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Abstract

We proposea quantitative criterion for themerging of a pair of equaltwo-dimensionalco-rotatingvor-

tices.A cross-validationbetweenexperimentalandtheoreticalanalysesis performed.Experimentalvortices

aregeneratedby the roll-up of a vortex sheetoriginatingfrom the identicalandimpulsive rotationof two

plates.Thephenomenonis thenfollowedup in timeuntil a rapidpairingtransitionoccursfor whichcritical

parametersaremeasured.In the theoreticalapproach,the nonlinearEuler solutionrepresentinga pair of

equalvorticesis computedfor variousnonuniformvorticity distributions. Thestability analysisof sucha

configurationthenprovidescritical valuesfor theonsetof merging. Fromthisdataset,acriteriondepending

on global impulsequantitiesis extractedfor differentshapesof thevorticity distribution. This theoretical

statementagreeswell with ourexperimentallybasedcriterion.
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I. INTRODUCTION

The pairing processof vorticesis oneof the main building blocksof fluid motion andplays

a major role in a varietyof fluid phenomena:decayingtwo-dimensionalturbulence[1–4], three-

dimensionalturbulence[5–7], andmixing layers[8, 9], to namea few. Its potentialsignificance

coversvariousfieldssuchasgeophysics,meteorology, andastrophysics.

Thesimplestcaseof interaction,i.e. a pair of equalvortices,possessesrecurrentfeatures[10,

11]. Whenthey arefar apart,their time evolution is closeto thedynamicsof two point vortices

rotatingaroundeachotherwith aturnoverperiod2π2L2 � Γ, whichdependsonlyontheircirculation

Γ andseparationdistanceL. In addition,a weaker effect is generatedby thelocal strainproduced

by onevortex on its companion:anelliptic deformationof thestreamlinesandvorticity contours

[12]. In additionto thesetwo effects,whicharemainlycausedby inviscidinteractions,anincrease

of thevortex radiusis observeddueto viscousdiffusionof vorticity. This inducesa simultaneous

increaseof theratiobetweenthevortex radiusandtheseparationdistance.Thisquantitymayalso

bechangedby thepresenceof a third vortex in theneighborhoodof thevortex pair. In any case,

an abruptmodificationariseswhenthis aspectratio reachesa critical value: the vorticesstartto

eject tips of vorticity in their outer region. Thesestructuresthengrow into filamentswrapping

aroundthepair. In aboutoneturnoverperiod,thefusion(or merging) of bothvorticity regionsis

achieved,giving riseto auniqueandbiggervortex with filamentarystructuresaroundit [13, 14].

In thiscontext, it is worthfocussingonquantitativeaspectsof eachphase:thefirst stagemaybe

understoodwithin atwo-dimensionalasymptoticanalysis[4, 12],althoughathree-dimensionalel-

liptic instabilitymayarisecomplicatingthepictureof dynamicsbeforemerging[11]. Themerging

processitself is ahighlynonlinearprocessthatcanbeanalyzedthroughnumericalsimulations[13]

or analyticalmeans[15]. An importantpointconcernstheonsetof merging. It haspreviouslybeen

argued[16] that themergerprocessmaybeviewedasan instability of a pair of vortices. In this

context, thecomputationof nonlinearequilibriabetweentwo vorticesandthestudyof theirstabil-

ity arenecessarysteps.Thepresentpaperis basedon sucha theoreticalbackground,thevalidity

of which is supportedby comparisonsbetweenexperimentalandtheoreticalresults.

Most previousattemptshave focussedonconstant-vorticity patches.Let usmentiontheworks

by Saffman and Szeto[17], Dritschel [16, 18], Overman[19] and Waugh[20]. Suchapprox-

imationsare extremely valuable,but comparisonswith experimentsshouldpreferablybe done

using resultsobtainedwith non-uniformvorticity distributions, sinceexperimentalvorticesare
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definitively closerto suchcases.For instance,vorticesin two dimensionalturbulencearebetter

approximatedby Lamb–Oseenvorticeswith a Gaussianvorticity profile [4]. Only recently, solu-

tionsfor suchanon-uniformcasehavebeencomputedvia anonlinearcontinuationprocedure[23].

In thepresentwork, this tool, which providesnumericallya relationshipbetweenstreamfunction

andvorticity, is usedto investigatethepropernon-dimensionalparametersdeterminingtheonset

of merging. Suchcharacteristicscould then possiblybe introducedin simplified model equa-

tionsdescribingtwo-dimensionalturbulence.Usinga theoryof equilibriumstatisticalmechanics,

RobertandSommeria[21] andTurkington[22] have shown, for instance,that organizedstruc-

turesin two-dimensionalturbulencearesteadysolutionsof theEulerequations,characterizedby

anexplicit relationshipbetweenstreamfunctionandvorticity.

Thepaperis organizedasfollows. In sectionII, the experimentalset-upis briefly described,

and the evolution of a co-rotatingvortex pair is analyzed,leadingto an experimentalcriterion

for the onsetof merging. We formalize, in sectionIII, the nonlinearmethodwhich allows the

computationof Eulersolutionsof co-rotatingvorticeswith non-uniformvorticity distribution. In

sectionIV, theinstabilitypointof suchaconfiguration,which is interpretedasasignfor theonset

of merging, is computedfor variousvortex shapes.Focussingon a generalmerging criterion,a

particulardimensionlessparameteris introducedandcomparedfor thevariousinitial vortex shapes

underconsideration,alsowith theexperimentalfindings.

II. THE PAIRING EXPERIMENT

A. Set-up

Two identicalvorticesaregeneratedin awatertankusingtwo flat plateswith sharpenededges,

impulsively startedfrom restin a symmetricway. Therotationof theplatesaroundtheir vertical

axescreatestwo startingvortices,whicharelaminar, two-dimensional,andwithout axial velocity

in the observation volume. The temporalevolution of the flow is visualizedusingtwo different

dyes,illuminatedby an Argon ion laser. Digital Particle ImageVelocimetry(DPIV) is usedfor

quantitativevelocitymeasurements(see[11] for furtherdetails).

Thevortex pair is characterizedby thecirculationΓ of eachvortex, theseparationdistanceLo

betweenthetwo vortex centers(givenby thelocalmaximaof vorticity) andthecoresizea, found
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by a least-squaresfit of themeasuredvorticity to thetheoreticaldistributionof a Gaussianvortex:

ω � Γ
πa2 e� r2 � a2 �

(1)

Measurementshave shown that this profile is a fairly accuraterepresentationof theexperimental

vorticesin the initial stagesof the flow. Pairs of suchvorticesare characterizedby two non-

dimensionalparameters:theReynoldsnumberRe � Γ � ν, whereν is thekinematicviscosity, and

thenon-dimensionalcoresizea� Lo.

In a viscousflow, thecoreradiusa grows in timeby diffusionof vorticity accordingto:

a2 � 4νt � const
�

(2)

Time t is non-dimensionalisedhereby the turnover periodT � 2π2L2
o � Γ of a point vortex pair

having thesamecirculationand(initial) separationdistanceasthepair underconsideration.The

origin of timeis chosensothattheconstantin Eq.(2) vanishes,i.e. it correspondsto ahypothetical

time whenthe theflow consistsof two point vortices. Thenon-dimensionaltime thusdefinedis

denotedby t � . In theviscouscase,theoverall evolutionof theflow thereforedependsonly on the

Reynoldsnumber, which in thepresentsetof experimentsvariedbetween700and2300.

B. Dye visualizations

The experimentalmerging of two distributedvorticesis illustratedin Fig. 1, which presents

cross-cutvisualizationsof theflow at differentstages,giving a qualitativeoverview of thevortex

pair evolution. For a moreprecisecharacterization,a quantitative analysiswascarriedout us-

ing DPIV measurements[24], which confirmedandvalidatedthedescriptionof thephenomenon

which follows.

In a first stage(after vortex formation, which is not consideredin further detail here), the

vorticesarefar enoughapartto remainpracticallyaxisymmetric(Fig. 1a). (The spiral structure

seenin thesevisualizationsis not representativeof thevorticity distributionat theselow Reynolds

numbers;the vorticity diffusesandsmoothsout much more rapidly than the dye, leadingto a

vorticity field closeto (1) atearlytimes).As theircoresizesincreasedueto viscosity, they deform

in anelliptic way(Fig.1b),andcreateatip ontheir innerside.Eachtip is attractedby theopposite

vortex, but theseparationbetweenthetwocentersstill remainsapproximatelyconstant(seeFig.2).

During thisstage,thecoresizea closelyfollowstheevolution (2) for anisolatedGaussianvortex.
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Whenthecoresizereachesacritical fractionof theseparationdistance,asecondstagebegins,

in which the two vorticesrapidly getcloserandfinally merge into a singlepatternthathassome

resemblancewith the ChineseYin-Yangsymbol(Fig. 1c). The critical ratio ac � Lo at which the

separationdistancebeginsto decreasewaspreviously foundto beapproximately0.26[24]. How-

ever, this criterion (thestartof the decreaseof L) is somewhatsubjective, sincethe evolution of

theseparationdistanceis continuousandgradual.Below we proposeanalternativeway to calcu-

late thecritical coresizemoreobjectively. Thesecondstage,i.e. themerging itself, seemsto be

mainly a convectiveprocess,sincethedecreaseof theseparationdistanceL is fairly independent

of the Reynoldsnumber. During this stage,two armsof dye areejectedandroll up aroundthe

centralpattern,formingaspiralof dyein Fig. 1(d), representativeof aspiralof vorticity. In afinal

third stage,thesespiralsarestretchedandaremoreandmoreentangledtogetherby differential

rotation. This leadsto an axisymmetrizationof the final vortex, whenthe distancebetweentwo

spiralsdecreasesdown to theorderof thediffusionlengthof thevorticity.

C. Determination of the critical core size

The evolution of the separationdistanceL plottedin Fig. 2 doesnot show a sharptransition

betweenthetwo first stagesmentionedabove. In particular, thepointatwhichthedistanceL starts

to decrease,is not preciselyidentifiableon thecurve. It is thusdifficult to determineaccurately

the beginningof themerging stagefrom sucha measurement.However, a quantitative criterion

identifying this point would beof importancein thedynamicsof multiple-vortex systems,if one

is interestedto know underwhich conditionstwo vorticesapproachingeachother will merge

or, alternatively, continueon their initial trajectorieswithout stronginteraction. The combined

treatmentof thedataof sevenexperiments,carriedout at differentReynoldsnumbers,allowedus

to find themoreaccuratecriterionpresentedbelow.

Thefirst stageof theevolution of two co-rotatingvorticesis mainly governedby viscousdif-

fusion. Taking into accountthe choicefor the origin of time given above, equation(2) canbe

rewritten in non-dimensionalform as 	
a
Lo 
 2 � 8π2

Re
t � 
 (3)

which givesa theoreticalpredictionfor theevolution of theratio of coresizeandseparationdis-

tance.This ratiohasbeenmeasuredexperimentally[24], andgoodagreementwith (3) wasfound.
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We cannow find an expressionfor the time t �c at which the vortex pair reachesthe critical ratio

ac � Lo:

t �c ��� ac

Lo � 2 Re
8π2 � A Re (4)

which is proportionalto theReynoldsnumber:thelessdiffusionacts,thelongerit takesto reach

thecritical coresize.

For thepresentpurpose,thesecondstage(theactualmerging) is now assumedto bea purely

convectiveprocess,basedon theobservationthattheevolutionof theseparationdistanceL during

this stageis fairly independentof the Reynoldsnumber. The lapsof time, in convective units,

neededfor the separationdistanceL to decreasefrom its initial valueLo to a certainpercentage

x of Lo is thereforeassumedto bea quantityBx, dependingonly on x, andnot on Re. Thevalue

of x to be taken is of coursesomewhat arbitrary. Valuesof x in the range30–80%have been

considered:measurementscouldhardlyprovide reliablevaluesfor x below thelower bound,and

for ratiosL � L0 closeto unity it is not certainif merginghasreally startedor not.

Adding this to thecritical time t �c in (4), we obtainanexpressionfor the time t �x at which the

separationdistanceL hasreacheda fractionx of its initial value:

t̃ �x � A Re� Bx � (5)

As anexample,theexperimentalmeasurementsof t �x asfunctionof Reynoldsnumberis shown in

Fig.3 for x � 60%.Thevariationis indeedfoundto belinearin Reynoldsnumber, whichvalidates

our two-stagemodelfor the interactionof two co-rotatingvortices.TheslopeA, which is found

from a least-squaresfit to thedata,providesthecritical non-dimensionalcoresizeac � Lo (seeEq.

(4)).

Theadvantageof this procedurelies in thefactthatwe canuseexperimentalmeasurementsof

the separationdistanceanywhere during the merging phase,in particularduring the initial stage

whenL is still fairly high andthemeasurementsarereliable. Towardstheendof merging, when

L falls down to zero,theuncertaintyof L, which is obtainedfrom DPIV velocity fields, is much

larger.

The critical coresizewasdeterminedfor differentvaluesof x, andthe resultsareplotted in

Fig. 4. A slight variationof ac � Lo with x is observed,which is however within theexperimental

uncertainty. Fromthesemeasurements,anexperimentalmerging criterioncanbeestablishedfor

two co-rotatingvorticeswith an approximatelyGaussianvorticity distribution: merging occurs
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whentherescaledcoreradiusa� Lo exceedsacritical valuegivenby�
ac

Lo ��� 0 � 24 � 0� 01� (6)

This critical value is slightly smaller than the one announcedin a previous paper[24], where

ac � Lo � 0 � 26 � 0� 01. In this analysis,thevaluewasmeasuredat the instantwhentheseparation

distancestartsto decrease,i.e. somewhat after the beginning of the secondstage,and led to a

higherestimationof thecritical ratio. Nevertheless,thenew valueis still close,thesmalldifference

canbeconsideredasacorrectionto thepreviousresult,obtainedin amoreobjectiveway, andless

sensitive to measurementnoiseanduncertainty.

An exampleof the vorticity distribution measuredat the critical time t �c is shown in Fig. 5

for Re � 1506. The flow is just aboutto loseits symmetrywith respectto the centerpoint, by

the formationof outertips in the pattern,similar to what is observed in the dye visualisationof

Fig. 1(b).

III. THEORETICAL APPROACH: COMPUTATION OF NONLINEAR EULER SOLUTIONS

AND THEIR STABILITY

Dueto therapidnatureof this transition,themerging phasemaybeconsideredasaninviscid

process,at leastat onset.Clearly, viscositybecomesimportantwhensufficiently high gradients

areproducedlateron by theroll-up, in a way describedin [25] or [26]. In thefollowing, theflow

is thusassumedincompressibleandinviscid.

Contourdynamicsapproacheshave successfullybeenappliedto thecomputationof equilibria

of vortex patches[16, 18,20,27]. In thepresentinvestigation,two identicalvorticeswith several

vorticity distributionsareconsidered,rangingfrom theclassicalpatchesof vorticity to Gaussianor

parabolicprofiles.Generalizingthenumericalprocedureusedby Saffman& Szeto [17] to com-

puteequilibriaof vortex patches,theperturbedstreamlinesarecomputed,usingGreen’s function

integrals. For self-consistency, we first briefly presentthe numericalalgorithmusedto compute

theequilibriumconfigurationsfor interactingvorticeswith generalvorticity profiles.Moredetails

aboutthenumericalproceduremaybefoundin [23]. For thecomputationof thenonlinearequi-

libria of two identicalco-rotatingvortices(seeFig. 6 for the configuration),the basicideais as

follows: whenthe vorticesarefar apart,i.e. whenthe distanceL betweentheir centersis much

greaterthanthecharacteristicvortex radius,thelocalstraininducedby thecompanionvortex may
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beneglected.Eachvortex maybetakenasaxisymmetric,with anouterboundaryat r � rm, and

rotatingwith a frequency Γ  "! π2L2 # aroundthe centerO of the flow. For symmetryreasons,O

is locatedat equaldistancesto both vortices. Moreover, eachvortex is characterizedby a given

vorticity profile, which canbechosenarbitrarily, with theproviso that its maximumis locatedat

the centerof isovorticity contours,denotedby Oi for a given vortex i (i � 1$ 2). Note that this

conditionmustbe verified for centrifugallystablevortices[28]. The circular streamlinesof the

unperturbedisolatedvorticesarehenceparameterizedby their radialposition,which is a function

of vorticity: ro% i ! ωi
# . Whenthevorticesgetcloserto eachother, thestreamlinesaredeformed,and

vorticity contoursωi now lie on linesgivenby

r i ! ωi $ θ # �'& r2
o% i ! ωi

#)( fi ! ωi $ θ # $ 0 * θ * 2π $ i � 1 $ 2$ (7)

wherer i is againmeasuredfrom thevortex centerOi . By decreasingthedistanceL stepby step,

we usea nonlinearcontinuationprocedureto follow thesolutionof a pair of vortices,usingasa

startingpoint thepreviousaxisymmetricsolutionandalargeparameterL. Thismethodis standard

in nonlinearproblemswhenonelooksfor fixedpointsof dynamicalsystems[29]. In thepresent

case,theunknown variablesconsistof functions fi ! ωi $ θ # for onevortex, e.g. i � 1 (theotherone

beingits symmetricimage),andthevortex pairangularfrequency Ω. Thecontinuationparameter

is the distancebetweencenters:L +-, . ./. 0O2O1 , . The nonlinearconstraintsaredefinedasfollows.

TheequilibriumEulersolutionis steadyin thereferenceframerotatingwith thevortex pair at an

angularfrequency Ω. Thespecificcontributionof eachvortex to thestreamfunctionreads

ψi ! r # � . 1
4π 1 Si

log 2"33 r . r4i 33 2 5 ωi ! r4i # dS4i $ (8)

wherer andr4i arecomputedfrom thecenterOi of vortex i andintegrationis doneover thevortex

areaSi . ThisGreen’s integral canbeexpressedasavorticity integralusingrelation(7)

ψi ! r # � . 1
4π

ωmax1
ωmin

2π1
0

log 2/33 r . ri ! ω4i $ θ4 # 33 2 5 1
2

ω4i 6 . ∂r2
i

∂ωi
! ω4i $ θ 4 # 7 dω4idθ 4 8 (9)

It is assumedthat two distinct streamlinesnever crosseachother in the continuationprocedure.

Thetotal streamfunctionsnow read

ψt % 1 ! r1
# � ψ1 ! r1

#"( ψ2 ! L ( r1
#)( 1

2
Ω 3333 12L ( r1

3333 2 (10)

ψt % 2 ! r2
# � ψ2 ! r2

#)( ψ1 ! . L ( r2
#"( 1

2
Ω 3333 . 1

2
L ( r2

3333 2 $ (11)
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whereL 9;: :/: <O2O1 =?> L @ 0A , andri denotevectorswith origin at Oi . A steadysolutionof theEuler

equationsmustsatisfythestraightforwardconstraintthatisovorticity contoursmustbestreamlines.

Thetotal streamfunctionis thusconstantoneachvorticity level, whichmaybewritten as

ψt B i > ωi @ θ A = Ci > ωi A @ 0 C θ C 2π @ i = 1 @ 2D (12)

Onemoreconditionmustbe addedto determineΩ asa function of the distancebetweenthe

vortex centers.This is achieved by imposingthat, in the rotatingframeof reference,the vortex

centersbestagnationpoints.This requirementgivesoneextra condition(by symmetry, casei = 1

andi = 2 provideanequivalentcondition):

lim
r i E 0

∂ψt B i
∂r i
> r i @ θ = 0A = 0@ i = 1@ 2 @ (13)

thederivativesof thetotal streamfunctionswith respectto θ beingzeroat θ = 0, dueto thesym-

metrywith respectto thex-axis. Oncevorticity integralsarediscretizedusingFouriercollocation

in θ andChebyshev collocationin ω, togetherwith quadraturerulesfor the integrals[23], equa-

tions(12)and(13)defineafixedpointfor alargenonlinearsystemwith thecontinuationparameter

L, whichis solvedusinganarclengthcontinuationprocedure.[29] For eachsuchequilibriumstate,

theJacobianmatrix is computed.Thenonlinearparameterizedsystemundergoesabifurcationor a

limit point,whentheJacobianmatrixhasazeroeigenvalueata(critical) valueof thecontinuation

parameterLc. Thosecritical pointsaregiven asa by-productof the continuationprocedure.A

discretizationusing18 Chebyshev-collocationpointsin ω and48 Fourier-collocationpointsin θ

(leadingto anonlinearsystemof almost820equationsusingthesymmetryconditionwith respect

to thex-axis)provedto besufficient to provide thecritical parametervaluesup to threedigits.

IV. TOWARDS A MERGING CRITERION

Variousequilibriumconfigurationshave beencomputedeachonecorrespondingto a specific

nonuniform axisymmetricprofile for L F rm. Most of thecriteria for merging proposedso far,

basedonequilibriumsolutionsof theEulerequations,useuniformvortex patchesin thetheoretical

model. The presentmethodis capableof computingequilibrium stateswith continuousinitial

vorticity distributions. In order to be meaningfula merging criterion shouldnot dependon a

specificinitial axisymmetricprofile. Wehavemainlyconsideredtwo typesof distributions:Lamb-

like vorticeswith vorticity jumpsat theouterboundary(uniform patchesappearasa limit case),

aswell asvariousparabolicprofiles.
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Thesystemis madedimensionless,suchthatbothvortex typeshaveacirculationΓ G π andan

areaS G π. This impliesthattheradiusof thevortex boundaryis takento bethereferencelength

(rm G 1), andthat the vorticity scaledependson the profile. Using thesescales,the Lamb-like

(Gaussian-like)vorticity profile reads:

ωi H r IJG βgexp H K αr2 I L 0 M r M 1 L (14)

whereβg is equalto α N H 1 K eO α I . TheparametereO α G ωmin N ωmax measurestheratiobetweenthe

vorticity maximumandtheminimumlocatedat theouterboundaryfor eachvortex. This profile

is known to fit well coherentstructuresin decayingtwo-dimensionalturbulence [4]. It shouldbe

noted,however, thatfor highvaluesof α thevorticity is stronglyconcentratedin thecenterof the

finite-sizevortex area(of radiusunity). As a consequence,this profile is only physicallyrelevant

whenα is not too large. An exampleof anaxisymmetricvorticity distribution with ωmin N ωmax G
0 P 05 is shown in Fig. 7. A differentcaseis providedby theparabolicprofile

ωi H r IQG βp H 1 K αr2 I L 0 M r M 1L (15)

whereβp G 2N H 2 K α I and1 K α G ωmin N ωmax. In Fig. 7, this vorticity distribution is displayed

for ωminN ωmax G 0P 05. Somecomputationshave alsobeenperformedfor a compactinitial vortex

distribution

ωi G βcexp R K α
1 K r2 S L 0 M r M 1 L (16)

(the factorβc beingsuchthat thecirculationis equalto π). Oneexample,with α G 0 P 1, for this

third initial solutionfamily is shown in Fig. 7.

In a previouswork [23], almostuniform vortex patcheswith a smallα ( G 10O 3) for theGaus-

sianprofile wereconsidered.It wascheckedby comparingwith anearlierwork of Dritschel[18],

thatthecritical separationdistanceLc (for whichtheJacobianmatrixof thecontinuationprocedure

hasa zeroeigenvalue)coincideswith thepoint,at which thenonlinearequilibriumstatebecomes

unstablewith respectto infinitesimaltwo-dimensionaldisturbances.In Saffman[10] it is shown

that this exchange-typeinstability, characterizedby the appearanceof a zeroeigenvalue,occurs

whentotal angularimpulseJtot (resp.thetotal energy Etot), definedas

Jtot GUT ω H r I V r V 2dSL Etot GUT ω H r I ψ H r I dSL
reachesa minimum (resp.maximum)(r is herecomputedfrom the centerof rotationO). This

aspectwasconfirmedin thepresentwork with parabolicor Lamb-likeprofilesfor variousvaluesof
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theparameterα. As shown in [18], onceanunstableequilibriumstateis reached,a fastunsteady

evolution occurswhich may be characterizedas merging. In the presentcomputations,when

decreasingthe vortex separationdistanceL startingfrom large values,the exchangeof stability

happensat a critical distanceLc at which a (real)eigenvalueof theJacobianmatrix goesthrough

zero. Consequently, the equilibrium statelosesstability at Lc; in the framework of the present

theoreticalmodelwe associateit herewith the onsetof the merging process.Fig. 8 shows the

streamlinepatternfor suchacritical statefor threecases:aparabolicprofilewith α W 1 (i.e. ωmin W
0), a Lamb-like profile with α W 10X 3, which is very closeto a vortex patch,anda Lamb-like

profilewith α W 2 Y 25.

Theseplotscanbecomparedto theexperimentalresultin Fig.5. An importantdifferenceis the

factthattherealflow possessesanon-negligible amountof vorticity atandaroundthecentralpoint

betweenthevortices,a featurewhich cannotberepresentedin thetheoreticalformalismadopted

here.Thegapδ betweenthevorticesdecreasesfor decreasingωminZ ωmaxuntil δ W 0 for ωmin W 0

in thecaseof theparabolicinitial profile (Fig. 8a).Thedistanceδ takesafinite valueat criticality

in theuniform case(Fig. 8b). For increasingα in thenonuniformGaussianvorticity distribution,

thepresenceof a zoneof high gradientsleadsto a cuspat theouterboundarywherethevorticity

is small (Fig. 8c). Thestability appearsto besensitive to thevorticity distribution neartheouter

boundary, a featurewhich could be relatedto the experimentalobservation of a tip of vorticity

generatedwhenpairingis initiated(seeFig. 1b).

Onemaynow attemptto extractageneralquantitativecharacterizationof theonsetof merging,

usingacriterionbasedonanormalizedvortex coresize,similarto theonediscussedin theprevious

chapter(Eq. (6)). A first attemptto defineacoresize,oftenusedin previousstudies,canbemade

usingthe vortex areaS, which in our scalingsis a constant.This givesa coreradiusof [ SZ π.

However, the correspondingcritical ratio [ \ SZ π ] Z Lc is found hereto vary in a rangebetween

0.30to 0.35for theparabolicfamily. Thismeansthatthemerging criterionwith this definitionof

coresizeis very dependenton theprofile of vorticity anddoesthereforenot seemto beusefulto

thecaseof non-uniformpatches.

A moresuitabledefinitionof coreradiusmaybeobtainedusingthepartialangularimpulseJ

for eachvortex:

J WU^
S

ω \ r ] _ r _ 2dS̀ (17)

whereintegrationis performedover theareaof a singlevortex, andr is measuredfrom its center

Oi , andnotfrom O. Thesimplestlengthscalethatmaybeextractedfrom any vorticity distribution,

11



axisymmetricor asymmetric,andwhichwecall lω in thefollowing, is thesquarerootof thesecond

momentof vorticity, i.e. theangularimpulse,dividedby its zerothmoment,i.e. thecirculation:

lω a'b J c Γ d (18)

It is a measurefor the spatial extent of a given vorticity distribution. For the axisymmetric

Gaussian-likevorticesof Eq. (14), this quantityis givenby

lω a'e 1
α f exp g f α h

1 f exp g f α hji (19)

whereasfor theparabolicdistributions(Eq. (15)) it reads

lω a'k 3 f 2α
6 f 3α

d (20)

The evolution of lω with the vortex separationdistanceL, obtainedby decreasingthe latter, is

shown in Fig. 9, for differentinitially parabolicvorticity distributions.Thecirclesin Fig. 9 mark

thevaluesat thecritical distanceLc. (For largevaluesof L onewould recover theaxisymmetric

quantity.) While thereis a certainvariationin the vicinity of the critical distancefor the almost

uniformcase,lω dependsonly weaklyon thedistanceL for profileswith relatively smallvorticity

at thevortex boundary(herefor α a 0d 9i 1). Thestrongestdeformationsof thestreamlinesappear

closeto thevortex boundaryand,thesmallerthevorticity is in this region,thelessthegeometrical

deformationmodifiestheangularimpulseJ.

TablesI andII summarizethecritical values(whereexchangeof stability occursfor theequi-

librium state),for boththeparabolicandGaussian-like initial vorticity distributions.Notethatfor

bothsolutionfamiliesanalmostuniformvorticity distributionhasbeenconsidered,with α a 10l 4

for theparabolicprofileandα a 10l 3 for theGaussianprofile. (In thepresentmodel,theGreen’s

integral is expressedasa vorticity integral andhencethe relationships(14) and(15) mustbe in-

verted,which makestheparameterα a 0, correspondingto a strictly uniform vortex, a singular

valuein our solutionprocedure).TablesI andII alsogive the non-dimensionalcoresize lω c Lc,

calculatedat the critical distancebetweenthe vortex centers.For the parabolicsolutionfamily,

this parametervariesvery little; theexpression

lω c Lc a 0d 218 m 0 d 010i g theoreticalh (21)

representsthe resultsfor the entireset of parabolicdistributions, from the uniform caseto the

onewith zerovorticity at the outerboundaryof the vortex. The variationswith α arefound to
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be muchsmallerthanthoseof the quantity n o Sp π q p Lc. The quantity lω p L seemsto be a more

naturalchoicewhenconsideringa quantitativecriterionfor themerging of realvortices,sinceits

definitionusesglobalpropertiesof thevortex, insteadof thecharacteristicsof thecontourof the

patchasin previousstudies.

For the theoreticalGaussian-profilesolutions,the dimensionlessquantity lω p Lc seemsto be-

have less favorably. It is found to vary significantly, decreasingwith increasingα (Table II).

Nevertheless,thecritical ratiosobtainedfor moderateα (columns3 and4 in TableII) arein good

agreementwith the result in Eq. (21). Due to the particularshapeof the Gaussianvorticity dis-

tribution (cf. Fig. 7) theregion containingrelatively smallvorticity valuesincreaseswith α, and

thetheoreticalmodelappearsto besensitive to thedetailsof this outerlow-vorticity distribution.

Also, asexplainedabove,higherα-valuesin theGaussianprofilesmayberatherunphysical,lead-

ing to low valuesof theangularimpulseJ, andconsequentlyto a low lω, at criticality. In orderto

illustratethis theideathatthemodelworksbetterwhenthevorticity is moreuniformly distributed

over the entire region of the vortex, somecomputationshave alsobeenperformedfor a pair of

initially compactvortices(16), for which the vorticity is zeroat the boundary. For α r 0s 1 (the

correspondingprofile is depictedin Fig. 7), thecritical valuesare

Lc r 3 s 049t δc r 0 s 077tJo lω p L q c r 0s 214t
andthe theoreticalvalue(21) is almostretrieved. Note that the minimum separationdistanceδ

betweenthe two vorticesat criticality is closeto zero. Whenincreasingα in (16), the vortices

touchbeforeabifurcationpoint is detected(in ourmodel,only stationarybifurcationpointswhich

occurfor δ u 0 aremeaningful).

In sectionII, the experimentalcore size a definedfor a Lamb-Oseenvortex (Eq. (1)), was

considered.For anaxisymmetricunboundedGaussianvortex, a is equalto lω. Assumingthatthe

angularmomentumof eachvortex is closeto theoneof an axisymmetriconeup to theonsetof

merging, theexperimentalresultgivenin Eq. (6) is equivalenttoo lω p L q c r 0 s 24 v 0s 01two experimentalq (22)

which is reasonablycloseto thecritical valuegivenin Eq. (21). This indicatesthat thedefinition

of the core size using the angularmomentumis well adaptedto the merging of vorticeswith

distributedvorticity. With this result,a refinedcriterion for merging may be formulated,which

generalizesandaddsprecisionto previousresults:
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Twoidenticaldistributedvorticeswill mergeinto a singleone, if theratio of their characteristic

vorticity radiuslω (asdefinedin Eq.(18))andtheir separationdistanceexceedsa critical value.

Thenumericalvalueof thecritical ratio lies somewherebetween0.21and0.25,accordingto

Eqs.(21)and(22).

Figure10 shows a collectionof thecritical ratios lω x Lc obtainedfor the two familiesof non-

uniform vorticesconsideredin this paper. Theexperimentalvalueis alsoplottedfor comparison.

It seemsthat theoreticalpredictionsareconsistentlyunderestimatingthecritical value. The the-

oreticalmodelcapturesthe first instability of an inviscid equilibrium configuration,and it may

thereforenot betoo surprisingthatthecorrespondingcritical ratiosarebelow theonewhich may

beexperimentallyobservedat merging. Indeed,thefactthattheequilibriumstatebecomesunsta-

ble may not necessarilybe equivalentto the onsetof merging; it may be linked to a subsequent

bifurcationof theflow (atahigherlω x Lc), whichournumericalprocedureis unableto capture.On

theotherhand,thefactthatthecritical valuesfrom experimentandtheoryareneverthelessclose,

lendssomecreditto theideathatthelossof stabilityof theEulerequilibriais at leastaprecursory

signof actualmerging.

Othercriteria have previously beenconsidered,and it is worthwhile comparingthemto the

presentresults.Onemergingcriterionis basedontheratiobetweenthecritical separationdistance

Lc andthe vortex patchdiameterd (for non-circularpatches,an equivalentdiametercanbe cal-

culatedusingthepatcharea).For uniform vorticity patches,thework of SaffmanandSzeto[17]

yieldsa critical ratio Lc x d y 1z 58, below which no stableequilibriumstateis found. It is easily

checked that, for a uniform patchof radiusr, lω y r xj{ 2. With this, thepresentcalculationsfor

the(almost)uniformcaseyield Lc x d y 1 z 55,which is in goodagreementwith thepreviousresult.

Inversely, SaffmannandSzeto’s result implies lω x Lc y 0 z 224 for their case,which is consistent

with thecriteriafoundhere.However, asnotedearlier, assoonasthevorticity profile is no longer

constantacrossthepatch,thenumericalvaluesof Lc x d vary significantly, makingthis parameter

lessusefulfor a ‘universal’merging criterion.

In vortex mergerexperimentsperformedby Fineet al [30], usingelectronplasmas,a merging

criterionbasedon a lengthscale

l1 y 1
Γ | ω } r ~ � r � dS�

calculatedwith thefirst momentof vorticity wasproposed.TheparameterLc x 3l1 wasconsidered,

which, for uniformpatches,correspondsto theratio betweenseparationdistanceandpatchdiam-

eter. Whencalculatingthis quantityfor the presenttheoreticalresults,onefinds valuesbetween
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1.57and1.76in thecaseof parabolicprofiles,whereastheexperimentalresultin (22) translates

into Lc � 3l1 � 1� 57 (l1 � a� π � 2 for a Gaussianvortex (1)). Theseresultsarewell well within

therangeof critical valuesgivenin [30]. Consideringon theotherhand,asdonethroughoutthis

paper, theratiobetweenacharacteristiccoreradiusandthevortex separationdistance,but usingl1

insteadof lω, thecritical valuesin (21)and(22)become� l1 � L � c � 0� 20and � l1 � L � c � 0� 21,respec-

tively, with theresultfor theGaussiandistributionsagainbeinglower. On thewhole,themerging

criterionbasedon thefirst momentof vorticity behavesvery similar to theoneusingtheangular

momentum.Again, little variationis foundwith differentnon-uniformvorticity profiles,afterac-

countingfor the limitationsof our theoreticalmodel. Nevertheless,with theangularmomentum

beingan invariantof inviscid vortex motion, it seemsmorenaturalto usethesecondmomentof

thevorticity distribution for thepurposeof definingageneralcriterionfor vortex merging.

V. CONCLUSION

In this paper, we have performedan extensionof the theoreticalanalysisof Saffman and

Szeto[17], concerningthe two-dimensionalinteractionof co-rotatingvortices, to the caseof

patcheswith differenttypesof nonuniformvorticity. TheresultingalgorithmfindsEulersolutions

with twovortices,containingconcentricpatchesof uniformvorticity. Theprofilesof vorticity were

variedfrom parabolicandtruncatedGaussianto nearlyuniform.

Earlierstudieshaveshown thatthetwovorticesdonotremainseparated,but mergeinto asingle

final vortex, if thecharacteristicsizeof thevortex coreexceedsa certainfractionof their separa-

tion distance.Thisqualitativebehaviour wasalsoobservedin thepresenttheoreticalstudy, where

thesolutionsbecomeunstablewhenthedistanceis decreasedbeyonda certainlimit. However, it

wasfoundthatthenumericalvaluefor thecritical coresize-to-separationdistanceratiovariessig-

nificantly with thevorticity profile,whenthecoreradiusis simply calculatedfrom theareaof the

vortex, asdonepreviously [17]. A new definitionof characteristiccoresize,involving theangular

momentumof vorticity, wastested,andmuchlessdependenceontheparticularvorticity profileof

theinitial vorticeswasobserved.A refinedmergingcriterion,usingthismoregeneraldefinitionof

coresize,is thereforeproposed,which is believedto beapplicablewith goodnumericalaccuracy

for a largeclassof distributedvortices.

Themerging of two co-rotatingvorticeshasalsobeeninvestigatedexperimentallyat different

Reynoldsnumbers.In a realflow with non-zeroviscosity, thecoresizeevolvesdueto diffusion
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of vorticity. Thevortex pair evolution is thereforecharacterizedby theexistenceof threestages:

a first viscousstage,wherethesquareof thecoresizeincreaseslinearly in time,without merging

followedby asecondstage,wherethetwo vorticesmergeonaconvectivetimescale;thediffusion

of filamentsof vorticity into a final axisymmetricdistribution of vorticity characterizesthe third

stage.Thetransitionbetweenthefirst two stagesis obtainedfor a critical coresize,which canbe

calculatedquiteaccuratelyfrom theseriesof experimentsatdifferentReynoldsnumbers,usingthe

assumptionof differentstagesof vortex evolution. Fromtheseexperiments,thenumericalvalue

of thecritical coresize(usingthenew definition)is within 10%of thecritical ratioobtainedin the

theoreticalstudy. Thelatteris believedto slightly underestimatethis limit, since,by construction,

not all conceivably stableconfigurationsarepossiblein thepresentformalism. Nevertheless,the

agreementbetweenthetwo resultsis rathersatisfactory.

The presentstudyhasled to the identificationof a dimensionlessquantitycharacterizingthe

geometryof symmetricco-rotatingvortex pairs,which provedusefulin determiningthemerging

characteristicsof suchvortex systems,independentlyof their detailedvorticity distribution. Both

thetheoreticalandexperimentalprocedurescanin principalbeappliedto systemsof non-identical

co-rotatingvortices,andasimilar mergingcriterionis expectedto hold for thesecases.
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(1983).

[6] A. VincentandM. Meneguzzi, “The spatialstructureandstatisticalpropertiesof homoge-

neousturbulence,” J.Fluid Mech.225, 1 (1991).

16



[7] A. MaurelandP. Petitjeans(Eds.),Vortex StructureandDynamics, LectureNotesin Physics

555, SpringerVerlag(2000).

[8] P. G. DrazinandW. H. Reid,HydrodynamicStability, CambridgeUniversityPress(1981).

[9] P. HuerreandM. Rossi,“Hydrodynamicinstabilitiesin openflows,” in Hydrodynamicsand

Nonlinear Instabilities, editedby C. Godr̀echeandP. Manneville, pp. 81-294,Cambridge

UniversityPress(1998).

[10] P. G. Saffman,Vortex Dynamics, CambridgeUniversityPress(1992).

[11] P. MeunierandT. Leweke,“Mergingandthree-dimensionalinstability in acorotatingvortex

pair,” in Vortex StructureandDynamics, editedby A. MaurelandP. Petitjeans,LectureNotes

in Physics555, pp.241–251,SpringerVerlag(2000).

[12] L. Ting andC. Tung,“Motion anddecayof a vortex in a nonuniformstream,” Phys.Fluids

8, 1039(1965).

[13] M. V. Melander, N. J. Zabusky, andJ. C. McWilliams, “Symmetricvortex merger in two

dimensions:causesandconditions,” J.Fluid Mech.195, 303(1988).

[14] N. K. R.KevlahanandM. Farge,“Vorticity in two-dimensionalturbulence:creation,stability

andeffect,” J.Fluid Mech.346, 49 (1997).

[15] O. Agullo andA. D. Verga,“Exact two vorticessolutionsof Navier-Stokesequations,” Phys.

Rev. Lett. 78, 2361(1997).

[16] D. G. Dritschel,“The stabilityandenergeticsof corotatinguniformvortices,” J.Fluid Mech.

157, 95 (1985).

[17] P. G. SaffmanandR. Szeto,“Equilibrium shapesof a pair of equaluniform vortices,” Phys.

Fluids23, 2339(1980).

[18] D. G. Dritschel,“A generaltheoryfor two-dimensionalvortex interactions,” J. Fluid Mech.

293, 269(1995).

[19] E. A. Overman,“Steady-statesolutionsof theEulersquationsin two dimensions.II. Local

analysisof limiting V-states,” SIAM J.Appl. Math.46, 765(1986).

[20] D.W. Waugh,“The efficiency of symmetricvortex merger,” Phys.FluidsA 4, 1745(1992).

[21] R. Robertand J. Sommeria,“Statistical equilibrium statesfor two-dimensionalflows,” J.

Fluid Mech.229, 291(1991).

[22] B. Turkington,“Statisticalequilibriummeasuresandcoherentstatesin two-dimensionaltur-

bulence,” Comm.PureAppl. Math.52, 781(1999).

[23] U. EhrensteinandM. Rossi,“Equilibria of corotatingnonuniformvortices,” Phys.Fluids11,

17



3416(1999).

[24] P. Meunier and T. Leweke, “Three-dimensionalinstability during vortex merging,” Phys.

Fluids13(10) (2001),in press.

[25] T. S. Lundgren,“Strainedspiralvortex modelfor turbulentfine structure,” Phys.Fluids25,

2193(1982).

[26] A. J.Bernoff andJ.F. Lingevitch, “Rapidrelaxationof anaxisymmetricvortex,” Phys.Fluids

6, 3717(1994).

[27] D. G. DritschelandN. J. Zabusky, “On thenatureof vortex interactionsandmodelsin un-

forcednearly-inviscid two-dimensionalturbulence,” Phys.Fluids8, 1252(1996).

[28] B. J. Bayly, “Three-dimensionalcentrifugal-typeinstability in an inviscid two-dimensional

flow,” Phys.Fluids31, 56 (1988).

[29] H. B. Keller, “Numericalsolutionof bifurcationandnonlineareigenvalueproblems,” in Ap-

plication of Bifurcation Theory, editedby P. H. Rabinowitz, pp. 359-384,AcademicPress

(1977).

[30] K. S.Fine,C. F. Driscoll, J.H. Malmberg andT. B. Mitchell, “Measurementsof symmetric

vortex merger,” Phys.Rev. Lett. 67, 588(1991).

18



TABLES

α 1 0� 99 0� 95 0 � 9 10� 4

ωmin� ωmax 0 0� 01 0� 05 0 � 1 � 1

Lc 2 � 840 2 � 849 2 � 881 2 � 916 3 � 288

δ 0 � 0 0 � 010 0 � 077 0 � 475

lω 0 � 591 0 � 594 0 � 607 0 � 622 0 � 751

lω � Lc 0 � 208 0 � 208 0 � 211 0 � 213 0 � 228

TABLE I: Critical valuesfor parabolicprofiles.

α 4� 60 3� 00 2� 30 10� 3

ωmin� ωmax 0� 01 0� 05 0 � 1 � 1

Lc 2 � 734 2 � 814 2 � 882 3 � 287

δ 0 � 016 0 � 038 0 � 085 0 � 496

lω 0 � 466 0 � 542 0 � 589 0 � 750

lω � Lc 0 � 171 0 � 193 0 � 204 0 � 228

TABLE II: Critical valuesfor Gaussianprofiles.

19



FIGURE CAPTIONS

FIG.1: Visualizationof thetwo-dimensionalmergingof two co-rotatingvorticesatRe � 2000.(a) t �/� 1 � 1,

(b) t � � 1� 7, (c) t � � 2 � 0, (d) t � � 3 � 1.

FIG. 2: Evolutionof theseparationdistancebetweenthetwo vortex centers.Thedeterminationof theonset

of merging from suchmeasurementsis necessarilysubjective.

FIG. 3: “Merging time” asfunctionof theReynoldsnumberfor a separationdistancefractionx � L � Lo �
0� 6.

FIG. 4: Experimentalcritical coreradiusasfunctionof thelimit fractionx of theseparationdistance.The

straightline correspondsto theaverageac � Lo � 0 � 24 of thecritical ratios.

FIG. 5: Vorticity distribution at thecritical coresizefor Re � 1506.Isocontoursareseparatedby 0.3s� 1.

FIG. 6: Geometryof thesymmetricvortex pair in a rotatingframe.

FIG. 7: Axisymmetricvorticity distribution for ωmin � ωmax � 0� 05. —– : Gaussianprofile; - - - - : parabolic

profile. -.-. : compactvortex distribution, α � 0� 1.

FIG. 8: Streamlinesfor anequilibriumvortex pairat thepointof exchangeof stability. (a)Parabolicprofile

with α � 1; (b) constant-vorticity patch;(c) Lamb-like profilewith α � 2 � 25.

FIG. 9: The value of lω as a function of distanceL for parabolicvorticity distributions. —– : α � 1;��� ��� : α � 0 � 9; - - - - : α � 10� 4. � : valuesat critical distanceLc.

FIG. 10: Thevalueof quantitylω � Lc, asfunctionof ωmin � ωmax. � : parabolicprofiles; � : Gaussianprofiles.

Thedashedline correspondsto theexperimentalvalue.
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