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Abstract

In this work we estimate the regression function for Poisson variables, for
a deterministic design in [0, 1]. Our final estimator, which is adaptive to the
data, is selected among a collection of maximum likelihood estimators with
respect to a penalized empirical Kullback-Leibler risk. We obtain an oracle
inequality over the Kullback-Leibler risk for any fixed size n of the design.
Moreover, we state an asymptotic lower bound for this risk over Sobolev
spaces and prove that our estimator reaches this rate. Hence, the selected
estimator is asymptotically minimax over these spaces. We also present nu-
merical experiments, including a strategy to adjust the constants involved in
the penalty function.

Keywords and phrases: Adaptive estimator, Kullback-Leibler risk, maxi-
mum likelihood estimator, minimax rate, model selection, penalization, Pois-
son regression, oracle inequality, wavelets.

1 Introduction

In many practical situations, the collected data are counts, which can be modeled
through Poisson regression. Many authors have already discussed various nonpara-
metric estimation procedures for such models. Whatever the estimation method,
the drawback is to give estimators depending on some unknown smoothing parame-
ter. Hence, this parameter should also be estimated with respect to the given data.
Among available adaptative devices we focus here on the model selection methods



developped in (Barron, Birgé & Massart 1999) and in (Birgé & Massart 2001). One
of the advantages of this approach is to provide nonasymptotic risk upper bounds
for the selected estimator. Our models are constructed using wavelet basis and we
choose the best model with respect to the Kullback Leibler risk.

We consider n independent copies (Y, 2;)1<ij<n, Where the Y; are Poisson variables
of mean p; and the (x;)1<;<, is a deterministic design in [0, 1]. In the nonparametric
regression context we want to explain the unknown p; as some general function p of
the regressor x;. Since for counts the mean is positive, the model u = exp(f) ensures
that p remains positive and lets f be unrestricted (see for instance (McCullagh &
Nelder 1989)).

Our goal is to estimate f under mild conditions, over some subspace generated
by wavelet basis. Let us denote (¢, ), a wavelet basis of Ly[0, 1] and Sy the subspace
of Ly[0, 1] generated by the set of wavelets {(¢), A € A}.

We define our models as linear subspaces of Sy. We construct a collection of
maximum likelihood estimators within each model and we select one model, which
mimics the best one with respect to the Kullback-Leibler risk.

More precisely, for any subset m of the larger index set A we define

Sm=1{D_ Brér, (Br)r € RV},

AEM

where D,, is the cardinal of the subset m.
For each model, the maximum likelihood estimator on 5, is defined as

~

fm = arg lznin Yn(h), (1.1)

€Sm

where the contrast function =, is the opposite of the log-likelihood:

n

k) =7 D)~ Vib(a).

=1

We compare the estimators of the collection, with respect to the Kullback-Leibler
loss between the distributions modelized by f and h, denoted by:

K(f.1) = Bn(h) = (/) = 0™ D7 e — /) — e (h(a) — f(z)).

Let us set f,, the function in S,, minimizing the Kullback-Leibler loss function,

fm = arg /?e]é‘g K(f,h). (1.2)

The functions K(f,-) and ~,(-) may not attain their infimum over the space S,,.
In such a case, f,, or fm may be undefined. Nevertheless we prove that on a large
probability set, if one of them exists the other one also (see Lemma 6.1). Hence, in
the sequel, we only consider the models m for which |fin|eo < B or |fm|ee < B for
some given positive B.



Like with the usual quadratic risk, we can show that:

E(K(f, JEM)) = K(f, JFM) + E(K<fma JEM))

In this decomposition, the first term represents the deterministic approximation
error, whereas the second term is the estimation error within the model S,,.

Let us consider the collection of estimators { fmym € M., }. The best estimator
in this collection in the sense of the Kullback-Leibler loss is f,«, where

~

m* = axg win B(K(f, fn) = arg min (K(, fo) + B (o f)))
The ideal model m* realizes the best trade-off between the approximation and the
estimation errors. Unfortunately, this model is not available since it depends on the
unknown function f to be estimated.
Consequently, we define the penalized maximum likelihood estimator as f,; where

A
A

m = arg min (Y (fim) + pen(m)). (1.3)
WEMn7|fm|oo§B

The aim of this paper is to propose penalty functions pen(-) for which we are
able to prove an oracle inequality for any given n, of the kind:

E(K(f, ) = min B(K(f, fn))-

In (Reynaud-Bouret 2003) penalized projection estimators for the intensity of
Poisson processes are proposed. Moreover, oracle inequalities for the Lo-risk are
provided for various kinds of basis (histograms, piecewise polynomials, Fourier or
wavelets). In our work we restrict to the particular Poisson regression framework
and we use penalized maximum likelihood estimators. We also furnish an oracle
inequality for the Kullback-Leibler risk of the logarithm of the mean and we only
consider wavelets basis.

In a recent paper (Baraud & Birgé 2005), histograms type estimators for non-
negative random variables are studied, including Poisson variables and oracle in-
equalities are given for the Hellinger risk.

In (Kolaczyk & Nowak 2004) and (Kolaczyk & Nowak 2005) complexity penalized
likelihood estimators are proposed in frameworks that include the Poisson model.
Adaptivity and minimax near-optimality of the Hellinger risk are also stated in these
works.

A quite complete presentation of wavelets methods for estimating the intensity of
a Poisson process is given in (Besbeas, De Feis & Sapatinas 2004). The performances
of the proposed estimators are evaluated by numerical experiments. Among these
methods, one can cite the Anscombe transformation used in (Donoho 1993) and the
Fisz transformation used in (Fryzlewicz & Nason 2004), which are applied on the
data set to recover almost Gaussian observations and then allow the use of standard
wavelets methods.

In (Kolaczyk 1997), (Kolaczyk 1999b) and (Nowak & Baraniuk 1999) wavelet
shrinkage techniques are proposed to be applied directly to the given Poisson



process. Bayesian procedures have been also proposed in (Kolaczyk 1999a) and
(Timmermann & Nowak 1999). Such methods have been also applied to a larger
family of distributions containing the Poisson one in (Antoniadis & Sapatinas 2001),
(Antoniadis, Besbeas & Sapatinas 2001) and (Sardy, Antoniadis & Tseng 2004)).
However the procedures used in the previous papers give asymptotic results and are
based on penalized or shrinked estimators minimizing L, risks (mainly the quadratic
one).

The paper is organized as follows: In Section 2, we give the main definitions
and tools about wavelets and Besov spaces and we describe the specific properties
of wavelets that are required to obtain the oracle inequality presented in Section 3.
Then in Section 4 a lower bound for the Kullback-leibler risk is studied, over a ball
of Hélder or Sobolev Space when an equispaced design is considered. These results
provide the usual minimax rate for our final estimator over Sobolev balls. Section
5 is devoted to the numerical experiments and in Section 6 we give the proof of
the oracle inequality and of the lower bound. Technical lemmas are proven in the
Appendix.

2 Wavelets and Besov spaces

2.1 Orthogonal wavelets on [0, 1]

We start this section by briefly reviewing some useful facts from basic wavelet the-
ory, which will be used to derive our estimators. A general introduction to the
theory of wavelets can be found in (Chui 1992), (Daubechies 1992), (Walter 1994)
and (Vidakovic 1999). The construction of orthonormal wavelet bases for L?(R)
is now well understood. There are many families of wavelets. Throughout this
paper we will consider compactly supported wavelets such as Daubechies’ orthog-
onal wavelets. For the construction of orthonormal bases of compactly supported
wavelets for L?(R), one starts with a couple of special, compactly supported func-
tions known as the scaling function ¢ and the wavelet ). The collection of func-
tions 1, x(z) = 29/29(2x — k), j,k € 7Z, then constitutes an orthonormal basis
for L2(R). For fixed j € 7, the gji(x) = 2//2p(2x — k), k € 7 form an or-
thonormal basis for a subspace V; C L*(R). The spaces V; constitute a multires-
olution analysis. The subspace generated by ;. (x) = 27/2¢(2x — k), k € 7 usu-
ally denoted W; is the orthogonal complement of V; in Vjy; and permits to de-
scribe the details at level j of the wavelet decomposition. Indeed, when denoting
Pif =3 ey < 90k > @jr the orthogonal projection of f on the approximation
space Vj, we have P f = Pif + > 0, < fr 050 > Vjk-

The multiresolution analysis is said to be r-regular if ¢ is C", and if both ¢
and its derivatives, up to the order r, have a fast decay. One can prove that if
a multiresolution analysis is r-regular, the wavelet ¢ is also C" and has vanishing
moments up to the order r (see Corollary 5.2 in (Daubechies 1992)).

The smoother wavelets provide not only orthonormal bases for L?(R), but also
unconditional bases for several function spaces including Besov spaces (see (Triebel
1983)).

Let us consider now orthogonal wavelets on the interval [0, 1]. Adapting wavelets



to a finite interval requires some modifications as described in (Cohen, Daubechies
& Vial 1993). To summarize, for Jy such that 270 > 27, the construction in (Cohen
et al. 1993) furnishes a finite set of 2% scaling functions ¢, x, and for each j > Jp,
27 functions 1, , such that the collection of these functions forms a complete or-
thonormal system of L,[0, 1]. With this notation, the Ly[0, 1] reconstruction formula
is

2701 211
&) = ) anwens®)+ ) Bistixt). (2.1)
k=0 j>Jo k=0

2.2 Besov spaces

In the following we will use Besov spaces on [0, 1], By, which are rather general and
very well described in terms of sequences of wavelet coefficients. In particular for a
suitable choice of the three parameters (v, p, ¢) we can get Sobolev spaces or Holder
spaces. For the definition of Besov spaces, properties and functional inclusions
we refer to (Triebel 1983). Let us just point out that the usual Sobolev space of
regularity v > 0 denoted in the following by H(v) coincides with the Besov one By,
and the Hélder space ¥(v) with BY,  when 0 <v < 1.

Here we just give the following characterization of the Besov space By, in terms
of wavelet coefficients of its elements.

Lemma 2.1. Let 0 < p, ¢ < 00 and v > max{1/p — 1,0}. If the scaling function ¢
and the wavelet function ¥ correspond to a multiresolution analysis of Ly[0,1] that
is ([v]+1)—regular (here [-] stands for the integer part), then a function f in L,[0,1]
belongs to the Besov space By . if and only if it admits the decomposition (2.1) such
that

1/q
1flBy, = ()il + (Z 2”("“/2_1/”)!\(ﬁj,k)k!\i) < 0o

j=Jo

for Jo € N. The ||f| 5y, is equivalent to the Besov space norm.

For a proof see (Delyon & Juditsky 1995).

2.3 Notations and wavelet properties

Afterwards, we shall use the following notations:

Vel o IfE= [ o ad Sl = s (1)
[0,1] z€[0,1]
V(ap)r €R? : |a|3 = Zai and  |a|oo = sup |ag].
k
k
n n 1 - 2
Y(bi)k €R™, V(e ER™ 1 <be>p=— > brer and [b]p =< b,b >, .
k=1

Moreover, the notation |f|2 (resp. |floo, |fln, < f,9 >n) will abusively stand for

|(f(zi))il2 (vesp. [(f(@i))iloos |(f(22))il2/m, < (f(2i))is (9(:))i) >n)-

bt



Let J be such that 2/ = n and the set of indices that permits to describe the
space V] is given by:

A= {(=L,00U{N=(,k);j=0,..,1—1;k=0,.,2 -1} V1<I<J;
AQ = {(—1,0)} and A:AJ
(2.2)

We put ¢1,0) = ¢ and for any A = (j, k) # (=1,0), ¢x = ¥k Our results are
deeply based on the following crucial property of wavelets:

For any 0 <[ < J, the basis of the linear space Sy, is localized in the following
sense: there exists some constant ¢(1)) such that for any a € R%:

1> ardallse < c(¥)27%al. (2.3)

AEN;

This property is a direct consequence of the localization of wavelets. Indeed, since
the support of v, has a size proportionnal to 2r277, at any fixed level j, only a
finite number of wavelets v, ;, are overlapping. Hence there exist some constant ¢(1))

-----

Assertion (2.3) immediately follows since Zé‘_:lo 2012 < (14 +/2)2/2.

3 Wavelet model selection

3.1 Wavelet models

Among the three following collections of models, we concentrate over the first two
ones. Let L, € {0,...,J} and set A} = Ay .

1. We want to select among the estimators all coefficients of which are kept until
a given level | — 1 of details (i.e. to estimate the projection over V}), that is :

M(L,) = {A,0<1< L} (3.1)

and in this case m; = A;. Here, the dimension of the model S,,, is given by
D,,, = 2'. With a least squared criterion, this choice should be compared to
adaptive linear procedure.

2. We consider the estimators all coefficients of which are kept up to a given level
(I — 2) of details and only some of which at level [ — 1 (i.e. we estimate the
projection over V;_; and some directions of W;_;):

M(Ln) = {AO} U {m(lll) = {Al—l U {(l — 1, /{?), k ¢ Il
| Z,c{0,..,27' =1} and T; #0},1 <1< L,},(3.2)

and in this case Sma,zl) =V GBVVZI_ll where I/VZI_l1 C W;_1. Here the dimension
of Singz) 18 Dingpy = 271 + |Ti] where 1 < |7 < 27", For any given [ and



-1

1 < d < 271 there are 2d models with dimension 2= + d. With this

choice, our procedure should be compared to usual procedures based on hard
thresholding.

3. We could also define models built on the coefficients complete binary tree. In
such a case, a model would be a sub-tree containing the root (corresponding
to the V{ space). This should be compared to soft threshold procedures.

Property 1. For any m € M(L,), there exists some constant b’ such that for any
a € RPm
1D axdalloe < 6D}/ |a] -

AEM

For the first collection it is an immediate application of (2.3) with bl¢ = c(v),
whereas for the second one we take b'°° = v/2¢(1)), since 2"~ < D,,, 7, < 2.

3.2 Oracle inequality

Assumption 1. The family (¢x)rea s orthonormal for the scalar product < -, - >,,.

This assumption holds when the Haar basis is considered and for any determin-
istic design such that x; € [(i — 1)/n,i/n].

Next, for technical reasons, we need to bound the dimension of the largest model
in the considered collection M (L,,).

Assumption 2. Suppose that the mazimal dimension 25 is bounded by n*~?, where
1/2 <6< 1.

This constraint imposes to only consider the models up to the level L, < J/2 =
logn/(2log 2). Nevertheless, this condition being purely technical, in practice, we
consider all the models up to the level J = logn/log 2.

Before giving the main result we first present an upper bound for the Kullback-
Leibler risk on a given model.

Proposition 3.1. Let Assumptions 1 and 2 hold and let T €]0,1] and B be some
constants. If |f|e < B then for any n > 1, there exists some event ), such that

C<|f|OO7B7blOC7 T)

n2

P () <

)

and for any model m € M(L,) such that | fn|e < B,

Dy,

E(K(f, fm) o,) < K(f, frm) 4 2e7/2HB 1 n

Next, we propose some penalty function which enables to select a model m which
behaves as well as the ideal but unknown model m*.



Theorem 3.1. Suppose Assumptions 1 and 2 hold, o and B be some positive con-
stants and 7 €]0,1[. Let { Ly mem(r,) be positive numbers such that

Z e EmPm <% < oo, (3.3)
mEM(Ln)
Define the penalty function as:
. D,,
pen(m) = elfmletBt7 (ﬂ + 02£m> —
2 n

)

where ¢; = (1 +a)? and co = (1 + a)*(1 +6/a).
For any f such that |f|o < B and n > 1, there exists some set ), such that

C(|f|OO7 B7 blOc7 a7 T)

C
P () < 3 ;
and such that:
E(K(f, f) 1a,) <
1+ 2 . _ 30 OO7B7 ) 2
PO iy (K(f, o) + 2E(pen(m) Ty, ) + 2o o BT
QO mEM(Ln),|fin|oc<B n

The constant B involved in the definition of the penalty function should be
choosen as an upper bound of |f|,. On the one hand we would like to choose it
as large as possible to consider the largest possible model collection. On the other
hand, the constants in the penalty term and in the residual term increase with B.
In practice we will take for B an estimator of | f]|.

The previous risk inequality can be seen as an oracle inequality. Indeed, the
penalty term can be bounded by:

E(pen(m) 1lg,) < 27 (% + 02£m) %

3.3 Choice of the weights {L,,,m € M(L,)}

The choice of these weights is done in order to check the constraint (3.3) , so that
it depends on the complexity of the model family. Let us consider the following two
cases:

1. Family with a polynomial number of models per dimension

Assumption 3. There exist some integer v and some constant R such that
the number of models with a given dimension D is bounded by RD".

In this case, the weights can be choosen as constants £,, = £ for all models
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m since

+oo +oo
Z e EmDPm < Z Z e EP < ZRDTe_LD =Y < 400.

meM(Ln) D=1m,Dp=D D=1
This assumption is fulfilled when using the first collection of models (3.1).
Indeed, in this case there is a single model per dimension D € {1,...,25"}
and the previous assumption holds for » = 0 and R = 1. Then in (3.3)
¥ =1/(exp L—1). Herein, we recover the usual bound D,,/n up to a constant
for the variance term in the risk decomposition.

. Family with an exponential number of models per dimension

Assumption 4. There exist some constants A and a such that the number of
models with a given dimension D is bounded by Ae®P.

In this case, the weights have to be choosen larger than in the previous case
in order to satisfy condition (3.3). Nevertheless, we take them as small as
possible to avoid a too large risk bound in the oracle inequality. We can
choose L,, = logn for all models m since

+oo +oo
Z €_LmDm < Z Z e—Dlogn < ZAeaDe—Dlogn =Y < 400.
D=1

meM(Ly) D=1m,Dpm=D

This assumption is fulfilled when using the second collection of models (3.2).
Indeed, in this case, each dimension D € {2,...,2l"} can be decomposed as

-1
D=2"14+dwith1<I!I<L,and 1<d< 2" and there are ( p ) models
with dimension D. Furthermore

_ -1\ d
(21 1) < <€2d ) — d(1+log(2'71/d)) < d(142'71/d) _ oD

d

Hence, Assumption 4 holds for a = 1 and A = 1. Moreover, we get easily:

- 3
Z eDe—Dlogn — e/n S 6/ ’
= l—e/n =~ 1—¢/3
as soon as n > 3. Then in (3.3), ¥ = 113}3. Herein, we recover the bound

(Dy, logn)/n up to a constant for the variance term in the risk decomposition.
This is the usual price to pay for investigating a large collection of models,
when the true function lies in a Besov space rather than in a Sobolev one.

Lower bounds on Besov spaces

Set v > 0,v = k+ «a with £ € Nand 0 < a < 1. Let us consider the Holder class
F = X(v, L) of functions f defined over the interval [0, 1] that admit k& derivatives

9



and such that the k-th derivative satisfies:

[fO @) = [P < Llz =yl Y(z,y) € [0,1] (4.1)

We also consider the Sobolev Class H (v, L) of regularity v € N* over the interval
0, 1] of functions which Sobolev norm (i.e. the Lyo-norm of the v-th derivative of f)
is bounded by L. Note that for any integer v > 1 such a class contains the Holder
class F = X(v, L). Furthermore we denote C*>°(B) the space of functions uniformly
bounded by B, where B is a positive constant.

In this section we will state that the minimax rate of convergence for the es-
timation problem with Poisson response is the same as the usual minimax rate of
convergence in nonparametric regression estimation. The following lower bound is
stated in the case of a deterministic and equispaced design (z;)i1<i<, in [0, 1] and
over a Holder class.

Theorem 4.1. Let B and L be positive constants and v > 1/2. There exists a
constant C', which only depends on B, L and v, such that:

liminf inf sup E ((K(f, fa)v;2) > C >0,
n—00  f,€C®(B) feX(v,L)NC>(B)

—__v
where v, = n~ v+,

The lower bound over the Sobolev class H(v, L) is a direct consequence of the
lower bound over the Holder class ¥(v, L) since that class contains the latter one
when v is a nonzero integer.

In the Gaussian regression case, it is now well known, that when the quadratic
risk is considered, the linear wavelet estimator reaches the minimax rate of conver-
gence n~2"/("*+1) over the Sobolev class H(v, L) as soon as the optimal resolution
level j* is chosen such that 27" = O(n!/(2v+1),

Here when considering the collection (3.1), the selected estimator fm reaches
the rate n=2/(2+1) over the Sobolev class H(v, L) and hence is minimax. Indeed,
since K (f, fm,) < K(f, P,f) due to definition of f,,, and since over a Sobolev class
K(f, Pif) is of the same order as || f — P.f||? = O(27%) the bias term K(f, fm,)
is also of order O(27%). Furthermore the dimension D,,, of the model S, is 2'.
Hence the trade-off between the bias term and the penalization term in Theorem
3.1 is obtained for 2! = O(n'/(?*+1)) Moreover, the residual term in the oracle
inequality being of order 1/n the risk E (K (f, f) 1lg, ) is bounded from above by
O(n—Qu/(QV—i—l)).

We guess that on Besov classes the obtained lower bound for the Kullback-Leibler
risk should be the same as the usual one for quadratic risk, that is O (n=2""/(v'+1)
with v/ =v —1/p+1/2, v > 1/2 and p < 2. For this larger class of functions, the
richest collection of models (3.2) should be considered, in order to obtain an upper
bound for the bias term of order O(—n?"/*+1) Due to the choice of weights
L., = logn, the selected estimator can only reach the rate O(n=2""/*+) up to a
logn factor which is the usual price to pay for adaptivity.

10



5 A simulation study

In this part, we present some numerical experiments that illustrate our results.
Our aim is to compare our procedure with the projection procedure proposed in
(Reynaud-Bouret 2003). More precisely, we want to answer the following questions:

1. Does the elfml+B factor in the penalty make any sense in practice ?
2. How to choose the constants involved in the penalty term in practice ?

3. How much the penalized maximum likelihood estimator is preferable to the pe-
nalized projection estimator as defined in (Reynaud-Bouret 2003) ?

5.1 Choice of the penalty functions

In the proof of the Theorem, it can be seen that the term |fi|o 4+ B in the penalty
term comes from an estimation of |f|.. Therefore, in order to see the sensibility of
the penalty function to |f|, we choose functions that only differ from their infinity
Norms.

More precisely, we choose n = 27 = 128, and we choose the functions f and
regular models so that the function f belongs to one of the following models:

a. f = fiis aregular piecewise constant function on [0, 1], f4 = Wy a0/20— Wjiy2,3/4) -
We use the Haar basis. In this case, such models may be described, for J > 0,
by:

—

<.

J
St = {Z Bk Wiko—i (ks1)2-3[, B € R}
—0

J 0

il

b. f =2f, and the models are the same as above.
c. f = fi/2 and the models are the same as above.

d. Let g be defined by g(z) = a(2*(1 — x))? — 1, where a is some positive constant
such that |g|oc = 1. We define the models for J > 0 by:

J j—1

ST ={>_> Bisthir BERT '},

=0 k=0

where the 1, ;, are the Symmlet basis with 4 vanishing moments (see (Daubechies
1992) and (Wickerhauser 1994)). The true function is then defined as:

fsmooth = PQ(Q)

In these 4 cases, the true function belongs to the model S¥ which dimension is
22 = 4.

For L = 100 simulations, we generate n = 128 = 27 independent random vari-
ables Y; with Poisson distribution with parameter e/(/?). For each simulation, we

11



calculate, on each model Sy, the maximum likelihood estimator fJ and the projec-
tion estimator é€;, which is simply the Lo-projection of Y onto the model S;. Since
there is only one model with a given dimension, we then select the “best” model
with the following penalized criteria:

n

~

T = arg in (u(fa) +e2' /), Jp = arg i (01 D2V = 00 + 2/,
SIS - - =1

The final estimators are the penalized maximum likelihood estimator (PMLE) f .
and the penalized projection estimator (PPE) é; . Note that, in the Haar basis
case, the maximum likelihood estimator and the projection estimator coincide in
each model S (é; = exp fJ) whereas this is not the case in the Symmlet case.
Nevertheless, the chosen model is not necessarily the same since the selection criteria
are not the same.

The constant ¢ in the penalty term is first chosen equal to 0.1 and then grows by
steps of 0.1. For lower values of ¢, the chosen dimension is the maximum one (here
27) and for a particular value of ¢ it suddenly jumps down to lower dimensions. For
each simulation, we detect the lowest constant ¢ selecting the true “model” (J = 2).
Figure 1 shows the dispersion of these constants over the L = 100 simulations.
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Figure 1: Distribution of the lowest constants selecting the “true” model: (1-2)

f = fu, 34) f=2fs, (56) f = f1/2, (T-8) f = femootn via (1,3,5,7) penalized
maximum likelihood criterion, (2,4,6,8) penalized projection criterion.

We can remark that these constants seem more stable with the PMLE than with
the PPE. In particular, we see that the distribution of the PMLE constants is of
the same order for the four functions whereas it seems to depend on |f|s for the
PPE. If we divide the constants by el/l~ in the PPE case, as described in Figure 2,
we recover constants of the same order as the ones obtained in the PMLE case.

Therefore, we have decided to skip the el/fml~*5 factor in the penalty term for
the PMLE and to keep it for the PPE. More precisely, consequently, we shall take
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Figure 2: Distribution of the lowest constants selecting the “true” model: (1-2) f =
fa, (3-4) f=2f4, (5-6) f = f1/2, (7-8) f = fsmootn Via (1,3,5,7) penalized maximum
likelihood criterion, (2,4,6,8) penalized projection criterion, (2,4,6,8) contants are
divided by exp(] f|so)-

a penalty term of the form pen,,;(J) = cyr2’/n for the PMLE and penp(J) =
cplés|e2? /n for the PPE.

5.2 Choice of the constant in the penalty functions

Next, we consider the constants cky p,cycp,p = 0.75,0.80,0.85,0.90,0.95,0.99, 1
corresponding to the 0.75,0.80,0.85,0.90,0.95,0.99,1 quantiles of the former con-
stants for each procedure. We still choose the functions f so that they belong to
one of the models:

a. f = fie is a regular piecewise constant function on [0, 1], equal to 1 on inter-
vals [1/16,2/16[, [5/16,6/16[,[9/16,10/16[, [13/16, 14/16] and to —1 on intervals
2/16,3/16],[6/16,7/16],[10/16,11/16], [14/16, 15/16] and O elsewhere. The true
dimension is then 2* = 16. We estimate fi¢ via the Haar basis on the models
SHO<J<LT.

b. f = fsmootn like described in case d, the models are the S}”,O < J <7, so that
the true dimension still is 4 = 22.

We perform L = 100 new simulations of n = 128 random variables Y; and for each
simulation, we calculate the penalized maximum likelihood estimator and penalized
projection estimator, calculated with the previous seven constants. We present in
Table 1 the distribution of the selected dimensions over the 100 simulations. We
also present in Figures 3 and 4 the distribution of the Average Square Error and in
Figures 5 and 6 the Kullback-Leibler divergence of both estimators over the L = 100
simulations and for each of the seven constants.
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J Jmr Jp

p | 0.75 0.80 0.85 0.90 0.95 0.99 11075 080 0.85 090 0.95 0.99 1
Cp 0.9 0.9 1.0 1.1 1.2 1.6 19|08 096 1.04 1.18 1.4 197 34
0 0 0 0 0 0 1 5 0 0 0 0 0 7 59
1 0 0 0 0 0 0 0 0 0 0 0 0 0 2
2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
3 0 0 1 1 2 6 10 1 2 2 5 21 66 39
4 94 94 96 98 98 93 85 99 98 98 95 79 27 0
5 6 6 3 1 0 0 0 0 0 0 0 0 0 0
2 72 72 79 84 89 96 98 66 75 82 87 94 100 100
3 21 21 18 15 10 4 2 34 25 18 13 6 0 0
4 4 4 1 1 1 0 0 0 0 0 0 0 0 0
5 1 1 1 0 0 0 0 0 0 0 0 0 0 0
6 2 2 1 0 0 0 0 0 0 0 0 0 0 0

(b)

J Jmr Jp

p | 0.75 0.80 0.85 0.90 0.95 0.99 11075 080 0.85 090 0.95 0.99 1
Cp 0.9 0.9 1.0 1.1 1.2 1.6 19|08 096 1.04 1.18 1.4 197 34
0 0 0 0 0 0 1 5 0 0 0 0 0 7 59
1 0 0 0 0 0 0 0 0 0 0 0 0 0 2
2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
3 0 0 1 1 2 6 10 1 2 2 5 21 66 39
4 94 94 96 98 98 93 85 99 98 98 95 79 27 0
5 6 6 3 1 0 0 0 0 0 0 0 0 0 0
2 72 72 79 84 89 96 98 66 75 82 87 94 100 100
3 21 21 18 15 10 4 2 34 25 18 13 6 0 0
4 4 4 1 1 1 0 0 0 0 0 0 0 0 0
5 1 1 1 0 0 0 0 0 0 0 0 0 0 0
6 2 2 1 0 0 0 0 0 0 0 0 0 0 0

Table 1: Distribution of the selected dimensions over the 100 simulations: (a) f =
f16, Haar basis, (b) f = fsmooth, Symmlet basis.
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Figure 3: Distribution of the Average Square Error for f = fi4 of the (1-7) penalized
maximum likelihood estimator, (8-14) penalized projection estimator, with constant
in the penalty term: (1) CML,0.75 = 09, (2) CML,080 = 09, (3) CML,085 — 10, (4)
evr90 = 1.1, (5) emro9s = 1.2, (6) emr099 = 1.6, (7) emrpa = 1.9, (8) cpors =
085, (9) Cp0.80 = 096, (10) Cp0.85 = 104, (11) Cp0.90 = 118, (12) Cp0.95 = 14, (13)
Cp0.99 = 197, (14) Cp1 = 3.4.
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Figure 4: Distribution of the Average Square Error for f = foneotn of the (1-7)
penalized maximum likelihood estimator, (8-14) penalized projection estimator, with
constant in the penalty term: (1) carz075 = 0.9, (2) epr0.80 = 0.9, (3) carr0.85 = 1.0,
(4) emr090 = 1.1, (5) emr095 = 1.2, (6) camrro.99 = 1.6, (7) ey = 1.9, (8) cpors =
085, (9) Cp0.80 = 096, (10) Cp0.85 — 104, (11) Cp0.90 = 118, (12) Cp0.95 = 14, (13)
Cp0.99 = 197, (14) Cp1 = 3.4.
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Figure 5: Distribution of the Kullback-Leibler divergence for f = fi of the (1-7)
penalized maximum likelihood estimator, (8-14) penalized projection estimator, with
constant in the penalty term: (1) carz075 = 0.9, (2) earr0.80 = 0.9, (3) carr0.85 = 1.0,
(4) emr090 = 1.1, (5) emr095 = 1.2, (6) camrro.99 = 1.6, (7) ey = 1.9, (8) cpors =
085, (9) Cp0.80 = 096, (10) Cp0.85 — 104, (11) Cp0.90 = 118, (12) Cp0.95 = 14, (13)
Cp0.99 = 197, (14) Cp1 = 3.4.
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Figure 6: Distribution of the Kullback-Leibler divergence for f = fsmnoon of the (1-7)
penalized maximum likelihood estimator, (8-14) penalized projection estimator, with
constant in the penalty term: (1) carz075 = 0.9, (2) eprr0.50 = 0.9, (3) carr0.85 = 1.0,
(4) emr090 = 1.1, (5) emr095 = 1.2, (6) camrro.99 = 1.6, (7) ey = 1.9, (8) cpors =
085, (9) Cp0.80 = 096, (10) Cp0.85 = 104, (11) Cp0.90 = 118, (12) Cp0.95 = 14, (13)
Cp0.99 = 197, (14) Cp1 = 3.4.
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From these results, it seems reasonable to keep, among the seven quantiles, for
each procedure the 0.95 quantile, namely cp;;, = 1.2 and cp = 1.4 in the penalty
term for the next simulations.

5.3 Comparison with the penalized projection estimator

In this part, we compare our penalized maximum likelihood procedure with the
penalized projection estimator for different values of n and for two criteria, namely
Average Square Error and Kullback-Leibler divergence. For that purpose, we choose

a. f = fi, the true dimension is then 22 = 4. We estimate f; via the Haar basis on
the models S¥ (case a).

b. f = g like described in case d, the models are the S}”. Hence, the true function
belongs to none of the models.

We perform L = 100 new simulations of n = 128 = 27, n = 256 = 28 n = 512 =
29 random variables Y; and the collections of models are defined by

Mg ={55,0 < J < T}, Mose = {5;,0 < J <8}, Msi2={5;,0 < J <9}

For each simulation, we calculate the penalized maximum likelihood estimator and
the penalized projection estimator, computed with the constants determined in the
previous section. We describe in Table 2 the distributions of the selected dimensions
over the 100 simulations and in Table 3 the number of simulations for which the
maximum likelihood procedure selects a lower, resp. equal, resp. higher dimension
than the projection procedure. We also present in Figure 7 the distributions of the
Average Square Error and in Figures 8 and 9 the Kullback-Leibler divergence of
both estimators over the L = 100 simulations.

J| n=128 n = 256 n = 512
Jur  Jp | Jur Jp | Jur Jp
96 100 97 100 93 98
4 0 3 0 7T 2
80 92 78 60 39 6
18 8 21 40 60 94

2 0 1 0 1 0

(a)
(b)

W N W N

Table 2: Distribution of the selected dimensions over the 100 simulations for dif-
ferent sample sizes (n = 128,256,512): (a) f = fs, Haar basis, (b) f polynomial,
Symmlet basis.

5.4 Conclusion

From a statistical point of view, this simulation study suggests that the penalized
maximum likelihood estimator behaves better than the projection estimator. Indeed,
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n | Jur<Jp Jur=Jp JurL>Jp
128 0 96 4
(a) | 256 0 97 3
512 0 95 5
128 1 86 13
(b) | 256 19 79 2
512 33 66 1

Table 3: Comparison of the selected dimensions by the penalized Maximum Likeli-
hood criterion and by the Projection criterion over the 100 simulations for different
sample sizes (n = 128,256, 512): (a) f = fi4, Haar basis, (b) f polynomial, Symmlet
basis.
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Figure 7:  Distribution of the Average Square Error for (1-6) f = f4 and (7-
12) f = fsmootn for different sample sizes: (1,2,7,8) n = 128, (3,4,9,10) n = 256,
(5,6,11,12) n = 512, (1,3,5,7,9,11) PMLE, (2,4,6,8,10,12) PPE.
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Figure 8: Distribution of the Kullback-Leibler divergence for f = f; for different
sample sizes: (1,2) n = 128, (3,4) n = 256, (5,6) n = 512, (1,3,5) PMLE, (2,4,6)
PPE.
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Figure 9: Distribution of the Kullback-Leibler divergence for f = fqmno0tn for differ-
ent sample sizes: (1,2) n = 128, (3,4) n = 256, (5,6) n = 512, (1,3,5) PMLE, (2,4,6)
PPE.
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for the first one, an estimation of |f|s is not required in the procedure although
it is for the second one. Secondly, even if both procedures are equivalent when
estimating a piecewise constant function (fs), the penalized maximum likelihood
estimator performs better than the penalized projection estimator when estimating
a smooth function (here, a polynomial) and this, with both loss functions, Average
Square Error and Kullback-Leibler divergence.

Nevertheless, the computing cost is much higher in the maximum likelihood case
than in the projection case, since the latter provides an explicit estimator whereas
the first one requires the minimization of a function, except in the particular case
of the Haar basis: in this case indeed, just compute the estimator on each model
by projection, and then select the best one using our penalized maximum likelihood
criterion.

The constants 1.2 and 1.4 are calibrated for piecewise constants and smooth
functions. For other kinds of functions (for instance, functions with bumps or an-
gles), our constant calibration method should be applied with an adapted wavelet
basis. Thus, the constants may change.

6 Proofs

6.1 Proof of the oracle inequality given in Theorem 3.1

Let us denote ¢; = Y; — E(Y;) = Y; — efi. By elementary algebric manipulation we
have:

K(f7fﬁ1) = K(f7f_m> +7n<fm) _fYn(f_m>+ < fﬁl - f_ﬁwg >n + < f_ﬁ’b - f_mag >n
Next, due to definitions (1.3) of 77 and (1.1) of f,, , we have:
Yol fin) + pen(rin) < 7u(fn) + pen(m) < 7u(f) + pen(m).

Hence Yol fin) = Yn(fim) is bounded by pen(m) — pen(rn). Thus, when substltutmg
Yu(fin) = Yn(fm) by this latter upper bound in the decomposition of K(f, fa), w
get:

K(f7 fm) < K(f7 fm) +pen(m) - pen(m)+ < fm - fm,E >n + < f_ﬁ’b - f_nwg >n(61>

Furthermore, since for any numbers a, b and any positive 0, 2ab < fa? + %Z)Q, we
have

A - < h,e >, » -
< fin— fi,e >0 < sup ————|fim — filn
hesn  |Pln
0 o, . B
< =
where
, < h,e >,
Xn(m')= sup ——— = sup < h,e>,.
nes,,  |Pln hes, s |hln<l
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and 6 is a positive number. Next, substituting in (6.1) the upper bound given in
(7.5) for | fs — fm]?, we obtain:

K(f. fa) < K(f, fm) + pen(m) — pen(in) (6.2)
0, €|fm|w+|fm—fm|w . _ B
. K(fm7fm)+<fm_fM78>n

Next, let A be some positive number and p such that
1-60<2p<, (6.3)

where 6 is defined in Assumption 2. In order to control the terms x2(m) and
| fir — finloo, We introduce the set €,[A]:

An=*
Q,[A] = {Asélﬁ | <prne>n| < W} -
n AL

The set €, of the theorem will be defined later as €2,[A] for a particular value of A.
The following proposition, which is the key to state the oracle inequality, gives an
upper bound for the term x2(m).

Proposition 6.1. Let (T )mermr,) be some positive numbers and suppose that

AL %, where k() is defined in (6.18). Then, there exists some set QL such

that P (QL€) < , e~ and on the set
n m/eM(Ln) n

X () Wgy, (4 < (1+ )/l ((%)W . (12xm)1/2> | 6.4)

n n

The proof of this proposition is postponed in Section 6.3.2. It is an application
of a concentration inequality for Poisson process that can be found in (Reynaud-
Bouret 2003), to the case of independant Poisson variables.

The following proposition provides an upper bound for the last term of inequality
(6.2).

Proposition 6.2. Let (Yn/)mem(L,) be some positive numbers and 0y and 05 be
some positive constants. Then, there exists some set Q2 such that P (Q?LC> <

23 emnn € U and on the set Q)

<fm—fm,8 >, < M (1+—) y—m—i‘egK(f,fm)

The proof of the Bernstein type inequality (6.5) is given in Section 6.3.3.
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Gathering (6.2), (6.4) and (6.5), on the set QL N Q2 we have:

K(f, fn) Io, 4 =
]-IQ"[A] {K<f7 fm) + pen<m> - pen(m>

2 = A _
2 2,1f1oc D\ 2 122, /2 lFaloot =Tl
+ S (1+a)e — + a K(f, f)

1 €|fm f|o<>y _ 1 €|fm_f|00ym _
+ <1+ 92) T+92 (f, fm) + (1+9—3) T+93K<f7fm>

(6.6)

Let us choose %,y = ypy = Ly Dy + (. Since for any positive § and any a and b
(a+b)? < (1+0)a®+ (1+1/0)b?, for any positive 04 we get:

((%)1/1(12%)1/2)2 < (1+94)—+( ei) 2 Dm+<)

12L:\ Dy, 12g
(14 64) <1+ o )TJF (1+94) -
(6.7)

IN

Hence, when substituting (6.7) in inequality (6.6) and factorizing the terms
K(f, fm), Dn—'” and %, we obtain:

K(f, fa) g, 14 <

(1+03)K(f, fm) + pen(m) — pen(r) + (1 +

1\ elfm=flrg D,
93) 2n

91 2 |f|oo 12£ﬁ’b 1 €|ffn_f|oo Dm

+ {2(1+a)e (1464 {1+ 0 + 1+92 5 Ly, -
1 1\ elfn=flee | ¢
1 214 =) elflee 1 >
+ {691( + a) <+94)e +(+92) 5 }n

€|fM|w+|fm_fm|w _

b+ K (i fa) + 0K (), fm] . (639

Lo, (4

Now, we take 0 < 6 < 1 and 6, = e‘fm‘ooﬂeim_m‘oo. Since K (fa, fn) + K(f, fn) =
K(f7 fﬁI)7 we get

€|fm|oo+|fm—fm|oo

Substituting this expression in inequality (6.8) and noticing that (1 +1/6,) < 2/6,,
we have:
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(1= 02)K(f, fin) N4 < o 4) { (1 + 03) K (f, fin) + pen(m) — pen(ri)

1 _elfm=fler D, Dy, ¢
14+ — Ti(m)— + Ts(m)=> 6.9
+( +93) 5 + Ty (1) — 2(m)n , (6.9)
where
€|fm|00+|fm_fm|w 12£A €|fm f|oo
Ty(m) = 1 2elfle(146,) [ 1 n N
A7) (L apel=(14 0y (1457 ) + S
| Fiinloo+| fin— Frin | oo 1 | fin—Floo
To(n) = 125 (1+a)? (1+ _) elflee 1 €
92 94 92

Next, on the one hand, we have to bound the quantities | f|o and | fi — foo in T4 (1)
and to choose the constant 0,60, in such a way that

-\ Dn
(= pen(in) + Ty () =) tlg, 14 < 0, (6.10)

and on the other hand, we have to bound Ty(712) by a deterministic constant. To this
end, the following proposition enables us to bound the term |f,y — f|o for m’ =m
or m' =m.

Proposition 6.3. Let Assumption 2 holds. Set T €]0,1[. If

A< T

< (6.11)

then, on the set Q,[A], for any model m' € M(L,,) such that |]Em/|oo < B or|fuwle <
B, we have :

|fm/_fm/|oo S T/2

Due to definition of 7 (1.3), the previous result can be applied to m. In the
sequel of the proof, we put A = inf(l%‘:(;g‘w , 7oi7r) and we put ,, = Q,[A] for this
choice of A.

On Q,, we can bound T}(m) using that:
(|JFm|oo + |fm - JFm|OO) 1, (|fm|oo + 2|JEm - JFm|OO) Lo, < (|fm|oo + 7)1,

<
|fir = floo g, < (|f|oof|fmloo)]lnnS(B+|fmloo+f/2)]lnn
< (B |filoo +7) g, . (6.12)

Moreover, on £, we also have | ;oo L, < (|fir— faloo+ | frnloo < (7/2+B) g, .
Hence we obtain:

[fir = floo Mo, < (Ifinloo + | floc) Mo, < (7/2+2B) U, (6.13)

which provides an upper bound for Ty(m). Now, we choose 62 = 1/(1 + ), 04 = «,
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and « such that

(1 +a)4 =

(14 a)! (g - 1) = ¢,

where ¢; and ¢y are the constants in the penalty term. With these choices of 6 and

64, substituting the bounds given in (6.12) and in (6.13) in expressions of T3 (1) and

of Ty(mm), we check (6.10) and we bound T5(m) with some constant C'(B, «).
Hence inequality (6.9) over Q! NQ? gives :

«
1+«

1o, {(1 + 03)K(f, fin) + pen(m) + (1 +

K(f, fa) g, <

1 €|fm_f|oo£mDm . ¢
(6.14)

Let us now suppose that | fm|oo < B and choose 63 = . Then the third term of the
previous right hand side can be bounded as follows:

1\ elfm=flog, D, 1\ eMfml+B+7/20 D
o, (14 — ¢ <1, {1+ — ¢ < pen(m) Lg, .
03 2n « 2n

Moreover, since Q) and Q2 satisfy

P(7U2) <3 3 el <3e,

meMy
when applying Lemma 7.5 with
1+aC'(B,a) C(B,a)

K1 - =
« n n

52:32

we get the oracle inequality.
It remains to prove that the set €2, has a great probability, which is given in the
following proposition.

Proposition 6.4. Let Assumptions 1 and 2 hold. For any positive A, there exists
some positive constant c, which depends only on |f|e, V"¢ and A, such that

oy o U floc: 4, 0)
P (Q,[A4]9) < e .
Since we have already choosen A = inf(l%‘:(;g =5 %) the control of QF only

depends on |f|o, "¢, B, o and .
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6.2 Proof of Proposition 3.1

This proof is a simplier version of the preceding one, since we only have to deal with
one single fixed model m, rather than a random model m. With the same notations,
we easily have that, for any model m,

K(f7fm) = K<f7f_m>+7n<fﬂ})_7n(f_m>+<87.]Em_f_m >n
< K(f, fm)+ <& fn = fn >n
- 01 , J = 19
_ 91 €|fm—fm|oo+|fm|oo _ ~
< K(ﬁfm)‘*‘EXi(m)"‘ 0, K<fm’fm>’

for any positive 0. Therefore, bounding | fi — fmloo + | fm|so by 7/2 + B on the set
eT/2+E

g e have

), and setting 0, =

A _ €T/2+B )
(1= 0K, ) o, < (1= 0K S, o) + S m)
Now, let us choose 6, = 1/2 and since E(x2(m)) < elfl~D,, /n:
. _ D,,
E(K(f, f) To,) < K (f, fr) 4+ 261w 787220

6.3 Proofs of the propositions involved in the proof of the
Theorem

6.3.1 Concentration inequalities

The proofs of Propositions 6.1, 6.2 and 6.4 highly depend on concentration inequal-
ities established in (Reynaud-Bouret 2003). When applying these results to the
following Poisson process N we obtain concentration inequalities for sequences of
Poisson variables of mean e/

Let X =]0,n] and [; =]i — 1,i],1 < i < n. Let p denote the Lebesgue measure
on R and let define dv = Y /@)1, du. Let N be a Poisson process with
inhomogeneous intensity dv. Then, the random variables [ 1l;, dN have Poisson
distributions with parameter v(I;) = e/,

For any h € R, let us define f, = >_7", h; 1;,. Then, [ fdN =37 h; [ 1, dN
has the same distribution as ) ., h;Y;.

So, inequalities given in (Reynaud-Bouret 2003) can be re-enunced in this way:

Theorem 6.1. Bernstein’s inequality :
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For any £ > 0 and any h € R",

P(» higi>&) < exp (— 0 -
; 2 Zi:l ef(mh? + §f|h|oo

P hieil > &) < 2exp (_ T )
(12 hieil 29 IS e+ Tl

For any uw > 0 and any h € R",

P (Z hie; > (ZuZef(“)h?)l/Q + |h|oou/3> < e
i=1

i=1
P (| Zh,@ﬂ > (ZuZef(“”")h?)l/Q + |h|oou/3> < 2e7™
i=1 i=1

We will also need the following theorem:

(6.15)

(6.16)

Theorem 6.2. Let S be some finite dimensional linear subspace of Lo and
(Pr)r=1,...p be some orthonormal basis of S for the inner product <,>,. Let xn

be the following Chi-square statistics:

feS7|f|n:1

1/2
Xn(S): sSup <f7‘€>n: ( Z <¢>\78>727,> .
A

-----

Let

n
Mg = sup 0t Z el @) p?
heS,|hln=1 i=1

and assume that this quantity is finite. Let Qg(a) be the event

12CYMS
Q(a):{| <¢,5>n¢|w§7},
S 4 . A A /Q(Oz)

-----

where
k(o) =5/4+ 32/a.

Then, for any positive o and x,

P (xn(S) Uy > (14 a) (E(E(S)? + (12Msz/n)'/?)) < e
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6.3.2 Proof of Proposition 6.1

For the sake of simplicity, we use here the notations M, = Mg , and My = Ms,, .
Define for any model m’ € M(L,),

) = {xalm) tlog , < (1 0) (BOG () + (12M iy /) 2) |
Qo= () ),

m!€M(Ln)
where Qg , is defined by (6.17). From (6.19), we have
p)< ¥ p@m) < 3 e
m EM(Ln) m' €M (Ln)

Using Property 1, since m’ C A} we have

> < bae >0 daloo <UD, SUp [ < 91,8 >n | < b°D,” sup | < gx,e > |.

xem/ em AEA}

Furthermore, for any m’, A < 12ac_ Tloo o 120M,,
k() k()

12an=" M, 12aM,,,
<
kla) 7 k(a)

. Thus on the set €,[A] we have

> < bre>ndaloe <

rem’

Therefore, for any model m’, Q,[A] C Qg ,, so that on the set Q,

X () Doy, 4 < xn(m') Bag |, < (14 ) (BOG M) + (12Mwnr /n)'?)

Moreover, we have:

ZE<Q0)\,€>_ZVCLT<QO>\,E>TL§Z My Drne

rem/’ rem/’ rem/’

Noticing that M,, < elfl~ for any model m’ € M(L,), (6.4) holds true for any
model m'. Hence it is true for m’ = m.

6.3.3 Proof of Proposition 6.2
Let Q2(m’) be defined for any model m’ € M(L,,) by

1/2
Qi(m/> | < fm fie>n] < (Qym Z f(a:z - fi) ) + |fm/ - f|oo:éﬂn

@ = [)Q%0m)
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Applying Bernstein’s inequality (6.16) for h = f,v — f,n, we deduce that ]P’(Q?LC) <
2> e ¥m. Next, using (7.4),

iy O fowi = )P Vilf, for) _ 26l Sl .

K m' )
n2 I 2 ey )
so that on the set 02,
_ 1/2
_ €|fm/_f|00ym/ — a ym/
m — ], n < — 2K s Jm/ m/ 7 J oo 5 7
| < for — fre >0 | ( - (f, four) + [ for — f] ™
_ \_m/— Joo ,

using that ab < 6ya%/2 + b2 /(205) with a = (2K (f, f))V/? and b = (£2— vt y1/2,

we get:

_ 1 €|fm/_f|00ym/ 0K _ — Ym!
!/ — < -_ ! !/ — —_—
|<fm f75>n| = 20, n + 02 (f7fm)+|fm f|c>03n
elfm/_floo 1 m! —
< (U )T K (S o),
2 05

for some positive constant 5. Since this is true for any model m/, this is in particular
true for m’ = m and for m’ = m with 6, replaced by 5. To conclude, (6.5) follows
from

| < fa—fme>n [ S| <fa—fie>a |+ <f = fmne>nl.

6.3.4 Proof of Proposition 6.3

To prove Proposition 6.3 we state the following preliminary lemma adapted from the
results given in (Barron & Sheu 1991) and (Castellan 2003). Let G be the function
from RP™ to RP™ which A\ — th component is given by :

GA(B) =n"" z": e2n iy,
i=1
and 5m and 0,, be vectors in RP™ with A-th coordinates
5mA =n" ZY@, and 5mA =n! z": ef"qﬁM.
i=1
Lemma 6.1. 1. Suppose that there exists § € RP™ such that G(3) = &,, and let

us denote fr, =3\, Bada. For any 7 €]0,1[, if

- - T
5m - 5m - )
| : (dbloc D2 er Tl

(6.20)

then equation G(3) = om admits a solution B Hence when setting fm =
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> sem ha we get -
2. Suppose that there exists B e RP™ such that G(3) = b, and let us denote
fm = ZAEm Orxdx. For any T e]O, 1[, if
g < T
Om — Om B
| : (4blecD;{261+|fm|oo)

(6.21)

then equation G(B) = Om admits a solution 3. Hence when setting f, =
D aem Bada we get -
|fm - fm|oo S T/2
Proof. For any 6 € R P, define Fj as the function from R P to R which derivative
with respect to £y is GA(5) — dy :

n

F5(8) =n~" ) eXahon =% 5,5,
A

=1

Due to definition of Fj, solving equation G(3) = d,, comes to minimize Fy . Now
for any 8 € RP™,

F; (B)=F;,(8) = n™ Z X oni — Z OmaBy—n! Z X dns 4 Z OB
i—1 A i—1 A

= K(fm.h(8))+n" Z efmi Z(@ — B\)ori— < 0, B— >

(Ji ( ))+<5maﬁ ﬁ>_<5maﬁ ﬁ>
= (f ()) m_5m75_5>
e~ |fm

2

loo e 12 5 3
N —ploe D2 |5 6|2|ﬁ B2 = 10m — Oml2| 8 — Bla-

Let 7 be some number in ]0,1[ and consider the sphere {3,|3 — Bla =
2¢eelfmloo |y, — §,,|2}. For any 3 on the sphere,

_ 1/2 ,

T— loc € e\f_m\oo Am_im 2 T 7moo < S
FSm(ﬁ) _Fém(ﬁ> > (6 20 D [om=ml> 1>2€ elfm! |5m_5m|§'

Due to (6.21) and since 0 < 7 < 1, 26Dy e Hlfml|§, 5. |, < 7 < 1, hence for any
3 on the sphere Fj (8)— F;, () > 0. Moreover, the function Fj (-)— F; (f3) being
continuous and equal to zero in the center of the sphere 3, it admits a minimizer
inside the sphere, say 3, such that |B — Bl < 267+|f’”|°°|5m — o

Thus, from Lemma 7.4,

| = finloo < V°°DY2|3 — Blo < 20/ DY2emml= |5, — §,0]5 < 7/2.

The proof of the second point is similar, exchanging Om (resp. fm) with &, (resp.
fm)- [
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We let us now prove the proposition. On the set ,[A], for any m’ C A, we

have: A2 A2p-2
o _ n- n-
5 ;) — 5 / 2 = < 12 >2< < .
| m m |n >\§em/ (Z))u A = )\Eem:/ (blOC>2DA;‘L — (bloc)Q

Due to Assumption 2 and to (6.3), we have that for any model m’, n™" < n-(1=0/2 <
#. Since A satisfies (6.11), if m/ is such that |fu]ec < B, then A < z

; aet T s loo
m
Hence,
A = An=" T
10 — Ot [ < < . i
blOC 4blOCD71T{/2€1+|fm/ Ioo

If m/ is such that | f,|e < B, then

[o—— cAn? T
= e = gploe 2 1 e

In both cases, when applying Lemma 6.1, we get the result.

6.3.5 Proof of Proposition 6.4
i From the definition of €2,[A], we have

P < T p (1< o> 200 ).

1/2
AEAL blOCDA/;‘L
Using Bernstein’s inequality (6.15) and setting £(A) = blfch_lp/Q’ we get
A%
n2£2
P(| < ¢rne>n|>E(A) <2exp| — , .
2 ZAEA; ef(x')fbiﬂ‘ + §n£|¢)\|oo

Since Assumption 1 gives orthonormality of the basis (¢,) for the <, >,, inner prod-
uct,

Z ef(w)(bi,i < €|f|°°n|90>\|i — nelfle
AEA

Furthermore, due to Property 1, for any A € A:
|90)\|oo < blOcD}\/;’

so that

n1—2p
> < - U flohioc2
P(l < ¢re>n|>E(A)) <2exp ( 77<A)€|f|0051002DA;:> 7
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where n(A) = %. Now, using Assumption 2, we get
P (O[AI) < 2D exp(—n(A) 22 < 9010 exp(—(A) "
n > * EXPl— <2n exp(—
M P e Dy P o

2 3. 0—2
= n exp(—Cn"~),
where C is a positive constant depending on A, |f|s and b° but not on n. Since
0 —2p > 0 from (6.3), n3~% exp(—Cn’~2¢) tends to 0 when n tends to infinity, so
that the sequence remains bounded, which yields the result.

6.4 Proof of the lower bound given in Theorem 4.1

Let Far denote a finite subset of cardinality M + 1 of 7N C>(B), then we have for
any estimator f,, of f:

sup B p(K(f, fa)v,) = sup E (((K(f, fn)v, ).
fEFNC>(B) feFm
Next, due to inequality (7.5), which provides a lower bound in discrete quadratic
norm for the Kullback Leibler distance, we obtain that for any f € Fy and any
fn € C=(B):
_3B —-3B

B (U= [P0 2 Pl = Sy > O

2 (&

E s (K(f, fa)v,?) >

Hence, for any € > 0 and any f, € C>(B), when denoting by f; the elements of
fMZ

€—3B

swp By (K(f foen”) 2 =5 max, Prllfa— filawy' > 08 (622)

Therefore, the assertion of the proposition will follow from a non negative lower
bound of the probability in the right hand side that does not depend on fn

For the convenience of the reader we recall the basic tool (Theorem 2.5 in
(Tsybakov 2004) p.85) we use to obtain such a bound. Note that, for the sake
of simplicity, we use a simplified version of that given in (Tsybakov 2004), since we
only wish to obtain optimal rate and do not investigate the more difficult problem
of an optimal constant in the lower bound.

Lemma 6.2. Suppose that the elements fo, ..., far € Far, M > 2 are such that
a) For all k, k" such that 0 < k < k' < M, the following inequality holds:

b) For any k = 1,..., M the Kullback-Leibler divergence between the likelihoods
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under fi and fy satisfies

1 M

7 > K (fi, fo) < alog(M) (6.24)
k=1

where 0 < a < 1/10. A
Then for any estimator f,

OISI}%XMPfkﬂfn — fkln = sn) > ¢ >0, with ¢ =0.04

We construct now a convenient set of functions Fj, that will verify Assump-
tions (6.23) and (6.24) for some large enough M, which will be choosen as an
increasing funtion of n.

Let us consider a real positive function ®(-) (called basic function for the class
Y(v, 1), with v = k 4 «a) satisfying assumptions given in Lemma 6.3. Set m € N
with m > 8 and consider the sequence of points b; = (j—1/2)/m for all j = 1,...,m,
and the sequence of functions f;, defined as :

j—1/2 1\” x —b;
b, = n=L—| ® .
’ m /i (m 1/m
In the following lemma, we state the properties of functions f;,, that are necessary
to construct a subset Fj; of functions satisfying (6.24) and (6.23).

Lemma 6.3. Let & € X(v, 1) be compactly supported over [—1/2,1/2], such that
|®||oc < 8 B/L and ||®||3 < log2/(60L?). Moreover we suppose that ® has all its
derivatives up to order k+1 with its k+ 1-th derivative uniformly bounded by 1. Let
m > 8 then for any j =1..m :

i) fin is compactly supported over [(j — 1)/m,j/m], such that | finllec =
L[ 1 finl3 = L21D]3mC+) and || £l = L[]

i) fin € FNC®(B).

i) 11l = 1finl2] < L fonllol £ o™

Proof. The first point of the lemma is a straightforward consequence of required
assumptions on the basic function .

The Kernel ® being compactly supported and having its k + 1-th derivative uni-
formly bounded by 1, the k-th derivative of f;, satisfies condition (4.1). Moreover,
since ||®||cc < 8”B/L and due to i), f;, is obviously bounded by B.

The third point is an application of Taylor expansion of f;, at order one around
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each point x; = i/n of the design. Indeed,

(RN Sy I VACEY A D O T A DR AT

< Ul Y [ 1finle) = il
i=1 Y %i-1
< 2HfjnHoonj’»nHooZ/ | = wildz = | fjnllooll f llocn ™
i=1 Y Ti-1
O
Consider now the set of all possible binary vectors w = (wy,...,wn), w; €

{0,1}, [ =1,...,m. Due to Varshanov-Gilbert Lemma (1962) (see (Tsybakov 2004)
p. 89), if m > 8, there exists a subset W = (wy, ..., wys) such that wy = (0, ...,0)
and for any 0 < k < k' < M

pu(@F, @) = card{l : 1 <1< m,wk #w}
and 8log(M)/log(2)

m/8

>
> m. (6.25)

Next, for each binary sequences wy € W, we define the function
i) =Y wh fin(e).
j=1

Since the supports of f;, are non-overlapping, we have for any k = 0,..., M, fi €
FNC>®(B) and || filloo < Lm™"||®||oo. Let us check now that functions f also satisfy
conditions (6.23) and (6.24), for n and M large enough.

When using Lemma 6.3 and the Varshanov-Gilbert lower bound for py given in
(6.25), we get for any 0 < k < k' < M, and for any n and m > 8:

On the one hand,

o= Swln = D =i Vlfinln 2 D (wf —wf P Full® = il fulloon™)
j=1 j=1
= prr (e, ) (L[| @]f3m™ Y — L2m ™ @]oo [ @'l oon™")
12113 12 lfoo| 200

> —2VL2
=" g o

(6.26)

Ry, with R,,=1
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on the other hand, when also using inequality (7.5):

nK(fk’ f0> S lell‘fk|‘oo+”fk_f0|‘oon|fk _ f0|721 S %€2|¢'|00Lm—un (Z(w?)2|fjn|i>

2 —
< geQ'@'wLm‘”ni(Hfjnuz 2P| |9
j=1
) A LT e N EN N
j=1
e (nm—<2v+1> + m_wr’\‘;’\‘? Hq)/HOO)
< DO P (6.27)
ith
b P = 2IPlctm™ (m;;l n ”@’Eﬂgﬂj") .

Now we put m = nt/**)_ For such a choice, R,,, increases and tends to one,
and P, , decreases and tends to one when n tends to infinity. Hence for n large
enough /R, > 1/2 and P, ,, < 3/2 and we have, when substituting these bounds
in (6.26) and (6.27):

‘—”LH(I)H2 2 2
— fw|ln > n2 T ——= and nK(fx, < 3L°||®||51og M.

Hence Assumptions (6.23) and (6.24) are obtained for s,, = n=*/@*+D(L||®||5)/(8v/2)
and a = 3L?||®||3, for n and M large enough, and Lemma 6.2 provides the estimate:

-----

To end the proof, we substitute the previous lower bound in (6.22) which provides
the result given in Theorem 4.1 with C' = 0.04e 3B L?||®||3/256.

7 Appendix

7.1 Technical lemmas

Afterwards, for the sake of simplicity, we put D = D,,.

7.1.1 Estimator and projection on a given model

Due to their definitions, (1.1) and (1.2), f,, and f,, have no simple analytical ex-
pression. Nevertheless, they satisfy the following relations :
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Lemma 7.1. For any m € M(L,) and any function h € Sy,,
S i = > efrn (7.1)
i=1 i=1
Z efi h, = Z €fm’i h;. (72)
i=1 i=1

In particular,

Xn: efmin, = f(zn: efmin,). (7.3)
=1 =1

Proof. Since h € S,, we have h = Zle Broy and

n n

D D
Y(h) =07 (" = Yihi) =07y (exp(D Badaa) = Vi Y Brodn)-
A=1 A=1

i=1 =1

Deriving with respect to (3),, and fm =Y rem 5r@x being a minimizer of the contrast
function ~,(h) we get for any \g = 1,..., D:

n

D
Z(GXP(Z Brori)Orgi — Yidrgi) = 0.
A=1

=1

Hence, for any function ¢, ; of the basis of S, relation (7.1) being satisfied, it holds
also true for any linear combination of them. The proof of the second assertion
(7.2) is analogous, so it is omitted. The third assertion obviously follows when
noticing that expectation of the left hand side of (7.1) is equal to the left hand side
of (7.2). O

7.1.2 Pythagoras Equality

Lemma 7.2. For any m € M(L,) and any function h € S,,, we have:

K(f.h) = K(f, fm) + K (fm, h).

Proof.
K(f, h) = n! Zehi — €fi — €fi<hi — fz)
i=1
= n! Z ehi — efm,i + efm,i —efi = efi(hi _ fm7i + fm7i _ fl)
i=1

= K(f, fn)+n! Zeh" —efmi — eli(h; — fni)
i=1
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The functions h et f,, are both in S,,, so is their difference. Therefore, when applying
relation (7.2) we obtain:

Y el = fi) = Y i (i = fin):
=1 =1

Then we get:
K(f,h) = K(f, fm) +n~ Ze — eIt (hy = fni) = K(f, ) + K (fns ).
O
7.1.3 Links between distances
Lemma 7.3. For any functions f and h,
e"h_ﬂ“’w < K(f,h) < elh_ﬂ“’w, (7.4)
€—|f|w—|h—f|ww < K(f,h) < €|f|w+|h—f|ww7 (7.5)

where

Vi(f,h) =n"" Z e (h(w:) — flx:))?.

Proof. Recall the definition of the Kullback-Leibler divergence given in the intro-
duction :

K(f,h) =Ej(m(h) = mm(f)) =n"" Z@f"(eh"_f" —1—(hi — f)).
Since for any x € R, % e l<er 1 -z <t e'”C' we have :
n- Zef' eI i fz) )< K(f,h) < n_lzn:ef"(eﬂhi_f”w). (7.6)

=1

Moreover, for any i, exp(—|h; — fi]) > exp(—|h — flo) and exp(lh; — fi]) <
exp(|h — f|e). Hence, substituting these bounds in (7.6) we obtain (7.5). Next,

since exp(—|floo) < exp(fi) < exp(|f]o) we have exp(—|floo)lh — fI5 < Vi(f,h) <
exp(|floo)|h — f|? and (7.4) follows. O

The next lemma deals with links between norms of functions and norms of the
coefficient vectors in an orthonormalized basis, for the <, >,, inner product.

Lemma 7.4. Suppose Assumption 1 satisfied. Then for any h =3 . Brxér € Sp:

= fnloo < B°D)?|6 = Bla, (7.7)
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Ifmloo —
e oc ]‘/2 =
5 ebl Dy, |5—5|2|ﬁ . ﬁ|§

€_|fm|w

g e_bzocD},{Qw—Blzw — B3 < K(fm,h) <

Proof. Since |3 — Blo < |3 — (|2, Assertion (7.7) follows immediately from Property
1.
For the second one we have :

K(f_m7 h) — n—l Z ehi_efm,i_efm,i<hi_f_m7i> — n—l Zefm,i (ehz_fm,z_1_<hz_fm7z>)
=1 i=1

Applying inequalities (7.5), (7.7) and noticing that for any h € S,,, |h]2 = |33, we
obtain:

o2 312
K(f,h) < elfmleclh=fmle b= Fimln 1l poeD7 2155110 — Bla
= 2 = 2

The lower bound is deduced in the same way. O

7.1.4 Integration lemma

Lemma 7.5. Let X and Y be positive random variables defined on the probabil-
ity space (Q,P). Assume that there exist positive constants ki and ke such that
P(X >Y + kiC) < ke S, then BE(X) < E(Y) + Kika.

Proof. By definition, using Fubini,

+00 +oo
E(X):/O ]P’(Xza:)dx:/Q/O Wix>qy dadP.

The latter event can be decomposed as

Wixsey = Wixseysey + Wixsey<ry < Wiysay + Wiy cocxy,

so that .
QJo

Now, changing variable x for ( in the previous integral with x =Y + k1( we obtain
+oo +oo +oo
/ / ]l{y_,_,ﬂgsx} HldCd]P’ = / P (Y + /€1< S X) Hldc S / /€1/€2€_Cd< = R1R2.
o Jo 0 0

O
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