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Abstract

We consider a diffusion process X in a random Lévy potential V which is a solution of the
informal stochastic differential equation

dX, =dB, — 1V/(X,)dt
Xo =0,

(8 B.M. independent of V). We study the rates of convergence when the diffusion is transient under
the assumption that the Lévy process V does not possess positive jumps. We generalize the previous
results of Hu-Shi-Yor (1999) for drifted Brownian potentials. In particular, we prove a conjecture
of Carmona: provided that there exists 0 < x < 1 such that E[e"V1] = 1, then X;/t" converges
to some non-degenerate distribution. These results are in a way analogous to those obtained by
Kesten-Kozlov-Spitzer (1975) for the random walk in a random environment.

Key Words. Diffusion with random potential; rate of convergence; Lévy process with no positive
jumps; generalized Ornstein-Uhlenbeck process
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1 Introduction

Let (V(x),z € R) be a cadlag, real-valued stochastic process with V(0) = 0, defined on some probability
space (2, P). We consider a diffusion process X, solution of the informal stochastic differential equation

dX; = dfy — LV/(X,)dt
X, =0,

where (05, > 0) is a standard Brownian motion independent of V. Formally, one can see X as a
diffusion process whose conditional generator given V is

1 vy d [ v d
26 dx € dr |’
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We call X a diffusion in the random potential V. Somehow, this process may be thought as the
continuous analogue of the random walk in random environment (see Schumacher [I§] or Shi [R(] for
a connection between the two models). In particular, both models exhibit similar interesting features
such as asymptotic sub-linear growth.

For instance, if V is a two-sided Brownian motion, then X is recurrent and Brox [d] proved
an equivalent of Sinai’s Theorem [RI] for random walk in random environment, that is: X/ log?t
converges to some non-degenerate distribution as t goes to infinity.

In the case where the potential process V is a drifted Brownian motion (V, = B, — 5z, with £ > 0
and B a two-sided Brownian motion), the diffusion is transient towards 4+o00. More precisely, Kawazu
and Tanaka [[[J] showed that the rate of convergence to infinity depends on the value of .

e If 0 <k <1, then t%Xt converges in law, as t goes to infinity, towards a non-degenerate positive
random variable.
o If kK =1, then ngtXt converges in probability towards %.

o If x> 1, then %Xt converges almost surely towards “771.

Refined results were later obtained by Tanaka [RJ] and Hu et al. [L1], in particular, they proved a
central-limit type theorem when x > 1. We point out that these results are the analogue, when the
potential is a drifted Brownian motion, of those previously obtained by Kesten et al. [[4] for the
discrete model of the random walk in a random environment. However, the results of Kesten et al.
hold for a wide class of environments, whereas few results are available in the continuous setting for
general potentials. One would certainly like to extend the results of [[[1]] and [RJ] for drifted Brownian
motion to a wider class of potentials. In this spirit, Carmona [f] considered the case where V is a
two-sided Lévy process and proved, by use of ergodic theorems that, if & denotes the Laplace exponent
of V,

(1.1) E [ewt] —=e®N >0 AeR

(note that ®(\) may be infinite), then
o If &(1) < 0 then X/t converges almost surely as ¢ goes to infinity towards —®(1)/2.
o If &(—1) < 0 then X;/t converges almost surely as t goes to infinity towards ®(—1)/2.
e Otherwise, X;/t converges almost surely towards 0.

Carmona also conjectured that when the limiting velocity is zero, assuming that there exists 0 < k < 1

such that ®(x) = 0, then one should observe the same asymptotic behavior as in the case of a drifted

Brownian potential, i.e. the rate of growth of X; should again be of order t*. We prove that this is

the case when V is a spectrally negative Lévy process (i.e. a Lévy process without positive jumps).
Throughout this paper, we will make the following assumption on V:

Assumption 1.1. The following hold:

(a) (V,,z € R) is a cadlag locally bounded process with Vo = 0 and the two processes (V,,z > 0)
and (V_,,x > 0) are independent.

(b) (V,,z > 0) is a Lévy process with no positive jumps which is not the opposite of a subordinator
and is such that lim, ..V, = —oc almost surely.

(¢) (V_gz, @ >0) is such that [;°e"-"dz = oo almost surely.



Let us first make some comments concerning our assumptions.

- Note that (c) is a weak condition. For instance, it is fulfilled whenever (V_g,x > 0) is a Lévy
process which does not diverge to —oo. In fact, (c) is only to ensure that the diffusion X does not
go to —oo with positive probability. Otherwise, we are not really concerned about the behavior
of V for negative z’s. In particular, the process (V_,,z > 0) may have jumps of both signs.

- Since (V,, 2 > 0) has no positive jumps, its Laplace exponent ® given by ([L.])) is finite at least
for all A € [0,00). The assumption that V is not the opposite of a subordinator implies that
P(N\) — 0o as A — oco. Moreover, since V is transient towards —oo, the right derivative of ® at
0+ is such that ®'(04) = E[V;] € [—00,0). Thus, the strict convexity of ® implies that V fulfills
the so-called Cramer’s condition: there exists a unique x > 0 such that

(1.2) B(x) = 0.

In particular, ®(x) < 0 for all z € (0, k) whereas ®(z) > 0 for all z > &.

e
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Figure 1: The Laplace exponent ®.
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Figure 2: Sample path of V.
We introduce the scale function of the diffusion X:
(1.3) A(x) d:ef/ e'vdy for x € [—o0, oq).
0



On the one hand, Assumption (c¢) implies that
(1.4) lim A(z) = A(—o0) = —c0  P-as.

Tr——00

On the other hand, in view of Assumption (b), for 0 < § < —E[V;], the Lévy process (V, + dz,z > 0)
also diverges towards —oo. This entails

(1.5) lim A(x) = A(+o0) < oo P-as.

r—400

Combining ([.4) and ([.J), it is easy to check that X is transient towards +oo (see [2Q] for details).
We now introduce the hitting time of level r > 0 for the diffusion,

(1.6) H(r) <inf {t >0,X; =r}.

Let A stand for a Gaussian N(0, 1) variable. For « € (0,1)U(1,2), let S5* be a completely asymmetric
stable variable with characteristic function

E [ez‘tséa} — exp (_yﬂa <1 — isgn(t) tan (%)))

(S5 is positive when o < 1). Let also C®® denote a completely asymmetric Cauchy variable with

characteristic function )
E [eitcca] = exp (— <|t| + it—log |t|>> .
T

We can now state our main theorem.

Theorem 1.1. Recall that r defined by ([I.3) is the unique positive root of the Laplace exponent ® of
V. We denote by @' the derivative of ®. Set
o0 rk—1
(/ eVydy> .
0

This constant (which only depends on the potential V) is finite. When k > 1 (i.e. when ®(1) < 0),

def

setm = —2/®(1) > 0. We have, depending on the value of k:
(a) If0 <k <1,

def

K=E

1 law TrIK?2 "
—H — 2 See.
At e (%in(%“)@(m)) "

(b) If k = 1, there exists a function f with f(r) ~ @,L(l)rlogr such that

r r—00

) - £0) = (s ) e

(c) Ifl< k<2,

x[=

2172
1 (H(r) —mr) = o —TF K See.
ri/k 2sin (%) @' (k)

@) Ifr=2,




(e) If k > 2,

NG e \| T 2(1)30(2)

This theorem gives precise asymptotics for H(r). It is well known that these estimates may in
turn be used to obtain asymptotics for Xy, sup,<; X and inf,>¢ X (see [[J] for details). For example,
when 0 < k < 1, (a) of the theorem entails

Xi e 27%sin (5F) (k) < 1 )H
At law, :

tr t—o0 Th2K?2 Sca

L H) - mr) = \/8@(2) —49(1)

The same result also holds for sup,«; X or infs>; X in place of X;.

One would certainly wish to express the value of the constant K in term of the characteristics of
the Lévy process V. Although there is to our knowledge no explicit formula for this constant, there
are a few cases where the calculations may be carried to their full extend.

Example 1.1. We consider a potential of the form V, = B, — 5z with x > 0 and where B is a
two-sided standard Brownian motion. According to Dufresne [J] (see also Proposition 2.2 of [[f]), the
random variable fooo e¥sds has the same law as % where 7, denotes a gamma variable with parameter
k. Therefore, the constant K may be explicitly calculated:

2n71

T(w)

(T denotes Euler’s Gamma function). Thus, we recover the results of Hu et al. [lI]] and Tanaka [PJ],
except for kK = 1 where we do not have the explicit form of the centering function f.

Example 1.2. We consider a potential of the form
Vey=cx—71, forxz>0,

with ¢ > 0 and where 7 is a subordinator without drift and whose Lévy measure v has the form
v[z,00) = ae~? where a,b > 0. Then, the Laplace exponent of V is given by

by
D(N) = e\ — Aa—er for all A > 0.

Since E[Vi] = ¢ — ¢, Assumption [L.] is fulfilled whenever ¢ < ¢, in which case Theorem holds
with k = ¢ —b. According to Proposition 2.1 of [, the density k of the integral functional fooo eVedx
satisfies the differential equation

o0

(1+cx)k(x) = a/
xT
This equation may be explicitly solved and we find

(ereey \ 2
k(x) = (F ) (

(2=0)T(b+1)) (14 ca)te

Thus, we can again calculate the value of the constant of Theorem [L.1],

I (%)

(¢-b)T(b+1)

K= 2"k (2)dr = —
f) e =



In the case of a drifted Brownian potential and in order to obtain the rates of convergence of the
diffusion, Kawazu and Tanaka [I, PJ made use of Kotani’s formula whereas Hu et al. [[I]] made
use of Lamperti’s representation combined with the study of Jacobi processes. Unfortunately, both
methods fail for more general potentials. Our approach consists in reducing the study of H(r) to
that of an additive functional of a Markov process. More precisely, the remainder of this paper is
organized as follow: in Section 2, we show that H(r) as the same rates of convergence as for Zsds
where Z is a generalized Ornstein-Uhlenbeck process. In Section 3, we study the basic properties of
Z. Section 4 is devoted to the study of the hitting times of Z and we will prove that this process is
recurrent. In Section 5, we define the local time and excursion measure associated with the excursions
of Z away from level 1. The main result of this section is an estimate of the distribution tail of the
area of a generic excursion. Section 6 is devoted to the calculus of the second moment of the area of
an excursion when x > 2. Once all these results obtained, the rest of the proof is very classical and is
given in the last section.

in the rest of the paper, given a stochastic process ¢, we will write indifferently ¢; or {(t).

2 The process 7

We first construct X from a Brownian motion through a random change of time and a random
change of scale. Let B denote a standard Brownian motion independent of V and for z € R, set
op(z) £ inf{t >0, B, = 2}. Recall that the scale function A was defined in (). The process A
is continuous and strictly increasing. Let A~' : (—o0, A(+00)) — R denote the inverse of A. We also
define

t
(2.1) T(t) déf/ exp (—2V(A7"(By)))ds for 0 <t < op(A(+00)).
0
The process T is strictly increasing on [0,05(A(+00))). Let T-' denote the inverse of 7" and set
(2.2) Xy =AY (B(T7'(t))) forallt>D0.
According to Brox [f], the process (X;, t > 0) is a diffusion in the random potential V. Recall that

H(r) defined by ([L.) stands for the hitting time of level  for X. Using the representation (.2), we
obtain

(2.3) H(r)=T(op(A(r))).

Now, let Lg(x,t) denote the (bi-continuous) local time of B at level z € R and time ¢t > 0. Substituting

(R1) in (R.3), we get

o5(A)
H(r) = /0 exp (—2V(A~\(B,))) ds

Making use of the change of variable A(x) =y,

H(r)= /7’ exp (=V,) Lp(A(x),op(A(r)))dx = Ji(r) + Jo(r),

—00



where

def 0
Ji(r) = / exp (=V,) Lp(A(x),op(A(r)))dz,

— 00

Jo(r) & /0 ' exp (—=V,) Lp(A(z), o5 (A(r)))dz.

We first deal with J;. Since z — Lp(z,t) has a compact support for all ¢ and since lim,_,_~ A(z) =
—00, we see that

0
Ji(c0) & /_ exp (—V,) Le(A(z),0p(A(+00)))de < 0o P-as.

Moreover, Ji(r) < Jy(oo) for all » > 0. Thus, we only need to prove Theorem [.1] for J»(r) in place of
H(r).

According to the first Ray-Knight Theorem, for all a > 0, the process (Lg(a —t,0(a)), 0 <t < a)
has the law of a two-dimensional squared Bessel process starting from 0 and is independent of V. Let
(U(x), z > 0) under P be a two-dimensional squared Bessel process starting from 0, independent of
V. Then, for each fixed r > 0,

Jo(r) = /07’ e V= U(A(r) — A(z))dx

tow /0 "I U(AGr) - Alr - y))dy

r Y
law / e Vv </ eVTSds> dy
0 0
law " -V 4 \Y%
= e Yo-un-U e’ (r—s)—ds dy
0 0

(where V,_ denotes the left limit of V at point z). For any fixed r > 0, we define i\/{ o V- =V,
for all 0 <t < r. Therefore, the scaling property of U yields

ro (TN
Jo(r) = /0 e Vi Vry <6VT/O 6V2d8> dy
r N Yo
e / e Vv (/ eV;d,S) dy.
0 0

Time reversal of the Lévy process V (see Lemma 2, p45 of [M]) states that for each r > 0, the two
processes (Vi , 0 <t <r)and (-=V;, 0 <t <r) have the same law. Thus, for each fixed r, under P,

r y r
(2.4) Jo(r) 12/ el (/ eVSds> dy = / Zds,
0 0 0

with the notations
(2.5) 7 Z MU (1)),

and where
(2.6) a(z) dzef/ e Vods.
0
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According to (B.4), we only need to prove Theorem for the additive functional [ Zsds instead of
dealing directly with H(r).

The rest of the proof now relies on the study of the process Z. As we will see in the next sections,
Z is a ‘nice’ recurrent Markov process for which we may define a local time L at any positive level,
say 1. We may therefore also consider the associated excursion measure n of its excursions away from
1. Given a generic excursion (e;) with lifetime (, we define the functional

~ ¢
I(e) ¥ / esds.
0
The key step consists in proving that I (e) under the excursion measure n has a regularly varying tail

of the form
n{f(e)>x} -~ <

r—o0 i

/Otsts ~ Y (o),

excursion e
starting before ¢

Then, as we may write

the asymptotics of fg Zsds will follow from classical results on the characterization of the domains of
attraction to a stable law.

3 Basic properties of 7

Recall that U under P is a two-dimensional squared Bessel process starting from 0 and is independent
of V. We now consider a family of probabilities (P, z > 0) such that U under P is a two-dimensional
squared Bessel process starting from x and is independent of V. In particular P = Py. We will use
the notation E, for the expectation under P, (and E = E for the expectation under P = Py). Of
course, the law of V is the same under all P, and when dealing with probabilities that do not depend
on the starting point z of U, we will use the notation P.

Let us first notice that the process Z defined by (R.5) is non-negative and does not possess positive
jumps because V has no positive jumps. Moreover, under P, the process Z starts from x. We define
the filtration

Fi Zo(Vs,Ula(s)),s < t).

Our first lemma states that Z is a F-Markov process.

Lemma 3.1. ((Zi)i>0, (Pz)z>0) is a F-Markov process whose semigroup fulfills the Feller property.
Moreover, for each x > 0, the process (Z;,t > 0) under P, (i.e. starting from x) has the same law
as the process (Z7 , t > 0) under Py where

(3.1) ZF € peVtU <@> :

x

Proof. The process U is a squared Bessel process. Therefore, our process Z is a generalized Ornstein-
Uhlenbeck process in the sense of [fi] and Proposition 5.5 of [fJ] states that Z is indeed a Markov

process in the filtration F. Let (P;)¢>0 and (Q¢)r>0 stand for the respective semi-groups of U and Z.
The independence of U and V yields the relation

(3:2) Quf(@) = Ba [f(2)] = B[ Pagy (7)) ()]



Since U is a squared Bessel process, its semi-group fulfills the Feller property. Moreover, a(-) is
continuous with a(0) = 0 and lim;—o1 et = 1 P-a.s. These facts combined with (B.3) easily show that
(Q;) is also a Fellerian semigroup. Finally, (B.1)) is an immediate consequence of the scaling property
of U. ]

For z > 0, we say that z is instantaneous for Z if the process Z starting from z leaves z instanta-
neously with probability 1. Moreover, we say x is regular (for itself) for Z if Z starting from x returns
to x at arbitrary small times with probability 1.

Lemma 3.2. Any x > 0 is reqular and instantaneous for Z.

Proof. We only prove the result for x = 1, the general case may be treated the same way. Since
U under P, is a squared Bessel process of dimension 2 starting from 1, it has the same law as
(B2(t) + B%(t) + 2B(t) + 1 , t > 0) where B and B are two independent standard Brownian motions.
It is therefore easy to check using classical results on Brownian motion that

(a) For any strictly decreasing sequence (¢;);>p of (non-random) real numbers with lim; . t; = 0,

we have:
P, {U(tz) > 1 i.O.} =P {U(tz) <1 i.O.} = 1.
(b) 1?232f % = —oo Py-as.

Let us now prove that Z starting from 1 visits (1, co) at arbitrary small times. Recall that (V, , x > 0)
is a Lévy process with no positive jumps which is not the opposite of a subordinator. According to
Theorem 1, p189 of [fl], the process V visits (0,00) at arbitrary small times with probability 1. Thus,
for almost any fixed path of V, we can find a strictly positive decreasing sequence (u;);>o with limit
0 such that V,,, > 0 for all 7. But, conditionally on V, under Py, U is still a squared Bessel process of
dimension 2 starting from 1 and

Zy, = €U (a(ug)) > Ulaluy)).

Since a(-) is continuous with lim; .o a(t) = 0, the sequence (a(u;));>o is positive, strictly decreasing
with limit 0. Using (a), we conclude that Z starting from 1 visits (1,00) at arbitrary small times
almost surely.

When 0 is regular for (—oo,0) for the Lévy process V, a similar argument shows that Z starting
from 1 visits (0,1) at arbitrary small times almost surely. Let us therefore assume that 0 is irregular
for (—00,0) for V. According to Corollary 5, p192 of [fl], this implies that V has bounded variations,
thus there exists d > 0 such that lim, .o, V,/z = d a.s. (c.f. Proposition 11, p166 of [[]). Let a~*(-)
denote the inverse of a(-). Since a(t) ~ t as t — 0+, we have, "~ < 1+ 2dt for all ¢ small enough,

almost surely. In consequence,
Z(a () = eva’l(f)U(t) < (1+42dt)U(t) for t small enough, Pj-a.s.

Using (b), we conclude that the process (Z(a~'(t)), t > 0) visits (0,1) at arbitrary small times P;-a.s.
Since a~'(+) is continuous, increasing and a(0) = 0, this result also holds for Z.

We proved that Z starting from 1 visits (0,1) and (1,00) at arbitrary small times almost surely.
Since Z has no positive jumps, Z starting from 1 returns to 1 at arbitrary small times almost surely. [J

Lemma 3.3. For all x,y >0 and all t > 0, we have P, {Z; = y} = 0. In consequence,

/ 1iz,—pydt =0 Py-a.s. forallz,y>0.
0



Proof. A squared Bessel process has a continuous density, in particular P, {U(a) = b} = 0 for all
b,z > 0 and all a > 0. Since V and U are independent and a(t) > 0 for all ¢ > 0, we get

v} =o.

P, {Z;=y}=E {Px {U(a(t)) _ ye Ve

The following easy lemma will be found very useful in the remainder of this paper.

Lemma 3.4. For all 0 < x < y, the process Z under P, (i.e. starting from x) is stochastically
dominated by Z under P, (i.e. starting from y).

Proof. Since U is a two-dimensional squared Bessel process, a theorem of comparison for diffusion
process (c.f. Theorem IX.3.7 of [[[f]) shows that U under P, is stochastically dominated by U under
P, whenever < y. Thus, the lemma is a direct consequence of the independence of U and V. U

We conclude this section by proving the convergence of Z at infinity.

Proposition 3.5. Let x > 0, under P, Z; converges as t goes to infinity towards a non-degenerate
random variable Zs, whose law does not depend on the starting point x. The distribution of Z. is the
same as that of the random variable

o
(3.3) U(l)/ e'*ds under Py.
0
In particular, the law of Z has a strictly positive continuous density on (0,00) and

2°T(k + K
(3.4) P{Z. >z} o~ EETr
where K is the constant of and where K = E [A(400)" 1] € (0,00) is the constant defined in the
statement of Theorem [I.1.

Proof. According to Proposition 5.7 of [f], under the assumption that E[V;] < 0, the generalized
Ornstein-Uhlenbeck process Z converges in law towards a random variable Z,, whose distribution is
given by (B-3). In our case, we may also have E[V;] = —oo, however, in the proof of Proposition 5.7
of [ff], the assumption that E[V;] < 0 is required only to ensure that

o
lim V; = —oc0  and / eVtdt = A(+00) < 00 as.
t—00 0

Since we have already established these two results, Proposition 5.7 of [fj] is also true in our case. The
process U under Py is a squared Bessel process of dimension 2 starting from 0, therefore U(1) under
Py has an exponential distribution with mean 2. Keeping in mind that V and U are independent, we
find

P{Zw >z} = Po{U(1)A(+0) >z}

= %/ e 22 P{A(+0) € dz}
0

- bl )
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It is now clear that Z., has a continuous density, everywhere positive on (0,00). Moreover, in view of
the Abelian/Tauberian Theorem (see for instance chapter VIII of [{]), we deduce from (B.§) that the
estimate (B.4) on the tail distribution of Z,, is equivalent to

(3.6) P {A(+00) >} ~_ %

This result is proved in Lemma 4 of [[7] in the case 0 < x < 1. Another proof, valid for any x > 0
is given Theorem 3.1 of [[[§] under the restrictive assumption that V; admits a finite first moment.
However, one may check in the proof of Theorem 3.1 of [[L§] that the assumption E[|Vi]] < oo is only
needed for 0 < k < 1. Thus, in our setting, (B.6)) holds for any x > 0. We point out that Lemma 4 of
[[7] and Theorem 3.1 of [[J] are both based on a theorem of Goldie [[(] which is, in turn, a refined
version in the one-dimensional case of a famous result of Kesten [[[4] on the affine equation for random
matrices. O

4 Hitting times of 7

Given a stochastic process Y and a set A we define the hitting times
(4.1) 7A(Y)=inf{t >0,Y; € A} (with the convention inf () = 00).

For simplicity, we will use the notation 7,(Y’) instead of 77,3(Y’). When referring to the process Z,
we will also simply write 74 instead of 74(Z). We now show that the hitting times of Z are finite
almost-surely and we give estimates on their distribution tail. In particular, this will show that Z
is recurrent. The rest of this section is devoted to proving the following four propositions. These
estimates are quite technical and, as a first read, the reader may skip the details of the proof after
glancing at the statements of the propositions.

Proposition 4.1. For any 0 < x <y, there exist c14,c24 >0 (depending on y) such that
P, {T[y,oo) > t} < C1,y€702’yt for allt > 0.
Proposition 4.2. There exist yg, c3,ca > 0 such that for all yo <y < x:
P, {0y > t} < c3 (log(x/y) + 1) e WG for all t > 0.

Proposition 4.3. For all x > 0 and all y > 0, there exist ¢5 4.4, C65y > 0 (depending on x and y)
such that

P, {1, >t} < cspye =v'  forallt > 0.
In particular, Z starting from x > 0 hits any positive level eventually.
Proposition 4.4. We have

lim sup Py, {7\, < 71} = 0.
A—00 y>1

Proof of Proposition [f.1. Let 0 < z < y. According to Lemma B.4, Tly,00) Under Py is stochastically
dominated by 7, o) under P, thus we only need to prove the proposition for z = 0. Let [t| stand
for the integer part of . We have

Po{Tlyo0) >t} SPo{Z1 <y, Z2<y,..., Zyy <y} < Po{Z1 <y}

11



where we repeatedly used the Markov property of Z combined with the stochastic monotonicity of Z
(Lemma B4) for the last inequality. Since Z; = e"1U(a(1)), it is clear that Po{Z; < y} < 1 for all
y > 0. Thus, setting ¢z, = —log (Po{Z1 < y}) > 0 and ¢; , = e“>¥, we find

Py {T[ym) > y} < e % i < cLye_c“t.

The proof of Proposition [I.9 relies on

Lemma 4.5. There exist c7,cg, g > 0 such that, for all x > xq,
Py {1049 >t} < cre” St for all t > 0.

Proof of Lemma [{.d. Pick n > 0 and let (Vg") ,t > 0) stand for the Lévy process V§n) = Vi + nt.
Recall that ® denotes the Laplace exponent of V. Thus, the Laplace exponent ®( of V() is given by
® (z) = ®(2) 4+ nz. Since ®(k/2) < 0, we can choose 7 small enough such that ® (x/2) < 0. Then

Vgn) diverges to —oo as t goes to infinity and we can define the sequence

def
Y0 = 0,
i1 S inf {t >y, VI ) o 1og(8)} .

The sequence (Yp4+1 — Yn)n>0 is i.i.d. and distributed as v;. We have

P{y1 >t} <P {Vgn) > —log(8)} <P {exp (ngn)> > 8%} <8°E [exp (ngn)ﬂ _ 8512 (5/2)

2

Since &) (k/2) < 0, we deduce from Cramer’s large deviation Theorem that there exist cg, c19,c11 > 0
such that

(4.2) P {v, > cgn} < cipe”“1*"  for all n € N.

Notice from the definition of +; that

¥ ¥
(4.3) e'na(y) = / ' V=V - —s) g < / ' e M =5) s < 1’
0 0 n
and also
1
(4.4) e'n < 5

The process U under P, is a squared Bessel process of dimension 2 starting from z. Therefore, U
under P, is stochastically dominated by 2 (z + U) under Py. Using the independence of V and U, we
deduce that Z,, under P, is stochastically dominated by 2e"" (z + U(a(v1))) under Py. Moreover,
the scaling property of U combined with ({.d) and ([£4)) yields, under Py,

aw 2
2¢" 1 (2 4+ Ua(m))) Z 2ze¥ + 2eVna(y)U(1) < % +=U(1).
n
Thus, Z,, under P, is stochastically dominated by the random variable 7 + %U (1) under Py. Now, let

(xn, n > 1) denote a sequence of i.i.d. random variables with the same distribution as %U(l) under
Py. Define also the sequence (RE: , n > 0) by

def
Ry = x,
def 1
Riy = 28+ Xntr

12



The process (Z,,,n > 0) under P, is a Markov chain starting from z. We already proved that
Z., is stochastically dominated by Rf. By induction and with the help of Lemma B.4, we conclude
with similar arguments that the sequence (Z,,,n > 0) under P, is stochastically dominated by
(R%, n > 0). In particular, choosing n = |t/cy | and using ([-9), we find

X X
Px {T[O,x/Q} > t} < P{’)’n > an} +P$ {Z’Yl > 5 g ey Z’Yn > 5}
< 0106_611t+P{R%>g, ,Rﬁ>g}.

Thus, it only remains to prove that there exist cio,x¢ > 0 such that
x T
P{Rf> SR> 5} <e2m forallme N and all = > .

Expanding the definition of R*, we get

1
4n71

T 1
Ry = m o Xa T X1+ X

Let us set ¢ = 8/n. We have

4 T 1 1

(4.5) Ri—cce< o+og—o+. . +70m1—0)+n—0).
3 qn - 4n 4

def

Let also S denote the random walk given by Sy <0 and Sn+1 = Sn + (Xn+1 — ¢). We can rewrite

(E5) in the form

4 x 3¢~ 1
k=1

Let g < inf {n>1, 5, <0} stand for the first strict descending ladder index of the random walk S.
We have

P {u>n} <P{S, >0} <E[edS] =B [ei%]" = (%)

where we used the fact that S; has the same distribution as the random variable 2U(1) — & under Py
(and U under Pj has an exponential distribution with mean 2). Therefore, y is almost surely finite.
Setting c120 = 1 —log 2 > 0, we get

P{u>n} <e 2" forallneN.

Finally, from the definition of ;, we have S, < 0 and S,, > 0 for all 0 < n < p hence

3h L
505 L os<o

k=1
Combining this inequality with (f.) and the fact that > 1, we obtain, whenever z > z = %c:
4 x 4 T _x
R® < —e4+— < Ze42<,
wS 30T S 37153
Thus, for all x > xg,
P{Rf> g , oo, RE> g} <P{pu>n}<e 2",
This completes the proof of the lemma. U
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Proof of Proposition [.3. Set v o /2 where x is the constant of the previous lemma. This lemma
ensures that for all x,y such that yp < y < x and % < 2, we have

(4.7 P, {70y >t} < cre” ! for all t > 0.

def

Let us now fix z,y such that yp < y < x. Define the sequence (z,) by zo 'y and zpyq & zn/2. We
also set m = 1 + |log(z/y)/log(2)], then

Thus,
AR t t
Py {Toy) >t} < Pu {T[o,zﬂ = g} > P {T[o,zim 7oz > g} + P {T[o,m = T0.zm-1] g} :
1=1

Making use of the Markov property of Z for the stopping times 7 ,,; combined with Lemma B4, we
get

m—2
t t t
Py {0y >t} < P {T[o,zﬂ > } +2_ P {7[072¢+1] > E} + P {T{o,yl > E} :

m
=1

According to (J.7) each term on the r.h.s. of this last inequality is smaller than cye=®*/™ hence,
choosing c3, ¢4 large enough,

Po {7y >t} < mere™%m < c3 (log(z/y) + 1) ¢ Toal /Tt
|

Proof of Proposition [[.3. We have already proved Proposition [[.]]and Proposition [[.9. Recall also that
Z has no positive jumps. In view of Lemma .4, it simply remains to prove that for any 0 < y < yo
(yo is the constant of Proposition [l.9), we have

(4.8) Py, {70y >t} < c1zyoye”vovt forall £ > 0.

Let us fix y < yo. We also pick z > yg. Define the sequence (v}),

v =0,
def .
viyy = inf {t >V, Zt = Yo and Sup,zcocq Zs > z} .

Making use of Proposition [.1] and Proposition [.3, we check that v is finite for all n, Py,-a.s. More
precisely, these propositions yield

Py, {vi >t} < cip .6 9% forall t > 0.

Since the sequence (V7| — v )n>0 is i.i.d, Cramer’s large deviation Theorem ensure that there exist

C17,90,21 C18,y0,2> C19,y0,2 > 0 such that
(4.9) Py, {7 > c1ry,2n}t < C1gyg, " 070" foralln € N.

Let us note that lim,_, _ v§ = oo Py,-a.s, thus

(4.10) Py, {T[O,y] < I/f} v Py, {T[OM < OO} .

14



According to Proposition B.H, we have Py, {Zs € (0,y]} > 0. In particular, the limit in ([L10) is
strictly positive. Thus, we may choose z large enough such that P, {T[O,y] > Vf} =d < 1. Repeated
use of the Markov property of Z for the stopping times v} yields

(4.11) Py0 {T[OM > I/,Zl} = Py0 {T[OM > l/f}n =d".

Finally, setting n = [t/c15.4,.2), we get from (f.9) and (fL11):

Py, {10 >t} < Py {vj >t} + Py, {10, > v}
< Cgygee v 4+ d"
< Con g e ot
O
We need the following lemma before giving the proof of Proposition [£4.
Lemma 4.6. There exist kg > 1 and y1 > 1 such that
P, {Tkoy < Ty/ko} < i for all y > y1.
Proof of Lemma [{.4. Let us choose k > 1 and y such that
(4.12) 6'k° < y.
We also use the notation m = +log (¥) and v, ©inf {t > 0,V, < —m}. Define & = {v,, < e™}.

Since ®(x/2) < 0, we deduce that

P{&} <P{Ven > —m} <e2™E [e%"em] — esmAeme(k/2) __,
y/k—o0

We also consider £ & {supg>o Vs < log(k/7)}. Since V diverges to —oo, its overall supremum is finite
(it has an exponential distribution with parameter ), therefore

P{&5} P 0.

Define also
def

& {U(t) < 2(y+ % +t2> for all ¢ > 0}.

We noticed in the proof of Lemma [ that U under P, is stochastically dominated by 2(y 4+ U) under
Py. Therefore, the law of the iterated logarithm entails

P, {&} <Py {there exists ¢ > 0 with U(¢) > % + t2} y/k——:oo 0.

We finally set & = & N & N Es. Our previous estimates ensure that P,{&{} < 1/4 whenever k and
y/k are both large enough. Moreover, on the set &, for all 0 <t < v,

t Ym 2 y
a(t)Q = (/ e_VSde) < (/ 6_V3d8> < (Wmem)Q < €4m = E
0 0

Thus, on the one hand, on &4, for £k > 1 and for all 0 < ¢ < ~,,

2

2
Zy =e"tU(a(t)) < e(supsz0Vs) o <y + % + a(t)2> < 7k <y + % + %) < ky.
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On the other hand, on &, since V., < —m,

Dy < €72 (y + % + %) <6ye ™ <

ENES

where we used (.12) for the last inequality. Therefore,
1
Py {Tlky.00) < Tioy/m ) < Py {E5} < 1 for all k, ¥ large enough.
Finally, since Z has no positive jumps, we also have
Py{Tky,o0) < Toy/m} = Pylthy < 7y/1}-
O

Proof of Proposition [[.4. Let y; and ko denote the constants of the previous lemma and let y > ;.
Define the sequence (uy,) of stopping times for Z:

def
Ho = 07
o inf{t > i 5 Zy = ko Zy, or Zy = %Z,m} .

Proposition [I.]] ensures that p, < oo for all n, Py-a.s. The Markov property of Z also implies
that the sequence (Z,, , n € N) is, under P,, a Markov chain starting from y and taking values in
{kiy , n € Z}. Moreover, according to the previous lemma

1 1
Py{ Zns = koZunl Zs > 11} =1-Py{ 2, = o Do\ 2 > wj<g

Thus, if (S, , n > 0) now denotes a random walk such that

P{S():O}:l,
P{Sn‘f'l:Sn"i_l}:l_P{Sn-H:Sn_l}:i

then we deduce from the previous lemma, that (Z

Nn)OSnSinf{nZO,Zﬂngyl}
dominated by (ykbgn) In particular, for all y > y; and all p € N*|

under P, is stochastically

0<n<inf{n>0,ykg"™ <y1}"
Py{(ZM) hits [k{y, c0) before it hits [O,yl]} < P{ sup S, > p}.
n
Since Z has no positive jumps, we obtain, for all ¥ > y; and all p € N*
(4.13) P, {Tykg < T[07y1]} < P{ sgp Sp > p}.

Note that the last inequality is trivial when y < y;. Also, since S is transient towards —oo, its overall
supremum is finite and, given € > 0, we may find py such that P{sup,, S, > po} < €. Setting A\g = K,
we deduce from (f.13) that

sup sup P, {Ty)\ < T[le}} <e.
A>Xo y=1

Note that 7jg,,] <71 (because y; > 1) and recall that Z has no positive jumps. By use of the Markov
property of Z and with the help of Lemma B.4, we obtain for all y > 1 and all A > X,

P, {ny, <m} < P,{ny< T[Ovyﬂ} + P, {T[O,yﬂ <y Py {1y <71}
< €+Py1 {T)\ <T1}.
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Since Py, {7) < 71} converges to 0 as A — oo, there exists A\; > Ag such that P, {7\ < 7} <¢ for all
A > A1. Thus, we have proved that

supPy {1\, <71} < 2¢ for all A > A;.
y>1

5 Excursion of 7

5.1 The local time at level 1 and the associated excursion measure

According to Lemma B.1 and Lemma B.3, the Markov process Z is a Feller process in the filtration JF
for which 1 is regular for itself and instantaneous. It is therefore a ‘nice’ Markov process in the sense
of chap IV of [fl] and we may consider a local time process (L;, t > 0) of Z at level 1. Precisely, the
local time process is such that

e (L;,t > 0) is a continuous, F-adapted process which increases on the closure of the set {t >
0,72 =1}.

e For any stopping time T such that Zp = 1 a.s, the shifted process (Ziy7, L4+ — L1)i>0 is
independent of F; and has the same law as (Z;, Lt)¢>o under Pj.

We can also consider the associated excursion measure n of the excursions of Z away from 1 which
we define as in IV.4 of [[ll. We denote by (e;, 0 < ¢t < () a generic excursion with lifetime ¢. Let also
L~ stand for the right continuous inverse of L:

(5.1) L' Sinf{s>0,L;>s} forallt>0,
Note that L;' < oo for all ¢ since Z is recurrent.
Lemma 5.1. Under Py, the process L™' is a subordinator whose Laplace exponent ¢ defined by

E, [e*)‘L;I] et has the form

o(A) = )\/OOO e n{¢>rldr

Moreover, there exist cag, ca3 > 0 such that n{( > r} < co0e™ 2" for allr > 1, in particular, n[(] < oo.

Proof. According to Theorem 8, p114 of [l]], L~ is a subordinator and its Laplace exponent ¢ has the
form

(5.2) ©(\) = Ad + A /Oo e {¢ > r}dr
0

Moreover, the drift coefficient d is such that dL(t) = fg 1¢z,—1ydt Pi-as. (c.f. Corollary 6, p112 of
[M). Thus, Lemma B.J implies that d = 0. We now estimate the tail distribution of ¢ under n. Recall
that 74(e) stands for the hitting time of the set A for the excursion e:

def .

Ta(e) = inf{t € [0,(] , & € A} (with the convention inf () = c0).

17



Since a generic excursion € has no positive jumps, the Markov property yields, for r > 1,

n{(>r} < n{nE)<1,{(>r}+n{ag<2,(>r}
< n{m(e)<1,(>1}Pe{n>r—1}+n{e <2,(>1} sup P, {nn >r—1}
z€(0,2)
< 2n{¢>1} sup P, {m >r—1}.

z€(0,2]
Combining Lemma B.4 and Proposition [l., we also have

sup P, {m1 >r—1} < max(Po{m >r—1},Py{m >r—1})
z€(0,2]

< 0246_625(T_1).

This yields our estimate for n{¢ > r}. Finally, any excursion measure fulfills fol n{¢>r}dr < c
thus n[¢] = [(“n{{ > r}dr < oco. O

Lemma 5.2. Let f be a non-negative measurable function. For all A > 0, we have

W m[[Tesa] = Ln [ [Fe ],
</OOO e—Mf(Zt)dt> 2] = ﬁn [(/OC e_)‘tf(et)dt> 2]

- mn UOC e_/\tf(et)dt] n [e‘“ /OC e_)‘tf(et)dt} .

Proof. Assertion (a) is a direct application of the compensation formula in excursion theory combined
with the fact that the set {t > 0,Z; = 1} has 0 Lebesgue measure under P; (Lemma B.3). Compare
with the example p120 of [fl]] for details.

We now prove (b). We use the notation Gy f(z) = E; [ [~ e~ f(Z;)dt]. From a change of variable
and with the help of the Markov property of Z,

( /Oooe—xtﬂzt)dt)z] ~ 9, [ /Oooe‘*tf(zt) /Ote_AS F(Z2)ds dt}

= 2F, [/OOO e”tf(Zt)GAf(Zt)dt} .

(b) E,

E;

Thus, using (a) with the function z — f(x)G,f(x), we get that

( /0 ) e“f(Zt)dt>2 = ﬁn [ /0 oo f(e)Gx f(et)dt} .

We also have, with the help of the Markov property,

(5.3) E,

Grf(z) = E. [ I e—Asf<Zs>ds}+Ez [ / Ooe—%ﬂzs)ds]

T1

_ E, [ /0 e f(Zs)ds} +E. [ 61 f(0).

18



Therefore, we may rewrite (5.9) as

(5.4) ﬁn[ /0 "N (e E,, [ /0 e f(Zs)ds] dt} + ﬁn[ /0 Y Fle)Be e ] dt} G f(0).

We deal with each term separately. Making use of the Markov property of the excursion € at time ¢
under n(-|¢ > t) and with a change of variable, the first term of the last sum is equal to

(5.5) ﬁn [ /0 F e /t C N6 f(es)dsdt} _ ﬁn [( /0 Y f(et)dt>2] .

Similarly, the second term of (p.4) may be rewritten

where we used (a) for the expression of G, f(0) for the last equality. The combination of (5.d),(5.4),(E.5)
and (p.6) yields (b). O

Corollary 5.3. Let g be a measurable, non-negative function which is continuous almost everywhere
with respect to the Lebesgue measure. Then

ay Cg(e»dt] —n[Bo(Z)].

Proof. In view of the monotone convergence Theorem, we may assume that g is bounded. First, using
(a) of the previous lemma with the function f =1,

(5.7) @ —n [ /O : e_)‘tdt] — n[d.

A—0+

Thus, using again (a) of Lemma but now with the function g, and with the help of the monotone
convergence theorem, we find

n[ /Ogg(et)dt} ~ lim (VB [ /Oooe_)‘tg(Zt)dt}

A—0+

= n[¢] lim B [A/OOO eAtg(Zt)dt]

A—0+

By a change of variable and inversion of the sums, we also have

E, [A /0 h e)‘tg(Zt)dt] = /0 h Ei [9(Z,)\)] e Vdy.

For any y > 0, Z, /) converges in law towards Z, as A — 0+. Moreover, according to Proposition B3,
Z~ has a continuous density with respect to the Lebesgue measure and g is continuous almost every-
where, hence limy o4 E1[g9(Z,/5)] = E[g(Zx)]. Making use of the dominated convergence theorem,
we conclude that

B2 [T eNgza] — [T Bz vy - Bloz.).
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def _9

Corollary 5.4. Recall that m = g745. When k> 1 (i.e. when ®(1) <0), we have

n[/ogetdt]:n[g]m.

Proof. Corollary f.J yields n [ foc etdt} =n|[(] E[Zs]. According to Proposition B.5, Z, has the same

law as U(1) fooo e¥sds under Py. Moreover, U(1) under Py has an exponential distribution with mean
2 and is independent of V, hence

o o 2
E[Z.] =2 V] gs = ) g, 2
[Zoo] /0 E [e } ds 2/0 e Hds (1)

5.2 Maximum of an excursion

The goal of this subsection is to study the distribution of the supremum of an excursion. Our main
result is contained in the following proposition.

Proposition 5.5. We have

SN IQQ
n{7,(e) < oo} ~ n[C]M

2—00 K

Of course, this estimate may be rewritten

K IQKQ
n{supe>z} ~ n[C]M.

[0,¢] F=o0 2"

The proof relies on two lemmas.
Lemma 5.6. We have
o o 1
E |;/0 1{Vt>0}dt:| — E |:/0 1{Vt20}dt:| - /gd)’(/{)'

Lemma 5.7. We have . 1
i B | [ 1] = ey

Let us for the time being admit the lemmas and give the proof of the proposition.

Proof of Proposition [5.4. Since a generic excursion ¢ under n has no positive jumps, The Markov
property yields

¢ ¢
(5.8) n [/0 1{es>z}d‘9:| =n [1{7_2(6)<00}/ © 1{€S>z}dS] = n{Tz(E) < OO} Ez |:/0

On the one hand, from Lemma f.J and Proposition B.H,

T1

1{ZS>Z}dS:| .

¢ KT(g
(5.9) n [/0 1{6S>z}d5} —n[(|P{Ze >z} ~ n[] 2"I'(k + 1)K

2—00 O/ (k)z"

On the other hand, according to Lemma .7,

T1 1
(510) Ez |:/0 1{Z5>z}d8:| zjo; Iﬁ:q),(li).

The proposition follows from the combination of (§.§), (F.9) and (.10). O
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Proof of Lemma [5.4. Since V has no positive jumps, it is not a compound Poisson process, therefore
Proposition 15, p30 of [[]] states that the resolvent measures of V are diffuse i.e. E UOOO I{Vtzo}dt} = 0.

Thus,
E |:/ 1{Vt20}dt:| - E |:/ 1{Vt>0}dt:| .
0 0

Let ¥ : [0,00) + [k, 00) denote the right inverse of the Laplace exponent ® such that ® o W(\) = A
for all A > 0 (in particular, ¥(0) = ). Then, Exercise 1 p212 of [l which is an easy consequence of
Corollary 3, p190 of [fl] states that

[oe] \I’/
E |:A eAtl{Vtzo}dt] = ()\) fOI' all A > 0.

Taking the limit as A — 0, we conclude that

E [/OOO l{vtgo}dt] = \I\II,/(((()))) - n<I>}(/<)'

O

Proof of Lemma [5.7]. Assume that z > 1 and let € > 0. Note that for 1 < b < 2z, we have 7.5 < 71
P.-a.s. Thus, on the one hand

’T[ ’g] T1
(5.11) | D |:/0 v l{ZtZZ}dt:| <E, |:/0 l{thz}dt:| .

On the other hand, making use of the Markov property of Z and with the help of Lemma B4,

T1 7'[075] T1
E. [ / 1{zt2z}dt} = E; [ / ' 1{zt2z}dt} +Ez[ / 1{thz}dt]
0 0 a

[0,%]

T[O’z] T1
0 0

T[O,é] T1
(5.12) = E; [/0 ' 1{thz}dt} +P:{r. <7} E; [/0 1{thz}dt} :

IN

According to Proposition [f.4] there exists by > 1 such that for b > by, sup,>, P.p {7. <1} < e
Therefore, combining (§.11)) and (p.19), for all z > b > by,

7[0,2] 1 1 [0,%]
0 0 l-e¢ 0

Thus, we just need to prove that we may find by > b1 and zy > 0 such that

1 0,1 1
(513) m —e< EZ |:/0 2 l{ZtEZ}dt:| < m +e€ for all 2z > 20-

Recall from Lemma B.1] that Z under P, has the same law as the process (ze"tU(a(t)/z) ,t > 0)
under P;. Thus,

(5.14) P.{Z >z 2t} =P {erU (@) >1,Vse[0,t) U <@) > %}
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Since U is continuous at 0 with P1{U(0) = 1}, we also have

(5.15) sup |U <@> —1| P28 for all t > 0.
0<s<t z Z—00

Combining (5.14) and (b.19), we get that for all fixed ¢ > 0,

liminf P, {Zt > 2, T,z 2 t} > P {th >1,Vsel0,t) Vs > 1}

200 b

= P{V; >0, 7Coo—10gt)(V) > t}.
Thus, by inversion of the sum and from Fatou’s Lemma

T[O’g] o0
lim inf E, [/ ' 1{222}(14 - liminf/ P.{Z >z 7oz 2 t}dt
0 0

zZ—00 zZ—00

v

/ liminf P, {Zt >z, To,2] 2 t} dt
0

Z—00 b

> / P{Vi >0, T(—oo,—10gy (V) > t}dl

0
T(—o0,— log b] (V)
/0 1{Vt>0}dt

By use of the monotone convergence theorem, we also have

T(—oo,—logb](V) S 1

where we used Lemma 5.4 for the last equality. We may therefore find by > by such that for all z large

enough
“ Lo {222} — k®'(k)

We still have to prove the upper bound in (5.13). Keeping in mind (.15), we notice that for all fixed
>0,

= E

lim E

b—oo

limsup P, {Zt > 2, To,2] 2 t} <limsupP,{Z; > z} <P{V; >0}.
2 2—00

Z—00
Moreover, Proposition [1.9 states that there exist €26,bs > C27.h, > 0 such that for all z large enough and
all t > 0,
P, {Zt >z, [0, 2] > t} <P, {T[o z] > t} < co9g 526_627”’2'5.
7b2 7b2 K

This domination result enables us to use Fatou’s Lemma for the limsup. Thus, just as for the liminf,
we now find

T[O,i] oo
limsup E, {/ "2 1{Zt>z}dt} < / limsup P, {Zt >z, To,2] 2 t} dt
0 h 0 2

Zz— 00 Z— 00
[e.e]
< / P{V, > 0} dt
0
o0 1
= E 1 dt| = ——.
|:/0 {V:>0} :| IQCI)’(R)
This completes the proof of the lemma. U
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5.3 Integral of an excursion

We now estimate the tail distribution of the area of an excursion. The next proposition is the key to
the proof of our main theorem.

Proposition 5.8. We have
¢ 2°T (k) K2 K2
In the rest of this subsection, we assume x to be a large number and we will use the notations
(5.16) m < logdx,
(5.17) y & i °

m log?

....................................................................................................

...........................................................................................................

[) Tﬁf(;) py,.-".':'.'(e) C

Figure 3: An excursion e.

The idea of the proof of the proposition is to decompose the integral of an excursion € such that

7y(£) < 00 in the form (see fig. f.3)

¢ Ty(e) py/m(e) ¢
(5.18) / €sds :/ esds—i—/ esds—i—/ €sds
0 0 T (5) py/m(e)

Y

where p, /m, = inf {t > 7,(¢) , & < y/m}. We will show that the contribution of the first and last term
on the r.h.s. of (b.1§) are negligible. As for the second term, we will show that its distribution is well
approximated by the distribution of the random variable y fooo eVtdt. This will give

n{/ocesds>x} ~ n {7,(e) <oo}P{y/Oooth >:c}

and the proposition will follow from the estimates obtained in the previous sections. We start with a
lemma:
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Lemma 5.9. Recall the notations ([5.18) and (5.17). We have

"0, %] K Y\F

Proof of Lemma[5.9. Let (Z , t > 0) denote the process

Zy = ye'tU <@> .

Y

We have already proved in Lemma B.1] that Z under P; has the same law as Z under P,. Let 74

denote the hitting time of the set A for the process Z. We must prove that

We define

and for 0 < e < %,set

Let us first notice that for all 0 < ¢ < v, we have a(t) = [,

we have

(5.19)

Tlo, &1
Pl{/ ’ thU<
0

IO

v £ inf{t>0,V; < —log(2m)},
v imf{t >0, V, < —log(m/2)},

ae: 2
Elzf{\U(z)—l\gaforallogzg%}.

Zﬂf =ye U

(

t

0 e Vsds < 2mry and eV < ﬁ Thus, on &,

M) < La+e<.

Y 2m m

We also have ¥t > % for all t <+' <~. Thus, on &,

(5.20)

Zy = ye'tU <@>

Y

>

2
—y(1—€)> £l for all t < 4.
m m

Combining (5.19) and (5.20), we deduce that

£c {7’ < 7o, 2] SW}-

Let us for the time being admit that

(5.21)

We now write

(g)ﬁ P, {£9 = 0.

<

<

Tio, 4
P, {/ Ol vy <@> it > 5} + P (&)
0 Yy Yy

0.2 y x
P, et(1+e)dt>—,E+P1{}
Yy

0

P{/Oooevfdt>ﬁ}+P1{5}.
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We have already checked in the proof of Proposition B.j that

P{/O‘”evtdt . m} . @/i) <<1+xe>y>“.

lig)sip(g)HPl{/o[ o Vt(]( ;)>dt y}g%.

We now prove the liminf. Since v < Tio, 2] on &,

Pl{/j% VtU( (y)>dt ”;} > Pl{/o;[o’%]thU<?>dt>g,E}—Pl{E}

/

ﬂ/
P 1 / GVt
0

!

Y v, €T B
P{/O e dt>(1_€)y} 2P1{5}

Since V., < —log(m/2), it is easy to check with the help of the Markov property of V that

o[t (e ) (5

so we obtain the lower bound

K T y _ K
lim inf <3> P, / bl vy <@> ar> 24> KUZ T
z—o0 \ Y 0 y Yy ' (k)

It remains to prove (p.21)). To this end, notice that

Therefore,

Y

(1—e)dt>§,5}—P1{5}

v

2
P, {&} < P{ﬂ>—}+P1{ sup ]U(z)—1\>€}
Yy Yy 2€[0,m? /y]

< P{Vm/2 > —log(2m)} +P1{ sup  |U(z) —1] > 5}.
2€[0,m?/y]

Recall that ®(x/2) < 0. Thus, on the one hand

P{Vyuj > —log(2m)} < (2m)3E[ef7m2] = 2m)3e¥2(5) = o (L)),

On the other hand, U under P; is a squared Bessel process of dimension 2 starting from 1. Thus, it
has the same law as B2+ B2+ 2B+ 1 where B and B are two independent Brownian motions. Hence,

Pl{ sup |U —1] >6} §2P{ sup |B|? > Z}+P{ sup |B| > 4} §3P{ sup |B(2)] >Z}
[ [ zef0,m2

0,m2] 0,m2] [0,] [0,]

Finally, from the exact distribution of supy j |B| and the usual estimate on gaussian tails,

2yt _a?
Pi<Ssup|B|>ap < ie_Tt for all a,t > 0.
[0, a
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Therefore,

P s W -1>ef < Be (- 2 <o ((4)).

2€[0,m?2 /y]

This completes the proof of the lemma O

Proof of Proposition [.§. We first deal with the liminf, we have

¢ T[o’%](e)
n{/ esds>x}2n Ty(e)<oo,/ esds > x p .
0 y(€)

Using the Markov property and the fact that the excursion ¢ does not possess positive jumps, the
r.h.s. of this inequality is equal to

TO’% N IQQKQ

r—00

where we used Lemma p.9 and Proposition p.j for the equivalence. Therefore,

¢ 2°T (k) k2 K2
liminf z"n / €sds > x p > L
LT—00 0 ®'(k)

We now prove to upper bound. Let € > 0. We simply need to show that

¢ 2°T (k) K2 K2
limsupz®n / ds>(14+28)rp < —~2 .
x_)oop { . €s ( ) } = <I>’(/£)

According to Lemma , we have n {C > log2 x} = o(x™"), thus
¢ ¢
n {/ esds > (1 + 26)5[?} =n {C <log?z, / esds > (1 + 26)3:} +o(z™").
0 0
We also note that fOC €sds < (SuPge(o ] €s- Since y = x/log® x, we deduce that for all x large enough,
¢ ¢ y(€)
{C < log? x,/ esds > (1 + 26):{?} = {7(e) < ¢ <logw, / esds > (1 +2¢e)x , / esds < ex
0 0 0
) ¢
C {myle) < ¢ <log”x, / esds > (1+e)x p.

7y (€)

Thus, making use of the Markov property of e for the stopping time 7, (e),

¢ ¢
n {/ esds > (1+ 28)1‘} < n {Ty(e’f) <(<log’z, / esds > (1+ E).’E} +o(z™")
0 7y (€)

IN

T1
n{Ty(a) < oo}Py {/0 Zgds > (1+¢e)z , 7 < 10g2x} + o(z").

In view of Proposition f.§, it remains to prove that

z\" m K
limsup|—| P / Zsds > (1+¢e)x , 11 <lo 2x}§ .
o(5) oA (e m<losty = 4

Tr—00

26



We have

T1
P, {/ Zsds > (14e)x , 7 < long}
0

T[O’%] T1 )
<P, Zsds > x » + Py Zgds >ex , 11 <log“x .
0 T,

0,71

On the one hand, according to Lemma [5.9,

K T ’l K
lim <E> P, {/ 0] Zgds > ﬂ:} = —.
z—00 \ Y 0 (k)

On the other hand,

T1
P, {/ Zsds >ex , 11 < long} < Py sup Zg > c

2
0,4 se[r[o’%],n] log” x
(5.22) < Pulra <n},
m log“ «

where we used the Markov property of Z for the stopping time 7|y x| combined with Lemma B4 and

the absence of positive jumps for the last inequality. Since £ < bgﬂx, we also notice that

H{T%(€)<OO} = H{Ti(€)<7' ez (e)<oo}

log“ = m log“ =

= n{T%(e)<oo}P% {T ez <7'1}.

log# «

Therefore, (5.22) is also equal to

M) <o} (vay (o)

n {7,/ (€) < oo} exm T

where we used Proposition .5 for the equivalence. This concludes the proof of the proposition. [

6 The second moment

Recall that m = —2/®(1). The aim of this section is to calculate the quantity n{(fog(et - m)dt)Q]
when k > 2 in term of the Laplace exponent ® of V. We start with:

Lemma 6.1. When k > 2, for allt,z > 0,
(a) E.[Z)] =m+ (z —m)e®W),

s 16(1— @) gipmett if B(1) = (2),
(b) EO [Zt] - W 16 etd)(Q)_etq)(l) .
B (@2)-3(1) otherwise.

Proof. U under P, is a squared Bessel process of dimension 2 starting from z, therefore E.[U(x)] =
z 4+ 2x. Making use of the independence of U and V, we get that

E.[Z]=E. [thU(a(t))} —E [thEz[U(a(t)) w]] - E [evt (2 +2a(1))] .
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We already noticed that time reversal of the Lévy process V implies that e"ta(t) and fot eVsds have
the same law, therefore

E. [Z] = zE [evt} + Q/OtE [eVS} ds = ze!®W 4 % (etq)(l) - 1)

= m+ (z—m)e®W,

We now prove (b). First, the scaling property of U shows that, under Py, the random variables Z;
and e"ta(t)U(1) have the same law. Second, e"ta(t) and fg eVsds also have the same law. Therefore,

(fa) e ([ o)

where we used the fact that Eo[U(1)?] = 8 because U(1) under Py has an exponential law with mean 2.
From a change of variable and making use of the stationarity and the independence of the increments

of V, we get
t 2
</ eVs ds)
0

2

(6.1) Eo [Z}] =Eo [UQ)’] E =8E

E

I

[\V]

&=
—
O\&

Q)

<
)
H o~

Q)

<

QU

<

IS

&
"

2(6t<1>(2) _et®(1)

M) (@) —d(D) otherwise.

L) { wye if (1) = ®(2),
S A
This equality combined with (B.1]) completes the proof of (b). O

> e V| 4(@(2) - 49(1))
() mie dt)]‘ 2(172)

This limit is strictly positive because ® is a strictly convex function with ®(0) = ®(k) = 0.
Proof. We write, for A > 0,

o0 2 00 2 ) 2
2
( / (Zi —m)e‘”dt) ( / Zte‘”dt> ] ~ g, [ / Zte_Atdt} + 2
0 0 A 0 A

Making use of (a) of Lemma [6.1], we find, for any z > 0,

Lemma 6.2. When k > 2,

A—0+

(62) Eo — Eo

This equality for z = 0 combined with (p.2) yields

( /0 O?Zt—m)e_)‘tdtf ( /O CX)Z,fe—”cz]s)2

28

40\ + B(1))
NO(1)2ZA—3(1)

(64) Eg =Eg +




We also have

Eo

) 2 0 0
(/ Zte_)‘tdt> ] 2Eg [/ er_)‘x/ Zye_Aydydm]
0 0 T

= 2/ Eg [Zwe_)‘“”/ Zw+ye_)‘(x+y)dy} dx
0 0

— 2/ e_QMEO [ZmEZI [/ Zye_)‘ydy” dzx,
0 0

where we used the Markov property of Z for the last equality. Thus, with the help of (6.3), we find

(/000 Zte”dt) 2] - ﬁ /OOO e (\Eo|22] + 2E0[Z,)) da.

This integral can now be explicitly computed thanks to Lemma [6.1]. After a few lines of elementary
calculus, we obtain

Eq

Eo

) It 2 _ 4(6)\ - (13(2))
yi @eA“>l‘vu—@mxutﬂxﬂw+@@»+ﬂ0@”>

(this result does not depend on whether or not ®(1) = ®(2)). Substituting this equality in (.4), we
get

o e\ A1) (9(2) — 4B(1)) — AN (AN 4 2(B(1) — B(2)))
AH)(A(&_mkAﬁ)]_©OV@O%%MMLJMﬂU+¢@D+ﬂUM%Y
We conclude the proof of the lemma by taking the limit as A tend to 0+. O

Lemma 6.3. When k > 2,

lim )\El
A—0+

([ mra)] - sl (-]

Proof. Recall that ¢ stands for the Laplace exponent of the inverse of the local time L~*. We first use
(b) of Lemma .9 with the function f(z) = |z — m):

(/OOO |Z; — m|e)‘tdt> 2] = ﬁn [(/OC et — m|e)‘tdt>2]

2 ¢ -y ] [A ¢ —A
+7n/ € —mle dt| n |e C/ € —mle tdt]
P(N)p(2X) [ 0 e | 0 e |

Note also that Lemma [.1 and Proposition p.§ readily show that

¢ &}
(6.6) n [(/0 ler — m]dt) ] < oo forall f< k.

Thus, the three expectations under n on the r.h.s. of (p.5) are finite because k > 2. Therefore, we
can also use (b) of Lemma .9 with the function f(z) =z — m:

([ o) = (o)
+ mn [/Og(et — m)e_)‘tdt} n [e_M /Oc(et — m)e_)‘tdt} .
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Recall also that ¢(A) ~ n[¢] A (c.f. (B.7) in the proof of Corollary f.3). Thus, keeping in mind (6.6),

the dominated convergence theorem yields

m, ﬁn :(/OC(Et - m)e_”dt> 2] = %[C]n [(/{)C(Et - m)dt) 2]

lim n :e_)‘C /Og(q - m)e_Mdt} =n |:/OC(€t - m)dt] =0

A—0+
where we used Corollary p.4 for the last equality. Finally, (a) of Lemma .9 combined with (b.3) give

S ] ] = S [ [ el

and

2\ ( ®(1)+2 ) 24+ @(1)
= —_— _——
e(2A) \2(1)(A = P(1)) /) r—0+ mn[¢]P(1)2
These last three estimates combined with (B.7) entail the lemma. O

We can now easily obtain the calculation of the second moment.

Proposition 6.4. When k > 2,

¢ 1 822 —49(1)
“[</o (-t ] =50

Proof. In view of Lemma .9 and Lemma p.3} it suffices to prove that

</OOO(Zt — m)eAtdt>2] = lim AE </000(Zt _ m)e)\tdt>2] .

Indeed, the Markov property of Z for the stopping time 71 yields

</OOO(Zt - m)e_)‘tdt>2 (/OTI(Zt —m)e Mdt + /:O(Zt — m)e—”dt> 2]
< /0 Tl(Zt - m)e_)‘tdt>2 < /0 OO(Zt — m)e—”dtf]

T [e’)
+ 2E, [e_)‘ﬁ / (Z; — m)e‘”dt} E, [ / (Z; — m)e_’\tdt] :
0 0

Proposition [l and the absence of positive jumps for Z give

lim ME;
A—0+

(6.8) Eo = E,

= EO + EO |:6_2)\T1} E;

. 9
(69) EO </ (Zt — m)e)‘tdt> ] S (m —|— 1)2E0[T12] < Q.
0
Similarly,
- n
(6.10) Eq [e / (Z —m)e_Mdt” < (m+ 1)Eq[m] < oo
L 0

Note also that, according to (.9),

o0 _ AMP(1) +2)
6.11 AE Zy — M| = 2~ 0
(6.11) ! [/0 (2 —m)e ] B(1) (A — B(1)) -0+
Thus, (.§)-(6.9)-(6.10)-(B.11)) and the fact that limy_o4 Eg [e7?*™] = 1 conclude the proof of the
proposition. O
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7 End of the proof of the main theorem

We showed in Section f that we simply need to prove Theorem [L.1 for the additive functional

I(r) < / Zds
0

under P = Py in place of H(r). Moreover Proposition [l states that 71 < co Pg-a.s. therefore it
is sufficient to prove this result for I(r) under P;. The remaining portion of the proof is now quite
standard and very similar to the argument given p166,167 of [[4]. Let us first deal with the case xk < 1.
Recall that L' stands for the inverse of the local time of Z at level 1. Since [ is an additive functional
of Z, the process (I(L;'),t > 0) under P; is a subordinator (without drift thanks to Lemma B.3)
whose Laplace transform is given by

(7.1) E; [eiM(L;l)] = exp <—t)\ /000 e Mn {T(e) > x} dw) ,

where we used the notation I(e) & foc erdt. We now define

Lyt
€ d:ef/L Zyds = I(L.") — I(L1 ).

-1
n—1

The sequence (&,, n > 1) under Py is i.i.d. Moreover, in view of Proposition p.§, we deduce from

(1)) that

~ KT (k) 2K2
(7.2) Py {6 >a} ~ n{l()>a} ~ n[¢] ZL()RKE

—00 Tr—00 CI)/(H:)m'“

The characterization of the domains of attraction to a stable law (see for instance chap. IX.8 of [{])
implies that

nl/e nl/k n—s00

(L)) &+...+& tav, o n (] mr?K? %Sca
o (7))

Moreover, according to Lemma p.1], we have E [L7'] = n[{] < oo so the strong law of large numbers
for subordinators (c.f. p92 of [l]) yields

Ly’ s
(7.3) é (.

We can therefore use Theorem 8.1 of [[9] with the change of time L™ to check that, under Py,

1
I(t) 1w 2( TrIK2 )"Sw
ca

/K t—oo 7\ 2sin (Zf) @/(k)

This concludes the proof of the theorem when k < 1. Let us now assume that x = 1. In this case,
K=E [(fooo eVSds)O] = 1 hence ([.9) takes the form

2n [¢]

Pl {51 > x} x:oo ‘1>’(1)3:
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The characterization of the domains of attraction now states that there exists a constant cog such that

I(L;") —ng(n) & +...+& Jaw ™ [C] e
(7.4) - = - —9ln) =5 e+ i ¢
where g(x fo P1{& > y}dy. Note also that our estimate on n{¢ > 2} (Lemma [.1)) entails an

iterated logarlthm law for the subordinator L™, in particular

-1
n

n [(]
Using this result and the fact that I(-) is non-decreasing, it is not difficult to deduce from ([.4) that

(10190 () 2 0 - v
)

(compare with the argument given on p166 of [[4] for details

€ [n—n*?,n+n??3] for all n large enough.

Thus, setting

f6= ﬁ <9<ﬁ) - C28> ;

we get the desired limiting law for (I(t) — f(t))/t and also

t
t (=@ 9%t log t
t) ~ — P dy ~ ———.
f(t) /0 {& >yhdy ~ (1)

"o mc]

The proof of the theorem when x > 1 is very similar to that in the case k < 1 but we now consider
the sequence (&),, n > 1) instead of (&, , n > 1) defined by

Lyt
& [z myds = 6, - (L - 1)
1

These random variables are i.7.d. and are centered under P; because

Eda%ﬂ{A?%—mm{:angw}—mamzo

(we used Corollary p.4 for the last equality). Moreover, when & > 2, Proposition [.4 yields

][] - 24

Since the tail distribution of ¢ under n has (at least) an exponential decrease, we see that the estimate
(F2) still holds with &] in place of &;. Thus, the characterization of the domains of attraction to a
stable law insure that, when x € (1,2),

nl//@ - nl/n n—00

1
I(Lnl)—an1_§i+---+§aw_w>2< n[(Jmr? v )5

Similarly, when x = 2 and since K = E U eVs ds} = 7—%,

I(Ly) —mLy' e  —4ymig] .
Vnlogn — n—oo &(1),/®'(2)




and when k > 2,

I(L,') —mL;" 2] [BIC]8(2(2) — 42(1))
NG oo 1 { 12]N_ \/ D(1)30(2) A

Just as in the case k < 1, we easily check that the hypotheses of Theorem 8.1 of [[[J] are fulfilled.
Thus the change of time L;' ~ n[(]¢ is legitimate and concludes the proof of the theorem.

Acknowledgements: I am most grateful to my Ph.D. supervisor Yueyun Hu for all his help and
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