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Abstract

We consider a semi-classical Schrödinger operator −h
2∆ + V with

a degenerate potential V(x,y) =f(x) g(y) .
g is assumed to be a homogeneous positive function of m variables and
f is a strictly positive function of n variables, with a strict minimum.
We give sharp asymptotic behaviour of low eigenvalues bounded by
some power of the parameter h, by improving Born-Oppenheimer ap-
proximation.

1 Introduction

In our paper [MoTr] we have considered the Schrödinger operator on
L2(Rn

x × R
m
y )

Ĥh = h2D2
x + h2D2

y + f(x)g(y) (1.1)

with g ∈ C∞(Rm \ {0}) homogeneous of degree a > 0 ,

g(µy) = µag(y) > 0 , ∀ µ > 0 and ∀ y ∈ R
m \ {0} . (1.2)

1Keywords : eigenvalues, semi-classical asymptotics , Born-Oppenheimer approxima-
tion.
Mathematical Classification : 35P20.
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h > 0 is a semiclassical parameter we assume to be small.
We have investigated the asymptotic behavior of the number of eigenval-

ues less then λ of Ĥh ,

N(λ, Ĥh) = tr(χ]−∞,λ[(Ĥh) =
∑

λk(Ĥh)<λ

1 . (1.3)

(tr(P ) denotes the trace of the operator P ) .
If P is a self-adjoint operator on a Hilbert space H , we denote respectively
by sp(P ) , spess(P ) and spd(P ) the spectrum, the essential spectrum and
the discret spectrum of P .

When −∞ < inf sp(P ) < inf spess(P ) , we denote by (λk(P ))k>0

the increasing sequence of eigenvalues of P , repeated according to their
multiplicity:

spd(P )
⋂

] −∞, inf spess(P )[ = {λk(P )} . (1.4)

In this paper we are interested in a sharp estimate for some eigenvalues
of Ĥh . We make the following assumptions on the other multiplicative part
of the potential:

f ∈ C∞(Rn), ∀α ∈ N
n, (|f(x)| + 1)−1∂αx f(x) ∈ L∞(Rn)

0 < f(0) = infx∈Rn f(x)
f(0) < lim inf |x|→∞ f(x) = f(∞)
∂2f(0) > 0

(1.5)

∂2f(a) denotes the hessian matrix:

∂2f(a) =

(
∂2

∂xi∂xj
f(a)

)

1≤i,j≤n

.

By dividing Ĥh by f(0) , we can change the parameter h and assume that

f(0) = 1 . (1.6)

Let us define : ℏ = h2/(2+a) and change y in yℏ; we can use the homo-
geneity of g (1.2) to get :

sp (Ĥh) = ℏ
a sp (Ĥℏ) , (1.7)
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with Ĥℏ = ℏ
2D2

x + D2
y + f(x)g(y) = ℏ

2D2
x + Q(x, y,Dy) :

Q(x, y,Dy) = D2
y + f(x)g(y) .

Let us denote the increasing sequence of eigenvalues of D2
y + g(y) , (on

L2(Rm) ) , by (µj)j>0 .
The associated eigenfunctions will be denoted by (ϕj)j :

D2
yϕj(y) + g(y)ϕj(y) = µjϕj(y)

〈ϕj | ϕk〉 = δjk
(1.8)

and (ϕj)j is a Hilbert base of L2(Rm) .
By homogeneity (1.2) the eigenvalues of Qx(y,Dy) = D2

y + f(x)g(y) ,
on L2(Rm) ) , for a fixed x, are given by the sequence (λj(x))j>0, where :
λj(x) = µj f

2/(2+a)(x) .
So as in [MoTr] we get :

Ĥℏ ≥
[

ℏ
2D2

x + µ1f
2/(2+a)(x)

]
. (1.9)

This estimate is sharp as we will see below.
Then using the same kind of estimate as (1.9), one can see that

inf spess(Ĥ
ℏ) ≥ µ1f

2/(2+a)(∞) . (1.10)

We are in the Born-Oppenheimer approximation situation described by A.
Martinez in [Ma] : the ”effective ” potential is given by λ1(x) = µ1 f

2/(2+a)(x),
the first eigenvalue of Qx, and the assumptions on f ensure that this potential
admits one unique and nondegenerate well U = {0}, with minimal value equal
to µ1. Hence we can apply theorem 4.1 of [Ma] and get :

Theorem 1.1 Under the above assumptions, for any arbitrary C > 0, there
exists h0 > 0 such that, if 0 < ℏ < h0 , the operator (Ĥℏ) admits a finite
number of eigenvalues Ek(ℏ) in [µ1, µ1 + Cℏ], equal to the number of the
eigenvalues ek of D2

x + µ1

2+a
< ∂2f(0) x, x > in [0,+C] such that :

Ek(ℏ) = λk(Ĥ
ℏ) = λk

(
ℏ

2D2
x + µ1f

2/(2+a)(x)
)

+ O(ℏ2) . (1.11)

More precisely Ek(ℏ) = λk(Ĥ
ℏ) has an asymptotic expansion

Ek(ℏ) ∼ µ1 + ℏ ( ek +
∑

j≥1

αkjℏ
j/2 ). (1.12)

3



If Ek(ℏ) is asymptotically non degenerated, then there exists a quasimode

φℏ

k(x, y) ∼ ℏ
−mke−ψ(x)/ℏ

∑

j≥0

ℏ
j/2akj(x, y) , (1.13)

satisfying

C−1
0 ≤ ‖ℏ

−mke−ψ(x)/ℏak0(x, y)‖ ≤ C0

‖ℏ
−mke−ψ(x)/ℏakj(x, y)‖ ≤ Cj

‖
(
Ĥℏ − µ1 − ℏek −

∑
1≤j≤J αkjℏ

j/2
)

ℏ
−mke−ψ(x)/ℏ

∑
0≤j≤J ℏ

j/2akj(x, y)‖ ≤ CJℏ
(J+1)/2

(1.14)

The formula (1.12) implies

λk(Ĥ
ℏ) = µ1 + ℏλk

(
D2
x +

µ1

2 + a
< ∂2f(0) x , x >

)
+ O(ℏ3/2) , (1.15)

and when k = 1 , one can improve O(ℏ3/2) into O(ℏ2) . The function ψ is
defined by : ψ(x) = d(x, 0) , where d denotes the Agmon distance related
to the degenerate metric µ1 f

2/(2+a)(x)dx2.

2 Lower energies

We are interested now with the lower energies of Ĥℏ . Let us make the change
of variables

(x, y) → (x, f 1/(2+a)(x)y) . (2.1)

The Jacobian of this diffeomorphism is fm/(2+a)(x), so we perform the change
of test functions : u → f−m/(4+2a)(x)u , to get a unitary transformation.

Thus we get that
sp (Ĥℏ) = sp (H̃ℏ) (2.2)

where H̃ℏ is the self-adjoint operator on L2(Rn × R
m) given by

H̃ℏ = ℏ
2L⋆(x, y,Dx, Dy)L(x, y,Dx, Dy) + f 2/(2+a)(x)

(
D2
y + g(y)

)
, (2.3)

with

L(x, y,Dx, Dy) = Dx +
1

(2 + a)f(x)
[(yDy) − i

m

2
]∇f(x) .
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We decompose H̃ℏ in four parts :

H̃ℏ = ℏ
2D2

x + f 2/(2+a)(x)
(
D2
y + g(y)

)

+ℏ
2 2

(2+a)f(x)
(∇f(x)Dx)(yDy)

+iℏ2 1
(2+a)f2(x)

(|∇f(x)|2 − f(x)∆f(x)) [(yDy) − im
2
]

+ ℏ
2 1

(2+a)2f2(x)
|∇f(x)|2[(yDy)

2 + m2

4
]

(2.4)

Our goal is to prove that the only significant role up to order 2 in ℏ will be
played by the first operator, namely : H̃ℏ

1 = ℏ
2D2

x + f 2/(2+a)(x)
(
D2
y + g(y)

)
.

Let us denote by νℏ

j,k the eigenvalues of the operator ℏ
2D2

x + µjf
2/(2+a)(x)

and by ψℏ

j,k the associated normalized eigenfunctions .
Let us consider the following test functions :

uℏ

j,k(x, y) = ψℏ

j,k(x)ϕj(y) ,

where the ϕj’s are the eigenfunctions defined in (1.8); we have immediately :

H̃ℏ

1 (uℏ

j,k(x, y)) = νℏ

j,ku
ℏ

j,k(x, y) .

We will need the following lemma :

Lemma 2.1 . For any integer N , there exists a positive constant C de-
pending only on N such that for any k ≤ N , the eigenfunction ψℏ

j,k satisfies
the following inequalities : for any α ∈ N

n , |α| ≤ 2 ,

‖ ℏ
|α|/2
j |Dα

x ψ
ℏ

j,k| ‖ < C

‖
(

∇f(x)
f(x)

)α
ψℏ

j,k ‖ < ℏ
|α|/2
j C

(2.5)

with ℏj = ℏµ
−1/2
j .

Proof.

Let us recall that it is well known, (see [He-Sj1] ), that

∀ k ≤ N , µ−1
j νℏ

j,k = 1 + O(ℏj) .

It is clear also that

[
ℏ

2
jD

2
x + f 2/(2+a)(x) − µ−1

j νℏ

j,k

]
ψℏ

j,k(x) = 0 . (2.6)

5



We shall need the following inequality, that we can derive easily from (2.6)
and the Agmon estimate (see [He-Sj1]) : ∀ ε ∈ ]0, 1[ ,

ε
∫ [
f 2/(2+a)(x) − µ−1

j νℏ

j,k

]
+
e2(1−ε)

1/2dj,k(x)/ℏj |ψℏ

j,k(x)|
2 dx ≤∫ [

f 2/(2+a)(x) − µ−1
j νℏ

j,k

]
−
|ψℏ

j,k(x)|
2 dx ,

(2.7)

where dj,k is the Agmon distance associated to the metric
[
f 2/(2+a)(x) − µ−1

j νℏ

j,k

]
+
dx2 .

Let us prove the lemma for |α| = 1.

As

∫ [
ℏ

2
j |Dx ψ

ℏ

j,k(x)|
2 + (f 2/(2+a)(x) − µ−1

j νℏ

j,k)|ψ
ℏ

j,k(x)|
2
]
dx = 0 ,

µ−1
j νℏ

j,k − 1 = O(ℏj) , and f 2/(2+a)(x) − 1 > 0 ,

we get that ℏj‖ |Dx ψ
ℏ

j,k(x)| ‖
2 ≤ C .

Furthermore, we use that C−1|∇f(x)|2 ≤ f 2/(2+a)(x)−1 ≤ C|∇f(x)|2 ,
for |x| ≤ C−1 , the exponential decreasing (in ℏj) of ψℏ

j,k given by (2.7)
and the boundness of |∇f(x)|/f(x) to get

‖
|∇f(x)|

f(x)
ψℏ

j,k(x)‖
2 ≤ C

∫
[f 2/(2+a)(x) − 1] |ψℏ

j,k(x)|
2 dx ≤ ℏjC .

Now we study the case |α| = 2 .

If c0 ∈]0, 1] is large enough and |x| ∈ [ℏ
1/2
j c0, 2c0] , then we have

|x|2/C ≤ f 2/(2+a)(x) − µ−1
j νℏ

j,k ≤ C|x|2 (2.8)

Therefore there exists C1 > 1 such that C−1
1 |x|2 ≤ dj,k(x) ≤ C1|x|

2 ,
and then

|x|2 ≤ ℏjCe
dj,k(x)/ℏj . (2.9)

Then the inequality : C−1|x| ≤ |∇f(x)| ≤ C|x| . together with (2.8) ,
(2.9) and (2.7) entail that
∫
|x|≥C0ℏ12

j

|∇f(x)|4

f4(x)
|ψℏ

j,k(x)|
2 dx

≤ ℏjC
∫ [
f 2/(2+a)(x) − µ−1

j νℏ

j,k

]
+
edj,k(x)/ℏj |ψℏ

j,k(x)|
2 dx

≤ ℏjC
∫ [
f 2/(2+a)(x) − µ−1

j νℏ

j,k

]
−
|ψℏ

j,k(x)|
2 dx

≤ ℏ
2
jC .

It remains to estimate ℏ
2
j‖D

α
xψ

ℏ

j,k(x)‖ with |α| = 2 .

We use that −ℏ
2
j∆ψ

ℏ

j,k(x) = [−f 2/(2+a)(x) + µ−1
j νℏ

j,k]ψ
ℏ

j,k(x) ,

and that we have proved that ‖[−f 2/(2+a)(x) + µ−1
j νℏ

j,k]ψ
ℏ

j,k(x)‖ ≤ ℏjC ;

so ‖Dα
xψ

ℏ

j,k(x)‖ ≤ C/ℏj if |α| = 2 .
We will need the following result.
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Proposition 2.2 Let V (y) ∈ C∞(Rm) such that

∃ s > 0 , C0 > 0 s.t. − C0 + |y|s/C0 ≤ V (y) ≤ C0(|y|
s + 1)

∀ α ∈ N
m , (1 + |y|2)(s−|α|)/2∂αy V (y) ∈ L∞(Rm) .

(2.10)
If u(y) ∈ L2(Rm) and D2

yu(y) + V (y)u(y) ∈ S(Rm) ,
then u ∈ S(Rm) . ( S(Rm) is the Schwartz space).

The proof comes from the fact that there exists a parametrix of D2
y+V (y)

in some class of pseudodifferential operator: see for the more general case in
[Hor], or for this special case in Shubin book [Shu].

Theorem 2.3 .
Under the assumptions (1.2) and (1.5), for any fixed integer N > 0 ,

there exists a positive constant h0(N) verifying : for any ℏ ∈]0, h0(N)[, for
any k ≤ N and any j ≤ N such that

µj < µ1f
2/(2+a)(∞) ,

there exists an eigenvalue λjk ∈ spd (Ĥℏ) such that

| λjk − λk
(
ℏ

2D2
x + µjf

2/(2+a)(x)
)
| ≤ ℏ

2C . (2.11)

Consequently, when k = 1 , we have

| λj1 −

[
µj + ℏ(µj)

1/2 tr((∂
2f(0))1/2)

(2 + a)1/2

]
| ≤ ℏ

2C . (2.12)

Proof .

The first part of the theorem will follow if we prove that :

‖(Ĥℏ − H̃ℏ

1 )(uℏ

j,k(x, y)) ‖ = ‖(Ĥℏ − νℏ

j,k)u
ℏ

j,k(x, y)‖ = O(ℏ2) .

Let us consider a function χ ∈ C∞(R) such that
χ(t) = 1 if |t| ≤ 1/2 and
χ(t) = 0 if |t| > 1 .

Then (D2
y + g(y))(1− χ(|y|))ϕj(y) ∈ S(Rm) ,

and Proposition 2.2 shows that (1 − χ(|y|))ϕj(y) ∈ S(Rm) .
As D2

yϕj(y) = (µj − g(y))ϕj(y) , we get that

∀ k ∈ N , (1+|y|)k[|ϕj(y)|
2+|Dyϕj(y)|

2+|D2
yϕj(y)|

2] ∈ L1(Rm) . (2.13)
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The quantity (Ĥℏ − H̃ℏ

1 )(uℏ

j,k(x, y)) is, by (2.4) , composed of 3 parts.
According to Lemma 2.1 and the estimate (2.13), the two last parts are
bounded in L2-norm by ℏ

2C , (µj ≤ C ) .
To obtain a bound for the first part, we integrate by parts to get that

‖
∇f(x)

f(x)
Dxψ

ℏ

j,k‖
2 ≤ C

[
‖D2

xψ
ℏ

j,k‖ × ‖
|∇f(x)|2

f 2(x)
ψℏ

j,k‖ + ‖Dxψ
ℏ

j,k‖ × ‖
|∇f(x)|

f(x)
ψℏ

j,k‖

]
,

and then we use again Lemma 2.1. Thus : ‖
∇f(x)

f(x)
Dxψ

ℏ

j,k‖ ≤ C .

According to estimate (2.13) we have finally ‖
∇f(x)

f(x)
Dx(yDy)u

ℏ

j,k‖ ≤ C.

3 Middle energies

We are going to refine the preceding results when a ≥ 2 and f(∞) = ∞. It
is possible then to get sharp localization near the µj’s for much higher values
of j’s. More precisely we prove :

Theorem 3.1 . We assume (1.5) with f(∞) = ∞ , (1.2) with a ≥ 2
and with g ∈ C∞(Rm) .

Let us consider j such that µj ≤ ℏ
−2 ;

then for any integer N , there exists a constant C depending only on N
such that, for any k ≤ N , there exists an eigenvalue λjk ∈ spd (Ĥℏ)
verifying

| λjk − λk
(
ℏ

2D2
x + µjf

2/(2+a)(x)
)
| ≤ Cµjℏ

2 . (3.1)

Consequently, when k = 1 , we have

| λj1 −

[
µj + ℏ(µj)

1/2 tr((∂
2f(0))1/2)

(2 + a)1/2

]
| ≤ Cµjℏ

2 . (3.2)

Proof :
Let us define the class of symbols S(ps(y, η)) , s ∈ R , with p(y, η) =

|η|2 + g(y) + 1 .

q(y, η) ∈ S(ps(y, η)) iff q(y, η) ∈ C∞(Rm × R
m)

and for any α and β ∈ N
m ,

p−s(y, η)(|η|+ 1)−|α|(|y|+ 1)−|β|Dα
ηD

β
y q(y, η) ∈ L∞(R2m) .
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For such a symbol q(y, η) ∈ S(ps(y, η) , we define the operator Q on
S(Rm) :

Qf(y) = (2π)−m
∫

R2m

q(
y + z

2
, η)ei(y−z)ηf(z)dzdη .

We will say that Q ∈ OPS(ps(y, η)) .
It is well known, (see [Hor]) that (D2

y + g(y))s ∈ OPS(ps(y, η)) .
As a ≥ 2 , we get that yDy ∈ OPS(p(y, η)) , and then that

yDy(D
2
y + g(y))−1 ∈ OPS(1) .

Therefore yDy(D
2
y + g(y))−1 and (yDy)

2(D2
y + g(y))−2 are bounded

operator on L2(Rm) , and we get as a consequence the following bound :

µ−1
j ‖yDyϕj‖ + µ−2

j ‖(yDy)
2ϕj‖ ≤ C . (3.3)

As in the proof of Theorem 2.3, using (3.3) instead of (2.13), we get easily
that

‖(Ĥℏ − H̃ℏ)uℏ

j,k‖ ≤ C[ ℏ
2µj + ℏ

3µ
3/2
j ] ≤ Cℏ

2µj ,

and then Theorem 3.1 follows.

4 An application

We consider a Schrödinger operator on L2(Rd
z) with d ≥ 2 ,

P h = −h2∆ + V (z) (4.1)

with a real and regular potential V (z) satisfying

V ∈ C∞(Rd ; [0,+∞[)
lim inf |z|→∞ V (z) > 0

Γ = V −1({0}) is a regular hypersurface.
(4.2)

By hypersurface, we mean a submanifold of codimension 1 . Moreover we
assume that Γ is connected and that there exist m ∈ N

⋆ and C0 > 0
such that for any z verifying d(z, Γ) < C−1

0

C−1
0 d2m(z, Γ) ≤ V (z) ≤ C0 d

2m(z, Γ) (4.3)

( d(E,F ) denotes the euclidian distance between E and F ) .
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We choose an orientation on Γ and a unit normal vector N(s)
on each s ∈ Γ , and then, we can define the function on Γ ,

f(s) =
1

(2m)!

(
N(s)

∂

∂s

)2m

V (s) , ∀ s ∈ Γ . (4.4)

Then by (4.2) and (4.6), f(s) > 0 , ∀ s ∈ Γ .
Finally we assume that the function f achieves its minimum on Γ on

a finite number of discrete points:

Σ0 = f−1({η0}) = {s1, . . . , sℓ0} , if η0 = min
s∈Γ

f(s) , (4.5)

and the hessian of f at each point sj ∈ Σ0 is non degenerated:
∃ η1 > 0 s.t.

1

2
〈d (〈df ; w〉) ; w〉(sj) ≥ η1|w(sj)|

2 , ∀ w ∈ TΓ , ∀ sj ∈ Σ0 . (4.6)

If g = (gij) is the riemannian metric on Γ , then |w(s)| = (g(w(s), w(s)))1/2 .
The hessian of f at each sj ∈ Σ0 , is the symmetric operator on
Tsj

Γ , Hess(f)sj
, associated to the two-bilinear form defined on Tsj

Γ
by :

(v, w) ∈ (Tsj
Γ)2 →

1

2
〈d (〈df ; ṽ〉) ; w̃〉(sj) , (4.7)

∀ (ṽ, w̃) ∈ (TΓ)2 s.t. (ṽ(sj), w̃(sj)) = (v, w) .
Hess(f)sj

has d− 1 non negative eigenvalues

ρ2
1(sj) ≤ . . . ≤ ρ2

d−1(sj) , ( ρj(sj) > 0) .

In local coordinates, those eigenvalues are the ones of the symmetric matrix

1

2
G1/2(sj)

(
∂2

∂xk∂xℓ
f(sj)

)

1≤k,ℓ≤d−1

G1/2(sj) , ( G(x) = (gk,ℓ(x))1≤k,ℓ≤d−1 ) .

The eigenvalues ρ2
k(sj) do not depend on the choice of coordinates. We

denote

Tr+(Hess(f(sj))) =
d−1∑

ℓ=1

ρℓ(sj) . (4.8)

We denote by (µj)j≥1 the increasing sequence of the eigenvalues of the

operator −
d2

dt2
+ t2m on L2(R) ,

and by (ϕj(t) )j≥1 the associated orthonormal Hilbert base of eigenfunctions.
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Theorem 4.1 Under the above assumptions, for any N ∈ N
⋆ , there exist

h0 ∈ ]0, 1] and C0 > 0 such that, if µj << h−4m/(m+1)(2m+3) ,
and if α ∈ N

d−1 and |α| ≤ N ,
then ∀ sℓ ∈ Σ0 , ∃ λhjℓα ∈ spd(P

h) s.t.

∣∣∣ λhjℓα − h2m/(m+1)
[
η

1/(m+1)
0 µj + h1/(m+1)µ

1/2
j Aℓ(α)

] ∣∣∣

≤ h2µ
2+3/2m
j C0 ;

with Aℓ(α) =
1

η
m/(2m+2)
0 (m+ 1)1/2

[
2αρ(sℓ) + Tr+(Hess(f(sℓ)))

]
.

(αρ(sℓ) = α1ρ1(sℓ) + . . . αd−1ρd−1(sℓ) ) .

Proof :

Let O0 ⊂ R
d be an open neighbourhood of sl ∈ Σ0 , such that there

exists φ ∈ C∞(O0 ; R) satisfying

Γ0 = Γ ∩ O0 = {z ∈ O0 ; φ(z) = 0} ;
|∇φ(z)| = 1 , ∀ z ∈ O0 .

(4.9)

After changing O0 into a smaller neighbourhood if necessary, we can find
τ ∈ C∞(O0 ; R

d−1) such that τ(sl) = 0 and ∀ z ∈ O0 ,

∇τj(z).∇φ(z) = 0 , ∀j = 1, . . . , d− 1
rank{∇τ1(z), . . . ,∇τd−1(z)} = d− 1 .

(4.10)

Then (x, y) = (x1, . . . , xd−1, y) = (τ1, . . . , τd−1, φ) are local coordinates
in O0 such that

∆ = |g̃|−1/2
∑

1≤i,j≤d−1 ∂xi

(
|g̃|1/2 g̃ij∂xj

)
+ |g̃|−1/2∂y

(
|g̃|1/2∂y

)

V = y2mf̃(x, y) with f̃ ∈ C∞(V0) ;
(4.11)

V0 is an open neighbourhood of zero in R
d ,

g̃ij(x, y) = g̃ji(x, y) ∈ C∞(V0; R) , |g̃|−1 = det
(
g̃ij(x, y)

)
> 0 .

x = (x1, . . . , xd−1) are local coordinates on Γ0

and the metric g = (gij) on Γ0 is given by

(gij(x))1≤i,j≤d−1 = G(x) , with (G(x))−1 =
(
g̃ij(x, 0)

)
1≤i,j≤d−1

.
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If w ∈ C2
0 (O0) then

P hw = P̂ hu with
u = |g̃|1/4w and

P̂ h = −h2
∑

1≤i,j≤d−1 ∂xi

(
g̃ij∂xj

)
− h2∂2

y + V + h2V0 ,

(4.12)

for some V0 ∈ C∞(V0 ; R) .
Let us write

V (x, y) = y2mf(x) + y2m+1f1(x) + y2m+2f̃2(x, y) : (4.13)

f(x) = f̃(x, 0) and f̃2 ∈ C∞(V0) .
We perform the change of variable (2.1) and the related unitary transfor-

mation,

(x, y) → (x, t) = (x, f 1/(2(m+1))(x)y) , u → v = f−1/(4(m+1)u ,

to get that

P̂ hu = Q̂hv with

Q̂h = Qh
0 + t2m+1f 0

1 (x) + h2R0 + +h2tR1 + t2m+2f̃ 0
2 :

Qh
0 = −h2

∑
1≤i,j≤d−1 ∂xi

(
gij∂xj

)
+ f 1/(m+1)(x) (−h2∂2

t + t2m)

(4.14)

and R0 = ta(x, t)(∂xf(x)∂x)∂t + b(x, t)t∂t+

∑

ij

bij(x, t)∂xi
f(x)∂xj

f(x)(t∂t)
2 + c(x, t) ,

R1 =
∑

1≤i,j≤d−1

∂xi

(
αij(x, t)∂xj

)
, all coefficients are regular in a neighbour-

hood of the zero in R
d .

Let µj be as in the theorem 4.1. We define hj = h1/(m+1)/µ
1/2
j .

Let O′
0 be a bounded open neighbourhood of zero in R

d−1 such that

O
′

0 ⊂ O0 ∩ {(x, 0) ; x ∈ R
d−1} .

We consider the Dirichlet operator on L2(O′
0) , H

hj

0 :

H
hj

0 = − h2
j

∑

1≤k,ℓ≤d−1

∂xk

(
gkℓ(x)∂xℓ

)
+ f 1/(m+1)(x) . (4.15)
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It is well known, (see for example [He1] or [He-Sj1], that for any α ∈ N
d−1

satisfying the assumptions of the theorem 4.1, one has:

∃ λhj,α ∈ sp (H
hj

0 ) s.t. |λhj,α − [η
1/(m+1)
0 + hjAl(α)| ≤ h2

jC ;

Al(α) is defined in theorem 4.1 in relation with our sl ∈ Σ0 .

C is a constant depending only on N . We will denote by ψ
hj

j,α(x) any
associated eigenfunction with a L2-norm equal to 1 . Let χ0 ∈ C∞(R)
such that

χ0(t) = 1 if |t| ≤ 1/2 and χ(t) = 0 if |t| ≥ 1 .

We define the following function :

uhj,α(x, t) = h−1/(2m+2)χ0(t/ǫ0)ψ
hj

j,α(x)
[
ϕj(h

−1/(m+1)t) − h1/(m+1)F h
j , (x, t)

]
,

with
F h
j (x, t) = f 0

1 (x)f−1/(m+1)(x)φj(h
−1/(m+1)t),

where φj ∈ S(R) is solution of :

− d2

dt2
φj(t) + (t2m − µj)φj(t) = t2m+1ϕj(t) ,

and ǫ0 ∈ ]0, 1] is a small enough constant, but independent of h and j .
φj exists because µj is a non-degenerated eigenvalue and the related eigen-
function ϕj (see 1.8) verifies

∫
R
t2m+1ϕ2

j(t) dt = 0 , since it is a real even
or odd function.

Using the similar estimates as in chapter 3 , one can get easily that

µ−1
j ‖t∂tϕj‖L2(R) + µ−2

j ‖(t∂t)
2ϕj‖L2(R) ≤ C

and ∀ k ∈ N , ∃ Ck > 0 s.t. µ
−k/2m
j ‖tkϕj‖L2(R) ≤ Ck .

It is well known that there exists ǫ1 > 0 s.t.

|µj − µℓ| ≥ ǫ1 , ∀ ℓ 6= j , then the inverse of −
d2

dt2
+ t2m − µj

is L2(R)-bounded by 1/ǫ1 , (on the orthogonal of ϕj ) . So in the same way
as in chapter 3 , we get also that

µ
−2−1/2m
j ‖t∂tφj‖L2(R) + µ

−3−1/2m
j ‖(t∂t)

2φj‖L2(R) ≤ C

and ∀ k ∈ N , ∃ Ck > 0 s.t. µ
−1−(k+1)/2m
j ‖tkφj‖L2(R) ≤ Ck .

As in the proof of Theorem 3.1, we get easily that

‖[Q̂h − µjλ
h
j,α]χ0(|x|/ǫ0)u

hj

j,α(x, t)‖L2(O0) ≤ h2µ
(4m+3)/2m
j C

13



and
| ‖χ0(|x|/ǫ0)u

hj

j,α(x, t)‖L2(O0) − 1 | = O(h1/(m+1)µ
(2m+1)/2m
j ) = ◦(1) .

So the theorem 4.1 follows easily.

Remark 4.2 If in Theorem 4.1 we assume that j is also bounded by N ,
then, as in [He-Sj4], we can get a full asymptotic expansion

λhjℓα ∼ h2m/(m+1)

+∞∑

k=0

cjℓkαh
k/(m+1) ,

and for the related eigenfunction, a quasimode of the form

uhjℓα(x, t) ∼ c(h)e−ψ(x)/h1/(m+1)

χ0(t/ǫ0)
+∞∑

k=0

hk/(2m+2)ajℓkα(x)φjk(t/h
1/(m+1)) .
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