É © ¦ © Å ¥ ¦ © £ ª ¯ Ï ® Ã £ Ð É £ ´ © § ¥ À © £ ¸ Ë ¨ § É § É © Ê µ Ã ¥ Å £ ¸ ¸ À © Ã £ ª À Ê Ë É © ª § É © Ð £ ¦ ©

Ê ¨ Ã µ ¸ § £ ª © ¥ µ Ê Á

Ñ



� � � � � � � � � � 	 
 � � � � � 
 � � �  � 
 � � � � �  � � � � 
 � � � � �  � � � � � � � 
 � �  
 � � � � � �  � � � � � � � � � � 
 � � 	 
 � � � � �  � 
 � � � � � �  � � � � � � � � � � �  � � � � 
 � � � � �  	 
 � �� � � � 
 � � � �  � � �  
 � �  � � � �� � � � � � �  � � �  � � � � � � � �  	 � � � � � � � � � � � � � � � � �  � � � � � � � � � � �  � � � � � �
  � � � � 
 � � 
  � �  � � � � � � � ! � � � � � � � � ! " � � � � � � � � � � � � � � 	 
  � � � � �  �  � � � � � ��  � � �  � 
 � � �  � � � 
 � � # �  � � � � � � � � � � � � � 
 � � � � 	 � � �   � � � � 
 � � 
  � �  � �  � � � � �
  $ ! � % & $ ! � � � � % 
 � � � � � � � ' � � � ( ) * & �   � � � � � � � �  ( � � 
 � �  � � ) � � �  	� � � � * � � � ! � �  �  � � � � ' � " � � � � � + � � � �   � �  
 � �  � � � � � � � 
 � ! � � � � , & - . ' !
 � � � � + � � 
 � � � �  
 � � � � �  � � � � � � � � / 0 	 1 2 	 
 � � 
 � 
 � � � � � � � � �  � � � � �  � � � �/ 3 2 � 4 � � � 	 � � � � � � � � " � � 5 
 � 
 � 6  7 � � � � � � � � � � � � � �  � �  � � ! � � � � � � � � 
 � � � � � � �� � � � � � � � 
 � 
 � � � �   � � � � �  � � � � 
 � � 
  � � � 
 � � � � � � � � � � � 
 � � 
  � 	 � � � � � � � 
 � � � � � � � �  � � � � � � � � 
 � 
 � � � �  � � � � �  � � � � � � � �
8 9 : ; < = > ? @ ; A B C D E A ? F G ; HI � �  � 	 � �  � � � 
 � � # � � � � � 
 � � � � � � � � � � � � � � � � � � 
 � � � � � � * � � J K & L M N ' � � 
 � � � � � � � 
 � � 
 � � . 
 � 
 � 
 � � � � � � � 
 � � 
 � � � � � � � 
 � � � � � � � ! � �  � � 
 � � � � � � ��  � � � � � � �  �  J � � � � � � � �  �  � 
 � 
 � � � � 
 � � �  � . � � � � � � �  
 � �  � �  � � �  N � � � � � � � � � � � � 
 � . � � � �  � � � �  	 � � � � � OP K Q R S T N M U R S U V . WX S K � � � � � � � � � �  � � � � � � �  �  R SY Z S K [ 1 �  \ ] R S^ � � � � � � �  �� � � � � � � � � � �  � � � � O

/ _ ` a b 2
cdddddde
dddddd f

� � � gih j k l X S m S & _ ` a b n ^ 'o
n p n gih j k l Y Z S m S q 1 r \ ] N & _ ` a b n 1 '

m S ] Q ^ M 1 W r R S ] P & _ ` a b n s '
� � �  � � P �  � � �  � � �  
 � � � �   � � � � � � � �  � t 
 � � 
 � � �  m S 
 � � � � � � � 
 � � 
 � � !
 � � �  	 �  � 
 � � � 1 �  
 � � � � � � �  � � � � � � � R S �   � � � � � � � � � � � �  � � � � � � � � � � �� � u � � � � � � & _ ` a b � ^ ' �  � � �  � � � � � � � � # � � � �  � � �  � � � � �  �  �  � � � � � � �  � �� � �  � � � � � � � � " � �  � � 
 � � � & _ ` a b � 1 '  � � � �  � � � � � � � � � � � � � � � � � � � � � � � � � � �  � � 
 � � � � � � � � � � 
 � � v � 
 � � � � � � � � � � � � � 
 � � � � � � � � � 
 � � � �  
 � � � � � � 
 � � � � � � � � �
w x ; A y ? A H z C { ; ? y < | ; } A ; ; ~ � 9 G D ? A B < | H
� �  � � � � 
 � � � ! " � � � � � � � � � � � � � � 	 � � � � � � + �  �  
 � � � � � � � � � � � � � � � � � � � � � � � �  !� � � O 
 � � � � � 
 � � � � $ 	  � � � � � � � � � � � � R S � � � � � � � � � � � # �  � � � � 
 � � � � j� h �j � 	 � � � � �

s



� � �� � � � � � � 	 
 � � �  � � � � � � � � 	 � � � � � � � �  � � � � � � 
 	 � � � �  � � � � � � �  � � � � 	 � �� � � � � �  � � � 
 � �  � 	 � � � � � � � � � � � � � � � � �  � 	 � � 
 � � � � � � � � � � �� � � � � � � �� 	 � � � � � � � � � �  � � � � � � � � � � 	 � � � � 
 � � �  � 	 � � � � � � � � � � � � � � � 	 � � � � � � � � �� 	 � � 
 � �  � � � � � � � � � � �  � � � � � � � � � �  � 	 � � ! � � � � � � � 	 � � �  � � � � � " � � �� � � � � � � � � � � 	 � � 	 � � � � � � � � � 
 � � � � � � � � � 	 �  � � � � � �� 	 � � � � � � � � � � 	 � � � � � � � � # $ % % & ' � � � � � � � �  � � � � �( � � ) � � � � * + , �  � � � � � � � � -  � � � � � � � . /  0 1 � � �  � � � � � � � � 	 � � � �  � � � � � � � � �. /  0 � 2 3� 4 5 5 � 6 7 8 � 	 /  0 � 9 �  � 
  � �  � � � 
 � �  � � � � � � � � � � 
 �  � 	 � � � � �� � �  � � � � :
; < = > ? = @ A BC D % # $ % % & ' E F G H $ I J D K D L M L N H $ M J O P L M % Q % $ R H $ K L S P % O G T L $ L S J % % R H $ E U V WH R X

Y /  0 � 3
Z� 4 [ \

7 � 8 7] 3 ^
 8 7 _

] 3 ` 7+ a 8 + b
] 3 ` 7+ c d

N D % $ % ] 3 � e 5 f g 5 f h 3i j k l� 	 � � � � � � � � � � � �  � � � � � � � � � 
 � ] 3 � �   � � � � 	 � � � � � � � � � 	 � � 
 � 	 
 � � � � � � �  � � � � � � 	 � �  � � � � � � �  � � � � � / P R � � � � 	 � � � m 0 �
! � � �  � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �  � � � � � � � � � � 
 �  � 	 � � � :n

> ? > o o p ? q A Br H $  s t X
u /  0 6 Y /  0 6 u /  0 8 vi [ \ ` 5i 3 ` 53 [ \

6 5 wx 8 � 	 ^ y 3i d
N D % $ % u /  0 � � 	 z 3[ \ { ` vi [ \ 8 5 3 8 vi k l

! � � � � � � � � �  � � � � � � � � � �  � � � 	 � � � � � � 	 2 |� 4 5 5 � � 	 � � 	 / } 0 � ! � � �  � � 1�  � � � � � � � � � � � � � � � � 	 � � � ~ 
 � � � � � 	 � � � � � � � � � � �  � � � � � 
 	 � � � � 	 � � � 	 � �  � � � � � 1� �  � �  � � � � � � � � � � � � � � � � � 	 � � �  � � � �  � :n
> ? > o o p ? q � B

Y /  0 � � � � 	 � �  + � l� � � 
 � 	 � � �  � � � � � � � �  � � 
 � � � � ! � � �  � � � � � � � � � � 
 � � � 
 � � � � � � � � ( � � ) � � � �� � � � � �  � � � � � 	 �  � � � �

t



� � � � � � � � � � � 	 
 � 	 � �  � � � � 
 � � � �  � � � 	 � � � �  � � � � � � 	 � � � � � � � � 
 � � � � 
 	 � � �
  � � � 	  � �  � � � 	 � � � � � � � � � � � 
 � �  
 � � � � � 
 � � � � 
  � � � 	  � � � 
 � �  � � � �  
 �� � � � � � �  ! � � � � � � 	 
 � " # 
 � � � � � � � $ %& ' 	 
 � � � � 
 	 � � � 
  � � � 	  �  � � � � � � � �� �  � � � � ( � � � � " # 	 
 � � � � �  � � � � � � � � � 	  �  � �  ) � 	 
 	 
 �  � � � � 	 * � � 	 � � � ��  � �  � 	 � � � � � � � +
, - . . / 0 12 3 4 4 5 3 6 7 8 8 7 9 : ; < = > : ? @ 8 = > 7 A 8 3 ? B @ ; C : 4 D C E @ 8 F A 3 G

H B I J
K L

� 	 � M NO P Q P R N S TN S U H F I J
K L

� � V W TO P Q P W R X MW S U2 3 4 Y N A 3 @ 6 3 @ D : A 8 3 D 7 8 E 4 : 7 ; 6 7 > H B I > 3 4 E > ; 3 C A Z @ ; @ 8 < 7 > : 4 5 ? � @ ; C 8 3 4A 3 " S [ \ ] 6 4 5 3 > 3 : D @ � D E ^ 5 4 5 @ 4 G_
\ W ` $ & : D 6 3 @ D : A 8 3 6 7 > H F I a 	  �  � R X " P M b � S U c @ ; Cd
\ � T S M Y N
4 5 3 ; � : D @ " e @ = = > 7 f : ? @ 4 : 7 ; 6 7 > = > 7 A 8 3 ? H B I a 	  �  G Y N X " P N 6 7 > @ 8 8 6 3 @ D : A 8 3D 7 8 E 4 : 7 ; N 7 6 H B I c \ g
h i j j k 1� � � N � � � � � � 
 	 � � � 
  � � � 	  �  � H B I  l � � � � � +

" P M N m n o p q r s tS � R N
m s u q v tS � T
m r v q p wu tS M Y N

) � 	 
 	 
 � � � � 	 � � � � � 	 � � � � � �  � � �  � � 	 � � � 
  � � � 	  � ( � � � 
  Y N 	 
 � " � � � � �  V 	 � � � 	  � � � � 	 
  � � 	 � � �  x
� � � � 
 � � � � � 	 � � � � � 
 � � � 
 � � � 
 	 �  � � � � � � 	 � � � � � � � 
 � +

H B y z { | } I H F ~ | } IJ����
K���� L

� 	 � ��� � � � � � P N �O P M P ��� � � � | � � P N � S [ � � � �N � S U

J����
K���� L

� � V �� � � W �O P M P �� � � � W � X � � � R � � �W � S U�
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

�



� � � � � � � � � 	 
 	 � �   � � �  � � � � 	 � � � � 
 �  � � � � � 	 � � � � � �  	 � 	 � 	 � � � � � � �  � � � � � 
 � � � � � � �  � � � 
 � � � 	 � � � � �  ! � 	 � � 	 
 � � ! � " 
 � � �  � � � � � � � � 	 � � � 
 � � � � 	 � � � #$ � � � 	 � 	 %  � " & ' ( 	 
 � �  � � 
 � � � � � � � 
 � � � � �  � %  � � � 	 � � � � � %  � � �   � )  * �+  � � �  � �  � 
 	 � �  
 � � � � 	 � � � � � �  � � 	 � � � � � � � �  � � ,  - �  � �  � � 
 � 	 � �� � � �   � )  * � 
 . / ( 0 1 2 34 5 3 4 & ! �  �  6 ( 	 
 � �  � � 	 7 �  � 	 � ) � � � � � � � � � 	 � 
 * 	 �� �  
 � � � � 	 � � � � 8 ( 	 
 � �  � � � �  � � � %  � � 	 �  
 9 � � � � 	 
 � �  � � 
 � 9 � � 6 ( # �� 	 � � � � 	 
 �  - � 	 � 	 � � & !   %  � � " � 	 % 	 �  � �  � � 
 � � � � � 	 � ) � � � � ) � �   � )  
� � � � � � � � � 
  	 � �$ � ! � � � � � � � � ! 
 & !  � � � " � � � 
 	 �  � 
 � � � � 	 � � 
 �  � � � �  � � " : �   � " & � � � � � � 
!  � � 	 � � �  	 � �  � � � � � ! � 	 �  / ( � � � � �  � � 
 � � � � �   � )  * � ; � � 	 �  � � � � & � 
 � � � )  �  � � � ) 
 � � � � � 	 7 �  � 	 � ) 	 � � 
 � � � � 	 � � & !  � � %  . / ( 1 < 5 = > ? � ( � 2 =4 5 = 4 � � �; � ! & �  � � 
 � � � %  � � � � / 1 � / ( # ( > @ %  � 	 -  
 � �  � " � � � �  
  
 � � �  � � �  ��  � � %  A .
B( > @ / ( 1 B( > @ B5 = > ? � ( � 8 �C 6 � C � �

1 B5 = > ? D
8 �C 6 � C � � B( > @ � ( � E1 B5 = > ?

8 �C 6 � C � � C 6 � C 1 B5 = > ? 8 � � �
� � � �  � �  / %  � 	 -  
 � " � � � �  
 	 
 F � � �  � � �  � $ � �  
 	 �  
 !  
 � � � � 
  � � � � & � � �� � 	 � �  )  � G .

H 6 � I J . B( > 5 = / ( � G K 8 � �  #
� �  � / � � 
 � %  � 	 -  
 � �  � " � � � �  
 	 
  � L � & 	 � 	 
 
 � M � 	  � � � � � � � %  � � � � � � % � � �  � � G � N # � � � �  � �  �  	 
 % � � 	 � � � �  7 � � � 	 � � �  # � � � � � � � � �  � � � � : �   � "	 
 � G � N # O � � � � � � 	 � � � 	 � � � � � � � � � � � � � & � � � � � � 
 � � � P , Q + �R

 �  � �  � � ! � ! � �  � � � 
 ! � 	 � � � � � � ! � � � � � � � � �  � � 
 � � � � �  � ) � � � � � � 	 � ) � � � �  	 �  � � � 	 � � 	 � 	 
 
  �  � �  � � " : �   � " �S
T U U V W XY Z [ 6 � \ Z ] ^ Z _ Z ` Z ^ [ a b J c Y Z [ * d e * f e K K K * 4 5 = 4 \ Z [ g Z Z h i Z j k ^ 6 � ^ l ` \ Z m Z hb m a ` n [ a C 6 � C o p k [ g m Z j q Z r [ [ a [ g Z a m h Z m a b j Z _ Z r [ k a ^ \ s t m Z Z h s c u 	 �  � [ g Z m Z] m Z ] [ ` a j [ v w  Z h i Z j a b 6 � j Z _ Z r [ Z h \ Z b a m Z * x y c z Z g ] { Z |

/ ( } � 8 �C 6 � C w v ~  �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 3 � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � = � � � � � � � � � � � � � � � � � � � � � = � � � � � � = � � 3 ��



� � � � � �� � � � 	 � � � 
 � � �  � � � � � � � 	 � 
 � � 	 � � � 	 � � � � 
 � � � � � 
 � � � � 	 � � � � � � � �� � � �  � � � 
 � ! " � � 	 � � � � � � � � � � � 	 � � � � 	 # � � # � � $ � � 
 � � � � � � � 	 � � � 	 % �& � � 	 � � � � � � � � ! ' � � � � � 
 � � � � � � � � � � � � � � � � � � � 	 ( )* + ) * ,  - . � � � 
 � � ! / � �  � � �� � � � � � � � � � 	 � 	 � � � � � 0 � � � � 	 � � 	 � 	 � � � � � � � � � � � � 	 � 
 1 � 	 � � � � � � � 2 0 � � � �
& �

� � � � � 1 � � � � � � � 	 � � 
 � � 	 � 	 � � � � � � � 	 � � � � 3 � � � �  � � � 
 � ! 4

5 6 7 7 8 9 �:
; < � � = ; > ? ; @ ; A ; ? < B C D E

:
; < F = ; > G H = I G ; < B C � � J K < L % � � � ; M N ; G EO

; L > P ; Q
RTS U V
W S X Y $ �Y Z

% � � �[
\ $

[
]
% � � �[

^
C B _ ; P ; _ ` G B @ H < K B ? _ ; < H _ ? ; M = ` a _ ; ; M ` E b
� � � � � �dc � � � 	 � � � � �

& � � � � � 	 � � � � � 0 � e �
& � � � � 
 � � 	 � � 	 � � � � � � � 	 � 
 � �  � � � 
 �� � � � � � � 	 � � 1 � � 	 � � � f � � � g 3 � � 	 � h i - .i ! j � 	 k l � � 	 � � � 3 � � � � � � � 3 � � � 
 � � �� � F ! � � � � 	 � F m 	 � � � � 	 F 1 � 	 � 	 � � � � � 
 � � � � � � �

& � 
 !n
� � � � � � � Y f � � � � � � h � 
 � � � 1 � 3 � 
 � � � � � �

& � 
 � � � � � � � 	 � X i - .i 0 � �� 
 � � ! o � � � � � � 	 � 
 � � � 0 � � � � 	 � � Y f � � � � � � h � 
 � � � 1 � 3 � 
 � �
& � � 	 � � � � 	 Y

� 
 � � � � � � �
& � 
 � � � � � � � 	 � � 1 � � 	 � � � i - .i 0 � � � 
 � � ! " � � � � � � � � � � � e � � � � �� � � � � 	 p � � 1 � � � � 	 � � � � � � & � � 	 � � � 	 � � � � � � 	 � � � Y � 
 � � � ! j � 	 q � � 	 � � � 3 � � � �� � 	 � � � � � � p r F m f � 	 � � � � � p � � � � � 
 3 � � � �

& � � � � 	 � � � � � � p r F m h !j � 	 k . � � 	 � � � 3 � � � � � � � 
 � � � � � F m 1 � � � � � � � � � � � � 	 � 
 � � p � � � 
 k s 	 � �� 3 � � � � � � � 
 � � � 1 � � � � � � � � � 	 t 1 � � �
& � u % � � � v k l $ k . $ k s � � � u

w k . $
k s[ x $ w k l $

k s[ x v % � � � f y h
' � � � � � � � q 
 � � z � � � 	 	 � � � � � � % � � � � k l � 
 � � � u 	 � � � � � g 3 � � � � 	 � � � � 	% � � � � k l $ q

& � � 	 � � � � � � � � � 	 � � � � � � F m � � � 
 F m � � � � 	 � � � 	 % �
& � � 	 � � � �

� � � � � � 	 � � � � � � 3 
 � 
 � � � � ! o � � � � � � � g 3 � � � � u % � � � � k l $ q X % � � � � 
� � � � � u q X k l $ � ! { � � � 3 � � q | k . f � � � � � � � 	 � 
 � 
 � � � � � 	 � � � h � 1 � � � 	 � � � uk . X k l $ � � 1 � � � � � � � � � 
 � 	 � � � � 
 � � � � � q v k . � � � � 
 � � � � � � k s v } ! o � � � �� � � 1 � � � 	 u
� � k s ~ } � � 
 k . � k l $ � f K E ; E u k . X k l hk s v } � � 
 k . X k l $ �

{ � � � 
 � � � � � � � � 
 � � � 	 � � g 3 � 	 � � � f y h � 1 � � �
& � u f k . $ � �s h $ f k l $ � �s h v % � � � !c

� � � 1 � � � � u�
� � k s ~ } 	 � � � k . X k l � � 
 f k . $ � �s h X ( ) , .s X � ( ) , .s � t�
� � k s v } 	 � � � k . X k l $ � � � 
 k . v f k . $ � �s h X ( )s ! " � � � � k . � � 
 % � � � �� � 	 � � � � � u f k . $ � �s h X � ( )s � v � ( ) , .s � !

�



� � � � � � � � � � � � 	 
 � 	 � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �  ! � " � � � � � � �  � � # � � � � � � � � �  � � � � � � � � � � $% & '  ( ) � � � � � � � �  ! � � $ # * � � + � � � � � � � �  � � � � � � � � � � � � � � � � � � � � � � �� � + � � � � ! � $ � � � � � � � % & � 
 � �  � , - 
, � � � � � � � � � � � � �  � . � / �  ! � � � �  � � 0 � � � � � � 1 - 
1 � 2 � � 
 � �  � , - 
, � � ( 3 � � � � � �  � � � � + � 0 �  � � � � � � � � � � � � � �$ � � � � � �  ! � � � $ 4 �5
& 6 7

% & � , - 
, 	 8 �  	 
 � 
 � �  � , - 
, � 	 � ' , - 
, � 	 8 � 9 :� � �  � 	 
 � 9 :� �
� � ! � � � � � � � � � � ; 0 � � � � � � < � �5

& 6 7
% & � / � �/ � � � � � � � =

 � / � �/ > ? 	 
 � 	 � @
� �  � � � � � � � � � � ; 0 � � � � � � � � A � � , - 
, �  A � � � + � � � � �5

& 6 7
% & � , - 
, � � � � � � � B  � , - 
, C D E F G 
� H

� , - 
, � � � � � � D E F G 
� H � �  D E F G 
� H� � � � � � � 5
& 6 7

% & � / � �/ I � � � � J � 
� � � � � � K

L � � 0 � M � � � � � � � A � � � � � � � �  0 � � � � � � � / A � � � � � � � ; 0 � � � � � � � � � � �  � $ � �N ' N � / � � �  � O � �  � � � � � � � � * � ( P � � � � � � � � � � � M � � � � � � � � 0 � �
Q R � S T � �� �

5
& 6 U F

% & � , 5
V W E X � Y � �� , = / � �/ I � , � � J � 

� � , � � � > � � Z �
� � � � � � 0 * � � � � * M � � � 0 * [ � � � � � , \ / [ � � + � ] � � � ( �^

� � / ' � � � / '  A � � � � � � � � � � ! � � � � � � � � �  ! � � � � � � � � � � � � � � � 0 * + � �� $ � � � � � � � � _ � � � � � � � Q R � S T � ` R � ` ' � � � � ( L � * * � a � � � � � M M � � � � � � � �4 ' R � ( ^
� � � � � ! � � 0 � � � � � � � � ' � b A � � � � � � ; 0 � � � � � � � c � � � � � � � �  � ( 3 � �� � � � � � � � ! � � � � � �  � �  � � � � � � � ! � � �  ! � � $ � � / '  � �  � � � � � � � � � � ��� �

5
& 6 U F

% & ' � � �� , = / � �/ I � , � � J � 
� � , � � � > ' de

d



� � � � � � � � � � � � 	 
 � �  � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 	 � � � � � � � � � � � � � � � � �� � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � 	 
 � �  � � � � � � � � � � � � 	 �  ! � " �  # � �� � � $ % & � � � � � ' � ( � � � � � � � � � � � � � 	 � � � � � � )
* + , - . / 0 $ % 0 � �  " � 1 �� � � � � � � � � � � � � 	 � � � � � � � � � � � � � � � � � � � � � � � 	 
 � �  � � � � � � � � � � � � 	 �  � ( � � � �2
� � � � � � � � � � � � � ' � � � � � � � � � � � � � � � 3 % � � � � � � � � � � � � � � � � � )

465 7 8 9
: 5 "

2

 �   ; 3 % "

2

 �  ; 3 %

* + , - < / 0 $ % 0 � �
= � � ' $ % � � � 3 % � 3 > ? @ � � � � � � � � � = � � � � & � � � � � � 3 > � � � � � � � � � � � �� � � & � � � � � � � � � � � � � � � � ' � � � � A � � � � � � ' � � B � � � � � � � � � @ � C �� � � � � � � � � � � � � � � � � � � � 1 3 % ? � D � � � � � ' � � � � $ % � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � E > F G 9 H IJ K I G 9> F J H I B � � � � � � � � � � � � � � � � � � � 3 % 1 � � � � � � � � � '� � ' � � � � � � � � � � � � � � � � � � � � � � � � > H I> L G 9 F IM N ? � O G 9 F IM P � Q � � � � � � � � � � � � )

�
3 % 45 7 8 9

: 5 "
>
4J K G 9
�
R ?

�
3 % S

� ? �
� T

3 % 1 �� U ? � V
3 % 1 �� W X

� 2 
 �  1 Y 
 � ! @ 
A � � � � )

Y 
 � ! @  �
G 9 F I
4ZJ K G [
�
R
1 �3 > ? @ S

� ? �
� T

3 > ? @ 1 �� U ? � V
3 > ? @ 1 �� W X

? �3 > S
� ? �
� T

3 > 1 �� U ? � V
3 > 1 �� W X

Q � � � � � � � � � \ � � � � � � � � � � � � � � � Y 
 � ! @  � � � � A � 	 � � � � � � � � � � � ' � � � � � � � � � � ]� � � � 
 �  � � � � � �Q � @ � C � � � � Y 
 � ! C  � C �

^



� � � � � � � � � 	 � 
 � � � � � � �  	 � � � � � � � � � � � �
� 	 � � � � � ��  � ��  � �

� � � �� �
��  � � �  � �� � � � �  � �� ��  ! "# $ % & � '

� ��  � � � � �  � � � �� � � � �  � � � �� ��  ! "# $ % ( ) & � ' *
� � � �� �

��  � �  � �� ��  ! "+ , % - ./
� ��  � � � �  � � � �� ��  ! "0 , % 1 2/ '

� ��  � ��  � � � � � �� � � � ��  � � � ��  � � * � � � �� �
� � � �� �  � � � '

� ��  � � � �� �  3 � � � �� � � � �� � � 4�  ! "# % 1 .% 0 56 7 8 9  + :
� � � �� 	 �  � � ��  ! "+ ;

� ��  � � � �< � 
� �  � �< �  	 �  � � �� =

� � � � � � � � � � � � > ? @ � � � ? � � A � � B C � D A � A � @ � E 
 F � � 
 D G A � ? � H 
 F A � I � � � � � ? H�$ % ( � J K � I � � �
� 	 � � � � � � �� �  3 � � � �� � � � �� � � 4 � � � �� 	 �  � � �

� � � �� 3 ��  � � � �� �  4
� � � �� �  � �� �  	 �  � � �� =

L ? 
 H � � � � M 
 N � @ � @ � E 
 F � O A � � 
 D D 
 M @ � � � � � B C � � A 
 � 	 � � � 
 D G @ � 
 ? P 	 � � J Q @� N 
 � @ � B C � � N � O E R � � � A � G C N � A 
 � S ? A � N A S D � O � � A @ � � G @ � � � S ? 
 
 � 
 � � � � 
 ? � H � JK A � � @ C N � S � ? � 
 ? H � � N � @ O � � � T U V V W X � D I 
 ? A � � H � � @ � � � E � @ � Y � 
 M � I C � ? Z� � � � � @ � 
 ? � � � Q [ \ ] S ? 
 E D � H J ^ 
 ? � 
 F � ? � � 
 @ � I C � ? � � � � � @ � ? � S � @ @ A H A @ � A N O� 
 ? � � � S ? 
 F � G ? � � A 
 G 
 � @ � 
 � @ � � H � 
 E � � A I � � J_



� � � � � � � � � � � 	 � � � � 
 � � � � � � �  � � � � 	 � � � � � � � �  � � 
 � � � � � � � � 
 � � � � 	 �� � � � � �  � � � � � � � �
� � � � � � �

� �  ! " � #  ! " # $ � � � � % # � & ' ( # )
*
+-, . /
( 0 ) � � % # � & ' ( �

1
2 3 4 4 5 �

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

2 3 4 5 6 7 8 9 10

1/x
1/(x-1)

6  � � � � ( � 7 8 9 : ; < = > 8 ? 8 @ A B C ; < C ; > 8 @ D EF G H I J E F G H ; ? K D E L GF L G GH M G
� 	  �  � � � � � � �  � � � � � � 
 � � � � �  � � � � � � � � � � � N � � � � � � � � � � � � 
 � O � � �# $ � O � � 	 � � � P Q R 6  � � � � ( S �

T
*
/

(U V U ' ( # )
*
+W, . /
( 0 ) T

* X Y
/ X Y

(U Z ( V
U ' ( � [ T

*
/

(U V U ' ( �\
] ^ ] �

� � % # � & ' ( # )
*
+, . /
( 0 ) � � % # � & ' ( �

_
( `



� � � � � � � � � 	 
 � � � �  � � � � � � � � � � � � � 	 � � � � � � �
� � � � � � ��� �  !

" # $ "� � %
� $ "� &

� � ' "( ) $
(
*
� � ' "( + ,- . / 01 2 � 3

� � � � � � 4 � � � 5 � � � 6 � 7 7 � 4 � � � � � �
6 � %

�� � , $
" � $ 8 � � � � � � � � � 6 � %

�� � , $
"� � $ 8 � � � �

(
�

� � � �
8 � � � � "� � % %

( ' � ' "� , &
� � ' "( ) $

(
*
� � ' "( + ,

� "� � %
(
% &
� � ' "( ) $ *

� � ' "( + , '
� ' "� &

� � ' "( ) ,
� "� � 9

( � � '
( ' � ' "�- . / 0;: < &

� � ' "( )- . / 0= ! > ?? : @ :
= ! > A?

B

 � � 7 � � � � �

8 � � � � "� � %
( � � '

( ' � � ' "( , �
( ' ( � �

� � 5 � C �
(
� 	 � � � D � � 5 � �

� � � � � 6 � %
�� � , $

" � $ ( ' ( � � � E � � �
� � 5 � � 5 � � � � � � � � � � � � � 6 � � � � D � � � � F G � � 6 � � � � � � �

8 � � � � "� � %
( � � '

( ' � ' "� � �
' ((

,
� "� � %

( � � '
( ' � �( $ " $ � �( � ' " � ,

� ( ' "� � $
"( � ' "� � �

� ( $ "( � ' � $ "� � �
� � 5 � C � H � � � 5 � � �

(
� 	 � � � D � � 5 � �
� � � � � E � � � $ ( � � '

"( � ' "� � �
" "



� � � � � � � � � � � � � 	 
 � � � � 
 � � �  � 	 
 � � �� � � �  � � � � � � � � �� � � �� � � � � � � �� � � �� � �� �  �! " � � � � � #
$ % & ' � ( � ) * &+ , - .+ - /+ & 0 /& 1 � � ( � ) * &+ , - / 23

% 4! � 0 4� � � � � � 5 !! � � � � � � � 6 � � 
 � 7 	  & � . '8
	  � � � � 9 
 � : � ( � � � � � � 	  	 ( ( �  ; + " � 	 � � � � � � � � � � � � � � � � 9 
 � ( � � � � � 	 7 � 	  	 ( <( �  ; / � � � � �  � ( � = �� � > � � � � � 	 � ( ; 	 � � � � � � � � � � � � � 	 � � ? � � � ; � @ 	 " $ % & ' A B C( � = �� � > �ED 	  � 	 : �  " � 7 � � 	 7 
 � � � � 	 � � F 4 � � � F ! �  � � �  � � � ( ; � 	 � � � � : � " � 9 
 � : � ( � � � � �� � ? � � � ; " � � � � � � � � 	 � � ? � � � ; " � � � � ( � % F 4 ' A B C ( � % F ! ' � G �  � " � � � � � � ; � 	 � � � � � �� 	 ( � 7 	  �� � � � �  �! � � � � � � � � � � � � � � �  	 	 7 � ; �  � � � � � � : � � ; 	 7 � � � � 9 
 � : � ( � � � � � ( � � � 	 � �H
I J K L M N O P J KQ
� �  	 : � � � � � R � : S � � � ( T � �  � � � ; � ( � 	  � � � � 7 	  � � � � � � < � 	 : �  � � � �  	 � ( � � "� � � � 
 � � � � � � � � � � � � � � ( � � � � 	 7 U V � W " � � � � � � � �  	 : � � � �  7 	  � � � � � � 
 �  <� � � � � " � � � � � � � � � � � � � � � � 	 � � � 
 �  � � � � � 7 	  � � � � � �  � � � 
 ( �  � � � � � G 	 � � : � � � � � 
 � �  	 � ( � � 	 7 ? � � � � � � � � � � � �  � � � � � � � � � � � � � � �  � � � � � X Y < � �  � � �� � � � � � �  � ( � � � � %  � � 
 � � � 	 � � 	 R W Z [ \ ] ' � � � � � 
 � � � � � ( � 	  � � � � � � 
 � ( � � � ( ;� 	 � � � 	 ( ; � 	 � � � ( �^ � � � � � � �  � � 
 ( � � � � : � � � � � � � � 	 7 � � � � � � � � � � 6 � � � � � � 7  	 � � � � � < � 	 : �  � � �� � �  	 � � � 	 7 � � � � �  	 � ( � � �

8
	  � � � � � � � � � 	 ( 
 � � � � � �  � � � 	 � � � � � 	 � � " 7 	 � � � � � ? � � � � � � � 	 	 � � 	 ( 
 � � � 	   � � � 	 � � � 	 ? � � � � � � � 	 	 �  � � � " �  � �  	 � � � <� � � � � � � � � �  � �  7 	  � � � � � � � � 	 
 ( � � � � 	 � � �  � � � � � � � � � � � � � 	 � � � (  � � � ;�  � � � " ( � � � � � � 
 � � �  � � �_

L ` K J a M b c d b e b K f Og
� � � 
 � � 	  � �  � �  � � � 7 
 ( � 	 ^ : � � R  � � � 7 	  � 	 � � � � � � 	 
 � � � �  � ( � : � � � � 	 7� � � � � � �  	 � � � " � � � 7 	  � ( ( � � � � 	 � � � � � � � � � � 	   � � � � 	 � � �

Q
� �  � � ( � 	 �  � � � 7 
 (� 	 h �  �

8
� � � � 7 	  � � � � 	 � � � � 
 	 
 � � � � 	 
  � � � � � �_
i J e b K N e b j P L k M l k M N b O8

� � 
  � � + � � . � � 	 � � � � � : 	 ( 
 � � 	 � 	 7 � � � : � ( 
 � 	 7 $ "  � � � � � � � : � ( ; 7 	  � � � ( (� � � � � � : � ( 
 � � 	 7 & �
/ +



0.8

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

0 5 10 15 20 25�
� � � � � � � � 	 
 � �  � 
 � 
 �  � � 	 � � � � 
 � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � 
   � � � � � � �� 
 � �  � � � � � � �  ! 
 � � � " �  
 # $ 
  
 � � �  % & �

1

2

3

4

5

6

7

0 2000 4000 6000 8000 10000 12000 14000 16000 18000 20000�
� � � � � ' � � 	 
 � �  � 
 � 
 �  � � 	 � � � � 
 � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � 
   � � � � � � �( )* + � � , - ./ 0 �

1 '



� � � � � � � � � � � � � � 	 
 � � � � �  � � � � � � � � � � � � � � �� � � � �
� � � � � � � � � ��  ! " # $ # " % " $ % " & ! ' ( ) * ! ' + # , ! - . / ( ) 0 1 ' 0 2  3 # +  4 ! 5 1 ! - # - 6

. 7 8 9 : ; < : ; = 4> ? @
� � � � A �CB D E F G H I J K H . / L M E K J N M O J O N P Q K F J Q M R J Q K H M N P S G T M K M D E F G H P U . / L M E VK J N M O W X H M E M U P E M Y K H M S J Q J S Z S . / J O E M F N H M R U P E K H M O S F T T M O K N P S G T M K M D E F G HI J K H F K T M F O K 4 M R D M O WB N P S G T M K M D E F G H I J K H . L M E K J N M O H F O [ \ [ ] ^ _` M R D M O W B Q R K H Z O . / J O K H MO P T Z K J P Q P U a S J Q b . a . c d e . f .

g : h> c 4 iX H J O T M F R O K P F O M N P Q R V R M D E M M M j Z F K J P Q I H J N H O K E F J D H K U P E I F E R T k D J L M O a
. 7 8 9 : ; < : ; = 4> ? l

m � 
 � � � �  � �n
: o p F R J F q E F Z Q M E Y r L M O s E F S F Y t J M E E M u M S F J E M Y F Q R s H E J O K M T T Mv k Q F Q K O W s P S G T M w J K x M M K F G G E P w J S F K J P Q G P Z E T F N P Q N M G K J P Q R M E x M O M F Z wy z p { X | y } ~ W X M N H Q J N F T � M G P E K � : Y u M O s F H J M E O R Z u F � P E F K P J E M u M J � Q J � V� � B � Y > d d > Wn > o � F O M � s H L x F K F T W B � E M M R k ~ M Z E J O K J N U P E K H M y M K V s P L M E J Q D t E P � T M S W � 0 +  �( ) � 2 ! ' � � ! - � Y � f � h a > � � � > � � Y : � � � Wn
� o z T J L J M E � P T R O N H S J R K Y } P E J K y W ~ P N H � F Z S Y B O F U u M L J Q Y F Q R { T J � W z T J Q J N � WX H M y z p { X { R D M V t F E K J K J P Q t E P � T M S W � ! + 3 ( ' � - Y > d d > f K P F G G M F E h Wn
� o t J M E E M u M S F J E M Y p F R J F q E F Z Q M E Y F Q R � M E R � J Q � M W � Q M S x M K H P R M K F � P ZG P Z E T F R x M N P S G P O J K J P Q R M E x M O M F Z w y z p { X | y } ~ M Q F Q Q M F Z w W � Q � ( 0 5 ! )� � � � � � � , ( $ 1 ' � ! - 5 ! � 0 - ( , # �! + �! ) ' 0 $ � , 0 # - ! 5 ! ' ! ,  ! ' ,  ! ( 2 �! ' 0 + # ( $ $ ! � � ! ! +5 � 0 # 5 ! � 0 � 0 5 �! , # - # ( $ Y t F E J O Y � M � E Z F E k > d d > W � P F R M U Wn
� o X H M y z p { X ~ P S M t F D M W H K K G a | | I I I W O P Q M K W N P S W

: �



� � � � � � � � � � � � � 	 � � � 
 � � � � �  � � � � � � 
 � � � � � � � � � � � � � � 
 � � � � � � � 
 � � � � � � � �
� � � � 
 � �  � � � � � � � � � � � 
 � � � � � � � � � � 
 � � � � � � � � � � 
 � � � � � � � � � 
 � � � � � � � � �

 � 
 � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � 
 � 

� � � � � � � � � � � � � � � � � 
 � 
  � � � � � � � � � �

	 � � � � � � � � � � � � � � � � � � � 
 � � � � 
 
 � � � 
 � � � 
  � � � � � � � � � � � �  � � � � 
 � � � � � � �!
� � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � 
 � � � � �

� � � � � � � � � � 
 � � � � � � � � 
 � � � � � � � � " � � � 
 � � 
 � # � � � � � � � � � � � � � � 
  � � � � � � � 
 � � � �
� � � � � � � � � � 
 � � 
 � � � � �   � � � 
 � � � � � � � � � � 
 � � � � � � � � � � � � � � � � �

$ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 
 � � � �$ � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
  � � � � � � � � �$ � 
  � � � � � � � � � � � � � � � 
 
 � � � � � 
 � �$ � �  
!

� � � � � � � � � � � � � � � � � � � � � � � � � � � �
% & ' ( ) * + & , ' - . / ) 0 1 , ) 2 1 + , & % & + 0 3 + 4 � 
 � � � � � � � � � � � � 
 � � � �   � � � � 
 � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � " � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � �  � 5 � � � 6 � 	 � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � 
 � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � 	 � � � 
 � � � � � � � � �
� � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � 
 � 7 � 
 � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � " � � � � � 
 �
� � � � � � � � � 
 � � � � � � � � � � � � � � � � 8 � � � � � � � 9 � � � � � � � 
 �

: ; < = > ? @ A B ? @ C D > = ; E
$ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 
 � � � �F

� � � G � 
 H � �  
 � � I � � � � J$ � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
  � � � � � � � � �
9 � � � � � � 8 �  � � � � � 9 � � � � � � � � � � � �$ � 
  � � � � � � � � � � � � � � � 
 
 � � � � � 
 � �K

� � � 7 � � � � � � � � 7 � 
 � � � L � � � � �$ � �  
!

� � � � � � � � � � � � � � � � � � � � � � � � � � � �M
� � � � � � N � � � � � �   � O � � 
 5 	 � � 7 � � � � � � 7 � 
 � � �

F
� � 
 � � �

P Q R S T U S V W X S Y Q R Z [ \ T ] Y X T S Y Q R ^ _ T U ` a P Q b S Y Rc Y d W U S W b d e W ] T f b g ] Y U T S Y Q R ^ h Y U Q ] T X i T ] T U j W k kl m m h ^ n o p q r s o s t r u ] T g Q d T S Q Y d W v W Y g R Y w


