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Abstract

We proposea quantitatve criterion for the memging of a pair of equaltwo-dimensionato-rotatingvor-
tices.A cross-alidationbetweerexperimentabndtheoreticabnalysess performed Experimentalortices
aregeneratedy theroll-up of a vortex sheetoriginatingfrom the identicalandimpulsive rotationof two
plates.Thephenomenois thenfollowedupin time until arapid pairingtransitionoccursfor which critical
parametergare measured.In the theoreticalapproachthe nonlinearEuler solutionrepresenting pair of
equalvorticesis computedfor variousnonuniformvorticity distributions. The stability analysisof sucha
configuratiorthenprovidescritical valuesfor theonsef merging. Fromthis dataset,a criteriondepending
on globalimpulsequantitiesis extractedfor differentshapeof the vorticity distribution. This theoretical

statemenagreeswvell with our experimentallybasedcriterion.



. INTRODUCTION

The pairing processof vorticesis one of the main building blocks of fluid motion and plays
amajorrolein avariety of fluid phenomenadecayingtwo-dimensionaturbulence[1-4), three-
dimensionakurbulence[5-7], andmixing layers[8, 9], to namea few. Its potentialsignificance
coversvariousfieldssuchasgeophysicsmeteorologyandastrophysics.

The simplestcaseof interaction,i.e. a pair of equalvortices,possesseecurrentfeatureq10,
11]. Whenthey arefar apart,their time evolution is closeto the dynamicsof two point vortices
rotatingaroundeachotherwith aturnoverperiod2rL? /", whichdepend®nly ontheircirculation
" andseparatiordistance.. In addition,awealer effectis generatedby thelocal strainproduced
by onevortex onits companion:anelliptic deformationof the streamlinesandvorticity contours
[12]. In additionto thesewo effects,whicharemainly causedy inviscidinteractionsanincrease
of thevortex radiusis obsereddueto viscousdiffusion of vorticity. Thisinducesa simultaneous
increasef theratio betweerthevortex radiusandthe separatiordistance This quantitymayalso
be changeduy the presencef athird vortex in the neighborhoodf the vortex pair. In ary case,
an abruptmodificationariseswhenthis aspectatio reaches critical value: the vorticesstartto
ejecttips of vorticity in their outerregion. Thesestructureghengrow into filamentswrapping
aroundthe pair. In aboutoneturnover period,thefusion (or merging) of bothvorticity regionsis
achieved, giving riseto a uniqueandbiggervortex with flamentarystructuresaroundit [13, 14].

In this context, it is worth focussingon quantitatve aspect®f eachphasethefirst stagemaybe
understoodvithin atwo-dimensionahsymptotianalysis[4, 12], althoughathree-dimensionad|-
liptic instability mayarisecomplicatingthe pictureof dynamicsheforemeiging[11]. Themeging
processtselfis ahighly nonlineamprocesshatcanbeanalyzedhroughnumericakimulationg13]
or analyticalmeand15]. An importantpointconcerngheonsetf meiging. It haspreviously been
argued[16] thatthe melger procesanay be viewed asaninstability of a pair of vortices. In this
context, thecomputatiorof nonlinearequilibriabetweertwo vorticesandthe studyof their stabil-
ity arenecessargteps.The presenipaperis basedon suchatheoreticabackgroundthe validity
of whichis supportedy comparisondetweerexperimentabndtheoreticakesults.

Most previous attemptshave focussen constant-wrticity patchesLet usmentiontheworks
by Safman and Szeto[17], Dritschel[16, 18], Overman[19] and Waugh[20]. Suchapprox-
imationsare extremely valuable,but comparisonswith experimentsshouldpreferablybe done

using resultsobtainedwith non-uniformvorticity distributions, since experimentalvorticesare



definitively closerto suchcases.For instance yorticesin two dimensionakurbulenceare better
approximatedy Lamb—Oseenworticeswith a Gaussiarvorticity profile [4]. Only recently solu-
tionsfor suchanon-uniformcasenave beencomputedvia anonlinearcontinuatiorprocedurg23].
In the presentwork, this tool, which providesnumericallya relationshipbetweenstreamfunction
andvorticity, is usedto investigatehe propernon-dimensionaparametersleterminingthe onset
of meming. Suchcharacteristicxould then possibly be introducedin simplified model equa-
tionsdescribingtwo-dimensionaturbulence.Usingatheoryof equilibriumstatisticalmechanics,
Robertand Sommerig[21] and Turkington[22] have shawvn, for instance that organizedstruc-
turesin two-dimensionaturbulenceare steadysolutionsof the Euler equationscharacterizedby
anexplicit relationshipbetweerstreamfunctiorandvorticity.

The paperis organizedasfollows. In sectionll, the experimentalset-upis briefly described,
andthe evolution of a co-rotatingvortex pair is analyzed,leadingto an experimentalcriterion
for the onsetof memging. We formalize,in sectionlll, the nonlinearmethodwhich allows the
computationof Euler solutionsof co-rotatingvorticeswith non-uniformvorticity distribution. In
sectionlV, theinstability pointof sucha configurationwhichis interpretedasa signfor theonset
of meiging, is computedfor variousvortex shapes.Focussingon a generalmeiging criterion, a
particulardimensionlesparameters introducedandcomparedor thevariousinitial vortex shapes

underconsiderationalsowith theexperimentafindings.

[I. THE PAIRING EXPERIMENT
A. Set-up

Two identicalvorticesaregeneratedn awatertankusingtwo flat plateswith sharpene@dges,
impulsively startedfrom restin a symmetricway. The rotationof the platesaroundtheir vertical
axescreategwo startingvortices,which arelaminar, two-dimensionalandwithout axial velocity
in the obsenation volume. The temporalevolution of the flow is visualizedusingtwo different
dyes,illuminatedby an Argonion laser Digital Particle ImageVelocimetry(DPIV) is usedfor
guantitatve velocity measurementisee[11] for furtherdetails).

Thevortex pairis characterizedby the circulationl” of eachvortex, the separatiordistancel,

betweerthetwo vortex centerqgivenby thelocal maximaof vorticity) andthe coresizea, found



by aleast-squarefit of the measuredorticity to thetheoreticaldistribution of a Gaussiarvortex:

w= i e
e

1)

Measurementbave shown thatthis profile is a fairly accurataepresentatioof the experimental
vorticesin the initial stagesof the flow. Pairs of suchvorticesare characterizedy two non-
dimensionaparametersthe ReynoldsnumberRe=I" /v, wherev is the kinematicviscosity and
thenon-dimensionatoresizea/L,.

In aviscousflow, the coreradiusa growsin time by diffusion of vorticity accordingto:
a = 4vt + const (2)

Time t is non-dimensionalisetiereby the turnover period T = 2r2L2/T" of a point vortex pair
having the samecirculationand (initial) separatiordistanceasthe pair underconsiderationThe
origin of timeis chosersothattheconstantn Eq.(2) vanishesi.e. it correspond$o ahypothetical
time whenthe the flow consistsof two point vortices. The non-dimensionalime thusdefinedis
denotedoy t*. In theviscouscase the overall evolution of the flow thereforedepend®nly onthe

Reynoldsnumberwhichin the presensetof experimentsrariedbetween700and2300.

B. Dyevisualizations

The experimentalmeging of two distributedvorticesis illustratedin Fig. 1, which presents
cross-cutvisualizationsof the flow at differentstagesgiving a qualitative overview of the vortex
pair evolution. For a more precisecharacterizationa quantitatve analysiswas carriedout us-
ing DPIV measurement®4], which confirmedandvalidatedthe descriptionof the phenomenon
which follows.

In a first stage(after vortex formation, which is not consideredn further detail here), the
vorticesare far enoughapartto remainpractically axisymmetric(Fig. 1a). (The spiral structure
seenn thesevisualizationgs notrepresentate of thevorticity distribution attheselow Reynolds
numbers;the vorticity diffusesand smoothsout much more rapidly thanthe dye, leadingto a
vorticity field closeto (1) atearlytimes).As their coresizesincreasalueto viscosity they deform
in anelliptic way (Fig. 1b),andcreateatip ontheirinnerside.Eachtip is attractedy theopposite
vortex, buttheseparatiotetweerthetwo centersstill remainsapproximatelyconstan{seerig. 2).

Duringthis stagethe coresizea closelyfollows the evolution (2) for anisolatedGaussiarvortex.
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Whenthe coresizereaches critical fractionof the separatiordistancea secondstagebegins,
in which the two vorticesrapidly getcloserandfinally memge into a single patternthathassome
resemblancevith the ChineseYin-Yangsymbol(Fig. 1c). Thecritical ratio ac/L, at which the
separatiordistancebeginsto decreasavaspreviously foundto be approximately0.26[24]. How-
ever, this criterion (the startof the decreasef L) is somavhat subjectve, sincethe evolution of
the separatiordistancds continuousandgradual.Below we proposean alternatve way to calcu-
late the critical coresizemoreobjectively. The secondstage,.e. the meging itself, seemgo be
mainly a cornvective processsincethe decreasef the separatiordistancel is fairly independent
of the Reynolds number During this stage,two armsof dye are ejectedandroll up aroundthe
centralpattern forming a spiralof dyein Fig. 1(d), representatie of a spiralof vorticity. In afinal
third stage thesespiralsare stretchedand are more and more entangledogetherby differential
rotation. This leadsto an axisymmetrizatiorof the final vortex, whenthe distancebetweenwo

spiralsdecreasedown to the orderof the diffusionlengthof thevorticity.

C. Determination of thecritical core size

The evolution of the separatiordistancel plottedin Fig. 2 doesnot shav a sharptransition
betweerthetwo first stagesnentionedabove. In particular the pointatwhich thedistance. starts
to decreaseis not preciselyidentifiableon the curve. It is thusdifficult to determineaccurately
the beaginning of the meging stagefrom sucha measurementHowever, a quantitatve criterion
identifying this point would be of importancen the dynamicsof multiple-vortex systemsijf one
is interestedto know underwhich conditionstwo vorticesapproachingeachotherwill meige
or, alternatvely, continueon their initial trajectorieswithout stronginteraction. The combined
treatmenof the dataof sevenexperimentscarriedout at differentReynoldsnumbersallowed us
to find the moreaccuratecriterion presentedbelow.

Thefirst stageof the evolution of two co-rotatingvorticesis mainly governedby viscousdif-
fusion. Taking into accountthe choicefor the origin of time given above, equation(2) canbe
rewrittenin non-dimensionalorm as

2
(&) - % @
which givesa theoreticalpredictionfor the evolution of theratio of coresizeandseparatiordis-

tance.Thisratio hasbeenmeasure@xperimentally[24], andgoodagreementvith (3) wasfound.



We cannow find an expressionfor thetime tZ at which the vortex pair reacheghe critical ratio
ac/Lo: X

t§:<|%> e =ARe (4)
which s proportionalto the Reynoldsnumber:the lessdiffusionacts,the longerit takesto reach
thecritical coresize.

For the presentpurposethe secondstage(the actualmeging) is now assumedo be a purely
convective processbasedn theobsenationthatthe evolution of theseparatiordistance. during
this stageis fairly independentf the Reynoldsnumber The lapsof time, in corvective units,
neededor the separatiordistancel to decreasdrom its initial valueL, to a certainpercentage
x of Ly is thereforeassumedo be a quantity By, dependingonly on x, andnoton Re Thevalue
of x to be taken is of coursesomavhat arbitrary Valuesof x in the range30-80%have been
consideredmeasurementsould hardly provide reliablevaluesfor x belown thelower bound,and
for ratiosL/Lg closeto unity it is not certainif meiging hasreally startedor not.

Adding this to the critical time t; in (4), we obtainan expressiorfor the time t; at which the

separatiordistancel. hasreachedafractionx of its initial value:
fy = ARe+ By (5)

As anexample theexperimentaimeasurementsf t; asfunctionof Reynoldsnumberis shavn in
Fig. 3for x= 60%. Thevariationis indeedfoundto belinearin Reynoldsnumberwhichvalidates
our two-stagemodelfor the interactionof two co-rotatingvortices. The slopeA, which s found
from aleast-squarest to the data,providesthecritical non-dimensionatoresizeac/L, (seeEq.
(4))-

Theadvantageof this procedurdies in thefactthatwe canuseexperimentaimeasurementsf
the separatiordistanceanywhee during the meiging phasejn particularduring the initial stage
whenL is still fairly high andthe measurementarereliable. Towardsthe endof memging, when
L falls down to zero,the uncertaintyof L, which is obtainedfrom DPIV velocity fields, is much
larger.

The critical core sizewasdeterminedor differentvaluesof x, andthe resultsare plottedin
Fig. 4. A slight variationof ac/Lo with x is obsened, which is however within the experimental
uncertainty Fromthesemeasurementsn experimentalmerging criterion canbe establishedor

two co-rotatingvorticeswith an approximatelyGaussianvorticity distribution: meiging occurs



whentherescaleccoreradiusa/L, exceedsacritical valuegivenby

(?) — 0.24+0.01 6)

(o]

This critical valueis slightly smallerthan the one announcedn a previous paper[24], where
ac/Lo = 0.26+ 0.01. In this analysis the valuewasmeasuredt the instantwhenthe separation
distancestartsto decreasei.e. somavhat after the beginning of the secondstage,andled to a
higherestimatiorof thecritical ratio. Neverthelessthenew valueis still close thesmalldifference
canbeconsideredsacorrectionto the previousresult,obtainedn amoreobjectve way, andless
sensitve to measuremerntoiseanduncertainty

An exampleof the vorticity distribution measuredt the critical time t is shavn in Fig. 5
for Re= 1506. The flow is just aboutto loseits symmetrywith respectto the centerpoint, by
the formation of outertips in the pattern,similar to whatis obseredin the dye visualisationof
Fig. 1(b).

1. THEORETICAL APPROACH: COMPUTATION OF NONLINEAR EULER SOLUTIONS
AND THEIR STABILITY

Dueto therapid natureof this transition,the meging phasemay be consideredasaninviscid
processat leastat onset. Clearly, viscosity becomesmportantwhensuficiently high gradients
areproducedateron by theroll-up, in away describedn [25] or [26]. In thefollowing, the flow
is thusassumedncompressibl@andinviscid.

Contourdynamicsapproachebave successfullypeenappliedto the computatiorof equilibria
of vortex patches[16, 18,20, 27]. In the preseninvestigationfwo identicalvorticeswith several
vorticity distributionsareconsideredrangingfrom the classicapatchef vorticity to Gaussiaror
parabolicprofiles. Generalizinghe numericalprocedurausedby Safman & Szeto [17] to com-
puteequilibria of vortex patchesthe perturbedstreamlinesarecomputedusingGreens function
integrals. For self-consisteng we first briefly presenthe numericalalgorithmusedto compute
theequilibriumconfigurationdor interactingvorticeswith generaborticity profiles.More details
aboutthe numericalproceduranaybe foundin [23]. For the computatiorof the nonlinearequi-
libria of two identical co-rotatingvortices(seeFig. 6 for the configuration) the basicideais as
follows: whenthe vorticesarefar apart,i.e. whenthe distancel. betweentheir centerss much

greateithanthe characteristizortex radius,thelocal straininducedby the companionvortex may



be ngglected. Eachvortex may be taken asaxisymmetric,with anouterboundaryatr = rp,, and
rotatingwith a frequeng I /(1PL?) aroundthe centerO of the flow. For symmetryreasonsQ
is locatedat equaldistancego both vortices. Moreover, eachvortex is characterizedby a given
vorticity profile, which canbe choserarbitrarily, with the proviso thatits maximumis locatedat
the centerof isovorticity contours,denotedby O; for a givenvortex i (i = 1,2). Note thatthis
conditionmustbe verified for centrifugally stablevortices[28]. The circular streamlinef the
unperturbedsolatedvorticesarehenceparameterizedy their radial position,whichis a function
of vorticity: roj (o). Whenthevorticesgetcloserto eachother thestreamlinesredeformedand

vorticity contourswy now lie onlinesgivenby

ri(02,0) = /12 () + fi(2,0), 0<@<2m =12, )

wherer; is againmeasuredrom the vortex centerQ;. By decreasinghe distancel. stepby step,
we usea nonlinearcontinuationprocedureo follow the solutionof a pair of vortices,usingasa
startingpointthe previousaxisymmetricsolutionandalargeparameteL. Thismethodis standard
in nonlinearproblemswhenonelooksfor fixed pointsof dynamicalsystemg29]. In the present
case theunknawn variablesconsistof functions fi(wy, 6) for onevortex, e.g. i = 1 (theotherone
beingits symmetricimage),andthevortex pairangularfrequeny Q. Thecontinuationparameter
is the distancebetweencenters:L = |02—Oi|. The nonlinearconstraintsare definedas follows.
The equilibrium Euler solutionis steadyin the referencdramerotatingwith the vortex pair atan
angularfrequeny Q. Thespecificcontribution of eachvortex to the streamfunctiomeads

W) =~ [ 1og (|r —ri[*) wi(rias, ®)

TUJs
wherer andr{ arecomputedrom thecenterO; of vortex i andintegrationis doneover thevortex
areaS. This Greensintegral canbe expressedisa vorticity integral usingrelation(7)
Wmax 21T

or?
Lui(r)=—$T / /Iog(\r—ri(ux’,e’)\z) %uﬂ (—%(q’,e’)) dofde’. 9)
Wmin 0

It is assumedhattwo distinct streamlinesever crosseachotherin the continuationprocedure.

Thetotal streamfunctionsow read
2

1 |1
th,l(rl)=l]Jl(rl)+l-|J2(L+r1)+§Q‘§L+r1 (10)
1] 1 2
Pr,2(r2) =llJz(Fz)+llJ1(—L+F2)+§Q‘—§L+r2 , (11)




whereL = 0,01 = (L,0), andr; denotevectorswith origin at O;. A steadysolutionof the Euler
equationsgnustsatisfythestraightforvardconstrainthatisovorticity contouranustbestreamlines.

Thetotal streamfunctionis thusconstanon eachvorticity level, which maybewritten as
LIJI,I((’q’e):CI((*)i)a OSGSZT[’ |:172 (12)

Onemoreconditionmustbe addedto determineQ asa function of the distancebetweerthe
vortex centers.This is achieved by imposingthat, in the rotating frame of referencethe vortex
centersdbe stagnatiorpoints. This requiremengivesoneextra condition(by symmetrycase = 1

andi = 2 provide anequialentcondition):

. al'IJt i
| m ?
ril—>0 orj

(r,6=0)=0, i=12, (13)

the derivativesof thetotal streamfunctionswith respecto 0 beingzeroat @ = 0, dueto the sym-
metrywith respecto the x-axis. Oncevorticity integralsarediscretizedusingFourier collocation
in 8 and Chebyshe collocationin w, togetherwith quadraturgulesfor the integrals[23], equa-
tions(12)and(13)defineafixedpointfor alargenonlinearsystenwith thecontinuatiorparameter
L, whichis solvedusinganarclengthcontinuationprocedure[29] For eachsuchequilibriumstate,
theJacobiamatrixis computed.Thenonlineamparameterizedystemundegoesabifurcationor a
limit point, whentheJacobiarmatrix hasa zeroeigervalueata (critical) valueof thecontinuation
parametel.. Thosecritical pointsare given asa by-productof the continuationprocedure.A
discretizationusing18 Chebyshe-collocationpointsin w and48 Fouriercollocationpointsin 6
(leadingto anonlinearsystemof almost820equationsisingthe symmetryconditionwith respect

to the x-axis) provedto be suflicient to provide thecritical parametewaluesup to threedigits.

IV. TOWARDSA MERGING CRITERION

Variousequilibrium configurationshave beencomputedeachone correspondingo a specific
non uniform axisymmetricprofile for L > r,. Most of the criteriafor meiging proposedso far,
basednequilibriumsolutionsof theEulerequationsuseuniformvortex patchesn thetheoretical
model. The presentmethodis capableof computingequilibrium stateswith continuousinitial
vorticity distributions. In orderto be meaningfula memging criterion should not dependon a
specificinitial axisymmetrigorofile. We have mainly consideredwo typesof distributions: Lamb-
like vorticeswith vorticity jumpsat the outerboundary(uniform patchesappearasalimit case),

aswell asvariousparabolicprofiles.



Thesystemis madedimensionlesssuchthatbothvortex typeshave acirculation” = rtandan
areaS= 1t Thisimpliesthattheradiusof the vortex boundaryis takento bethereferencdength
(rm = 1), andthat the vorticity scaledependson the profile. Using thesescalesthe Lamb-like

(Gaussian-like) vorticity profile reads:
wi(r) =Bgexp(—ar?), 0<r<1, (14)

wherefy is equalto a/(1—e~®). Theparametee™® = wmin/ Wmax Measuretheratio betweerthe
vorticity maximumandthe minimum locatedat the outerboundaryfor eachvortex. This profile
is known to fit well coherenstructuresn decayingtwo-dimensionaturbulence [4]. 1t shouldbe
noted,however, thatfor high valuesof a thevorticity is stronglyconcentratedh the centerof the
finite-sizevortex area(of radiusunity). As a consequencehis profile is only physicallyrelevant
whena is nottoo large. An exampleof anaxisymmetricvorticity distribution with twmin/Wmax=

0.05is showvnin Fig. 7. A differentcases provided by the parabolicprofile
w(r) =Bp(l—ar?), 0<r<i, (15)

wherefp = 2/(2—a) and1— a = Wmin/Wmax In Fig. 7, this vorticity distribution is displayed
for Wmin/ Wmax= 0.05. Somecomputationdave alsobeenperformedfor acompacitnitial vortex
distribution
= Beex —a
(’q — MPC p 1_ r2

(the factor 3¢ beingsuchthatthe circulationis equalto ). Oneexample,with a = 0.1, for this

), 0<r<i, (16)

third initial solutionfamily is shovnin Fig. 7.

In a previouswork [23], almostuniform vortex patcheswith asmalla (= 10~3) for the Gaus-
sianprofile wereconsideredIt waschecled by comparingwith anearlierwork of Dritschel[18],
thatthecritical separatiomistance. (for whichtheJacobiammatrix of thecontinuatiorprocedure
hasa zeroeigervalue)coincideswith the point, at which the nonlinearequilibrium statebecomes
unstablewith respecto infinitesimaltwo-dimensionatisturbancesin Safman[10] it is shovn
that this exchange-typenstability, characterizedby the appearancef a zeroeigervalue,occurs

whentotal angulanmpulseJ: (resp.thetotal enegy E;q), definedas

do= [@DIFPdS B = [ (NS

reachesa minimum (resp.maximum)(r is herecomputedfrom the centerof rotationO). This

aspectvasconfirmedn thepresentvork with parabolicor Lamb-like profilesfor variousvaluesof
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theparameten. As shown in [18], onceanunstablesquilibrium stateis reacheda fastunsteady
evolution occurswhich may be characterizedas memging. In the presentcomputationswhen
decreasinghe vortex separatiordistancel startingfrom large values,the exchangeof stability
happenst a critical distancel . at which a (real) eigervalue of the Jacobiarmatrix goesthrough
zero. Consequentlythe equilibrium statelosesstability at L¢; in the framework of the present
theoreticalmodel we associatet herewith the onsetof the memging process.Fig. 8 shaws the
streamlingoatternfor suchacritical statefor threecasesaparaboligprofilewith a = 1 (i.e. Wnin=
0), a Lamb-like profile with a = 10~3, which is very closeto a vortex patch,anda Lamb-like
profile with a = 2.25.

Theseplotscanbecomparedo theexperimentalesultin Fig. 5. An importantdifferenceas the
factthattherealflow possessesnon-ngjligible amountof vorticity atandaroundhecentralpoint
betweenthe vortices,a featurewhich cannotbe representeth the theoreticalformalismadopted
here.Thegapd betweerthevorticesdecreasefor decreasin@omin/Wmax until = 0 for wmin=0
in the caseof the parabolicinitial profile (Fig. 8a). Thedistanced takesafinite valueat criticality
in the uniform case(Fig. 8b). For increasingx in the nonuniformGaussiarvorticity distribution,
the presencef a zoneof high gradientdeadsto a cuspat the outerboundarywherethe vorticity
is small (Fig. 8c). The stability appeardo be sensitve to the vorticity distribution nearthe outer
boundary a featurewhich could be relatedto the experimentalobsenation of a tip of vorticity
generateavhenpairingis initiated (seeFig. 1b).

Onemaynow attemptto extracta generaljuantitatve characterizationf theonsetof meiging,
usingacriterionbasednanormalizedvortex coresize,similarto theonediscusseth theprevious
chapter(Eq. (6)). A first attemptto definea coresize,oftenusedin previousstudiescanbe made
usingthe vortex areaS, which in our scalingsis a constant. This givesa coreradiusof \/%
However, the correspondingritical ratio M/Lc is found hereto vary in a rangebetween
0.30to 0.35for the parabolicfamily. This meanghatthe meiging criterionwith this definition of
coresizeis very dependenbn the profile of vorticity anddoesthereforenot seemto be usefulto
the caseof non-uniformpatches.

A moresuitabledefinition of coreradiusmay be obtainedusingthe partialangularimpulseJ

for eachvortex:
3= [w(n)irl?ds (17)
S
whereintegrationis performedover the areaof a singlevortex, andr is measuredrom its center

Oj, andnotfrom O. Thesimplestengthscalethatmaybeextractedirom ary vorticity distribution,
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axisymmetricor asymmetricandwhichwecalll, in thefollowing, is thesquareootof thesecond

momentof vorticity, i.e. theangularimpulse,dividedby its zerothmoment,.e. the circulation:

lo=+/J/T. (18)

It is a measurefor the spatial extent of a given vorticity distribution. For the axisymmetric

Gaussian-like vorticesof Eq. (14), this quantityis givenby

|w:\/E_M (19)

a 1-exp(—a)’

whereador the parabolicdistributions(Eg. (15)) it reads

3—-2a
l‘*’_‘/6—3a' (20)

The evolution of |, with the vortex separatiordistancel, obtainedby decreasinghe latter, is

shawvn in Fig. 9, for differentinitially parabolicvorticity distributions. The circlesin Fig. 9 mark
the valuesat the critical distancel.. (For large valuesof L onewould recover the axisymmetric
guantity) While thereis a certainvariationin the vicinity of the critical distancefor the almost
uniform case], depend®only weaklyon thedistancd. for profileswith relatively smallvorticity
atthevortex boundary(herefor a = 0.9, 1). Thestrongestleformationf the streamlinesppear
closeto thevortex boundaryand,thesmallerthevorticity is in thisregion, thelessthegeometrical
deformationrmodifiesthe angularimpulsed.

Tablesl andll summarizethe critical values(whereexchangeof stability occursfor the equi-
librium state) for boththe parabolicandGaussian-lik initial vorticity distributions. Notethatfor
bothsolutionfamiliesanalmostuniformvorticity distribution hasbeenconsideredwith a = 1074
for the parabolicprofile anda = 10~2 for the Gaussiarprofile. (In the presenmodel,the Greens
integral is expressedasa vorticity integral andhencethe relationshipg14) and(15) mustbein-
verted,which makesthe parameten = 0, correspondindo a strictly uniform vortex, a singular
valuein our solutionprocedure).Tablesl andll alsogive the non-dimensionatoresizely/Lc,
calculatedat the critical distancebetweenthe vortex centers. For the parabolicsolutionfamily,

this parametewariesvery little; the expression
l/Le = 0.218+0.010 (theoretica) (21)

representdhe resultsfor the entire setof parabolicdistributions, from the uniform caseto the

onewith zerovorticity at the outerboundaryof the vortex. The variationswith a arefound to
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be muchsmallerthanthoseof the quantity \/%/ Lc. The quantityl,/L seemsto be a more
naturalchoicewhenconsideringa quantitatve criterionfor the memging of realvortices,sinceits
definition usesglobal propertiesof the vortex, insteadof the characteristicef the contourof the
patchasin previousstudies.

For the theoreticalGaussian-profilesolutions,the dimensionlesgjuantityl,/L. seemgo be-
have lessfavorably. It is found to vary significantly decreasingwith increasinga (Table II).
Neverthelessthecritical ratiosobtainedfor moderatex (columns3 and4 in Tablell) arein good
agreemenwith theresultin Eq. (21). Dueto the particularshapeof the Gaussiarvorticity dis-
tribution (cf. Fig. 7) theregion containingrelatively smallvorticity valuesincreasesvith a, and
thetheoreticaimodelappeardo be sensitve to the detailsof this outerlow-vorticity distribution.
Also, asexplainedabove, highera-valuesin the Gaussiarprofilesmayberatherunphysicallead-
ing to low valuesof the angularimpulseJ, andconsequentlyo alow |, at criticality. In orderto
illustratethistheideathatthe modelworksbetterwhenthevorticity is moreuniformly distributed
over the entire region of the vortex, somecomputationshave also beenperformedfor a pair of
initially compactvortices(16), for which the vorticity is zeroat the boundary For a = 0.1 (the

correspondingprofile is depictedn Fig. 7), thecritical valuesare
Lc=3.049 8. =0.077, (In/L)c=0.214

andthe theoreticalvalue (21) is almostretrieved. Note that the minimum separatiordistanced
betweenthe two vorticesat criticality is closeto zero. Whenincreasinga in (16), the vortices
touchbeforeabifurcationpointis detectedin ourmodel,only stationarybifurcationpointswhich
occurfor & > 0 aremeaningful).

In sectionll, the experimentalcore size a definedfor a Lamb-Oseernvortex (Eqg. (1)), was
consideredFor anaxisymmetricunbounded>aussiarvortex, a is equalto |,. Assumingthatthe
angularmomentumof eachvortex is closeto the oneof an axisymmetricone up to the onsetof

meing, the experimentakesultgivenin Eq. (6) is equivalentto
(lw/L)c=0.24£0.01, (experimenta) (22)

which is reasonablycloseto the critical valuegivenin Eq. (21). This indicatesthatthe definition
of the core size using the angularmomentumis well adaptedto the meging of vorticeswith
distributedvorticity. With this result, a refinedcriterion for meging may be formulated,which

generalizesndaddsprecisionto previousresults:
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Twoidenticaldistributedvorticeswill meigeinto a singleoneg if theratio of their characteristic
vorticity radiusl, (asdefinedn Eq. (18)) andtheir sepaation distanceexceeds critical value

The numericalvalue of the critical ratio lies somavherebetween0.21 and0.25,accordingto
Eqgs.(21) and(22).

Figure 10 shaws a collectionof the critical ratiosl,/Lc obtainedfor the two familiesof non-
uniform vorticesconsideredn this paper The experimentalvalueis alsoplottedfor comparison.
It seemdhattheoreticalpredictionsare consistentlyunderestimatinghe critical value. The the-
oreticalmodel captureshe first instability of an inviscid equilibrium configuration,andit may
thereforenot betoo surprisingthatthe correspondingritical ratiosarebelow the onewhich may
be experimentallyobsened at meging. Indeed thefactthatthe equilibriumstatebecomesinsta-
ble may not necessarilypbe equivalentto the onsetof memging; it may be linked to a subsequent
bifurcationof theflow (atahigherl,/L¢), whichournumericalprocedures unableto capture.On
the otherhand,thefactthatthecritical valuesfrom experimentandtheoryarenevertheles<lose,
lendssomecreditto theideathatthelossof stability of the Eulerequilibriais atleasta precursory
signof actualmemging.

Other criteria have previously beenconsideredandit is worthwhile comparingthemto the
presentesults.Onemeiging criterionis basedntheratio betweerthecritical separatiordistance
L. andthe vortex patchdiameterd (for non-circularpatchesan equivalentdiametercanbe cal-
culatedusingthe patcharea).For uniform vorticity patchesthe work of SafmanandSzeto[17]
yields a critical ratio L¢/d = 1.58, belov which no stableequilibrium stateis found. It is easily
checledthat, for a uniform patchof radiusr, I, = r/\/i. With this, the presentcalculationsfor
the (almost)uniform caseyield L¢/d = 1.55,whichis in goodagreementvith the previousresult.
Inversely Safmannand Szetos resultimplies|,/Lc = 0.224 for their case which is consistent
with thecriteriafoundhere.However, asnotedearlie; assoonasthevorticity profileis nolonger
constant@acrosghe patch,the numericalvaluesof L¢/d vary significantly makingthis parameter
lessusefulfor a‘universal’memging criterion.

In vortex memgerexperimentperformedoy Fine etal [30], usingelectronplasmasa meiging
criterionbasedn alengthscale

1
=< [ @nlrlds
calculatedwith thefirst momentof vorticity wasproposedTheparametet../3l; wasconsidered,

which, for uniform patchesgcorrespond$o theratio betweerseparatiordistanceandpatchdiam-

eter Whencalculatingthis quantityfor the presentheoreticalresults,onefinds valuesbetween
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1.57and1.76in the caseof parabolicprofiles,whereaghe experimentalresultin (22) translates
into L¢/3l1 = 1.57 (I, = ay/T/2 for a Gaussianvortex (1)). Theseresultsare well well within
therangeof critical valuesgivenin [30]. Consideringon the otherhand,asdonethroughoutthis
papertheratio betweera characteristicoreradiusandthevortex separatiordistanceput usingly
insteadof I, thecritical valuesin (21)and(22) becomgl; /L) = 0.20and(l1/L)c = 0.21,respec-
tively, with theresultfor the Gaussiardistributionsagainbeinglower. Onthewhole,the meiging
criterion basedon the first momentof vorticity behaesvery similar to the oneusingthe angular
momentum.Again, little variationis foundwith differentnon-uniformvorticity profiles,afterac-
countingfor the limitations of our theoreticalmodel. Neverthelesswith the angularmomentum
beinganinvariantof inviscid vortex motion, it seemsanore naturalto usethe secondmomentof

thevorticity distribution for the purposeof defininga generakriterionfor vortex memging.

V. CONCLUSION

In this paper we have performedan extensionof the theoreticalanalysisof Safman and
Szeto[17], concerningthe two-dimensionalinteractionof co-rotatingvortices, to the caseof
patcheswith differenttypesof nonuniformvorticity. TheresultingalgorithmfindsEulersolutions
with two vortices,containingconcentrigpatche®f uniformvorticity. Theprofilesof vorticity were
variedfrom parabolicandtruncatedGaussiario nearlyuniform.

Earlierstudieshave shovn thatthetwo vorticesdo notremainseparatedyut memgeinto asingle
final vortex, if the characteristisize of the vortex coreexceedsa certainfraction of their separa-
tion distance This qualitatve behaiour wasalsoobseredin the presentheoreticaktudy where
the solutionsbecomeunstablevhenthe distancas decreasetheyonda certainlimit. However, it
wasfoundthatthenumericalvaluefor thecritical coresize-to-separatiodistanceatio variessig-
nificantly with thevorticity profile, whenthe coreradiusis simply calculatedrom the areaof the
vortex, asdonepreviously [17]. A new definitionof characteristicoresize,involving theangular
momentunof vorticity, wastestedandmuchlessdependencen the particularvorticity profile of
theinitial vorticeswasobsened. A refinedmeging criterion,usingthis moregeneraldefinitionof
coresize,is thereforeproposedyhichis believedto be applicablewith goodnumericalaccurag
for alarge classof distributedvortices.

The meging of two co-rotatingvorticeshasalsobeeninvestigatedexperimentallyat different

Reynoldsnumbers.In arealflow with non-zeroviscosity the coresize evolvesdueto diffusion
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of vorticity. Thevortex pair evolution is thereforecharacterizedby the existenceof threestages:
afirst viscousstage wherethe squareof the coresizeincreasedinearly in time, without meiging
followedby a secondstage wherethetwo vorticesmeige on acornvectivetime scalethediffusion
of filamentsof vorticity into a final axisymmetricdistribution of vorticity characterizeghe third
stage.Thetransitionbetweerthefirst two stageds obtainedfor a critical coresize,which canbe
calculatedyuiteaccuratelyfrom theseriesof experimentsatdifferentReynoldsnumbersusingthe
assumptiorof differentstagesf vortex evolution. Fromtheseexperimentsthe numericalvalue
of thecritical coresize(usingthe new definition)is within 10%of thecritical ratio obtainedn the
theoreticalstudy Thelatteris believedto slightly underestimatéhis limit, since,by construction,
not all concevably stableconfigurationsarepossiblein the presenformalism. Neverthelessthe
agreemenbetweerthetwo resultsis rathersatishictory

The presentstudy hasled to the identificationof a dimensionlesgjuantity characterizinghe
geometryof symmetricco-rotatingvortex pairs,which provedusefulin determiningthe meiging
characteristicef suchvortex systemsjndependentlyof their detailedvorticity distribution. Both
thetheoreticabndexperimentaproceduresanin principalbeappliedto systemof non-identical

co-rotatingvortices,anda similar memging criterionis expectedo hold for thesecases.
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TABLES

a 1 /0.99/095| 0.9 |1074
Wmin/Wmay 0 | 0.01/0.05| 0.1 | ~

Lc  |2.840[2.8492.881/2.916/3.288

5 0 |~0]0.0100.0770.475

lo  |0.591/0.594/0.6070.6220.751

lo/Le  |0.2080.2080.211/0.213/0.228

TABLE I: Critical valuesfor parabolicprofiles.

a 4.60|3.00|2.30(10°3
Wrmin/Wmay 0.01|0.05| 0.1 | ~
Lc |2.734/2.8142.8823.287
5  ]0.016/0.0380.085(0.496
lo  |0.466|0.542/0.5890.750
lo/Le  10.171/0.1930.204/0.228

TABLE II: Critical valuesfor Gaussiarprofiles.
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FIGURE CAPTIONS

FIG. 1: Visualizationof thetwo-dimensionaimeiging of two co-rotatingvorticesatRe~ 2000.(a)t* = 1.1,

(b)t* = 1.7, (c) t* = 2.0, (d) t* = 3.1.

FIG. 2: Evolution of theseparatiomistancebetweerthetwo vortex centers.Thedeterminatiorof theonset

of memging from suchmeasurements necessarilsubjectve.

FIG. 3: “Merging time” asfunction of the Reynoldsnumberfor a separatiordistanceractionx =L/L, =

0.6.

FIG. 4: Experimentakritical coreradiusasfunction of thelimit fractionx of the separatiordistance.The

straightline correspondso the averagea./L, = 0.24 of thecritical ratios.

FIG. 5: Vorticity distribution at the critical coresizefor Re= 1506.Isocontoursareseparatedy 0.3s2.
FIG. 6: Geometryof the symmetricvortex pairin arotatingframe.

FIG. 7: Axisymmetricvorticity distribution for tmin/wmax= 0.05. — : Gaussiarprofile; - - - - : parabolic

profile. -.-. : compactvortex distribution,a = 0.1.

FIG. 8: Streamlinedor anequilibriumvortex pair atthe point of exchangeof stability. (a) Parabolicprofile

with a = 1; (b) constant-wrticity patch;(c) Lamb-like profile with a = 2.25.

FIG. 9: Thevalueof |, asa function of distancelL for parabolicvorticity distributions. — : a = 1;

—-—:0a=0.9;----:a=10"* o: valuesat critical distance...

FIG. 10: Thevalueof quantityl,/L, asfunctionof wmin/wmax A: parabolicprofiles;x: Gaussiamprofiles.

Thedashedine corresponds$o the experimentalalue.
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Figure3, Meunier Physicsof Fluids
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Figure5, Meunier Physicsof Fluids
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Figure6, Meunier Physicsof Fluids
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