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Abstract.

In this paper we present the identification of parameters in the flux and diffusion
functions for a quasilinear strongly degenerate parabolic equation which models the
physical phenomenon of flocculated sedimentation. We formulate the identification
problem as a minimization of a suitable cost function and we derive its formal gradient
by means of adjoint equation which is a backward linear degenerate parabolic equation
with discontinuous coefficients. For the numerical approach, we start with the discrete
Lagrangian formulation and assuming that the direct problem is discretized by the
Engquist-Osher scheme obtain a discrete adjoint state associated to this scheme. The
conjugate gradient method permits to find numerically the physical parameters. In
particular, it allows to identify as well the critical concentration level at which solid
flocs begin to touch each other and determines the change of parabolic to hyperbolic
behavior in the model equation.

1. Introduction

Batch sedimentation is a classical procedure to separate flocculated suspension into a
concentrated sediment of practical interest, and a clear fluid. It is used, for example
in metallurgy, alimentation industry. The experimental setting consists of a vertical
column, with a surface feeding at the top, and a discharge surface at the bottom. Under
the influence of gravity, the suspension separates into a clear fluid, and a compressible
sediment, which is collected at the bottom of the column. We refer to [13, 3, 4, 6] for
more complete descriptions and details.

Under several constitutive and simplifying assumptions, it turns out that this
mixture of two continuous media (fluid and solid flocs) can be described by a single
model equation, namely a partial differential equation of mixed type, hyperbolic and
parabolic. The unknown is the volumetric solid concentration ¢, which is a function of
the time ¢ and the height in the column z.
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Actually, the mixed type nature of the equation results from the different behaviour
of the solid flocs on the one hand, the fluid on the other. The former indeed lies in a
compression region, where the solid effective stress o, is not constant, while in the fluid
zone, it can be taken equal to a constant. Therefore, in the solid zone (sediment), the
equation will be of parabolic type, in the fluid zone, it will be hyperbolic.

More precisely, it can be assumed that o, is a nonlinear function of ¢ alone, with
the following shape:

> 0 for ¢ > ¢,

The concentration ¢, is the so-called critical concentration, above which the flocs get

{zo for ¢ < ¢,

into contact with each other and form a network. The location of the interface ¢ = ¢,
is a specific problem in direct simulations.

Another constitutive relation can be obtained through Kynch’s theory of kinematic
sedimentation. It gives the velocity of the mixture as a function of the concentration ¢,

f(¢7 t) = q(¢a t) + fbk(¢)

Here ¢ is the volume average velocity of the mixture, ¢ = vs¢+v;(1 — ¢) (vs and vy are
the solid and fluid velocities), and fy the so-called batch flux density function. Kynch’s
theory gives a precise expression for this function.

We are interested here in the inverse problem which consists in identifying the
constitutive laws fy, and o, from experimental data. This kind of problem is in general
impossible to solve in its full generality, that is considering f,x and o. as general
functions. Therefore we shall consider more precise constitutive assumptions, which
give explicit expressions for both functions, depending on a finite number of parameters.
Among these we emphasize the value of the critical concentration ¢., which is of great
practical importance, and very difficult to access from experimental data. We mention
here that there are several experimental methods to obtain the involved parameters, see
[11, 1] for an overview. They employ a set of data of local solid concentration and local
permeability to the effective solid stress to obtain approximate correlation formulas
and then by algebraic manipulation of this correlations determinate some empirical
representation of fyr and o.. In contrast to our approach, we need only experimental
concentration data and we compute the optimal f. and o..

There is a large list of authors who propose analytical and numerical methods for
inverse problems in evolution partial differential equations. For example, parameter
identification methods for parabolic PDEs can be found in [14, 15, 24, 29, 31| and
references therein. Recently, Yamamoto and Zou reconstruct in [33] the radiative
coefficient and the initial data for a linear parabolic equations using a piecewise linear
finite element method for the discretization and a nonlinear gradient multigrid method
for accelerating the reconstruction process. Several difficulties arise in the case specific
we consider, since we want to reconstruct nonlinear coefficients, but such a strategy is
likely useful to improve the results. Moreover, the hyperbolic degeneracy gives rise to
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shocks in the concentration profiles. The existence and uniqueness for weak solutions to
the direct problem rely on specific entropy conditions which has physical relevancy for
the model and must be considered owing to the nonlinearity of the flux and degeneracy
of the diffusion, see [3, 4, 9].

The existence of solutions for the inverse problem is a consequence of the continuous
dependence of the entropy solutions with respect to the flux and the diffusion (see
Theorem 2 below and [19, 21]). Its uniqueness cannot be ensured because of the
hyperbolic behaviour, see [25, 26]. Therefore we shall rewrite the identification problem
by adapting the technique developed by James and Sepilveda, in [25, 26, 27|, which
is numerically tested as an efficient method to reconstruct the flux of a particular
hyperbolic system. The idea is to write the inverse problem as an optimization problem
for an appropriate cost function and then to apply the classical conjugate gradient
method.

The continuous gradient stems from an adjoint state to the model consisting of a
backward linear degenerate convection-diffusion equation with discontinuous coefficients
and boundaryconditions. As in the purely hyperbolic case, the adjoint equation is ill-
posed in uniqueness. We obtain the discrete gradient by computing the exact gradient
of the discrete formulation of the optimization problem. This has become a classical
technique, instead of computing the discretization of the formal gradient, because
identification problems are generally badly conditioned or ill-posed, see [17, 27]. All
the computations are based upon the explicit (first and second order), semi-implicit and
implicit Engquist-Osher (or generalized upwind scheme) for the numerical computation
of the solution of the sedimentation model, see Biirger et al [9]. In each case, the adjoint
scheme and the discrete gradient are provided.

The remainder of this paper is organized as follows. In section 2 we provide the
formulation of the direct and inverse problems. In section 3 we analyze the question
of the well posedness. In section 4 we present the formal calculus of the gradient. In
section 5 we introduce the numerical schemes for the identification of the parameters
and we present some numerical results.

2. Statement of the problem

2.1. The direct problem

Summarizing the results given in [2, 3, 4, 6] for the mathematical model of the
sedimentation processes, we have the following IBVP

b o+ @) = -5 (WOFD) | (e )
¢(Z’ O) = ¢O(Z) ) [ ) ] ) (2)
¢(L7 t) - ¢2<t> ) t [ ) ] ) <3>

for () (1 + Zl,éj;%)

z=0
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where ¢ is the non-negative unknown function, Q7 = [0, L] x [0, T], Ap and g are positive
constants, q, fur, e, ¢o and ¢9 are given functions with the next supposed behavior

e ¢ is a non-positive Lipschitz function, this is
g € Lip(0,T]) and q(t) <0, V¢ € [0,7]. (5)
e fi(¢) is a smooth function such that

) =0 for ¢c€ R—)0, ¢rmaz|
fbk(¢) - { <0 for (;5 E]O,(bmam['

e 0.(¢) is a C? function, constant for ¢ < ¢., with monotonic increasing for ¢ > ¢

0 < Pmae <1 (6)

where ¢, €]0, Praz| is a constant, and its first derivative, o/, satisfies

p =0 for ¢ <o,
pum 7
oc(9) { >0 for ¢ > ¢.. 0
e ¢g and ¢, are piecewise continuous functions such that
0< ¢o(2), ¢2(t) < bmaw, 2z €[0,L], t€0,T] (8)

with ¢o changing its monotonicity behavior a finite number of times.

In the setting of sedimentation theory ¢(z,t) denotes the volumetric solid
concentration at height z in time ¢, ¢ the volume-averaged velocity of a suspension,
fur the Kynch batch flux density function, ¢4, is the maximum concentration value, o,
the effective solid stress, L the height of thickener feeding level, T" the total time for the
process, Ap the difference of solid and fluid mass densities, g the acceleration of gravity
and ¢, is a critical concentration value or gel point, see [2, 13, 5, 6] for specific details.

The flux density function (or shortly flux) and the diffusion coefficient (or shortly
diffusion) associated to equation (1) are defined by

_ Ju(d)oc(9)

f(6.0) = g0+ () and  a(g) = LI,

respectively. Moreover we define the integrated diffusion coefficient A by

o
A(9) :/0 a(s)ds . (10)

Due to (6), (7) and (9), (1) is a second order parabolic partial differential equation

(9)

for ¢ €|éc, Pmazl, @ nonlinear hyperbolic conservation law for ¢ €0, ¢.| and a linear
advection equation for ¢ € IR—[0, ¢pnaz]. In brief, the IBVP is referenced as a quasilinear
strongly degenerate parabolic equation. We remark that it is sufficient to consider
the degeneracy on [0, ¢.] U {pmaez} because for ¢ solution of the IBVP we have that
¢ € [0, ppaz] almost everywhere, see [4].
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2.2. The inverse problem

Experimental results obtained in industrial and laboratory processes for flocculated
sedimentation suggest to consider in the model (1)-(9), a dependence of finite number
of parameters for the functions fy, and o, see [2, 13, 5] and [6]. The determination of
this parameters implies to solve an “Identification Problem”, IP. We can formulate it,
in general way, as follows

IP Given an observation data ¢°**(2), at time T, and the functions q(t), ¢(z,0), ¢(L,t),
explicitly, and ¢(0,t), implicitly, satisfying (5), (2), (3) and (4) respectively, find
the flux f and the diffusion a with fy, and o. satisfying (6) and (7) such that the
weak solution ¢(z,T), in time T, of the IBVP (1)-(7) is as close as to ¢°**(z) in
some suitable norm.

We can write the IP, see [25, 26] and [27], as the optimization of a cost function J
min J(¢(;, 1)), (11)

under the constraint for ¢ to satisfy weakly the IBVP (1)-(4), for some f and a. A
natural example of cost function J is

10) =5 [ 1ot ) = ()P, (12)

for other examples see [26].

We particularize the general situation by consider the parametric dependent
analytic form of the flux and the diffusion. In this work, we seek f;r by the usual
formula of Richardson and Zaki [32], and o, by a constitutive law, [9], i.e.

For () = (1 — j’ | (13)
B Cte. for ¢ < ¢.,
70 = { a ((¢/6.)° =1) for &> 6., )

where wu., is the flow velocity of a singular particle in an unbounded medium and
C>1,a>0,08>1,0. €0, pnas| are parameters(see [13, 23, 11] for another examples).
Thus, in this particular case, if we denote by e the parameters to find, the problem (11)
can be formulated in an equivalent way by

Hlén J(¢e(7 T)) )

where ¢e is a weak solution of IBVP (1)-(4) with fy and o, given by (13)-(14),
respectively.

The nonlinearity and degeneracy implies that solutions of the IBVP may become
discontinuous in finite time. Thus, we need to interpret the IBVP in a weak way. In
addition, it is well known that the IBVP is ill-posed in the classical weak sense because
there is no uniqueness. In order to have a well-posed problem we must consider an
additional condition or entropy condition, see [3, 4, 10].
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3. Theoretical analysis of the IBVP and the IP

3.1. The direct problem

We adopt in this work the definition of weak entropy solution introduced by Biirger et
al. in [10].

Definition 1 Let ¢ € L>®(Qr) N BV (Qr) . Then ¢ is an entropy solution of the IBVP
if the following four conditions are valid

(i) 9:A(¢) € L*(Qr)
(ii) For all k € IR and for all ¢ € C*(]0,1] x [0,T]) such that ¢ > 0 and
supp ¢ CJ0,1]x]0,T[ the entropy inequality

// {|¢ — k|Owp +sgn(o — k)(f(, 1) — f(k,t) — 82A(¢))8Z¢}dzdt

+ / { = se(62(t) = B (0 1) — F(b, 1) = mdA@)p(1,1

Hsgn(6 — K) — sen(oa(t) — WIAGx0) — AROA(LD }at > 0
15 satisfied.
(iii) For almost all t €]0, T

Yo(for () — 9:A(¢)) = 0

(iv) For almost all z € [0, L]
fim (2. 1) = do()

The notations 7y and 7; denote the traces in BV (Qr) at x = 0 and = = 1,
respectively. For a precise definition see [4]. The item (i) is a technical regularity
condition, (ii) is the entropy condition meanwhile that (iii) and (iv) are the weak
formulation for the boundary condition (4) and the initial condition (2), respectively.

The definition 1 implies that the direct problem is well-posed, it was proved in
[10], see also [4]. In that works, following the Kruzkov [30] and Carrillo [16] ideas they
establish several properties for the entropy solution of the direct problem. In particular
they, provided the hypothesis (5)-(9), proved the following theorem

Theorem 1 There is almost one entropy solution ¢ € BV (Qr) for the IBVP (1)-(4).

3.2. Ezistence of solutions to the Inverse Problem

In this section we provide a sufficient condition for existence of at least one solution for
our IP. The existence result is a consequence of the continuous dependence of the entropy
solution with respect to the flux and diffusion. The non-uniqueness is a consequence of
the degeneracy and the hyperbolic behavior.
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The continuous dependence for a Cauchy Problem with spatially dependent flux
was studied in [28, 21]. Their ideas, inspired by the works of Carrillo [16] and Cockburn
and Gipenberg [19], can be extended to our IBVP with time dependent flux. First, we
need the following lemma.

Lemma 1 Assume that A" > 0, then for any ¢ > 0 in C°(Qr) and k € IR we have

t/Q{W—k@¢+%m¢—MUWJ%<ﬂhﬂ—@AWD@MdMZ

e—0

~ting [ 4(0)(0.0 5806 — Wy (15)
where ¢ 1s an entropy solution of the IBVP and

—1 r < —€,
sgn (r) = r/e —e <71 <eg,
1 r > €.

Proof. Let 1(z) = —sgn (A(z) — k) and Ay (¢) = ff Y (A(r))dr. Then, by a

“weak chain rule” (see [16, 10]) we have

T
—/ < Oy, —sgn (¢ — k) > dt = // Ay (9)Orpdtdz, (16)
0 T

where < -,- > denotes the usual pairing between H~'(]0, L[) and H}(]0, L]).
On the other hand, by definition 1, we follow that

T
—/ < Opp,sgn (o — k)p > dt +
0

J[ 1706 = 108) = 0,400 s81.(6 ~ Wyp)itdz = a7)
Combining (16) with (17) and passing to the limit when ¢ — 0, we obtain (15). O
Theorem 2 Let u and v be entropy solutions of the following IBVP’s
du 0 0?A(u)
ETRar ((t)u + for, (u)) = 92
0
u(z0) =), ullt) =wnlt),  fu(8) - AW =0,
z=0
and
ov 0 9?B(v)
% o (@2()v + for, (v)) = 2
0
v(z0) =w(=), oLt =ult),  fulv) = B)5| =0,
z=0

respectively, where the assumptions (5)-(10) are fulfilled by each one of its coefficients,
initial and boundary conditions. Then for almost all t € [0, T
(- t) = v(-, )l ooy < llwo — vollro,ny + tC|lar — 2l Lip(o,m)

HO|| fors = ot |l in(10,macl) + VICIVE = VBl (60 6]



Identification of parameters for a model of sedimentation processes 8

where C' > 0 is a constant and a(u) = A'(u), b(v) = B'(v).

Proof. It is sufficient to prove this theorem when the equations are uniformly
parabolic since the degenerate parabolic case is a consequence of the convergence of
the vanishing viscosity method, see [4, 10]. The proof will be done by the generalized
doubling of variables technique, see [16].

Let us introduce the test function ¢ € C3°(Qr x Qr)

p(z,t,y,8) = {/t po(s)ds — /” pe(S)dS} pn(z = y)ps(t — s),

where v, 7 €]0, T are Lebesgue points of ||u(-,t) — v(-,t)||L1(o,z)), ¢ €]0, min{v, T — 7}],
n,d > 0 and p(z) = (1/€)p(x/e€) for € > 0 with p € C°(IR) such that p is a even
function, p(r) =0 for |r| > 1 and [ p(r)dr = 1.

We apply the lemma 1 twice. Firstly with ¢ as a test function in (z,t), ¢ = u(z,1),
k = v(y, s) and integrate with respect to (y,s) € Qr. Then we apply the lemma with
go as a test function in (y,s), ¢ = v(y,s) and k = u(z,t) and integrate with respect to
(z,t) € Q7. By summing up the results we obtain

I, (s

+sgn(u —v)[(f(u, 1) = f(v,1))0:0 = (9(v, 5) = g(u, 5)) O]
—[sgn(u — v)0,A(u)0,p + sgn(v — u)0, B(v )@gp]}dzdtdyds

= —lim //// A' )(0.u)* + B'(v )(8yv)2}sgn’5(v — u)pdzdtdyds
0 QTXQT

< —lim //// 2v/ A'(u)/B'(v)0,ud,v sgn.(v — u)pdzdtdyds = S
QrxQr

e—0

Now, by triangle inequality we get
L+L+13 < — //// lu — v[(Opp + Osp)dzdtdyds < S + Sa + S5
QrXxQr

where

— ////QTXQT lu(y, t) — v(y, t)|(Owp + Osp)dzdtdyds
— ////QTXQT lv(y,t) — v(y, $)|(Opp + Osp)dzdtdyds
_ / / / /Q o Cet) . Dl + D)y

s=[[f /Q sl o)1) — 0, 0)0.0 — (9f0.5) — gl ) glatdyds
- / / / /Q (= 0)0.A(: -+ sen(o )3, B0, pldedidyds

Taking into account that Oyp + 0s¢ = [pa(t — v) — po(t — 7)]py(2 — y)ps(t — s) and
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0.¢ + 0y = 0, we obtain that

lin Iy = [|u(, 7) = o(,7)1gosp = l[uv) = v( ) l2go.p:
lim I, =0,

0—0

hm[3 > —2n sup |u(,®)|Bvqo.L)),

te(v,T)

9}}?1»0 Sy < (llar = @2l|zip + [ forr — forellzip) sup |ul-, )| Bvgo,zp

te(v,r)
and
Hn 14 8 < (1 —v) i [ul )l Bvao.p —H VB = VA (60 bmas))-
- te(v,r
This estimates yields the result. O

Corollary 1 Let M = Lip([0,T]) x Lip([0, tmaz]) X L®([¢¢, Pmaz]). The mapping
J : (q, for, a) — J(Pg.for.a) defined from M to IR, is continuous. Then, if (q, for, a) € F,
where F is a compact subset of M, there exist at least one solution for the IP.

Because the square root is not a Lipschitz function it is interesting to note that
if we consider the mapping J : (q, fors Va) — J(Pg fr.a) from M to IR, is Lipschitz
continuous, obtaining a strong result of continuity of the cost function respect to “y/a”
than “a”

It is known that IP is ill-posed in uniqueness if we consider for instance the
identification of the parameters of the flux an only shock observation, when A = 0 (see
[17] for more details). We hope to solve in practice this problem of uniqueness following
the same idea of [17]: considering several experimental observations with rarefaction
waves and limited number of real parameters to identify.

4. Lagrangian formulation and formal calculus

We define a Lagrangian for the problem (11) by setting
C(gbad}a fa (1,) = J(gb) - E(Qbﬂ/)vf, (I),

where ¢ is a smooth test function, ¢ is the state variable and

Blo.vifa =~ [ (6% + 05 +A<¢>fff)

w [ (wsten -5+ Ay

—/Zzo(wquA( ) | wo= [ ven

When we formally take the derivative of £ in the direction d¢ we obtain

(5500) = [ a0 (G + ror5e + a0 55)

+ /FO 5o <wq(t) + a(gb)%) + /t:T 3p(¢ — o™ — ),
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where we used the fact that ¢g, ¢, and ¢*** are fixed. Now, we are interested in
canceling 0L/0¢, then 1) should be solution of

Y+ e = )0y, heQr, ()
'QZ)(Z’ T) = ¢(Z>T) - ¢Obs(z) ) z e [07 L] ) (19)
bq(t) — a(aﬁ)g—f - =0, telo,T). (20)

This problem is a backward boundary value problem for a linear parabolic degenerate
equation with discontinuous coefficients. The end condition (19) depends on the cost
function, in this case it corresponds to J. In more general case we have the relation
ft:T ooy =< 0J/0¢,d¢ >, for all 6¢ smooth. No boundary condition is needed at
z = L, for the case of batch sedimentation ¢ = ¢ = 0, since the characteristics are
entering the domain for the direct problem.

Let ¢, be solution of the IBVP. If ¢, is smooth, then we have E(¢f,,1; f,a) =0
for each 1 smooth. In this way, L£(éf.q,%; f,a) = J(¢d7a) = J(f,a). Thus

= oL oL |/ oC oL
T = (e #e) 57 (3 92) + )

oL oL oL
= (G 0+ (5750)

In this equality, for ¢ solution of (18)-(20) the first term in the right-hand side is zero,
so that we obtain

<vj, (67, 5a)> — (YL, (5f,6a)) = — (VE, (f,8a))

0 0
_ / (5f(¢f7a)8—f,a(¢f,a)a—;f)

[ (srevateasy) - [ (003t Jen

5. Numerical schemes and discrete study

We divide the interval (0, L) into M subintervals of length Az = L/M and the interval
(0,T) into N subintervals of length At =T/N. Forn=0,...,N and j =0,..., M we
will denote by ¢7 the value of numerical solution at (jAz,nAt) and by ng?, 7, ng;?bs the
corresponding approximation of @g, ¢o, p°*%, respectively.

At discrete level the minimization corresponds to the following problem

min Ja (4} (e))

where Ja is the discrete form of cost function. In the case of (12) is given by

M
Ia(@)(e)) = 5 D" Azl — 6P
=0
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In this way we define the discrete Lagrangian associated by

1
L6, uf5e) = 2= Ta(0]) — Bald),ulie),

where FEa(¢},¢7;e) denotes a discrete weak formulation, it will be obtained by
summation by parts of the numerical scheme by means we calculated the numerical
solution of IBVP and 97 will be chosen as solution of a discrete adjoint problem.

5.1. First and second order explicit EO scheme

In [9] the IBVP was well discretized by means of the first and second order Engquist-
Osher scheme. The first order EO scheme is

¢"+1At o3 q(nAt)(b?HA; 2 N e (0 ?H)Az (051, 07)
_ Al = 2&(3”) AW , j=1...,M—-1, (22)
where
b (05, 3541) = foh(67) + fr (07 10)
= [0+ [ mastsisr. 0] + [ [ min(s 000005
The second order EO scheme is defined by
¢"+1At o5 + g(nAt) JHA ¢>R (07 fﬂ)AZ (61, 97)
_ A 2{2(3") +A( ), =1,...,M—1, (23)
where
<;5 = ¢ — gs and qb = ¢ + %5
Here s} = s}, ; = 0 and fOIj =2,...,M — 2 we have
s?:mm(ﬁgb' = gbﬁl m=Ny ;LHAZ ¢") 6 € 0,2],

Az ZAZ
with mm the minmod function
min(a,b,c), if a,b,c >0,
mm(a,b,c¢) = ¢ max(a,b,c), if a,b,c <0,
0, otherwise.

In both cases, first and second order, ¢}, is obtained by ¢}, = ¢2(nAt) and ¢j by the
following formula

n+1 ¢0

o= (05, 0) _ A(d7) — Alep)
At

+a(nAl) Az Az B (Az)?




Identification of parameters for a model of sedimentation processes 12

Denoting by A = At/Az and v = At/(Az)? the discrete weak formulation for (22)
is given by

Ea(6},u7e) = - {ort = o7 + Aa(nAn) (67, — 67) + (5067, 07 ,)

n7j

_ b]iO( ?—1, n’e)) —V(A(¢?+1,e)—214( ,e)+ A(o” 15 ))}wjm—l
- Z{¢?[¢” I Ag(nAE) (V7] wn+1)]

n7j

+ MG G )W) = U — A W — 205 + i) |
M-1
PR
+Z{ a2 — anADGUIT + £ (05, T
=0

— v AR )R — AR )Y — A = v )

where we approximated the boundary condition at z = 0 by

o’ 0
for (@) (1 + A/()Zba_f) i (O, dy) —

Taking the derivative of Ea with respect to ¢} we obtain

OEA
0"

A(¢p) — A(e%y)
Az

=0.

= ¥7 =¥+ Ag(nA) (Y1) — w7

0 min(fh(67), 00w+ (6l = max(f(65). 00 |
= va($7) (W5 = 205 Ui + 4 0w

— [)\q(nAt)wTrl —va(gy) (Y™t — g+1)] 9.0

+ Amax(fu(65r1). 0) +va(@ie )[R 6.

If we consider that (0La)/(0¢%) should be zero we have the follow adjoint scheme
o (22)

Pr — it Ui =it RA a(@) (W — 205 + )
At TAmADTE T A (A7) ’
dJA
N [ —
wnqtl n+1

anur — afep) P =0,
Amax(fy. (05, 1),0) + va(@hy ) [v5 " =0,
where

FA; = min(fy,(¢7), )@/);L + |fbk(¢n)|¢n+1 — max( fy,(47), Wﬁ?- (24)
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Thus, we obtain the discrete gradient
VJa(e) = —VeEaAz
== D AtVe il &) (47 — Ui
" N—1

— AVeA(d)) (W) — 20+ ui) = D { AtVe (G, i)

n=0
~ A|[VeA(@h Ui — VeA(h vt — VeA() (Wt — vi™)| |-
If we use (23) instead of (22) we get the adjoint scheme

P — it N q(nAt)Fq N FAy (¢")(¢"H — 24 i)
At Az Az Az2
0Ja
N e
8¢£ n+1 n WLH B gﬂ _
alnat) gt = al6h) = =0

0
Amas(£(@ 1), 028yt o, et = o,

efors
where
. / L 9 JL 1/ n+1 n+1
FAQ_mln(fbk(gbjfl)?O) 8¢" (w — ;7 1)

R 8 R gbL n+1 n+1
+ ¢ max(fy.(#5°1),0) &b" - + min (for(7), )8¢" W52 =)

Dot 0
+{max<f,;k<¢?>, 05+ minf(¢5,).0 j;:l}w"“ ut)

+ max( fy,( j+1) 0) o (Wif _wﬁg)’

ogn

— agb]L—l 8¢§%—1 n+1 n+1 8¢JL ¢R n+1 n+1
Fq—<a¢n—a¢?>(@/}+ — )+ g~ g ) O -0

8¢J+1 agbf—f-l n+1 n+1

In this case the gradient is given by

Viale) = = > { AV (6] of ) (Wi — v

n,j
N-1

—AVe (@) (i — 2t +ur) b = ST {AtVe ok sk ui
n=0

— \[VeA(@ivii = Vel ust! — VeAls) (i — vni)] |

13
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If the following CFL condition

A max + A max ! +2r max |a <1,
te[OT]M( )| jemax |fbk(¢>)| ¢e[¢c’¢mm]| (@) <

is satisfied, then the first and second order schemes are stable. For another CFL
condition see [9].
5.2. Implicit and semi-implicit schemes

The direct problem can be discretized by semi-implicitly scheme

G0 | an P9 TG Gn) — 0010, 6))
AL Az Az
A n+ly _ 24 n+1 —l—A n+1
_ AWn) (Xi) )+ AW ), j=1,...,M—-1 (25)
or by the implicit scheme
G SR St s VR i
AL Az Az
A 246 +ABY) 2
= (Az> s jzl,’M—l

In both cases the boundary condition at z = L is discretized by ¢! = ¢o((n + 1)At)
while the boundary condition at z = 0 is calculated by the interior scheme with the

following approximation
A(dg™h) — Ale1")

(10 222) S

Applying the same strategy as the previous section for to calculate the gradient, we

~ bk (¢n+1 n+1) =0.

z=0

have the adjoint state

Pr — it =Yy FA n — 2¢7 + Y7,
Ay v vl )= A
0.7
(1+ 2va(¢]))y) - ﬁ

anannt’ —afop) 2 <o

Amax{ fi (S 1), OM5 + va(@hy )¢y =0
for (25) and

e A n =y FAI mUj1 = 207 U7
: At T a(na) At i Az <¢) (Az)?
aJ
vy = WNAI
sty —a(op) <o

{Amax{ fy.(#3; 1), 0} + va(dh, 1)} =0
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for (26), where F'A; is given by (24) and
FAI = min(f,(65), 0)¢7 1 + | fi(87)[¢] — max(f(65), 0)07, 4 -

The gradient in the case of semi-implicit is given by

VJa(e) = —VeEarAz
:—ZAtvefb’iO( P on ) (T = grhl) = AVe A(¢7) (¥, — 207 +¢7,)

Z {AtVe fEO(Dh - v

) [VeA(ng)wM,l — VeA(Hr v — VeA(d) W™ —v)] |

whereas in the implicit ones is

VJA(e) = —VeEAAZ
= - Z AtVe fir ¢Ja i) (0 = 47) = AVe A(9]) (¥ — 247 + 474,

- Z {AtVe fEO(0 1, S
n=0

~ A |VeA(@3)¢51 — VeA(dh_1 vy — VeAldh) (™, — v3)] }.

The CFL condition for the semi-implicit scheme is given by

A o0+ e (o)) <1

te[0,T' #€[0,¢max]
Meanwhile, the implicit scheme is “CFL free”, see [9].

The unconditional stability of the implicit scheme is useful for the reason that
it allows the choose of a coarse grid without loosing the convergence to the entropy
solution. Therefore, the implicit scheme is a good alternative to simulate numerically
the physical problem with a few (reasonable) steps of time to overcome the cumbersome
number of steps of time in the explicit and semi-implicit schemes.

5.8. Numerical tests

5.8.1. Identification from analytic data. Let us consider fy and o, like (13) and
(14) with the value of the parameters given by the Table 1. Then the function
d1(z,t) = 22 + (t/?)OOOO)2 is solution of the following IBVP

Do uo) =T5 D vy Gneer
¢@ﬁ) — 0.05 2 e [0,1]
o(1,1t) = ¢1(1,1) te0,T]
fule) - 229 te0,T]

62 z=0
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Table 1. Parameters for direct simulation [20].

Cla|B | o
15.6 | 5.0 [ 6.0 | 0.1

Table 2. Identified parameters with the second order EO explicit scheme.

(bObS J C a ﬁ (bc
03] 8.245e-6 | 16.09203 | 5.50039 | 6.50071 | 0.10053

1.01¢; | 4.553e-6 | 16.08856 | 5.50039 | 6.50069 | 0.10280

where the source term ¢ is defined by

0 0 0?A
02t = 20 D (o) - TN

and the boundary condition b, is given by

bi(t) = fu(d1(0,1)) — W .

The identified parameters given at Table 2 are obtained with the second order
explicit EO scheme (# = 1.0) and the observed data ¢;(z,12000) and the noised form
1.01¢1(2,12000). The grid parameters are M = 200 and CF'L = 0.98. The initial guess
corresponds to C' = 16.1,a« = 5.5, = 6.5 and ¢. = 0.2. See Figures 1 and 2.

5.3.2. Identification from simulated data. We present here a validation of the above
Lagrangian method as well as a comparison between the four numerical schemes
developed. Since we did not have access to real experimental data, the idea consists
in using as an observation the result of a direct simulation. We used the standard
simulation given by Concha [20], which is very close to experimental data results. All
tests are developed for batch sedimentation velocity ¢ = 0, with an initially homogeneous
suspension of concentration, namely ¢y = 0.05. The column is assumed to be closed,
that is ¢, = 0. The physical constants considered are 1o, = —1.7200 x 107, @pnez = 0.7,
Ap = 1500 and g = 9.81. We summarize in Table 1 the parameters used for this
simulation, which we want to recover in the inverse problem.

Three tests are performed, the first one is concerned only with the flux identification,
that is parameter C'. The second test identifies the diffusion together with the flux, that
is parameters C', a and (3, the critical concentration ¢. being fixed. Finally, we perform
the complete identification on the four parameters. We start with the following values:
e = (16.5,5.0,6.0,0.1),e = (16.5,5.5,6.5,0.1) and e = (16.5,5.5,6.5,0.2) for the test
1, test 2 and test 3 respectively. Other several initial points were considered with very
similar and close results. The identification problem is solved at T' = 12144 seconds in
the three cases, and a simulation at 7" = 30000 seconds with the identified parameters
is proposed.
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Figure 1. The identified flux for the observations ¢; and 1.01¢;, with the second
order EO scheme at 7" = 12000 with Ax = 0.005, CFL =0.98 and 6 = 1.

For each test, we compare the four numerical schemes presented above, namely
the first order scheme EO1, the second order scheme EQO2, the semi-implicit scheme
EOS and the fully implicit scheme EOI. For the explicit and semi-implicit schemes we
employ the C'F'L = 0.5 and in the case of explicit second order scheme we consider
6 = 1. For the implicit scheme we take At = Ax. Four different meshes were used, with
M = 10,50, 100, 200 steps.

In Figures 3-4 and table 3 we show numerical results for the first test. The Figures
5-6 and table 4 shows the results of the second test and the results for the third test are
given in Figures 7-8 and table 5.

All schemes give satisfactory results, and it should be emphasized that the value
of the critical concentration ¢, is correctly recovered. The explicit scheme is of course
the simplest to implement, but turns out to be worst one in terms of computational
time. Indeed the stability restriction requires such a high number of time steps that the
benefit of the computational simplicity is lost (here At ~ Ax?). In the semi-explicit
and fully implicit schemes, Gauss-Seidel and Newton methods are needed to solve linear
and nonlinear systems, but this is compensated by the less restrictive CFL condition.
For the semi-explicit the restriction becomes the same as in the hyperbolic case, that is
At =~ Az, and finally the implicit scheme is CFL free.
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Figure 2. The identified diffusion for observations ¢; and 1.01¢;, with the second
order EO scheme at T'= 12000 with Az = 0.005, CF'L = 0.98 and 6 = 1.
Table 3. Identification of the flux: values of the parameter C.
M  EO1 EO2 EOS EOI
10  15.34225 15.78555 17.21670 14.00079
50  15.62241 15.95830 15.50107 15.25519
100  15.60076 15.77236 15.70925 15.39562
200 15.58900 15.66536 15.64600 15.47951
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Figure 4. Isoconcentrations curves for test 1 with M = 200, T' = 30000. We denote
by . — .— the results for EO1, by --- for EO2, by — for EOS, by —— for EOI and by
+ + + for the observation data.
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Figure 7. Numerical and observed concentration curves at T = 12144 for test 3.
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Figure 8. Isoconcentrations curves for test 2 with M = 200, T' = 30000. We denote
by . — .— the results for EO1, by --- for EO2, by — for EOS, by —— for EOI and by
+ + + for the observation data.



