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Homogenization of first order equations
with (u/e¢)-periodic Hamiltonians.
Part II: application to dislocations dynamics.

Cyril Imbert? Régis Monneau! and Elisabeth Rouy*
June 28, 2006

ABSTRACT. This paper is concerned with a result of homogenization of a non-local first order Hamilton-Jacobi
equations describing the dislocations dynamics. Our model for the interaction between dislocations involve both
an integro-differential operator and a (local) Hamiltonian depending periodicly on u/e. The first two authors
studied in a previous work homogenization problems involving such local Hamiltonians. T'wo main ideas of this
previous work are used: on the one hand, we prove an ergodicity property of this equation by constructing
approximate correctors which are necessarily non periodic in space in general; on the other hand, the proof of
the convergence of the solution uses here a twisted perturbed test function for a higher dimensional problem.
The limit equation is a nonlinear diffusion equation involving a first order Lévy operator; the nonlinearity keeps
memory of the short range interaction, while the Lévy operator keeps memory of long ones. The homogenized
equation is a kind of effective plastic law for densities of dislocations moving in a single slip plane.

Keywords: periodic homogenization, Hamilton-Jacobi equations, integro-differential operators, disloca-
tions dynamics, non-periodic approximate correctors.
Mathematics Subject Classification: 35B10, 35B27, 35F20, 45K05, 47G20, 49125

1 Introduction

Setting of the problem. In this paper, we study a non-local Hamilton-Jacobi equation describing the
dislocations dynamics. We would like to say what happens when € — 0 to the solution of:

Opuf = (c(%) + M¢® [@D [Vus| + h (“?E,Vus) in Rt xRV,
u®(0, ) = ug(x) on RN

(1)
where M€ is a 0 order non-local operator M¢ defined by
Me U] (z) = -U(x) —|—/ dz J(2)U(x +€z)
RN

where J € C°°(RY) is an even nonnegative function that satisfies [,y dz J(z) =1 and:

1 z

there exists Ry > 0 and a function g > 0 s.t. for |z| > Ry : J(2) = Ei g <m> . (2)

Throughout the paper, we assume:
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e ¢(x) is Lipschitz continuous and 1-periodic;
e h(u,p) is bounded Lipschitz continuous w.r.t. (u,p), is 1-periodic w.r.t. w and h(u,p)/|p| is bounded;
o uy € W2(RN),

This non-local equation (1) is related to the local equation:

o =F (“?5, %,Vus) in [0, +00) x RY,
u®(0, ) = up(x) on RN

that the first two authors studied in [27] under the assumption that F' is coercive in p = Vu®. As pointed
out in [7], this assumption appears in all the papers dealing with homogenization of first-order Hamilton-
Jacobi equations. First of all, Lions, Papanicolaou and Varadhan [33] completely solve the problem for F
that are independent of v and coercive in p. After this seminal paper, this assumption appears in [28] for
more general periodic situations, in [1, 24] for initial-boundary value problems, in [3] for equations with
different structure, in [2] for deterministic control problems in L, in [29] for almost periodic Hamiltonians
and for instance in [39] in a stochastic framework. The literature about homogenization of Hamilton-Jacobi
equations is highly developed and it is difficult to give an exhaustive list of references. The interested reader
is refered to [16, 17, 18, 36, 9, 10, 8, 4, 5, 11, 34] and references therein for further information.

Inspired in particular by some ideas from [27], Barles [7] managed to get nice homogenization results
for noncoercive Hamiltonians and gave, among other things, simpler proofs of the main results of [27] in a
restricted case where it is possible to imbed the problem in dimension N + 1 for a geometric equation.

In the present paper, the coercivity is somehow replaced with the nonlocal term: M?® [“?E] |Vug|. The
techniques developed in [27] are adapted to prove the convergence of the solution u® of (1) towards the
solution of a homogenized equation presented below (Equation (4)). The aim is to prove a homogenization
result i.e. to prove that the limit u® of u® as ¢ — 0 exists and is the (unique) solution of a homogenized
equation of the form:

{ Sl =H (..., V%) in Rt xRN,
u®(0, z) = ug(x) on RN

with ug € W2>(RY). Our aim is two-folded: to determine the so-called effective Hamiltonian H and to
prove the convergence of u® towards u’.

Main results. As usual in periodic homogenization, the limit (or effective) equation is determined by a
cell problem, and more precisely by the long time behaviour of the solution of an evolution equation related
to this cell problem. And as usual, this problem is determined by a formal computation, by an ansatz.
In [27], we described the successive tries of ansatz we did to find the proper cell equation for our local
homogenization problem and analogous calculi can be done here. It turns out that the proper evolution
equation is, for any p € RY and L € R:

Orw=H(L,y,p-y+w,p+ Vw,[w]) in Rt xRN
where H(L,y,p-y+w,p+ Vw, [w]) = (c(y) + L+ M[w(r,-)])|p + Vw| + h(p-y+w,p+ Vw) (3)
w(0,y) =0 on RN

where M[-] is the non-local operator M¢[-] introduced above with e = 1.

Theorem 1 (Ergodicity). For any L € R and p € RY, there exists a unique A € R such that the continu-

w(Ty)

ous viscosity solution of (3) satisfies: converges towards A as T — +o0, locally uniformly in y. The

real number \ is denoted by FO(L,p).

A superscript 0 appears in the effective Hamiltonian. The reason is that we will have to study the

ergodicity of a family of Hamiltonians in order to prove the convergence (FO(L, p) = H(L,p,0) with the
notations of Section 4 — see below).



convergence

We now can give the precise form of the effective equation:

8tu0 = FO Zl [uo(t, )]7 VUO in Rt RN,
{ u’(0,2) = 150(33) ) on }RNX (4)

where Z; is a Lévy operator of order 1 defined for any function U € CZ(RY) by:

TUI@) = e, (U +2) = Ul@) = VaU (@) - 2) by () @2
o UG+ 2) = U@) herg () de

for any r > 0. Because J is even and satisfies (2), M can be seen like a regularized version of Z;: the
singularity of the unbounded measure u(dz) = ‘Z‘++1 g |z|++1) dz is removed. We will see in the proofs

that this Lévy operator Z; only keeps the memory of the long range behaviour of the operator M¢. On the
contrary the effective Hamiltonian H will keep the memory of the short range behaviour of M¢. Qualitative
properties of the effective Hamiltonian will be given in [26] and numerical simulation will be presented in
[20].

The second main result of this paper is the following convergence result.

Theorem 2 (Convergence). The bounded continuous viscosity solution u® of (1) converges locally uni-
formly in (t,x) towards the bounded viscosity solution u® of (4).

In order to prove the convergence of u° towards u", we try to construct a so-called corrector, that is a
bounded solution of the cell problem which, in our case, has the following form:

A+ 9.0 = (c(y) + L+ M(r,))|p+ Vol + h(A +p-y+v,p+ Vo) in RF xRV,

Let us recall that, formally, v(7,y) = w(r,y) — A7 where w satisfies (3). In the proof of convergence, it
turns out that we need to consider regular correctors but we are not able to construct them. However, we
can construct regular sub- and supercorrectors (i.e. Lipschitz continuous sub and supersolution of the cell
problem) and it is enough to conclude. Moreover, Theorem 1 is a by-product of this construction. Let us
also point out that, at the contrary of the classical case, i.e. Hamiltonians of the form H(y,p), the (sub
and super) correctors here are not periodic w.r.t. y in general. Moreover (true) correctors are necessarily
time-dependent. Let us also mention that we construct sub- and supercorrectors as approximate correctors
of approximate cell problems.

A specific technical difficulty of our problem is to deal with the case A = p = 0. In order to overcome
it, we consider cell problems in a higher dimensional space. Another technical point leads us to solve a
family of cell problems, indexed by a real number .

Possible extensions. In order to avoid unnecessary technicality, we chosed to focus on a particular

equation related to dislocation dynamics. With some trivial changes, it is for instance possible to treat
the case of Frank-Read source considering the homogenization of the following equation

Bt = <c (g) +ME {#D Vs — f (f) |+ (“? w)

where curl f # 0 represents a source term (physically in dimension N = 2).
Using again the coercivity of the operator M€, it should be possible to deal with the homogenization of

£ t. - £
Opu® = <c (g) + M* {#]) [Vu®|+ h <%,Vu€> + eFyom (Vu®, D*uf)

where Fiyons 1S a mean curvature term.



Organization of the article. The paper is organized as follows. In Section 2, we give more details about
the mathematical models yielding to the study of (1). In Section 3, we prove various comparison principles
and existence results. Section 4 is dedicated to the proof of the convergence (Theorem 2) by assuming the
existence of Lipschitz continuous sub- and supercorrectors (Proposition 5). Section 5 is the core of the
paper; we construct approximate cell problems in the spirit of [27] and we construct the Lipschitz continuous
supercorrectors as exact correctors of the approximate cell problems (Proposition 6). In Section 6, we prove
the ergodicity of the problem (Theorem 1) and give some properties of the homogenized Hamiltonian such
as its continuity (Proposition 4). Eventually, Section 7 is devoted to mechanical interpretation of the
homogenization results obtained in this paper.

Notation. The ball of radius 7 centered at x is classically denoted B,.(x). When z is the origin, B,.(0) is
simply denoted B,. The cylinder (¢t — 7,¢ + 7) x B,(x) is denoted Q;,(¢,z). The indicator function of a
subset A C B is denoted 14: it equals 1 on A and 0 on B \ A.

|z] and [2] denote respectively the floor and ceil integer parts of a real number z.

It is convenient to introduce the unbounded measure on RY defined on RY \ {0} by:

1 z
wdz) = v (ﬂ) e

and such that u({0}) = 0. For the reader’s convenience, we recall here the three integro-differential
operators appearing in this work:

ME U] () = / (U + £2) — U(@))J(2) dz

RN

L)) = [ (Ule+2) - UG = V00) ) o () 05

E

+/Z>T(U(x+z) —U(z)) IZI%Q (é) "

To finish with, G, G* > 0 are positive numbers such that |h(u,p)| < G, |h(u,p)| < G*|p|.

2 Physical motivation for dislocations dynamics

Dislocations are line defects in crystals. Their typical length is of the order of 10~ %m and their thickness
of the order of 107”m. When the material is submitted to shear stress, these lines can move in the
crystallographic planes and their complicated dynamics is one of the main explanation of the plastic
behaviour of metals.

In the last decade the physics of dislocations have enjoyed a new boom, essentially based on new
possibilities of simulations on ever more powerful computers. In the same time new tentatives have been
done to build physical theories describing the collective behaviour of disocations. In particular models for
the dynamics of dislocations densities have been proposed (see for instance Groma, Balogh [21], Groma,
Czikor, Zaiser [22], Sethna et al. [38], Kratochvil [30], Kroner [15], etc.).

In the present paper we are interested in describing the effective dynamics for a collection of dislocations
lines with the same Burgers’s vector and all contained in a single slip plane {z5 =0} of coordinates
2 = (21, 22), and moving in a periodic medium (see Fig. 1). At the end of this derivation, we will see that
the dynamics of dislocations is described by equation (1) in dimension N = 2.

Several obstacles to the motion of dislocations lines can exist in real life: precipitates, inclusions, other
pinned dislocations or other moving dislocations, etc. We will describe all these obstacles by a given and
periodic field

c1(x) (5)



Figure 1: Dislocations in a slip plane

that we assume for simplicity not to depend on time. Another natural force exists: this is the Peach-Koehler
force acting on a dislocation j. This force is the sum of the interactions with the other dislocations k for
k # j, and of the self-force created by the dislocation j itself (see Fig. 2 for a schematic representation of
the interactions; to be closer to reality we should draw a spring between each pair of dislocations).

Motion

Potentia

Dislocations

Figure 2: Schematic representation of a 1D model for dislocations related with springs

The level set approach for describing dislocation dynamics consists in considering a function v such
that the dislocation k € Z is basically described by the level set {v = k}. Let us first assume that v is
smooth.

In a monotone formulation (see Alvarez et al. [6], Da Lio et al. [14]), the Peach-Koehler force at the
point x created by a dislocation j is well-described by the expression

(J — 50) * ]-{1)>j}

where J > 0 is a physical kernel satisfying ng J =1 and the symmetry J(—z) = J(z), and 1y, is the
caracteristic function of the set {v > j} which is equal to 1 or 0. The kernel J can be computed from
physical quantities (like the elastic coefficients of the crystal, the Burgers vector of the dislocation line,
the slip plane of the dislocation, the Peierls-Nabarro parameter, etc.). Here dp is a Dirac mass where we



set formally

1 it wv(z)>j
1 . )
(60 * 1gpsjy) (2) == 5 if v(z) =7
0 it w(z)<j

We remark in particular that the Peach-Koehler force is discontinuous on the dislocation line in this
modeling.

Let us now assume that for integers Ny, No > 0, we have —N; —1/2 < v < N2 + 1/2. Then the Peach-
Koehler force at the point = on the dislocation j (i.e. v(z) = j) created by dislocations for k = — Ny, ..., Ny
is given by the sum

((J e S 1{v>k}> @ = (7 (-2l - 3)) @

k=—N,

where [ ] is the ceil integer part. In the general case, this Peach-Koehler force can be rewritten on the
dislocations lines as
—v+ J* E(v) (6)

where F is a kind of integer part (up to an additive constant 1/2) defined by
Ew)=k+1/2 if ve(kk+1] with keZ.

Defining the normal velocity to dislocations lines as the sum of the periodic field (5) and the Peach-Koehler
force (6), we see that the dislocations line {v = j} for integer j, is formally a solution of the following level
set equation:

ve=(c1 —v+ JxE(v))|Vvl. (7)

In this paper we do not study the homogenization of equation (7) whose mathematical framework is not
convenient because the “integer part” E is discontinuous (let us mention that a “Slepcev” formulation
of this equation could be introduced to stabilize the integer part, and such an analysis will be done in a
future work).

First, we replace the discontinuous “integer part” E in (7), by an approximation which is a smooth
function Es which satisfies

Es(-+1)=Es(-)+1, 0<d6<E;<1/§
and
Es(j)=j and Es(j+1/2)=j+1/2 for j€Z (8)

and we see that u = Fs(v) satisfies
ur = (c1 —u+ Jxu) + h(u, Vu)|Vul 9)

with
h(u, Vu) = (u— E5 ' (u)) [Vul. (10)

Equation (9)-(10) is still not well-posed in the framework of viscosity solutions because, like for Burgers’
equation, it can create discontinuous solutions in finite time. We want to avoid this kind of mathematical
difficulty which is artificial in the present modeling. We keep in mind that in order to describe well the
dynamics, our model has to satisfy the following two properties:

e the function u has to be close to a half integer k + 1/2 on a region between two dislocations lines
{u =k} and {u = k + 1}, and to have a small transition layer around any dislocation line;

e the function h has to be close to expression (10) outside the transition layer, i.e. for small gradients
of u, and the contribution of i to the right hand side of (9) has to be neglectible inside the transition
layer, i.e. for large gradient of u.

eq:E



This is the reason why the second thing we do in order to satisfy these assumptions and to get a good
mathematical model, is to change the expression of the function & to get a bounded function with bounded
derivatives. The boundedness of the derivative of h with respect to u insures mathematically that the
maximum principle is applicable (see Theorem 3). We set, for instance, for u > 0 large enough:

h(u,p) = p (1 — e_lpl/”’) (u— Egl(u)) . (11)

Conclusion. Finally the model that we study in this paper is Equation (9), with the function h given
by (11) or even for more general h which are smooth enough, bounded with bounded derivatives and 1-
periodic in u. To simplify the presentation, we will also assume that h(u, p)/|p| is bounded, an assumption
which is essentially technical.

Remark 1. We can remark that u — Ej '(u) is a bistable nonlinearity on the interval (—1/2,1/2) like in
[23].

3 Results about viscosity solutions for non-local equations

In this paper, we have to deal with Hamilton-Jacobi equations involving integral operators. The classical
notion of viscosity solution can be adapted. It is clear how to do it for (1) and as far as (4) is concerned,
the reader is referred to [37] for instance. In this Section, we state (and prove if necessary) comparison
principles and existence results for such equations that will be used later in the proofs.

Let us first recall the definition of relaxed lower semi-continuous (Isc for short) and upper semi-
continuous (usc for short) limits of a family of functions u® which is locally bounded uniformly w.r.t.
e:

limsup*u®(t,2) = limsup «°(s,y) and liminf.u®(¢,2) = lminf u®(s,y).
e—0,s—t,y—x e—0,s—t,y—w
If the family contains only one element, we recognize the usc envelope and the lsc envelope of a locally
bounded function w:

u*(t,z) = limsup u(s,y) and w.(t,z)= liminf u(s,y).

s—t,y—x s—t,y—x

Let us recall that we define viscosity solutions of (1) similarly as in [27], where for instance a usc
function u® is said to be a viscosity subsolution if the corresponding viscosity inequality is satisfied by the
u(t,)

test function, keeping the function u° in the evaluation of the “regular” nonlocal term M*¢ [T]

3.1 Viscosity solutions for (4)

We first recall the definition of a viscosity solutions for (4). The difficulty is that the measure p is singular
at the origin and the function must be at least C'! with respect to z in order that Z;[u(t,-)](x) makes
sense. We refer the reader to [37] for instance. Let us introduce first the following definition of viscosity
solution associated to a cut-off radius r:

Definition 1 (r-viscosity solution). Let us fix v > 0. A usc (resp. lsc) function u: RT x RV — R is a
r-viscosity subsolution (resp. supersolution) of (4) if for any (t,x), t > 0, any 7 € (0,t), and any test
function ¢ € C?(RT x RY) such that u — ¢ attains a mazimum (resp. minimum) at the point (t,z) on
Q- r(t, ), then we have

Ot ) — H (Ly, Vad(t, 7)) <O (resp. >0)
where L, = fBT(¢(t, T+ z)— ¢(t,x) — Vo(t,x) - 2)du(z) + f]RN\Br (u(t,z + 2) —u(t,z))du(z).

A continuous function is a r-viscosity solution of (4) if it is a r-viscosity sub- and a supersolution of
the equation.



It is classical that the maximum can be supposed to be global (i.e. attained on R* x R and not
only on the cylinder) and this will be used several times. We also have the following property (see [37] for
instance):

Proposition 1 (Equivalence of the definitions). Let r > 0 and ' > 0. A continuous (resp. usc, lsc)
function u is a r-viscosity solution (resp. subsolution, supersolution) of (4) if and only if it is a v’ -viscosity
solution (resp. subsolution, supersolution) of (4).

Because of this proposition, if we do not need to emphasize the positive r we use, we simply call them
viscosity solutions (resp. subsolutions, supersolutions). In order to prove a comparison result for (4), we
need to be able to consider semiconcave test functions for semiconvex subsolutions.

Proposition 2. Consider a bounded semiconvex subsolution u of (4) and a continuous function ¢, semi-
concave w.r.t. (t,x). Then at a local strict maximum point (t,z) of u— ¢, we can ensure that Iy [u(t,-)](x)
is finite when Vu(t,z) # 0, and then

0(t,x) < H (Ti[ult,))(x), Vu(t,z)).

Remark 2. Recall that a semiconvex function (in our case, the function u) is differentiable at a maximum
point.

Proof. First, we notice that u and ¢ are differentiable at (¢,z) because of their regularity. If Vu(t,z) =
V(t,z) = 0, there is nothing to prove. Hence, we now assume that Vu(t,z) # 0.
Let us consider a cylinder Q- (t,z) where u — ¢ attains a strict maximum and let us approximate

M = sup(s yeo. .o {uls,y) — ¢(s,y)} = u(t,z) — ¢(t,2) by M° = sup(, yco. o luls,y) —¢°(s,9)} =
u(ts, zs) — ¢°(t5, x5) where ¢° is the sup-convolution of ¢ and 55| - [%:

1 1
5 _ o o 2 o 2
°(t,x) = yeﬂg}vlgeR{¢(87y) —25va Y| —25(75 5)°}.

We know that ¢° is C1! w.r.t. (¢,2) (see for instance [32]) and (ts,z5) — (t,x) as 6 — 0. Moreover, we
can control independently of & the constant of semiconcavity of ¢° (this is used later in the proof). Now,
#° is a proper test function for u and we therefore have:

0,0 (ts,5) < T (K2 + L0°, Vg (t5,25)) (12)

where

K = / {¢°(ts, 5 + 2) — @°(ts, x5) — VY (ts, x5) - 2}pu(d),
By

Lrs = / {u(ts, zs + 2) — ults, zs) }pu(dz) + / {u(ts, zs + z) — u(ts, z5) }pu(dz)
Br\B, RN\ B,

r

= / {ults, zs + 2) — ults,xs) — p° - 2}p(dz) + / {ults, x5 + 2) — u(ts, zs) pu(dz)
B, \B, RN\

where p; = Vu(ts, z5) = V¢° (t5,25). If (s5,ys) is a point such that: ¢°(ts,zs) = ¢(ss,ys) — 55|25 — ys|* —
35 (85 — t5)%, we know that:
(0:0°, V") (ts,25) = (00, Vo) (s5,ys) and  |(ss,ys) — (ts,25)| = o(V3).

In particular, because ¢ is semiconcave and differentiable at (t,z), V¢’ (ts,z5) — Vo(t,z) = Vu(t,z).
Using the semiconvexity of u, the definition of M? and the semiconcavity of ¢?, we conclude that there
exists C' > 0 (independent of § and p) such that:

—C’|z|2 < u(ts,zs + 2z) — ults, xs) —pdz< ¢6(t5,x5 +2)— (b‘s(t(;,xa) —p’z< C|z|2.

The dominated convergence theorem asserts that K#° + L£° has a limit as p — 0 and § — 0 successively,
and this limit equals L%° = T [u(t,-)](z). Hence (12) yields the desired result. O
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3.2 Comparison principles

In this section, we state and prove comparison principles we will need later. The first theorem is a
comparison principle for (1). Let us mention that, as usual in the viscosity solution theory, the fact that
the derivative with respect to u of the function h(u,p) is bounded uniformly in the gradient p is important.

Theorem 3. Consider a bounded usc subsolution uy and a bounded lsc supersolution ug of (1). If
u1(0,2) < ug(w) < ua(0,z) with ug € WH°, then ug < uz on (0,+00) x RV,

Remark 3. We will use later a comparison principle for a higher dimensional problem, precisely for (20),
in the class of functions f(t,x,zy11) such that for any (t,2,zny41) € (0,7) x RN x R:

[f(t, 2, 2n40)| < C(T)(A + e 4a])-

Such a comparison principle can also be proved.

Remark 4. We will use later comparison principles for two other equations very similar to (1) (see (50)
and (65)). The reader can check that these results can be easily adapted from classical techniques.

Remark 5. Let us finally point out that when passing from (50) to (51), the nonlocal operator is modified
and the solution U is a function that is the sum of a linear function and of a bounded one (and the
linear part is a priori known). In such a context and with such a modification of the nonlocal operator, a
comparison principle also holds true.

The third comparison principle is stated on a bounded domain ). Because we deal with a nonlocal
equation, we need to be able to compare the sub- and the supersolution everywhere outside Q.

Theorem 4 (Comparison principle on bounded domains for (1)). Consider a bounded usc function u :
Q — R and a bounded lsc function v : QQ — R that are respectively a sub- and supersolution of (1) on a
bounded open domain Q@ C Rt x RN. If u < v outside Q, then u < v on Q.

The main result of this section is a comparison result for (4). We will use Proposition 2 to prove it.

Theorem 5. Consider a bounded usc subsolution u and a bounded lsc supersolution v of (4). If u(0,2) <
ug(r) < v(0,x) with ug € WH>°, then u < v on (0,+00) x RV,

Remark 6. Remark 3 is also valid when passing from (4) to (32).

Proof. Consider M = sup,c(q 7| zernv{u(t,2) — v(t,x)}, suppose that M > 0 and let us exhibit a contra-
diction. First, we approximate the previous supremum by M® = sup,c(o 7 zerny {u (¢, 2) — ve(t,2)} where
u® (resp. ve) is the sup-convolution (resp. inf-convolution) of u (resp. v) in the space variable . It is
well-known that u® (resp. v.) is a semi-convex subsolution (resp. semi-concave supersolution) of (4); in
particular, this means that u®(t,-) + 5| - [* is convex (resp. v.(t,) — 5=| - |* is concave) and we have, at a
point (¢, z) of differentiability of u. and v,

1
u(t,x + z) —u(t,x) — Vu (t,z) - z > —2—|z|2 for any z € RY, (13)
3
1
ve(tyx + 2) —ve(t,x) — Vo (t,x) - 2 < 2—|z|2 for any z € RY. (14)
€
Now consider Mg, , , = sup; se(o,r[zerv {U°(t, 7) —v: (s, 7) —ap(x) — % — 7} where ¢ is a C? function

with bounded first and second derivatives, such that there exists C' such that |p(z)] < C(1 4 +/|z|) and
o(x) — +00 as |z| — oo. The supremum is attained at (¢,5,7). Choosing the parameters small enough,

we can ensure that Mg, > M/2 > 0. Classical results about penalization (see [13] for instance) show

T =2
that @HO&SV—N}
Suppose that there are sequences v, — 0, o, — 0, 7, — 0, £, — 0 such that £ =0 or 3 = 0. Then by
letting first n tend to 400, we obtain:

0< M < M < sup {u"(0,2) — v, (0,2)} < sup {(uo)*™(z) — (uo)e,, (x)} — 0 as m — +0o0

zcRN RN

estimsemiconve:
estimsemiconca



which is a contradiction. Therefore, we can assume that #,5 > 0, and with B = B1(0) we have

t—3 n £(F = 1,+, (7 =
< y +m,Vu (t,x))ED Tu (t,7),

T+ 2) — v (t,T) — Vue(£,T) - 21p5(2) (15) [bla

Apply Proposition 2 and get the following viscosity inequalities:

E_g n 70 £(F == e(F == £(F == 7
» +m < H </[u (. T+ z2) —u(£,T) — Vu (1, T) - 21(2)]u(dz), pe—f—aV(p(x))

< B [lnEas ) - v m) - g A — D@, e+ aTem).

At & </[ve(§,f+z)—vs(§,f)—Vvs(g’f)'d(z)]“(dz)’ p€>'

Substracting these two inequalities yield

% <H (IE - aIl[Qp](x)ape + OCVSD(:E)) -H (Ievpe) (16)

with I == [[0:(3,T + 2) — v=(5,%) — Vu:(5,T) - 21(2)]p(dz) = I} 4+ I2? and

Ie - /Z<1[Us(§,§ + Z) - UE(gv j) - VUE(E’ j) ' Z]/.L(dZ)

Let us estimate these two integrals by using (13), (14) and (15):
1 1 dz — _ — 1
—C (g +a> < _2_5/31 FLE —04/31[90(37+Z)d—<p(x—v<p(x) zlp(dz) < I

1 dz C
<= - <=
825/31 [z|N-1 ~ ¢

9lJo]|oc / 1(dz) < I < 2fofloe / u(dz).
RN\ By RN\ By

We now use the classical estimate about inf-convolutions: |p.| < 2\”/?‘”. We therefore see that the right
hand side of (16) tends to zero as a — 0 for fixed e. We then get the desired contradiction: 7 <0. O

3.3 Existence results
Theorem 6. Consider ug € W2°(RN) and c € WH*(RY). For e > 0, there exists a (unique) bounded

continous wviscosity solution u® of (1) satisfying u®(0,x) = ug(x). Moreover, u® is locally bounded in (¢, x),
uniformly in € and: limsup*u® (0, z) = lim inf,u®(0, x) = ug(x).

Proof. From the classical theory of viscosity solutions, we know that it suffices to construct barriers in
order to apply Perron’s method. To do so, we prove that there exists a constant C' > 0 (independent of )
such that u™ (¢, 2) = ug(x) + Ct (resp. u_(t,x) = ug(x) — Ct) is a supersolution (resp. subsolution) of (1).

10



solvehomogeq

By the comparison principle for (1), this implies that for any € > 0, u_ < u® < u™. It is therefore possible
to construct by Perron’s method a bounded viscosity solution of (1). It suffices to adapt [25, Theorem 3].
It also implies that limsup*u®(0,z) = liminf,u® (0, x) = ug ().

Let us now determine C. First, we prove that for any C' > 0,

uo(-) + Ct

22
3

where Ci depends only on Ry, N, |[uol|2,0c (in particular it does not depend on C' or ¢). To see this, we
write,

up(x +ez)  wug

- BROJ(Z)< — - "”))dz (17)

(
€
up(z +ez)  uo(z) :
+/Bl/5\BRO J(z) < . . )d (18)
(
€

+Amakﬂ@<%@;&)—%x»dz (19)

and we estimate each term. The first one, (17), is treated as follows:

/BRO &) (uo(xg—ez) - uog(a:))dz

Next we estimate (18):

/Rog|z|§1/s ) <UO(x5+ = U'Oéx)) o

/ ol + ) — wo(x) — Veuo() - 4] u(dy)
eRo<|y|<1

e [uo(.); Ct}

< Vol [ I(E)]2ldz < Rol[ Voo
R,

0

/ (ol + ) — uo(2)) pldy)
eRo<|y|<1

< 2 |y|2
< || D*uo || TM(dZ/)-
B1

Eventually, we estimate (19):

|/|z|>1/6 J(2) <u0(x€—|— £z) uﬁx)) &

— |/| |>1(u0(x +y) —uo(z)) u(dy)
gzmamémauww

2
Then define C1 = Ro|[Vuolloo + [[D?uolloo [5, %u(dy) + 2||u0”°°f]RN\Bl p(dy). Plugging ug + Ct into
(1), we see that it is a supersolution if C' > (||c||ec + C1)||Vuglleo + G. It also ensures that ug — Ct is a

subsolution of (1). O
Proposition 3. The homogenized equation (4) has a unique bounded continuous viscosity solution u®.

Proof. Adapting the argument of [25] (already adapted from the classical argument), we can construct a
solution by Perron’s method if we construct “good” barriers. But since ug is W2, the two functions
ug (t,z) = ug(x) £ Ct are respectively a super and a subsolution for

-0
C = sup{H (L,p) : |L| < Dy|luoll2,00, Ip| < [[Vuolloo}

with Dy only depending on the dimension. Moreover we have (u™).(0,2) = (u™)*(0,z) = ug(x). O

11
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4 The proof of convergence

This section is devoted to the proof of Theorem 2. As announced in Introduction, the proof is essentially
the same as the one for local equations [27]: imbed the problem in a higher dimensional one, argue by
contradiction, consider a twisted perturbed test function and combine the relaxed semi-limit technique with
the existence of Lipschitz continuous approximate correctors to exhibit a contradiction. The additional
difficulty in compare with [27] lies in the way to handle the non-local term.

As announced above, let us consider a higher dimensional problem:

{ O,U° = [c(%) LM [Uﬁ(t,.;rzxu-l):” VoUS| + 5 (L, V,U5)  in RY x RN+ 20)
U=(0,X) = uo(z) +zn41 on RN
where X = (7,2n541). Let us exhibit the link between the problems in RY and in RV+1,
Lemma 1. If u® and U denote respectively the solutions of (1) and (20), then we have
’Ue(t,x,xNH) —us(t,x) — e {%“ <eg, (21)
U (t,a:,a:N+1—|—€th> =U€(t,x,xN+1)+5{gJ . (22)

This lemma is a straightforward consequence of a comparison principle for (20) and of invariance by
e-integer translations w.r.t. xn41.

We previously explained that the existence of regular sub- and supercorrectors of a family of cell
problems is necessary. Precisely, we consider for P = (p,1) € RVN*1:

A+0.V=H(Ly M+P-Y+V,P+VV,[V])+ 8 in (0,400) x RNt
where  H(...) = (c(y) + L+ M[V (7, yn+1))lp + VyV[+ h(Ar + P-Y + V.p+ V,V) (23)
V(0,Y)=0 on RN+!

where Y = (y, yn+1)-

We also need to make more precise how the real number A given by Theorem 1 for the Hamiltonian
H + 3 depends on its variables. The two following properties are by-products of the construction of
approximate correctors we will do in the next section.

Proposition 4 (Properties of the effective Hamiltonian). Let p € RN and L € R. For any B € R, let
H(L,p, ) be the constant defined by Theorem 1 for the Hamiltonian H + 3. Then H is continuous w.r.t.
(L,p, ) and nondecreasing w.r.t. L and B and

H(L,p,) — oo as L — +oo if p#0, (24)

H(L,p, ) — too as f — +oo. (25)

In particular, if \(3) denotes H(L,p,[3), then

{ A(B) is nondecreasing and continuous w.r.t. 3, (26)
Yo € R, 36y € R, such that \(Gy) = No.
For =0, we have FO(L,p) = H(L,p,0), and

H(L,0) =0 for any L. (27)
Moreover if f[O,l)N c=0and h =0, then

FO(O,p) =0 for any p. (28)
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Proposition 5 (Existence of approximate correctors). For any fized p € RY, 3 € R and K > 0 large
enough, there exist real numbers Az (B), A (83), a constant C > 0 (independent on K, 3 and p) and bounded
super and subcorrectors VI}", Vic (depending on [3) i.e. a super and a subsolution of (23) respectively with
A = \E(B), such that
o . + _ . —

AB) = lim AE(5) = lim Ag(5) (29)

with A\ (8) and M\ (B) satisfying (26) and for any (1,Y) € Rt x RN*1L;
Ve (r,Y)| <C. (30)

For any Ao € R, there exists 53[, ﬁi such that

N (B%) = MB7F) = o,
|VyVi| < Dk, (31)
ﬂi — ﬁoi as K — 4+

for the supercorrector V;(' and the subcorrector Vi respectively associated to 5} and By, and for some
constant D = D(K,p) > 0.

Proof of Theorem 2. Classically, we prove that U™ = limsup*U¢ is a subsolution of

oW =M (T [W(t, -, ans1)], VaW) in (0, +00) x RN+L, (32)
W(0,X) =wug(x) + N1 on RN
We will need the following lemma.
Lemma 2. If u® and U° denote respectively the solutions of (4) and (32), then we have:
U(t,z,xny1) = u'(t,z) + o1, (33)
U(t,z,an41 +a) = Ut z,xn41) + a. (34)

Like Lemma 1, it is a consequence of invariance by integer translations and of a comparison principle
for the higher dimensional problem (see Remark 6).

Using barriers analogous to the ones of Theorem 6, we know that the family of functions {U®}.5¢ is
locally bounded so that U™ is everywhere finite. Analogously, we can prove that U~ = liminf,U® is a
supersolution of (32). Using a second time the barriers, that are uniform with respect to e, we deduce that
UT(0,X) =U"(0,X) = up(x) + zn+1. The comparison principle for (32) thus implies that UT < U~.
Since U~ < U™ always holds true, we conclude that the two functions coincide with U°, the unique
continuous viscosity solution of (32). This last fact is equivalent to the local convergence of U® towards
U°. By Lemmata 1 and 2, this proves in particular the local convergence of u® towards u’.

Arguing by contradiction, we prove that UY is a 2-viscosity subsolution of (32). We consider a test
function ¢ such that U™ — ¢ attains a strict global zero maximum at (to, Xo) with Xo = (zo, x?vﬂ) and
to > 0 and we suppose that there exists 6 > 0 such that:

o¢(to, Xo) = H(Lo, Vud(to, Xo)) + 0
where
LO = / | (¢(t07 To + T, x?\/'-‘,—l) - ¢(t07 Zo, x?\/—i—l) - VT¢(th Zo, x?\/-{—l) ' Z‘) /J(dﬂl')
z|<2
(35)
[ Wm0+ ) = U (to, 20,08 0) ).
]2
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First, let us consider § > 0 such that:

0
H(LO) VT¢(tO) XO)) + 0 = H(LO + 57 VT¢(t07 xo)) + 5

Secondly, let us consider 37 > 0 and (3 such that A\(8]) = A\t (8%) = ié(to, Xo) and choose K large
enough so that B > B4 /2 > 0. Then let V;I be the supersolution of (23) given by Proposition 5 for
B = B3} and for L = Lo + 6. In the following, A = A% (8%), ip = Vaé(te, Xo) and V = V.

For ¢ <r < 3, we consider the function F(t,X) = ¢(t,X) —p-x — A and we define a “zy41-twisted
perturbed test function” ¢ by:

¢ (t, X) = { o(t, X)+eV (ﬁ, Z F(tE,X)) + ke on (tg/2,2ty) X By (Xo), (36)

Us(t, X) outside

where k. € Z will be chosen later. We are going to prove that ¢° is a supersolution of (20) on V, =
Qr.r(to, Xo) for some r = rg < 1/2 properly chosen, satisfying in particular V, C (t0/2, 2to) x B1(Xo).

Let us first focus on the boundary conditions. For e small enough (i.e. 0 < ¢ < go(r) < r), since
U™ — ¢ attains a strict maximum at (¢g, Xo), we can ensure that:

Ua(t,X) S ¢(t,X) +€V (é, g, @) — 1Ny O (t()/?),?)t()) X BQ(X()) \Vr (37)

for some 7, = 0.(1) > 0. Hence, choosing k. = [ 2], we ensure that U® < ¢° outside V.
Let us next study the equation. From (22), we deduce that U™ (t,z,zn41 +a) = Ut (t,z,zn41) + a.
Hence, we first derive that:
9¢

0rN41

(t(]vXO) = 1

Consider a test function 9 such that ¢¢ — 1) attains a global zero minimum at (£, X) € V,.. Then for any
(t,z) € RT x RNV+L:

X) t z F(t,X)

y
g € 3

<
o
e
=

)~ Lw-oa®<v( ) - tw- o)

We have =25 (¢, Xo) i(750,X0) = 1. Consequently, there exists rg > 0 such that the map

6IN+1 - 8IN+1

IdxF: V, — U, CRxRY xR
(taxaxNJrl) U (taxaF(taxaxNJrl))

is a Cl-diffeomorphism from V,, onto its range U,,. Let G : U,, — R be the map such that

Idx G: Uy, — Vi
(tyxvaJrl) — (tax’G(taxagNJrl))

is the inverse of Id x F. Let us consider the variables 7 = t/e, Y = (y,yn41) with y = z/e and
yn+1 = F(t, X)/e and define

VFEY)-T(F,Y) < V(r,Y)-T(r,Y) foral (e7,eY)€U,,.

14
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em:Mphibound

From Proposition 5, we know that V' is D g-Lipschitz continuous with respect to Y. This implies that:

|Vy].—‘8(F, ?)| < Dg.

Simple computations yield with P = (p,1) € RN+

A+ 8-,—FE (?, 1:) = 8fw( ) + (1 + 8@/N+1F6 (? ))(8t¢(t07 XO) - 8t¢(f77_))7_
P+ vaE(Fa Y) = er )_+ (1 + 8?!N+1 ( ))(VT¢(t0a XO) - vm¢(t7 X))7
N4+ P.Y+V(FY)= s 0X) — k..

Al

m

Using (39) and (38), Equation (23) yields:

00 X) 40,12 [e(2) + 2] 19,0663+ or(w) 40 (£L2)

Tt X) 4 o) + 5
with the nonlocal term
Tnl - L0+5+M[V(FaayN+1)](g)
We then have the following result whose proof is postponed:

Lemma 3. The quantity M*® {W} (T) is bounded independently of € and we have

¢6(%7 '7EN+1)

M [ € } @ SLO_HS_FM[V(F"’?NH)]@) =T

Hence, from (40), we obtain with 85 > B4 /2 > 0
o) +or(1) = [eT) e [FEI )] 19,56 3) + 0r(1)
p(FER, 00030 + o)) + 6

Therefore, there exists rx > 0 such that for any (e,7) such that 0 < & < go(r) < r < rg:

(38)

o is a

supersolution of (20) on V,. By Theorem 4, we conclude that U¢ < ¢° on V,, i.e. we get: Us(t, X) <
o(t,X)+eV(...)+ ek. on V, and we obtain the desired contradiction by passing to the upper limit at

(to, Xo) using the fact that U™ (tg, Xo) = ¢(to, Xo): 0 < —n..

Proof of Lemma 3. We proceed in two steps.
Step 1: bound on M*® uniformly in . We write:

A {ﬁﬁe(ﬂ ',§N+1)} @)

3

- / (=) <¢(E,f +e2,Tn11) +eV(T Y+ 2, F (L,T+e2,Tn4) Je) — 68, X) — eV (T, 7)>
E( -

+/ J(2) (UE@EJFEZ»ENH) - ¢(t,X) — eV (7, Y))
Ex(X)

with
El(Y) = {Z S RN : (f—l— £z §N+1) S Bl(Xo)} C B% (O),
Ey(X)={2€ RN : (T+e2,Tn11) & B1(Xo)} CRN\Bl (0) € R \ Bg,(0).
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because 7 < 1/2 and (£, X) € V,.. Hence,
| M) < / U, T+ 2,Tn11) — o, X) — eV (T, Y)|u(dx)
|z|>1/2

< (10N e onsa— TN+1<1>+||¢|oo+€||V||oo)/|ml>1/2u(dx)-

Moreover using the fact that for p = \/1 — (Tn41— 2%, 1)?, a =T —x0, we have Ey(X) = B,-(a/e) and

we remark that it contains Bj/. with p* = p® — |zg — T[> > 0. Now we write:

Ml = / J(Z) (V(F’E—FZ’F(E’E—FE'%EN-}J) /E)_V(F77)) dz
Er(X)
+/ J(2) <¢(t,f+ €2, TN41) — ¢(t,X)> "
p/e(a/e)\Bs/e €
+/ J(2) <¢(E,E+ £2,Zn41) — 05, X) — Voo, T, Tn11) 'EZ) .
Bjs)e £

= M1 + Mz + Mis.

We have |Mi1] < 2[|V||oos [M13] < ||D?, 0|00 sf‘ 1<p/e |TJ(,z)dz < C||D?,¢||s and

|Mya] < 2/[oc £~ / J(d2) < C.

Bp/s(a/e)\Bﬁ/s

Collecting all the estimates, we get the desired bound on M® {M} (7).

Step 2: More precise estimate from above. Let us now estimate more precisely from above the
quantity:

ME |:¢6(t7 7xN+1 :| — /J < t EZvEN+1)_¢€(Z,X)>dZ.

3 3

Choose € such that Ry < 2/e where Ry is defined in (2), use (37), the definition (36) of ¢°, and the fact
that .J is even to get:

/ 7 J(2) <¢(E,§+az,m+1) — ¢, %, Tn+1) — Vao(T,T) .gz)
[2|<Ro
T

+/ J(2)
Ro<|z|<2/e

T
9
F,@ 42,7 Fi,z,7
+/ J(2) (V (F,y—f—z, (t’x+52’xN+1)) -~V (?,y, 7(15,3@,3:1\;“))) dz
252/ 3 €

)—¢>(t,7)—€V(*vY))dz+/ (..}
\

z|>2/e

IA

IN
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where

R [ o (ST oGRS VeRn o)

I<Ro
T, = / (SET+2,Fne1) — ST, Tnar) — Vool T, Tns1) - 2)ulde)
eRo<|z|<2
Ty = J(2) <V <F,y+ o HBTH gz’xN“)) —v (?, 7 7%’:”’”“))) dz
z|<2/e 3 9

T}

—

o|>2 (UE(E,T + xvaJrl) - ¢(%a Y) - EV(F, ?) - keg) M(d{E)
x>

Estimate of 7].

D200
mi< [ el pp - o)
|2|<Ro 2

Estimate of T5. We claim that:
Ty = / (p(to, xo + , 55(1)\/4-1) — ¢(to, o, 55(1)\/4-1) - V¢(t07$07$?\/+1) -x)p(dr) + op(1).
|z[<2

Remark first that:

Now use the continuity of the map
(t7 .13) = |Z|§2(¢(ta T+ 2z, xN-I-l) - ¢(t7 X) - v¢(ta X) : Z) :u(dz)a
it follows from the continuity of the integrand and of the bound:

(6t + 2 4) = 0(t,X) - Vap(t, X) - o) < L0k e

Estimate of T3. We claim that
T3 = M[V(?, 'ny-q-l)]@) +or(1).

Let us define

T3 ::/ J(z) (V <F,y+z, F(t’x+€z’xN+1)) -V (?,y, M)) dz
RN

€

Then, on the one hand we have

|T5 — 15| §2||V||Oo/ J(z) dz = 0:(1).
lz|<2/e

On the other hand,

IT5 — MIV(T, - Gn ) @) < 4V |loop(RY \ Br,)

D - _
+/ ?KI¢>(t,f+sz,fN+1)—¢(t,f,fw+1)—sp-z)lJ(z) dz
z|<R,
D - _ _

<oq(1)+ / ?Kﬂqﬁ(t,f +e2,Ty41) — O, T, Tn+1) —eVed(t, T, Tni1) - 2)| + Crlez|]J(2) dz

|z|<R,

<o,(1)+ C(e(R.)? +rR,)

17



for R, — +oo as r — 0. Now choose € < r2 and R, such that rR, — 0. We conclude that:
75 — MV (7, Jn+)]@)] < or(1).
Estimate of T;. Remark that for any « € Br, (with R chosen later):

UE(E,E + $,5N+1) - ¢(E7 7) - €V(Fa 7) < U+(t07x0 + xvx[])VJrl) - ¢(t05 XO) + 05(1) + OT’(l)'

Keeping in mind that ¢(tg, Xo) = U™ (tg, Xo), we can chose Ry big enough so that:
T4§/ {}—|—/ {}S/ (U+(t0,a:0—|—x,a:9v+1)—U+(t0,X0)) w(dz) + 6.
|z|<Rs |z[>Rs |z|>2

Combining all these estimates yields (41) with Lo given in (35). O

5 Approximate cell problems

In this section, we approximate the Hamiltonian of (1) in such a way that: first, the modified solutions
are approximate solutions and are sub- or supersolutions of the exact problem; secondly, they are bounded
uniformly with respect to the approximation; thirdly they are Lipschitz continuous with respect to (7,Y)
where the Lipschitz constant depend on the approximation.

Our first technical choice is to consider the non-local normal speed of the dislocation (see Section 2)
and the “correction” term as variables ¢ and h. Next, in order to ensure that modified solutions are good
approximate solutions, H}S(’+ is constructed so that it coincides with the exact Hamiltonian on a ball of
radius K centered at the origin. To ensure the Lipschitz continuity of the solution, the Hamiltonian is
modified in such a way that it is constant outside a starshaped compact set Q‘;’(Jr. To finish with, in order to
be sure that the solution of the approximate problem is a supersolution of the exact one, the approximate
Hamiltonian H}S(’+ is constructed above the exact one on Qi{k.

We modify H(c, h,q) := c|q| + h in order to ensure that it is coercive w.r.t. Q@ = (¢, qn+1)-

Lemma 4 (Approximate Hamiltonian). There exist a 0-starshaped compact set Qi’{" C RN+ containing
the ball Bi (0) and two piecewise linear nondecreasing functions i, Tk (truncature functions) with vk > 0,
such that the approximate Hamiltonian:

Hy (e,h,Q) = Tre(Hje(¢,Q) +h)  where  Hi(c,Q) = (¢ +vx(lal))lal + Slan-+1|

satisfies for any c € [-Ck,Ck] and h € [-G, G,

= clq| + dlan4a| + R if1QI < K,
Hy (e, Q)4 = Hi(e.Q)+h > clg| +h z‘f@eﬂg{, (42)
= My if Q¢ Q%

for some constant M}Z’*’.

Proof. First, we consider two other constants R%, Rk > 0, we define for ¢,r € R:
0 if r < RY,
vr(r) =< r—RY% if R9. <r < RL,
RL — RY ifr > RL

and we introduce for § > 0:

Hi(c,q) = [c+yx(laDllal  and  Hj(c,Q) = Hi(c,q) + dlan 1.

18



We choose R(}( and R}( as follows:

R%Y = K and R}< = R?{ +2CK (43) |conditionscons

so that, on the one hand, Hk (¢, q) is coercive w.r.t. ¢ uniformly with respect to ¢ € [-Ck, Ck] and, on
the other hand, v(|q|) = 0 if |¢| < K. Next, define for » > 0 and « € R:
hi(r) =sup{Hgk(c,q)+h:ce€[-Ck,Ckl,h € [-G,G],|q| <},
ri(a) =inf{r > 0: (|¢| > r) = (Hk(c,q¢) + h > a for any (¢, h) € [-Ck,Ck]| x [-G,G])},
RS (r) = hg(r) + o7

and
HH(e,Q) = Tre(Hi (¢,Q) + h) (44)
where
« if @ < hi(K),
T (o) = § hic(K) + pge (o = hie(K)) - if hie (K) < a < 2hj(K),
(L4 )1 () if o > 205 (K)

with u}; > 1 to be fixed later. Now we can introduce the following compact set of RN *1:
O ={Q e RY*! : |q| < ri(2h8(K) — dlana]), Slaw 1| < 2k (K) — inf Hy + G}
with inf Hx = inf|. <oy qery Hi(c,q) < —Cr K (we used (43)) and we can check that
Bi(0) € {Q € RN¥! :3(c, h) € [-Ck, Ck] x [~G, G), Hic(c, Q) + h < 2h3%(K)} € Q.

Eventually, we define:

MY = sup {hi(lql) + a1}
Qens T

Remark that M2T > 2h8 (K) — inf Hix + G > 2h3.(K) by choosing ¢ = 0 and |y 41| = 2hS (K) —
inf Hg + G.

Let us check that if we choose ,u;r( > 1 so that:
(14 i) e (1) = Mg*

we are sure that (42) holds true.

First, if |Q| < K, then HY(c,Q) + h < h%-(K) and the first property of (42) is proved.

Secondly, if Q € Qi’(ﬂ then H (c,Q)+h < M}S(’+ and: either H}S(’+(c, h,Q) = M}S{’+ and we are done;
or HY(c,Q) + h < 2h%(K) and in this case, we use the fact that Tk (o) > « for a < 2h% (K).

To finish with, consider @) ¢ Q‘;’(Jr. Suppose first that &|qn 41| > 2h% (K) — inf Hx + G. In this case,

He(c,Q) +h > blgni1| +inf Hry — G > 215 (K)

and we are done. In the other case, |q| > rx (2h% (K) — d|gn+1|) and we conclude, by definition of 7 that
for any (¢, h) € [-Ck,Ck] x |-G, G,

Hi(c,q) +h > 2hS(K) — 8|qn1]
and we can conclude in this case too. O
We can now consider the approximate cell problem:

A+0,V =HYT( el)+L+MV(r,-ynvi)ly),

hAT+P-Y +V,p+V,V),P+VV)+3 in RF xRNt (45)

V(0,Y)=0 on RN+

and state the existence of Lipschitz continuous approximate supercorrectors.
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ro:approxcor | Proposition 6 (Lipschitz continuous approximate supercorrectors). Let p € RY and P = (p,1) € RN x
R. Let us consider the truncated Hamiltonian H}S(’+ defined by (44) for K > /1 + |p|? large enough. For
any B € R, there exist real numbers )\ﬁ’;(ﬁ), and solutions Vl(z"|r of (45) with \ = Ai’j(ﬁ) satisfying (26)

and
|>‘i’<+(ﬂ) — B — Llp| — 4] < |lc]|oolp] + G- (46) |eq:estim-lambd

W1 a priori bounds on the correctors. We can construct bounded Lipschitz continuous correctors

with:
Vet y) < 6Cct (47)

with Ot = [M—‘ and co = infye(g 1 /9)n [pn dz min (J(z +d), J(z — d)) >0 and

o

(P+VV;§’+(T,Y)) e O,

Yy < 2kUO-intHHG (48)
’ = 5

oV,
OYN+1

0 < 1+

with inf Hye = inf | <c, qery Hi (¢, q) <O0.

Further properties of the correctors. The correctors satisfy
0,+ d,+
Vi " (Toyyne1 +1) = Vi (7,4, yn41)
{ Vet (ry+kynen) = VT (nyyn)l 1 for every ke ZV. )

Ifp=P/Q with P € Z" and Q € N\ {0}, then following [27], it is possible to build solutions on the whole
space-time satisfying

Vet (ry + Qk,yns+1) = Vi (roy, yns1)  for every ke ZV.

Proof. To construct such approximate correctors, we first consider the solution of the following initial value
problem:

W = HE ( ely)+ L+ MW(r, -, yni1)](v),

h(P-Y+W,p+V,W),P+VW)+8 in RTxRNtH (50)

W(0,Y)=0 on RN+

We perform the proof in two steps. We first construct barriers and get gradient estimates on W for short
times; secondly, we control the oscillations of W with respect to space for long times and finally, we control
the oscillations with respect to time.

Step 1: existence of a solution and gradient estimates. We first construct barriers for (50) of the
form W*(7,Y) = (8 + L|p| + §)7 = C17. Since |P| < K, one can easily check that if C; = ||c[|oo|p| + G,
then W¥ is a supersolution (resp. subsolution) of (50). It follows that there exists a unique solution W
of (50) (by Perron’s method, as we did in Theorem 3 for instance).

Let us now recall that we constructed the approximate Hamiltonian Hffr for speeds ¢ € [-Ck; Ck].
Moreover, we remark that:

[MW (7, yn41)]| <osc W(r,:) with osc W(r,-) = A W(r,Y)— Ygﬂl@ilg+1 W(r,Y)
and osc W (0,-) = 0. This is the reason why we introduce 7*, the first time 7 such that osc W (r,-) +
llelloo + L] = Ck.
We remark that U(7,Y) = W(r,Y) + P - Y satisfies
8‘1’U: H;S(-i—(c(y) +L+M[U(Ta'ayN+1) - D ](y)7h(U7 VyU)7VU)+ﬁ in R+ X RN+1) (51) eq:U
U0,Y)=P-Y on RN+, i
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monoton

Remark that VU(0,Y) = P € Bk(0) C Qi’j that is starshaped with respect to the origin and compact.
Hence, for any ¢ € RVT! there exists M € R such that

€Q>M=¢¢ 0" = Hy (c,Q) = Mp+.
By adapting [27], we can easily prove that:
Lemma 5 (Gradient estimate). The solution U of (51) satisfies:
€-VU(0,) <M =Vt>0, £ VU(t-) <M.

Since 0 < 8y,,,U(0,Y) =1 for any Y € RN*! we can also prove (using the invariance by translation

in yy41 of (51)) by following [27]:
Lemma 6 (Monotonicity preserving). The function U is nondecreasing with respect to yny1.

These lemmata imply that for any 7 > 0 and Y € RV*1:

{ P+ VW(T Y) e 0ot 52)
2h%, (K)—inf Hx+G
0<1+ (1,Y) < = i

3?/ N+1

Step 2: Control of the oscillations w.r.t. space.
STEP 2.1. For a given k € ZVNt1 we set P-k =1+ «a, with [ € Z and « € [0,1). Then we have:

1<U0,Y +k)—U®0,Y)<1+1.

From the comparison principle for (51) in the class of sublinear functions, and the various invariances by
integer translations of the equation, we deduce that W is 1-periodic with respect to yx1 and for all 7 > 0:

I<UFY +k) —UrY)<l+1

and then
[W(r,Y +k)—W(r,Y)| < 1. (53)

STEP 2.2. Let us define

M(r) = y s]ngr W(r,Y), m(r)= ygiﬂrglzgﬂ W(r,Y),
e N+1

q(1) == M(1) — m(7) = osc W(r,-).

These three functions are locally Lipschitz continuous. Let us assume that the extrema defining these
functions are attained: M(7) = W(r,Y7"), m(r) = W(r,Z7). If this is not the case, consider an e-
supremum and an e-infimum and use a variational principle, such as Stegal’s one for instance (see [12] for
a precise statement). Details are left to the reader.

We adopt the following notations: Y7 = (y7,y%,,) and Z7 = (27, 25, ;). Then we have in the viscosity
sense and therefore a.e.:

0, T T T : T T
8‘1’M S HK+(C(y ) + L + M[W(Ta ) Z/N+1)](y )a h( s )a P) =+ ﬁ Wlth M[W(Ta ) Z/N+1)](y ) S 07

O-m > H?(’Jr(c(zT) + L+ MW(r,-, 2y )I(27),h(...), P) + B with M[W(r,-,25,,)](z7) > 0.

We have for a.e. 7€ [0,7%):

Orq < HYF(cy™)+ L+ MW (r, - yh )7 A(..), P)
—H?e* c(z7) + L+ MW (r,-, 25 )I(z7), h(...), P)

Ty (c(y™) + L+ MW (1, yk s DI )Ipl + v (1p)pl + A(...) +6)
~Txc(e(z") + L+ MW (r,, 2k )7l + v (]l + h(...) + ).

IN
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Now recall that we chose K > /1 + |p|? so that vk (|p|) = 0 and we remark that for 7 < 7*:
le(-) + L+ MW (r,)]llpl + h(...) + 6 < (lelloo + |L| + 0sc W)|p| + G + 6 < Ck K + G + 6 < hi(K)
for K > 1 since h% (K) = Cx K + G 4+ 6§ K. We conclude that:

Orq < pl{e(y™) + MW(r, yky)I(y7) — c(z7) = M[W(7, -, 251 ))(z7)) } +2G7p|
< 2llelloolpl + 267 [p| + Ipl {M[W (7, y 1 )I(y") = MIW (1, 2 1)](27)) } -

Then on [0, 7*),
9rq < 2([|cfloe + G7)lpl + Ipl L(7)

where L(7) = M[W(7, -y} 1)(y7) — M[W](,-, 25,1)(27) < 0. Let us estimate this quantity from above
by a function of ¢. Let us define k7 € ZN*! such that (Z7 +k7) — Y7 € [0, )N*!, Z7 = Z7 + k7. Now
using successively (53) and (52), and the fact that W is 1-periodic with respect to yy1, we obtain:

L(r) <1+ / JE)W (g™ + 2,55 ) — W(r,Y7))dz — /J(z)(W(T, 42 5,) - W(n Z7))
<24 / JE)W(ry" + 2,95 1) — W Y7))dz — /J(z)(W(T, T yk) - W(n Z7)).
Now introduce ¢” = £ and 5™ = £ ¢ [0,4)" so that y™ = ¢™ + 6, and 57 = ¢™ — §7. Hence,
L(r) <2+ / JE)W(r, ¢ + 2+ 6, yhsr) — W(rY7))dz
—/J(Z)(W(T, " +z2—0",ynyy1) —WI(T,27))dz
<24 / J(z=0")W(r,c™ + 2,yny1) — W(T,YT7))dz
- / Tz 4 6 W(r, & + 2% sy) — W(r, 27))dz

<24 /min(J(z —0),J(z+ M)W (r,c™ +2) = W(r,Y") = W(r,c" +2)+W(r,Z7))dz
<2 — ¢oq(T)
where co = infse(g 1 /2~ [pn min (J(z — 0), J(z + 8)) dz > 0. Therefore we have on [0, 7*),
¢r < 2(|[elloc + G + 1)p| = colplg-
From this inequality and the fact that ¢(0) = 0, we deduce that for 7 € [0,7*), we have

0<q(r)<CT.

Now, if one chooses

Ck > |lelles + |L| + C¥, (54)

we conclude that 7* = 400 and W satisfies:

(W (r,Y)—-W(r,Y <CT . (55)

Step 3: Control of the oscillations in time. For any 7' > 0 we define

W(r+T,0)—W(r—T,0) _ . W(r+T,0)—W(r—1T,0)
+ o ) o )
AT = 5121;% 5T and A (T) = Tlrzlg 5T
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which satisfy A~ (T') < AT(T). From (55), we get for any 7 > T"
(W(r—T,Y) - W(r—T,0] < C" (56)
and we deduce from the comparison principle for (50) that
—(Ct+1)+2T(B+Llp| +6 —C1) <W(r+T,Y) = W(r = T,0) < (CT 4+ 1) + 2T (3 + L|p| + 6 + C1)
(we used once again the barriers of Step 1) and therefore

Ct+1
2T

Ct+1

+B+Lp|+0—-CL<MNE(T)<B+Llp|+5+C1 + 5T

By definition of A*(T'), for any o > 0, there exists 7+ > T such that

47 _ +_T
NE(T) — W(r= + ,0)2TW(7' ,0) <a

Let us define k € Z such that 3CT > W(r~ —T,0)+k—W (T —T,0) > 2CT. Then from (56), we deduce
that
0<W(r —T.Y)+k—-W(Et-T,Y) <5CT.

From the invariance by translations in time of (50), from the 1-periodicity of ¢(y) in y, and from the
comparison principle for (50), we deduce that

0<W(r +T,Y)+k—-W(ET+T,Y) <5CT.
Therefore we deduce
—5CT < (W(T_ +T,)Y)-W(r~ —T, Y)) — (W(T+ +T,Y)-W(rt —T, Y)) < 5CF

and then
|)\+(T) -2 (1) <2a+ ﬁ
- 2T

and because « > 0 is arbitrarily small we deduce that

5CT
)= A (T)] < —.
X (1) - A1) < 5 (58)
Now let us consider T3 > 0 and T3 > 0 such that T5/7Ty = P/Q with P,Q € N\ {0}. Then we have
+ + + - - + 5C*
AT(Th) 2 AT (PTh) = AT (QT2) > A (QT2) 2 A (1) > AT (1) — o7
By symmetry we deduce that
5CtT 5CT
(1) — AT (T)] < —
A1) = ) < e (G ) (59)
and similarly
5CT 5C*
(Ty) — A (T1)] < —_— .
A~(22) = ()] < e (G 50 ) (60)

Finally the maps T +— AT(T) and T —— A~ (T) are continuous and then the inequalities (59)-(60) are
still true even if T»/T is not rational. Therefore the inequalities (59)-(60) and (58) imply the existence of
the following limits

lim AY(T)= lim A (T)= A\
T—+oc0 T—+oc0
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and we deduce that
INE(T) — A\ < e (61)
- 2T

Letting T'— 400 in (57), we get (46).

Step 4: change of unknown function. Consider now V;?Jr(’f, Y)=V(r,Y) =W(r,Y) — M. From
(50), we conclude that V satisfies (45). Moreover, combining (61) and (56), we get (47). Estimate (48) is
a consequence of (52). Eventually, (53) and the periodicity of W with respect to yny11 yield (49).

Let us remark that the monotonicity of § +— X;’(Jr (8) follows from the comparison principle. To conclude
the proof of Proposition 6, it remains to prove that the map G — /\i’j(ﬁ) is continuous. To do so, consider
Bn — Band W" = W;"S(ﬁn) the solution of (50). Then W;"S(ﬁn) — WO = W;g’é(ﬂo) locally uniformly in
(1,Y) by stability of viscosity solutions and strong uniqueness for (50). Now write with obvious notations:
wWn — WO (r,0) — (V™ — VO)(r,0)] - (W™ — WO)(7,0)] n 12C*

T T T

Consider any limit of A", let first n — +o0o and next 7 — 400 and conclude that this limit has to be A°.
The proof is now complete. [l

6 Proofs of Propositions 5 and 4 and of Theorem 1

Let us deduce from the construction of the previous section (Proposition 6): the existence of approximate
correctors (Proposition 5), the ergodicity of the problem (Theorem 1) and the properties the effective
Hamiltonian satisfies (Proposition 4).

Proof of Proposition 5. Let us first remark that (48) and (42), and (54) imply that Vl(z"|r is a supersolution
of (23). Let V%Jf denote the solution of (45) with ¢(y) replaced with é(y) = —c(—y), (L,8) by (—L,—0),

h(u, p) replaced with h(u,p) = —h(—u, p) and ;\i’j be the associated real number. Then, for A = /\i’(_ =
—5\‘;?, we see that V;?i(’]', Y) = —VI‘i’Jr(T, —Y) is a solution of
A+ 0V = Hi (- e(y) + L+ MW (7, ywv)](v),
hAT+P-Y +W,p+V,W),P+VW)+8 in RFxRV+l (62
V(0,Y)=0 on RN+

for some function ﬁffr such that V;?i is also a subsolution of

A+0:V o = (c(y)+ L+ M[V(r,yn+1)|()lp + Vy V]|
+5‘1+85NV+1‘+h(Ar+P-Y+V,p+vyV)+ﬂ in R+ x RN+L (63)

V(0,Y) =0 on RN*L

with 8 = —8 and
IN%T(8) — B — Lip| + 6] < |l¢loolp| + G (64)

and we have estimates similar to those of Proposition 6.

Let us denote by V[? the solution Vg’i for 6 = 1/K in the previous construction. Notice that it
suffices to choose C' = 6C™ to get (30). If A% (3) denotes /\‘;’(i (8), the comparison principle (for (50) for
instance) implies that both functions are nondecreasing w.r.t. 3 and (46), (64) imply that A& () — +oc
as 3 — +oo.

Let us now prove (29). The proof is very similar to the proof of the continuity of )\ﬁ’;r (B) in B. Since
H}S(’i — H, we know that W = V£ + 70% (8) — WO locally uniformly in (,Y). Next write:

Wit = Wie = (Vg =Vig) _ [Wik = Wie| | 12C*

0< A\t — A =
- 7K K T T T
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terpretation

This implies that
lim sup )\} <liminf Ay <limsup A < liminf )\}
and we conclude that they have the same limit (recall (46)).
By using (48), we also deduce the second line of (31) with

Dy = |P| + diam Q5.
The proof of the fact that ﬁ; — ﬁoi as K — +oo is very similar to the proof of (29). O

Proof of Theorem 1. Let us first define:
—0 —
H (L,p)=H(L,p,0) = X0).
Let W (resp. W5, W) be the solution (resp. supersolution, subsolution) of

0-W = (c(y) + L+ MW (7, yn+)I@)lp + VW[ + (P Y + W,p+ V,W) in R x RVFL,
W(0,Y)=0 on RN*!

(65)
where V& = Wi — 7A% and A\ = A\E(0) are given by Proposition 5. The comparison principle implies
that W,; <W < Wik, ie.

AT —C <W(r,Y) < ALr+C
Now letting K' — 400 and using (29), we conclude that |W(7,Y)—X(0)7| < C and then W(7,Y)/7 — A(0)

as 7 — +oo locally uniformly in Y. Using the fact that the solution w(r,y) of (3) satisfies w(r,y) =
W(r,y,0) (by an argument similar to the proof of Lemma 2), this proves the Theorem. O

Proof of Proposition 4. From (46), we deduce that

[H(L,p,8) = Llp| = f] < [lclloclp| + G

and it yields (24), (25). The monotonicity of H in L and /3 follows from the comparison principle. The
continuity of H w.r.t. (L,p,3) is proved as the continuity of )\i’;r (8) with respect to 3.

Now, because h(-,0) = 0, we see that V = 0 is a corrector for A = H(L,0) = 0 which proves (27). If
moreover we have h = 0, and f[O,l) ~ ¢ = 0, then let us consider the unique solution vg of

Muvg=—c on R"/Z"

with zero mean value. When L = 0, we deduce that for any p € RY, the function V(7,Y) = vg(y) is a
corrector with A = H(0,p) = 0, which proves (28), and ends the proof of the Proposition. O

7 Mechanical interpretation of the homogenization

Let (e1,e2,e3) denote an orthonormal basis and (1, 22, z3) the corresponding coordinates. We consider
dislocations lines contained in the plane {x3 = 0}, with a Burgers vector b that is also contained in this
plane.

From a mechanical point of view (see for instance [31]), we have the following table of equivalence
between our homogenized model and classical models in mechanics for elasto-visco-plasticity of crystals
where A is the tensor of constant elastic coefficients.
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|| | Crystal elasto-visco-plasticity | Homogenized model

resolved plastic strain v(x1,x2)00(23) u® (1, 22)00(23)
Nye tensor of - n _ 1,0
dislocations densities a=bg (V fy) %o(ws) a=b® (V Y ) %0(s)
exterior applied stress et
microscopic resolved

C1 — C1
shear stress (0,1)?
resol.ved exterior geat . g0 o
applied stress (0,1)?
displacement V= (Ul, Vg, U3

strain e:=e(v) — e%ydp(z3

)

) )

with e(v) := 3 (Vv + Vo)
)

1
and e 1= 2(eg®b+b®eg

1 1

total elastic energy E = ~(A:e):et+ o e | E:= / ——u®Z [u’] - / c1 | u

R3 2 Rz 2 (0,1)2
macroscopic stress oc=A:e+ ot
resolved macroscopic S =T [uo] " / o
shear stress (0,1)2

0
plastic law % = f(7) aait - ( 7 [u®] + /(0!1)2 ¢, VUO)
d d —0 0

energy decay —F = —7f(1) <0 —F = —rH (1,Vu’) <0

dt R2 dt R2

where H has been computed for the velocity ¢; — / c1 with zero mean value.
(0,1)2

The fact that 7H (7', Vuo) > 0 is a consequence of the monotonicity of H in its first argument and from
(28) when h = 0.

Identifying the function g. We recall that

T, [u¥)(z) = /2 dz g|iT]</|+P (uo(x +2) —ul(z) — 2 - Vul(z) 15, (z))
R
where the function g is related to the behaviour of the function J at large scales:

J(2) = g(z/|2)/|2|"+" for |2 > Ro

with N = 2 in our case. Moreover the function g(z) = ﬁg(z/|z|) is given by (see Alvarez et al. [6], Da
Lio et al. [14])
zL z4 9
9(2) = ©— =DG(z)
l2| Izl
2t = (=29, zl)
Where (517 52 271' o2 fR fl; 52) 53) d§3 Wlth

B*(¢) = (f/|£|) and B(&) =1 -A:e®)(E-A-&7HE-A:e®) —eP A el

In the special case of isotropic elasticity, we have

Aijit = Noij6pr + i (0irbj1 + 616 x)
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and for b = |bley, we get

po® o o 2 _ pub?
47T|Z| (’22 +’Y«31), g(Z)— 47T|Z|3

G(z) =

{H@y-D+242-7}

with v = 1= where v = m € (—1,1/2) is the Poisson ratio.

Two classical plastic laws. Let us now recall two classical plastic laws usually used in mechanics. The
“Orowan law” (see Sedlacek [35, p. 3739]) is

f(r)=r16

with € the density of mobile dislocations. The “Norton law with threshold” (see Francois, Pineau, Zaoui
[19]) is (for C,m > 0)

f(r) = Csign(r)((I7] —7e)")™
for 7 not too large (in fact, here m > 1 because this kind of law already contains the Frank-read process
of creation of dislocations). We can compare these laws with our homogenized law:

flr)= F(VUO, T)

where Vu is a kind of generalized dislocations density.

Conclusion. The main features of the homogenization process is that

H(p,7) ~7lp| for 1 large enough

but for small 7, we recover a threshold phenomenon which is due to the microstructure. The consequence
is that at large scales the stress is computed as in mechanics, but the only effect of the microstructure is
to introduce some nonlinearities in the plastic law with some threshold effects. Finally in this framework
the dislocations density (Vu?) is simply a derivative of the plastic strain u°.
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