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ABSTRACT. We consider a model where the failure hazard function, conditional on a time-
independent covariate Z is given by R(t,0°|Z) = 1,0 (t) fz0(Z), with 6° = (3°,7/°)T € R™*P.
The baseline hazard function 7.0 and relative risk fzo belong both to parametric families.
The covariate Z is measured with an error through an additive error model U = Z + ¢
where ¢ is a random variable, independent from Z, with known density f.. We observe a
n-sample (X;, D;,U;), i = 1,...,n, where X; is the minimum between the failure time and
the censoring time, and D; is the censoring indicator. We aim at estimating 6° in presence
of the unknown density g of the covariate Z using the observations (X;, D;,U;), i =1,...,n.
Our estimation procedure based on least squares criterion provide two estimators of °. The
first one is obtained by minimizing an estimation of the least squares criterion where g is
estimated by density deconvolution. We give upper bounds for its risk that depend on the
smoothness properties of f. and fg(z) as a function of z. We derive from this construction
sufficient conditions that ensure the \/n-consistency. The second estimator is constructed
under conditions ensuring that the least squares criterion can be directly estimated with the
parametric rate. We propose a deep study of examples considering various type of relative
risks fg and various types of error density f.. We show in particular that in the Cox model
and in the excess risk model, the estimators are y/n-consistent and asymptotically Gaussian
estimators of #° whatever is f.

ABSTRACT. Considérons un modele & risque instantané modélisé par la relation R(t,0°|Z) =
N0 (t) f50(Z), ot 0° = (8°,7°)T € R™*P. Le risque de base 7,0 et la fonction de risque
relatif fgo appartiennent & des familles paramétriques. La covariable Z est mesurée avec
une erreur au travers de la relation U = Z + ¢, € étant une variable aléatoire, indépendante
de Z, de densité connue f.. Nous disposons d’un n-échantillon (X;, D;,U;), i =1,...,n ou
X, est le minimum entre le temps de survie et le temps de censure et D; est I'indicateur
de censure. Notre but est d’estimer 6°, en présence la densité inconnue g, de la covariable
Z, en utilisant les observations (X;, D;,U;), ¢ = 1,...,n. Notre méthode d’estimation,
fondée sur le critere des moindres carrés nous fournit deux estimateurs. Pour le premier,
nous établissons des bornes supérieures du risque dépendant des régularités de la densité des
erreurs f- et de la fonction de risque relatif, comme fonction de z. Nous en déduisons des
conditions suffisantes pour atteindre la vitesse paramétrique. Le deuxieme estimateur est
construit sous des hypotheses assurant que le critére des moindres carrés peut étre estimé a
la vitesse paramétrique. Au travers d’exemples, nous étudions les propriétés des estimateurs
ainsi que les conditions assurant la y/n-consistance pour des fonctions de risque relatif et des
densités d’erreurs variées. En particulier, dans le modele de Cox et dans le modele d’exces de
risque, les estimateurs construits sont /n-consistants et asymptotiquement gaussiens, quelle
que soit la loi des erreurs e.

Key Words and Phrases: Semiparametric estimation, errors-in-variables model,
nonparametric estimation, excess risk model, Cox model censoring, survival analysis.
MSC Classifications (2000): Primary 62G05, 62F12,62N01, 62N02; Secondary 62J02.
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1. INTRODUCTION

In a proportional hazard model the hazard function is defined by

(1) R(t,6°12) = 1,0 (8)fn(2),

where 7,0 is the baseline hazard function and fgo is the relative risk, i.e. the risk associated
with the value of the covariate Z and relative to the risk under standard condition given
by fgo(0) = 1. In this paper we consider general relative risk fg with a special interest in
fs(z) = exp(Bz) and fg(z) = 1+ [z which define respectively the Cox model and the model
of excess relative risk. The functions 1,0 and fzo belong both to parametric families and
6° = (8°,79°)" belongs to the interior of a compact set @ = B x I' ¢ R™*P. To ensure that
the hazard function is a positive function, we assume that both are positive functions.

We are interested in the estimation of #° when the covariate Z is measured with error.
If Z were measured without error, we would consider a cohort of n individuals during a
fixed time interval [0, 7]. For each individual, we would observe a triplet (X;, D;, Z;), where
X; = min(T;,C;) is the minimum between the failure time 7; and the censoring time Cj,
D; = 11,<c, denotes the failure indicator, and Z; is the value of the covariate. In this paper we
consider that the covariate is mismeasured. For example the covariate Z is a stage of a disease,
not correctly diagnosed or a dose of ingested pathogenic agent, not correctly evaluated, so
that the error range between the unknown dose and the evaluated dose is sizeable. In this
context, the available observation for each individual is the triplet A; = (X;, D;, U;) where U;
is an evaluation of the unobservable covariate Z;. The random variables U and Z are related
by the error model defined by

(1.2) U=Z+c¢,

where ¢ is a centered random variable, independent of Z, T, and C. The density of € is
known and denoted by f.. Our aim is thus to estimate the parameter #° = (8°,4°)7 from
the n-sample (Aj,...,A,) in the presence of the unknown density g of the unobservable
covariate Z, seen as a nuisance parameter belonging to a functional space.

1.1. Previous known results and ideas. Models with measurement errors are deeply
studied since the 50’s with the first papers of Kiefer and Wolfowitz ([195() and Reiersgl
([950) for regression models with errors-in-variables. We refer to Fuller ([987) and Carroll et
al. ([999) for a presentation of such models and results related to measurement error models.
The interest for survival models when covariates are subject to measurement errors is more
recent.

To take into account that the covariate Z is measured with error, the first idea is simply
to replace Z with the observation U in the score function defined by

n (1) n (1)
Wea gy - Ixm [T () 2 Yitf5 (Z) Y
(1.3) LM (B, z™) nZ:/o 5z YY1 AN (t

where N;(t) = Ix,<¢p;=1, Yi(t) = Lx,>¢, zn) = (Z1,...,Zy), and where fél) is the first
derivative of f3 with respect to 8. We refer to Gill and Andersen ([1989) for futher details on
(L.d). This method, named the naive method, is known to provide, even in the Cox model,
a biased estimator of 3°. This comes from the fact that

lim E[L{) (5, U)] # lim E[LY (8, 2)] = 0.

),

To our knowledge, all previously known results about consistency for the semi-parametric
estimation of the hazard function when the covariate is mismeasured are obtained in the
Cox model. Let us present those results. Various authors propose estimation procedures
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based on corrections of the score function Lg)(ﬁ, U(")). Among them, one can cite Kong
(1999) who calculates the asymptotic bias of the naive estimator obtained by minimization

of LS)(BO, U(")), and defines an adjusted estimator. His estimator is not consistent, but a
simulation study indicates that it is less biased than the naive estimator. In the same context,
Buzas ([[99§) proposes an unbiased score function, and shows throughout a simulation study
that his method yields to an estimator with a small bias. Following the approach developped
first by Stefanski ([[989) and Nakamura ([[990) for generalized linear models, Nakamura ([1992)

constructs an approximately corrected partial score likelihood, defined by Lg)(ﬁ, U(")) +
02BN (1), where N(7) is the number of failures in the interval [0, 7] and where ¢ is a centered
Gaussian random variable with variance o?. Under the error model defined in ([.g), this
correction is based on the facts :

(1.4) nan;O E[L{V (8, Z™)] only depends on E(Z) and Elexp(62))],
(1.5) E(Z) = E(U)
(1.6) Elexp(BU)] = Elexp(62)]E[exp(5e)]-

Kong and Gu ([[999) prove that the Nakamura ([992)’s estimator is a \/n-consistent and
asymptotically Gaussian estimator of . One can also cite Augustin (B004) who proposes
an exact correction of the log-likelihood function.

Again in the Cox model, an extension of the previously mentionned works is presented
in Hu and Lin (R003). They obtain a broad class of consistent estimators for the regression
parameter when U is measured on all study individuals and the true covariate is ascertained
on a randomly selected validation set. A nonparametric correction approach of the partial
score function is also developped by Huang and Wang (R000) when repetitions are available.

We point out that those results strongly depend on the exponential form of the relative risk
of the Cox model, through the use of ([1.4)-([.) and the extension of such methods to other
relative risks is not concluding. For instance, in the model of excess relative risk without
errors, the hazard function is defined by R(t,6°|Z) = n,0(¢)(1 + 3°Z) and the score function

is given by
z ]( )
) E { = N

In this model, the naive method also provides biased estimator of 3°, since

lim E[L() (5, U)] # lim E[LY (8, 2)] = 0.

Indeed, easy calculations combined with the Law of Large Numbers give that the limit
lim,, E[L,(ll)(ﬂ, Z™)] depends on E[Z/(1+ 37Z)] whereas the limit lim,, oo IE[LS)(B, U™
depends on E[U/(1 + BU)]. Since the error model ([.2) does not provide any expression
of E[Z/(1 + Z)] related to E[U/(1 4+ BU)], corrections analogous to the ones proposed in
the Cox model cannot be exhibited. In other words, it seems impossible to find a function
U (3,U), independent of the unknown density ¢ satisfying that E(¥(8,U)) = E[Z/(1 4+ 8Z)].
Consequently the methods proposed in the Cox model, by Nakamura ([992), Kong and Gu
(1999), Buzas (1999), Lin (P003), Huang and Wang (R00() or by Augustin (P004) cannot be
applied to the model of excess relative risk and a fortiori to a model with a general relative
risk. As a conclusion, methods based on a correction of the partial score likelihood ([[.)
where Z is replaced with U seem not concluding in a general setting.

An other possible way is to consider a partial log-likelihood related to the filtration gen-
erated by the observations. If the covariate Z were observable, then the filtration at time
t, generated by the observations would be o{Z, N(s), Ix>5,0 < s < ¢t < 7}, and the in-
tensity of the censored process N (t) with respect to this filtration would equal A(¢,6°, Z) =
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N0 ()Y (t) fgo(Z). In case of covariate measurement error, Z is unobservable and only the
evaluation U is available. In this context, the filtration generated by the observations is
E = o{U,N(s),Ix>s,0 < s <t <7}, and the intensity of the censored process N(t) with
respect to the filtration & equals

EN(t,60%, Z)|&] = n,0(t)Y ()E[fp0(Z) |0 (U, Irx¢)].

This is studied in the Cox model by Prentice ([[982) who proposes the following induced
failure hazard function
130 (DE[exp(8°7)]o (T4, U))].

The presence of {T" > t} in the conditioning usually implies that the induced partial log-
likelihood has not explicit form. When the marginal distribution of Z given {T" > ¢,U} is
specified at each time t, Prentice ([983) proposes an approximation of the induced partial
log-likelihood independent of the baseline hazard function. Nevertheless this approximation is
appropriate only when the disease is rare. Tsiatis et al. ([995) propose another approximation
of the induced partial log-likelihood, but emphasise that their method cannot be used for the
model of excess relative risk.

In the Cox model with missing covariate Pons (2009) uses also the partial likelihood.
She proposes an estimator based on ([L.3) where Elexp(82)|o(U, Ir>¢)] is replaced with
Elexp(52)|U] by considering that

(1.7) Elexp(82)|o(U, Ir>:)] = Elexp(82)|U].
Nevertheless, obvious examples can be exhibited to prove that the equality (D) does not

hold in a general setting. As a conclusion, the partial likelihood related to the filtration &
seems unusable since it is difficult to separate the estimation of 5° from the estimation of

70
1.2. Our results. Our estimation procedure is based on the estimation of least squares cri-

terion using deconvolution methods. More precisely, using the observations A; = (X;, D;, U;)
for i =1,...,n, we estimate the least squares criterion

(185,00 = E (W@ [ yoroa) -2 (1w [ none).

The function W is a positive weight function to be suitably chosen such that W f3 and its
derivatives up to order 3 with respect to 3 are in L; (R) NL2(R) and have the best smoothness
properties as possible, as functions of z. Under reasonable identifiability assumptions, Sgo ,(6)

T

is minimum if and only if # = °. We propose to estimate Sgo 4(0) for all & € © by a quantity
depending on the observations Aq,--- ,A,, expecting thus that the argument minimum of
the estimator converges to the argument minimum of Sy ,(6), say 6°.

We propose a first estimator of #°, say (/9\1, constructed by minimizing S,, 1(#), a consistent
estimator of Spo , where g is replaced by a kernel deconvolution estimator. We show that
under classical assumptions, this estimator is a consistent estimator of #°. Its rate of conver-
gence depends on the smoothness of f. and on the smoothness on W (z)f3(2), as a function
of z. More precisely, its depends on the behavior of the ratios of the Fourier transforms
(W £5)*(t)/ f#(t) and (ng)*(t)/f_g(t) as t tends to infinity. We give upper bounds for the

risk of 51 for various relative risks and various types of error density and derive sufficient
conditions ensuring the \/n-consistency and the asymptotic normality. These upper bounds
and these sufficient conditions are deeply studied through examples. In particular we show
that 8; is a \/n-consistent asymptotically Gaussian estimator of #° in the Cox model, in the
model of excess relative risk, and when f3 is a general polynomial function.

The estimation procedure is related to the problem of the estimation Sgo ,(f). Under condi-
tions ensuring that it can be estimated at the parametric rate, we propose a second estimator
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92 which is y/n-consistent and asymptotically Gaussian of #°. Clearly, these conditions are
not always fullfilled and 92 does not always exist, whereas 91 can be constructed and studied
in all setups.

The paper is organized as follows. Section 2 presents the model and the assumptions. In
Sections 3 and 4 we present the two estimators and their asymptotic properties illustrated in
Section 5. In Section 6, we comment the use of the least squares criterion. The proofs are
gathered in Section 7 and in the Appendix.

2. MODEL, ASSUMPTIONS AND NOTATIONS

Before we describe the estimation procedure, we give notations used throughout the paper
and assumptions commonly done in survival data analysis.
Notations For two complex-valued functions v and v in Lo(R) N Ly (R), let

u*(z) = /emu(t)dt, u*v(x) = /u(y)v(a: —y)dy, and < wu,v>= /u(ﬂ:)@(ﬂ:)dm
with Z the conjugate of a complex number z. We also use the notations
s = [ lu@ldz, Jul? = [ @)l full = supluto).

and for § € RY,
d
10117= 0%
k=1

wg : OXR—R
(avu) = 909(“)7

whenever they exist, the first and second derivatives with respect to 6 are denoted by

For a map

Wy _ 1) (1) Oy ()
() = (hy0), with () = T2 for j € {1+ s+ p)
@, ) o @) oy 0%0a() .
and @, () = (309,1‘716('))]*,;@ with Qpe,j,k(') = 20,0, for j,k e {1,--- ,m+p}.

Throughout the paper P, E and Var denote respectively the probability, the expectation, and

the variance when the underlying and unknown true parameters are #° and g. Finally we use

the notation a_ for the negative part of a, which equals a if a < 0 and 0 otherwise.

Model assumptions

(A1) The function 7,0 is non-negative and integrable on [0, 7].

(A2) Conditionnally on Z and U, the failure time 7" and the censoring time C' are
independent.

(Aj) The distribution of the censoring time C, conditional on Z and U, does not
depend on Z and U.

(Ay) The distribution of the failure time 7', conditional on Z and U, does not
depend on U.

These assumptions are usual in most frameworks dealing with survival data analysis and
covariate measured with error, see Andersen et al. ([993), Prentice and Self ([[983), Pren-

tice([1987), Gong ([[990) and Tsiatis ([[995). Assumptions (JAd) and (JAJ) state that a general

censorship model is considered, where the censoring time has an arbitrary distribution in-
dependent of the covariates. Assumption (JA4) states that the failure time is independent
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of the observed covariate when the observed and true covariates are both given, i.e. the
measurement error is not prognostic.
We define the filtration

-7:t = O’{Z,U,N(S),]IXZS,O <s<t< T}.
The intensity of the censored process N (t) with respect to the filtration F; equals
(2.1) N(1,6%, 2) = o (DY (1) 50 (2).

It follows from (R.1)) and from the independence of the observations A;, that for the indi-
vidual 7 the intensity and the compensator process of the censored process N;(t) = Ix,<¢ p,=1
with respect to the filtration F; are respectively

(22)  N(t,0°% Z) = no(t)Yi(t) fpo(Zi) and A(t,6°, Z /)\ 5,0, Z;)

Moreover the process M;(t) = N;(t) — A;(t,60°, Z;) is a local square integrable martingale. As
a consequence, the least squares criterion defined in ([.§) can be rewritten as

(2.3)  Spo4(0) = /OTE[{n,Y(t)fﬁ(Z) o0 (2)V2Y () W(Z)} »
_/0 [{% ) fao( )}QY(t)W(Z)}dt‘

Since we consider general relative risk functions we assume the below minimal smoothness
conditions with respect to 6.
Smoothness assumptions

(As) The functions 3 — fg and vy — 7, admit continuous derivatives up to order 3

with respect to 8 and v respectively.

We denote by Sé(l)?g(ﬂ) and Séﬁ?g(ﬂ) the first and second derivatives of Syo ,(6) with respect
to @. For all ¢ in [0, 7], set Ség)g(ﬁ, t) the second derivative of Spo , when the integral is taken
over [0, t], with the convention that Sé?g(@) = Ség)g(ﬁ, 7).

Identifiability and moment assumptions
Ag Sy, (6) = 0 if and only if 6 = 6°.
Ar
Asg

Ag

For all ¢ € [0, 7], the matrix Sé?g(@o, t) exists and is positive definite.
The quantity E(fE(Z)W(Z)) is finite .
For j =1, ,m, E|fs0(2)f(Z)W(Z)]*, E|fg(Z)W (Z)* are finite.

We denote by G the set of densities g such that the assumptions ([AJ)-([A4),([Ad)-(Ad)
hold.

(As)
(A7)
(As)
(Ag)

3. CONSTRUCTION AND STUDY OF THE FIRST ESTIMATOR 0

3.1. Construction. If the Z;’s were observed, Sgo ,(¢)) would be estimated by

3.0 5,0) = =2 3" 120w (2) [ (0 Zfﬁ Wz [ v
i=1 0
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and 6° would be estimated by minimizing gn(ﬂ) Since the Z;’s are unobservable and Z;
independent of ¢;, the density h of U; equals h = g x f.. We thus estimate Sgo , by

(3.2)
2\ ! 1< 2 "o
$00(0) = 2 S UW iy (0) [ (OIS0 S 3W Ko, (U) [0
where K, ¢, (-) = C,, K, (Cp-) is a deconvolution kernel defined via its Fourier transform, such
that [ K, (z)dz =1, and
THONENHON
with K* compactly supported satisfying [1 — K*(t)| < Tj;> and C,, — 00 as n — oo.

(3-3) K e, ()

Using this criterion we propose to estimate ° by

3.4 0, = El> = ar min S, 1(0).
3.9 1= () =g _min__ 50100
We require for the construction of S, ;(6), that

(A1o) the density f. belongs to Lo(R) N L (R) and for all x € R, fX(x) # 0.

3.2. Asymptotic properties of the first 51. Assume that

(A11) sup || 209 [15< Ca(f50), sup || fpog [15< Calfgo)-
9€g 9€g

(A12) sup(W f3), W and sup(Wfé) belong to L (R).
peB BEB

(A13) sup(Wfél)) and sup(Wfﬁfél)) belong to L;(R).
peB BEB

As in density deconvolution, or for the estimation of the regression function in errors-in-
variables models, the rate of convergence for estimating 69 is given by both the smoothness
of f. and the smoothness of (f3W)(z), and 0(f3W)(2)/08, as functions of z. The smoothness

of the error density f. is described by the decrease of its Fourier transform.
(A14) There exist positive constants C(f.), C(f:), and nonnegative 6, p, and ug such
that C(f:) < |f2(u)] |u|® exp (§ |ul?) < C(f.) for all |u| > ug.

If p = 0, by convention § = 0. When p = 0 = ¢ in ([A14), f- is called “ordinary smooth”.
When § > 0 and p > 0, it is called "super smooth”. Densities satisfying ([A14) with p > 0 and
6 > 0 are infinitely differentiable. The standard examples for super smooth densities are the
Gaussian or Cauchy distributions which are super smooth of respective order a = 0, p = 2 and
«a =0, p = 1. For ordinary smooth densities, one can cite for instance the double exponential
(also called Laplace) distribution with p = 0 = § and o« = 2. We consider here that 0 < p < 2.
The square integrability of f. in (Ayg) requires that o > 1/2 when p = 0 in ([Ard).
The smothness of fgW is described by the following assumption.

(A1s) There exist positive constants L(f), L(f) and a, d, ug, r nonnegative numbers such

that for all 8 € B, fgWV and féW and their derivatives up to order 3 with
respect to G, belong to

(35)  Magr ={f € Li(R); L(f) < |f"(u)l[u|” exp(d]ul") < L(f) < oo for all [u| > u}.
If » = 0, by convention d = 0.
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Theorem 3.1. Let (&3)- (Bag) hold. Let 0y = 61(Cy,) be defined by and ([F3) with Cy,

a sequence such that
(3.6) C2a=2at1=p+(1=p)=) oxp{ —2dCT + 26C} /n = o(1) as n — +oo.

1) Then E(|| 6,(C,,) — 6° 12,) = 0(1), as n — o< and 01(C,) is a consistent estimator of 6°.
2) Moreover, E(|| 61 — 0° ||2) = O(¢3) with o7, = |[(enj)ll72, 55 = By ;(0°) + Va3 (0°)/n,
where B2 ;(6°) = min{Bll.(69), BI”,(6°)}, V;,.;(6°) = min{V,"}(6), V"] (90)} with

) n,j

2

B = 5wy (s, -0, +Iaewr @, - i+ | (50,w) ae, - v

)

e o, o,

q

2 2 2

lq _ Ke, K¢, M o\ Ké,
R e T R
*K* 2
| () 2

3) Furthermore, the resulting rate 2 is given in Table []

We point out that the rate for estimating 3 depends on the smoothness properties of
0(W f3)(2)/0p and 8(Wf§)(z)/8ﬁ as a function of z, whereas, the rate for estimating ~°
depends on the smoothness properties of W f3(z) and W fg(z) as a function of z. In both
cases, the smoothness properties of 7, as a function of ¢ does not have influence on the rate
of convergence.

The terms B2 and Vp,;j are respectively the squared bias and variance terms. As usual ,the
bias is the smallest for the smoothest functions (W f3)(z) and 9(f3W)(z)/03, as functions
of z. As in density deconvolution, the biggest variance are obtained for the smoothest error
density f.. Hence, the slowest rates are obtained for the smoothest errors density f., for
instance for Gaussian ¢&’s. R

The rate of convergence of the estimator 6; could be improved by assuming smoothness
properties on the density g. But, since g is unknown, we choose to not assume such properties.
Consequently, without any additional assumptions on g, the parametric rate of convergence
is achieved as soon as (W fg) and (W fé) and their derivatives, as functions of z, are smoother
than the errors density f-.

3.3. Consequence : a sufficient condition to obtain the parametric rate of conver-
gence with 6.

(C1) There exists a weight function W such that the functions
sup(fBW)*/f_e*, sup(féW)*/f_a* belong to L;(R) N Ly(R).
BeB BB
(C2) The functions sup (fél)W) /f# and sup <f[(31)f5W) /fx
peB BEB

belong to L;(R) N La(R).

* 82 2W jopu—
(Cs) The functions <f[(32)W> /fx and (%) / 1z

belong to L;(R) NLa(R) for all § € B.
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fe
p=0in (Aid) p>0in (Ad)
ordinary smooth super smooth
2a—1
W d=r=0 a<a+1/2 n” "z 1
ool in () (log )™ 7
Sobolev
a>a+1/2 nt
A(a,r, log r/p
r<p (log n)A(¢ p)exp{de(%) }
d<§ (logn)A(a,r,p)+2ad/(6r)n7d/6
r>0 d=6a<a+1/2 (logn)Za—2etl/rp=1
in () n! r=p
c= d=d6a>a+1/2 nt
d>o n~!
r>p n!

Theorem 3.2. Let (Af)-(A1d) and (CJ)-(C3) hold. Then 6, defined by ([B3) is a \/n-

where A(a,r,p) =(—2a+1—r+(1—-7)-)/p.
TABLE 1. Rates of convergence @2 of 6;

consistent estimator of 0°. Moreover

Jn(f — 6% = N(0,%),

n—0o0

where 31 equals

(3.7)

<E

with

Yo1=E

)

X

2,

x 30,1 (E [_2 /OT O ((fsW)(Z)m(5))

{

B T O(Rp,1..1(U)ny(s))
2,

T P ((fsW)(Z)mr(5))

T O*((SEW)(2)n5(5))

. oo AN () + /0 -

T O*((fEW)(Z)n5(s))

lo—go Y (s)ds

o v+ [

0

062

A(Rga 5. 2(U)n2(s))

lg—go AN (s) + /OT (

T O(Rg,z.1(U)ny(s))
=2 /0 o0 :

00

Rp,g. 2(U)n3 (s))

70
oo N () + [ (

00 00

lo—go Y (s)ds

’9:90 Y (s)ds

-

lg—go Y (s)ds

J

-
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where

e—ztU e

——dt
f2(t) f2(#)

The conditions (IC{)-(IC4), stronger than (JA;4) and (JA;g), ensure the existence of the
functions Rg ;. ; for j =1, 2.

—itU

RopaU) = [V % dt and  Ropo)= [(V13)(0)

4. CONSTRUCTION AND STUDY OF THE SECOND ESTIMATOR 65

4.1. Construction. Our estimation procedure, based on the estimation of the least squares
criterion, requires the estimation of E[ [ (fgW)(Z)dN (t)] and E[fOT(fBQW)(Z)Y(t)dt], which
are linear functional of g. It may appear that these linear functional could be directly esti-
mated, without kernel deconvolution plugg-in. In this context, we propose another estimator
of §°. It is based on sufficient conditions allowing to construct a \/n-consistent estimator of
these linear functionals and hence to estimate Spo , with the parametric rate.

We say that the conditions (IC4)-(ICq) hold if there exist a weight function W and two
functions ®3 ¢ 1 and ®g ;. 2 not depending on g, such that for all 3 € B and for all g

(Ca) B, [ / T(fgW)(Z)dN(t)] — Ego, [ I @ﬁ,fEJ(U)dN(t)]
and Ego , [/OT(fEW)(Z)Y(t)dt] = Eqgo, [/OT <I>67f5,2(U)Y(t)dt] :

(Cs) For £k =0,1,2 and for j = 1,2, E[;lelg ||(I)§31T}E,j(U)H€2] < 00;

(Ce) For j =1,2 and for all B € B, E [Hfﬁ(ﬁlfs (U )”?2} < 00.

Under (IC4)-(ICd), we estimate Sgo, by

n

(1) $00) = =23 [0 s @)+ 33 [0 et

i:l

and 6° is estimated by

~

4.2 = i .
(4.2) 0y = arg min Sn,2(0)

The main difficulty for finding such functions ®g ;. ; and ®g . o lies in the constraint that
they must not depend on the unknown density g. We refer to Section fi.3 for details on how
to construct such functions ®g¢. ;, j = 1,2.

4.2. Asymptotic properties of (/9\2.

Theorem 4.1. Let (B7)-(&d), and the conditions ({C4)-(Cq) hold. Then 0y, defined by (§-3)

is a \/n-consistent estimator of 8°. Moreover

V(b — 6% 5 N(0,%,),

n—0o0
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where Yo equals
(4.3)

s )

T 92 s T 92 2(s
‘S0 (E [_2 /0 P@ases D) | () + /0 0 <<1>57f559<2lf>m< D\ ¥ (s)ds

TP (Pp1.1(U)11(5)) T (Pp1. 2U)05(5))
= L e dN() + | 2 |y Y (s)ds

-

with

>0,2 :E{

T s T (P U)n?(s
y [_2 /0 O @0se U o)+ /0 ( ﬁ,fs,zfa )| is)ds

T (@p, 4.0 (U () T (7.2 (U)E(s))
= L - N () + | | g0 Y (s)ds

T

4.3. Comments on conditions ensuring ./n-consistency : comparison of #; and 6.

Let us briefly compare the conditions (|C1))-(IC4]) to the conditions ([C4)-(Cd). It is note-
worthy that the conditions (C4)-(Cg) are more general. First, the condition ([Cq) does not
require that fgWW, f W belong to L1 (R) (as for instance in the Cox Model). Second, we point
out that Condition @ ) implies (IC4), with ®g 1. ; = Rg s ;. This comes from the facts that

under (C1))-(IC4), by denoting ®g. .1 = (W f5)*/fZ and g 5. o = (W f3)*/fZ, we have

BY ()055.20)) = [[[ Losits ) frse o) fu - 2)doduds
= // ]Imztfxz(x,z)i/sz fE,Q(s)e*iszf_g(s)dsdmdz

w L
- // To>ifx z(x 27T/( fiﬁ() )( °) e "5 fx(s)dsdx dz
= (W f3)(2)).

B [ @asa@ioyee] = B [ pow@mior)

and analogoulsy

B [ wapa@mwine] = 5[ [ n@w@mnnao]

Hence Condition ([C4) holds and ¥ 1 = 20,2 with 3o ; defined in Theorem B.3.

These comments underline the key importance of the weight function W. For instance, if
fa(2) =1— B+ 3/(1+2?%), and f. is the Gaussian density, then it seems impossible to find
a function ®g ¢ o such that E[Y (¢t)®g . o(U)] = E[Y(t)fg(Z)], whereas ([Cq])-(IC4) hold by
taking W (z) = (1 + 22)*exp(—22/(46)). In this special example, we exhibit a suitable choice
of W that ensures that condition ([C)-(IC4)) are fulfilled (see Section [ for further details).
Nevertheless, such weight function are not always available and hence those conditions ([C1])-
(C4) are not always fulfilled.

Consequently
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5. EXAMPLES

In this section, we illustrate the asymptotic properties of 51 and 52 for various relative risks
and error density f.. In all of these examples, K*(t) = Tj;<; and the noise distribution is
arbitrary, as far as it satisfies (JA1q)) and (JA14) with 0 < p < 2.

The first example deals with Cox model. We show that our estimation procedure, based
on a nonparametric method and specifically on density deconvolution, also provides /n-
consistent and asymptotically Gaussian estimator of 3°. The aim of this example is to show
that we recover previous known results using estimators that are quite different from the ones

proposed by Nakamura ([992) and studied by Kong and Gu ([[999) or from the ones proposed
by Augustin (2004).

The others examples we consider, deal with relative risks for which no consistent estimators
were known when the covariate is mismeasured.

Example 1. Exponential relative risk (Cox model)

Let fg be of the form fz(z) = exp(3z) and assume that E[exp(28°U)] < co. Let W (z) =
exp{—2%/(49)}. Then the conditions ([C{)- (@) as well as the condition (|Cq))-(ICq) are satis-
fied. Consequently the estimators 91 and 92 are y/n-consistent and asymptotically Gaussian
estimators of 90, with the same asymptotic variance.

One could also choose W = 1 and use that Elexp(82)] = Elexp(BU)|/E[exp(Be)]. This
implies that if we denote by

exp(26U) exp(BU)
Elexp(20¢)] E[exp(fBe)]

then E[®g ¢ 1(U)] = E[fg(Z)] and E[Y (t)®p.1. 2(U)] = E[Y(t) f3(Z)], and the criterion Sy, »
defined by ([.1)) exists.
In this case 65 is also a y/n-consistent and asymptotically Gaussian estimator of 6°.

¢/87f571(U) = and ¢/87f572(U) =

Example 2. Polynomial relative risk 1 (included Excess relative risk model) Let
fs be of the form fz(z) = 1+ Y 7' Bkz" and let W (z) = exp{—22/(40)}. Then conditions
(C1)-(C]) as well as conditions (C4)-(ICq) are satisfied. Consequently the estimators 6, and
52 are \/n-consistent and asymptotically Gaussian estimators of #°, with the same asymptotic
variance.

We point out that when m =1, fg(z) = 1+ Bz, and this model is known as the model of
excess relative risk.

One can also choose W = 1, provided that the kernel K has finite absolute moments of
order m and satisfies [u"K(u)du = 0, for r = 1,...,m. With this choice of W, 51 remains
a /n-consistent and asymptotically Gaussian estimator of 6°.

Example 3. Cosines relative risk 1 Let f3 be of the form f5(2) = 377", B;cos(jz)
with 370, B; = 1. Let W(2) = exp{—22/(46)}. Then the conditions (IC{)-(C4g)) as well as
conditions ([C4)-(IC4d) are satisfied. Consequently the estimators 6, and 8, are v/n-consistent
and asymptotically Gaussian estimators of #°, with the same asymptotic variance.

One can also choose W = 1 and use that Elexp(ijZ)] = Elexp(ijU)]/E[exp(ije)]. This
implies that if we denote by

Op51(U) = % fa(z] )U ) 4 exl}%_(;;U)
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and

gt = L 1 3 [0 el 2

J=1

exp(i +k)U) exp(—i(j + k)U) | exp(i(j — k)U) exp(i(—j + k)U)
+;;ﬁj Ay FG+k RGBT EG-R

then the criterion S, » defined in ({.1) exists.

With this choice of W, 52 remains a y/n-consistent and asymptotically Gaussian estimator
of #%. In the same way, 01 with W = 1 also remains v/n-consistent and asymptotically
Gaussian estimator of 6°.

Example 4. Cauchy relative risk 1 Consider fs of the form fz(z) =1— 8+ B/(1 + 22).
Then f5 has the regularity of z — 1/(1 + 22) which belongs to H,, 4, defined in ([A1g)) with
a=0,d=1/2and r = 1. Let W(z) = (1 + 2%)*exp{—2?/(46)}. Hence the functions fzW,
fgW and their derivatives in 3 up to order 3 belong to H, 4, defined in ([Azg) with p <r =2
or p=r=2and d > §. Consequently, the conditions ([Cq)-(IC4g)) as well as conditions ([C4)-
(C4d) are satisfied and the estimators 6, and 6, are v/n-consistent and asymptotically Gaussian
estimators of °, with the same asymptotic variance.

This simple example underlines the importance of the smoothing weight function W in
the construction of #; or #>. Indeed, without a smoothing function W in front of the relative
risk, Theorem B.]] predicts a rate of convergence of order exp(—2y/logn) for Gaussian e.

Example 5. Laplace relative risk Consider fg of the form fg(z) = 14 3f(2) with f(z) =
exp(—|z|/2) — 1. Since the Fourier transform of z — exp(—|z|/2) is slowly decaying, like
lu|=2 as |u| — oo, if we choose W = 1, the estimator 6, is not v/n-consistent as soon as
| f2(u)] < o(lu|~2) with |u| — oo. A closer look tells us that fz and its derivative in 3 is C*
except at one point z = 0. Therefore, a proper choice of W can smooth out at 0 and make
Wfs, W fé and their derivatives in 3 infinitely differentiable functions in z. This choice of W

ensures the y/n-consistency of 51 whatever f. satisfies ([A14) with 0 < p < 1. Even if p > 1,
the rate of 6 is much faster when using our choice of W then it would be for W = 1. Let us
precise the choice of W. Set

(5.1) \IJA7B7R(Z) = €xXp <_ (z — A)Rl(B — Z)R> I[AvB}(z)’

where —co < A < B < oo are fixed and R > 0. According to Lepski and Levit (1998) and
Fedoryuk ([[987), p. 346, Theorem 7.3, W% g p(u)| < cexp(—Clu|/F+D)) " as ju| — oo and
¢, C are positive constants. We propose to take W equal to ¥ 100, or ¥_100,0,r Or their
sum.

This choice of W ensures that fzWV, f2W and their derivatives up to order 3 belong to
Ho a, defined in ([A1g) with d > 0 and 7 = R/(R + 1) closer to 1 as R comes larger.

If f. satisfies (JA14) with 0 < p < 1, we choose R large enough such that r = R/(R+1) > p.
Hence, the conditions ([Cq))-(IC4) as well as the conditions (|C4)-(ICd) are satisfied. Conse-
quently the estimators 51 and 52 are y/n-consistent and asymptotically Gaussian estimators
of Y, with the same asymptotic variance.
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If p > 1, for this choice of W, the functions W fz and W fg and their derivatives in [ up

to order 3, belong to H, 4, with 7 = R/(R + 1) and hence, according to Table [,

E | 6, — 6° %= 0(1) (logn) #  exp{—2d(log n/(25))"/*}.
Example 6. Irregular relative risk Consider fs of the form fz(2) = 1 — 3+ B1_y 1)(2)
and take W = W_4 ; p defined by (b.1)) for R >0 .

If p =0 in ([A14), then Conditions (Cq])-(ICq) as well as Conditions ([C4)-(C4q) are satis-
fied. Consequently the estimators 01 and 0, are \/n-consistent and asymptotically Gaussian
estimators of ', with the same asymptotic variance.

If p > 0, then the best rate for estimating #° is obtained by choosing W = W_y 1, with
R > 0 sufficiently large such that W fg and W fg and their derivatives in § up to order 3,
belong to Hg 4, defined in ([A7g) with 0 < 7= R/(R+ 1) < 1 as close to 1 as needed.

It follows that if 0 < p < 1, then we can find W = W¥_; ; g belonging to H, 4, with r =
R/(R+1) > p. Hence the conditions ([C1))-(IC3)) as well as conditions ([C4)-(Céq)) are satisfied
and the estimators 51 and 52 are y/n-consistent and asymptotically Gaussian estimators of
6°.

If p>1, for W = V_y 1 R, the functions W f3 and ng and their derivatives in § up to
order 3, belong to Hg 4, with r = R/(R + 1) and hence, according to Table [,

E || 61— 6° = O(1) (logn) ~#~ exp{~2d(logn/(26))"/"}.
Example 7. Polygonal relative risk Consider fz with fz(z) =1 — Bea_ — B5/b]> + B12 +
B2(z — a)l.>4 + B3|z — b>. This relative risk is C* except at points a and b where it is
not differentiable. We suggest to use the smoothing weight function in (f.1]) as follows. For
R >0, let
W(z) = Va-100,0,r(2) + Yap,r(2) + Vppi+100,R(2)-

If the noise satisfies ([A14) with 0 < p < 1, then take R large enough such that r =
R/(R+ 1) > p and thus conditions ([Cq])-(IC4) as well as conditions (C4))-(Cd) are satis-
fied. Consequently the estimators 01 and 0, are \/n-consistent and asymptotically Gaussian
estimators of °, with the same asymptotic variance.

If p > 1 in ([A1d), the functions W f5 and W f62 and their derivatives in 5 up to order 3,
belong to H, 4, with 7 = R/(R + 1) and hence, according to Table

1—2a—r

E |l 6; - 6" |%=0(1)(logn) » exp{—2d(logn/(26))"/*}.

Comments on the examples [, [, and [j
In these three examples, f3W belongs to ‘H, 4, defined in (A1d) with 7 at most such that

r < 1. Hence (/9\1 achieves the y/n-rate of convergence provided that f. is ordinary smooth or
super smooth with an exponent p < 1. It seems therefore impossible to have (W fg)*/fZ in
L;(R) when the ¢;’s are Gaussian. This comes from the fact that for these relative risks, the
least squares criterion Spo ,(¢) cannot be estimated with the parametric rate of convergence
and hence could probably, not provide a /n-consistent estimator of §°. Nevertheless, even in
cases where the parametric rate of convergence seems not achievable by such estimators, the
resulting rate of the risk of 0, is clearly infinitely faster than the logarithmic rate predicted
by Table [[] that we could have without W .

In most of previous examples where the weight function W is required, the points where
f3(%) has to be smoothed do not depend on 3. But in survival data analysis the relative risks
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[ are usually of the form fg(z) = f(32) (see for instance Prentice and Self ([983)). In such
models, the points where fg(z) has to be smoothed (as function of z) will depend on f.
Let us present such examples.

Example 8. Polynomial relative risk 2 Let fg be of the form f(8z) with f(z) =1+
St agz® with known ay’s. Let W(2) = exp{—22/(46)}. Then conditions (@)—(@) as
well as conditions ([C4)-(Cg¢) are satisfied. Consequently the estimators 6, and 0, are Vn-
consistent and asymptotically Gaussian estimators of %, with the same asymptotic variance.

Example 9. Cosines relative risk 2 Let f3 be of the form f(8z) with f(z) = >~/ a; cos(j2)
with known ay’s such that 377" a; = 1. Let W(2) = exp{—22/(40)}. Then the conditions

(C1)-(C4q) as well as conditions ([C4)-(ICd) are satisfied. Consequently the estimators 6, and
0y are \/n-consistent and asymptotically Gaussian estimators of #°, with the same asymptotic
variance.

Example 10. Cauchy relative risk 2 Consider f3 of the form f(32) with f(z) = 1/(1+2%).
Let W(z) = (1 + 22)*exp{—22/(40)} or W = 1. With these choices of W, the functions
fsW, fgW and their derivatives in 3 up to order 3 belong to H, 4, defined in (A1d) with
a=0,d=1/8 and r = 1. According to Table [I], if f. satisfies ([A14) with 0 < p < 1, then
91 and 92 are y/n-consistent and asymptotically Gaussian estimators of #°, with the same
asymptotic variance. If f. satisfies (JA;4) with p > 1 and then 6, and 65 are consistent with
a rate that depends on 3°. Let us be more precise. According to the proof of Theorem B.1),
for j =1,...,m+ p, the term B37j(90) are of order exp(—2C,,/3°) and the term Vj, ;(6°)/n

are of order CQOML( PFH(1=p-) exp(—2C,/B° + 25CF) /n.
Set C} that realizes the best compromise between the squared bias and the variance terms.
It is independent from 3° and is given by

1 — ) 1/p
o = ogn  (2a+(1-p)-) log logn .
26 26p 26

This choice yields to the rate

_ 2 (logn 2a+(1—p)- logn\\ /* _
2 _ 1 _Z _ (1=p)/p
s max{n , eXp [ 70 < % 2, log % (logn) .

In other words, if p = 1, then E || 6; — 6° |7,= O(1) max {nil,nil/(ﬁo‘s)(logn)m/(ﬁo‘s)} and
if p>1, then E || 6; — 6° 7= O(1) exp [—2(60)*1 (10gn/(25))1//)] .

6. COMMENT ON THE USE OF THE LEAST SQUARES CRITERION

In a proportional hazard model without errors, the main drawback of the least squares
criterion, compared to the partial log-likelihood, is that it does not allow to separate the
estimation of 3° from the estimation of the baseline hazard function 1. The subject of this
part is to motivate the choice of the least squares criterion when the covariate is mismeasured.

First, as it is mentionned in the introduction, the partial log-likelihood related to the
filtration given by the observations only has not an explicit form.

Second, consider as a partial log-likelihood related to the failure hazard function defined

by (L)
2 o E(f3(Zi)|o (Ui, Ip,>t) |
Z/ 1g{n Y, (DEf5(Z )|0(U]’]IT>t)]}le(t).
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This partial log-likelihood depends on the observations, on the density g of Z and on 7,0,
through E[f3(Z)|o(U, I7>¢)]. Hence the estimation of 3% also depends on 7 through the
conditionning.

Lastly, since the Z;’s are unobservable, one other idea would be to estimate 3° by mini-

mizing ﬁg)(ﬁ, U™) given by

iWs,U Z /

* Kn,Cn (UZ)

S YOS W) K, (U)
> i1 Y0 (fsW) x Kn e, (Uj)

for W' a suitable chosen Weight function, with W(z) # 0 for all z in R. Due to the unobserv-
ability of Z(") fl(l (3,U™) can be seen as an estimation of the expectation of ([.3). Under

n

W % Kn,Cn (Ul)le(t),

reasonnable assumptlons BP L such that L (BP L ) = 0 is a consistent estimator of Y.
The main difficulty lies in the study of its rate of convergence. As in the study of 61, the rate
of convergence of 37X depends on the smoothness of (fél)W)(z)/(fg)(z), as a function of z,

through the behavior of the ratio

(5 f0) (1)
F2(t)
Consequently, the best properties would be obtained for W such that ( fél)W) /(fs) is in

L;(R) and has the best smoothness properties. In the Cox model, fél)(z)/fg(z) = z and
this estimation criterion provides y/n-consistency and asymptotically Gaussian estimator,
analogously to the Nakamura’s ([[992)’s estimator. The same result holds for the relative
risks considered in Examples [] and []. Nevertheless, for general relative risks, this criterion
is less tractable than the least squares criterion (B.J), since it is strictly more difficult to

, as t — oo.

"smooth” z — fél)(z)/fg(z) than z — fz(2z). This appears in a crucial way in the model of
excess relative risk where fél)(z)/fﬁ(z) = z/(1 + Bz). This point has to be related to the

difficulty and even the impossibility to find a suitable correction of LS)(B, U(")), which leads
to asymptotically unbiased score functions (see the introduction).

7. PROOFS

From now C' denotes any numerical constant and C'(A) indicates that it depends on a A.
7.1. Proof of Theorem B.1].

7.1.1. Consistency. By classical arguments, the consistency follows from the two points :
1- The quantity Sgo ,(¢) is minimum if and only if § = 69,
2- For all 6 € ©, E[Sy,1(0) — Sgo ,(0)]* = 0(1) as n — oo, with Sgo ,(#) defined in ([L.g),
3- If w(n,p) denotes w(n,p) = sup{[Sy,1(0) — Sn1(8")] : |16 — 0'||,2 < p}, there exists py
tending to 0, such that E[w(n, px)]*> = O(p:) as n — oo Vk € N.
Proof of 1- Under ([Aq), by applying (B-3) we get

8 T
5550a(0) =2 /0 E [ 15 (Zmn (1) {1 (D 15(2) — mo () 30 (Z2)} W(Z)Y (8)] dt = 0 5 0 =

)
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and

0

5 5m,g(6) =2 / CE £ @) {10 5(2) — m0 (0 0(2)) W2 ()] dt =0 & 0 = 6.
Y 0

The matrix of second derivatives equals

9250 () ' Hi1(0°)  Hypp(6°)
<7;92 |990> = H(90)2<(H1;1(90))T H;z(90)>

with
m@) = 2 [ B[R @) ROw ) )] a

Ho0") = 2 [ "B [ 12010 )0l ) W2 ()]

ma(0) = 2 [ B[l 0)0l0) 2w @y ] .

An obvious application of Cauchy-Schwarz Inequality gives that the matrix H is non negative
definite and hence under ([A4) 1- is proved.

Proof of 2-

For both the bias and the variance, we will give two upper bounds, based on the two
following applications of the Holder’s inequality

(7.1) | <102 > | <[l 1 ll2ll ¢2 [|2,
and
(7.2) | <102 > | <[ @1 [lol 2 [I1 -

According to Lemma .1 we write that

E[Sn,1(0)] = /OT E [(f5W) * K, (Z)5(0)Y (t) = 2(fsW) * K, (Z)ny (1) f0 (Z)n,0(H)Y (1)] dt,

and hence

B(S01(0)) ~ Sm,0) = | /0 RO Lt (2 ), (W) % e, — [3W) de dt

-2 / /OT 740 (t)nv(t)]lmzt <f50(-)fx7z($, -), (fﬁW) *Kc, — f5W> dz dt.
By applying ([-1]) we obtain the first bound
B(S0a(0) = S, (0] < ([ n200a) |z ol (53W) w Ko, = (13W) I

+<2 /OT m(t)%o(t)dt> / | foo() fx,z(x, ) o da || (fsW) % K, — faW |2 -

Applying Parseval’s formula we get

B(510) = S, < m) ([ o) | s ol (3W) e, = 1) I

([ o) [ 1 5000zl o do | (W) (05, = 1) I
that is

(7.3)  [E(Sn1(8)) = Spo o(0)] < C(7,7°, fgo)
[ (EW)*(EE, = 1) N2 + 1| (FaW)* (K&, = 1) I12] -
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According to ([T:3), [E(Sn,1(0)) — Spo 4(6)] is also bounded by
I (W) Ko, = (W) e [ 1 Pty o do( [ o)
1 W)« Ko = (W) o (2 [ 1 50Oz I de [ (oo
< WY (K, =l (@7 fxz [ (o)
WY Ee, =) (7 [ 1Ot lde [ DO fomoar).

This implies that

[B(S,10) = S, @] < [ [ wdea] | 3wy e, 1) 1y

(Bl (@) [ o] | (GW) (05, = 1) I
that is

(7.4)  [E(Sn1(8)) = Spo o(0)] < C(7,7°, fgo)
[ (fsW) (K, = 1) [+ [ (W) (K8, —1) ] -
By combining the bounds (f.3) and (7.4) we get that

(7.5)  |E(Sn.1(8)) = Spo o(0)] < C(7.7°, fao)
x min {|| (fsW)* (K¢, —1) ll2 + | (FFW)*(KE, = 1) 2
I (FaW) (KE, = 1) 1+ | (FEW)* (K¢, — 1) [}
By applying Lemma B.3
[B(S01(8)) — Sy (O] = O(C2 = +0-0= exp(—-2dC)) = o(1).
Study of the variance Since the random variables are i.i.d., we get that

Var[S,, 1(0)] = %(Amflz),
with
T 2
A = B[ Knc ) [ ROY @]

T 2
and A, = 4E[(f5W)*Kn,Cn(U) /0 m(t)dN(t)}.

According to ([7.J) and by applying Lemma B.1,, A; is less than
T 2 2 2
(] @) [ [zt s fo (FEW) x Knc,)?) | do
T 9 2 2 2
< (] mOd)” [ fxztw) xS lloo de | (W) % Kac, 13

and hence

* Tk 2
(JEW)"KE,

o 2
N NP AN e

2
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In the same way, we get a first bound for A,. Let us denote by

(7.6) o(x.2) = [ (0ane)
According to Lemma B.1 and to (7.9), As is bounded by

1 [ (P ) ) Fo (I 5 K, ) o

<4 / | (2 () .z (@) * fe lloo di | (F5W) % K, |13

Since

JAECRETE >H1dm:E[/on<t>dN<t>]2,

[ 122zt fe e o <) 2 L 2] [0V )]

we get that

Consequently,

te < 4 e [Tmavo) g ] LI
It follows that,
o) varlsa(o) < S o S P gy e ]

£

According to (), A; is also less than

/nv dt /foz ) * fe (F5W) % Knc,)?)| da

< ([a) 1 [ pxate) Ide | (W)« Koc I

In the same way A, is less than

1 / (@2, ) 2, ) % for (FaW) % Kon )2 d

<4 [ 1P xsle) > £l do | (GaW)* Koo, e
where (X, Z) is defined in (F.6). Once again, since
T 2
/ I (o)) « ol do =B [ m@ane)
K, Ak
(7.8) Var[S,, [H FW)' =5 +H(f§w> —= il

By combining ([.7) and ([.§), we obtain that

19) Var(s,a(0)) < SO L) f gy 22

H(fﬁW)* f?n

* H<f§W>*KfT? :

s

)

g3

19



20 MARIE-LAURE MARTIN-MAGNIETTE2, MARIE-LUCE TAUPIN?3
According to Lemma 8.9

Var[Sp.1(8)] = o(cg<a—a>+1—p+<l—p>f exp(—2dCT + 26C°) /n),

and hence under (B:6), E [S,,1(0) — S@O,g(e)]z =o(1), as n — oo.
Proof of 3-
By definition S, 1(0) — Sy, 1(0") equals

_E/OT[(fﬁW)*Kncn(U) (1) — (fo W) % Ko, (U)o (6)] dN:(0)

n

% /O [(F3W) 5 Ko, 0, (U3 () = (F5 W) + Ko, (Un) ()] Yi(t)d
Under (B3), (Bd), (Bzd), (Brg) and (L), for C, satisfying (BT, since 6 — 'l < py.
we get that E(|S,,1(0) — Sn.1(0")]*) = O(p?). Hence 3- follows. O

7.1.2. Rate of convergence. Denote by 57(11%(6?) and 57(12%(6?) the first and second derivatives

of Sy,,1(6) with respect to §. By using classical Taylor expansion and the consistency of §1,

we get that 0 = 5.1 (61) = .1 (6°) + ST1(6°) (81 — %) + R (6 — 6°), with R,, defined by

1
(7.10) Ra= [ (8206 + 5(6 — %) - 82 6)ds
0
This implies that
(7.11) 01— 0° = —[ST1(O°) + Ra] TSI (6).

Consequen‘dy we have to check the three following points
i) E[{s160%) - S5 00 15 6°) = 550, (0)} | = Olpns],
2) 2
i) E [57(6°) - i ) < )" = o).
iii) R, defined in (-) satisfies E(
1) a?s, - 9S40 ,(0) I n
iv) E[[6—0%|% < 4F [ 6 [(Zort o) ] (Lot oin)” sfl,%w‘))} +
o(¢7)-
The rate of convergence of 6 is thus given by the order of 51(11&(90) - S(g(l))g(HO) = Snl,i (6°).
Proof of i)

IR IIp): ()asn—>oo

According to (B.9), Snl% (6%) equals
(7.12)
o /0 (FS6 W) % K, (Ui)mo () AN (2) + /0 (Fa0 50 W) % K., (Us)no (£)Yi (t)dt
=5
n — T T

[ W) K D OaN ) + [ (W) B W 00 0 )

Study of the bias By definition, E(9S),1(0)/05)g—g0 equals

_ZIE[ /OT(fg))W)*Kn,cn(Ul)nyo(t)le(t)} +21E[ /0 (30 fépw)*Kn,cn(Ul)nio(t)Yl(t)dt].
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Hence, according to Lemma B.1],

E (655,;(9) |990> = —2E :fﬁo(Zﬂ(féé)W)*Kn,cn(Ul)/OT nio(t)yl(t)dt}

+2E _(f;aOfﬂ(;}))W) * Kn,c, (Uh) /OT 20 (t)Yl(t)dt]

= 28| F (W) K2 [ omioa]

+2E (fﬁofé}))W) * Ko, (Z1) /OT 773/0 (t)Yl(t)dt] .
Since

Sy, (6) . )
55 @ [aemioa] sz [uniwie [[iomion] -

we get that E (055,1(6)/08],_g0) also equals

_oE [fﬁo(Zl)[(fé?W) # Ko (2) = (W)@ [ adom <t>dt]
+ 28 | [ d § W) w Ko (20) = U W)(20)] [ 2ot
= =2 [ (fn O 2l 1 UWW) Ko, = (GW) [ 020zt do
+2 / (@, ) ((Fao S5 W) * Ko, = (fao £5W)]) /0 W0 () Lozt de.

In the same way, according to Lemma [8.1],
0S5n.1(0 T
B (P ),,) - = [—_(fﬁovv)*fcn,cnwl) / “’(t)dfvl(t)]
+2E (féOW)*KnC (Ul)/o M0 ( dt}
— 2B | fn 1) W) * Ko (01) / o O]

+2E (fﬁo )*chn(Ul)/ 77 0 dt
L 0

+28 (W) v K, (20) [ ol e <tm<t>dt] .

Since
0S80, 9 (9)
j

o = 2| @)W [ it

+28 (3w [ R e 00l
= 0,
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we obtain that E (9S.1(0)/87 |o_g0) equals
— 2B | B W) K (20) = (W) [ 00|
+28 [« Ko (1) = (W) [ R o 00l
= 2 [ (1) 2w 0 (W)= Ko, = GaWl) [ 10 (Tt da
<2 [t (3o« ey = (BW]) [l 0o (0Lt da

A first bound for this bias term can be obtained by writing that for j =1,--- ,m

(1/2)E (080,1(0)/08;]5—g0)
is bounded by

I (5505) s = (8950) e [ 1Azt e e [ otottrar)
(0 ) 5 = (550,800 ) |, ([ o) e o [ ooteran)
<|[(sw) e, - )|, (<2w>—1 J 1 ntxate) lade [ n30<t>dt)

() e, = 0], (@07 [ frate) lado [Cotoar).

In the same way,
(1/2)E (9Sn,1(0)/07j1g_g0)
is bounded by

| (FsoW) % Ko, — faoW s ( 1 tnOtxate) lade |30 mo(t)dt)

1 (P2 K, — F5W | ( [ et laae [

o300 )

<) (foo W) (S, — 1) Il (<2w>—1 [ 1wty o s /0 '

o850 o e

W) (Ks, — 1) | <<2w>—1 [1rxate oo [

05 (o (t)( dt> .

Consequently
(7.13) |E (65(;761](9) |990>
<o) [[|(s5,w) (e, = 0|, + | (R, 10w) (K, = )]
and
a0 (1) (550

<) [ (1am)" (K, = D, + | (£2W) (e, -1 |-
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A second bound for the bias term can be obtained by writing that (1/2)E (055,1(6)/008; |g—g0)
is bounded by

I (5505) = e = (190) e ([ 1 50O 2 I o [ aatone)
(1) w5 = (50,00 | ([ 1 st oo [T azatore)
<[ (#0m) s, - v, (@0 [ 1 ie0Osxat@ I do [ aio)

| (£ w) " 2, = 1) ((%)1 AEZCEIT s vﬁo(t)dt) .

In the same way (1/2) |E (9Sn.1(8)/87; |g_g0)| is bounded by
I Gy B, = £ B ([ 10wzt e [l oo )
B e = W e ([ 1 Pzt o [l oottt
<G W) (05, = 1) o (@0 [ Ozt I do [ o3 Omolerar
B S, ~ ) I (0 [ 1 xaten s [ @ 0at).

Consequently

(7.15) |E (8555;0) \9:90>

A Gw) e -0l + [ UFmw) e -],

and
716) 5 (222 1,0 )| < ) [I ) o, = 0]+ 3wy, - .

By combining ([-13), ([7.14)), (F13) and (7-16) we get that

(7.17) ‘IE (asggj(e) |”o) < C(6°)
o] (10) o, (18, 00) ]
H (fﬁo,jW) (K, =0+ | (550, 5w a2, =)}
and
w18 | (252 ), ) | < 0

onin { |G (2, ~ DI+ (v, - D),

(oo W) (KE, — HﬁH (FRWV)"(KE, — H}
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According to Lemma 8.9

8‘9"71(6) ? _ —2a+1—r+(1—r)— r
E ( 86_] ‘9:90> =0 <Cn exp(—Qan)> ’

and

857171(6) 2 _ —2a+1—r+(1-r)_ r
E < a’)’j ‘ggo) - O <Cn exp(—Qan)> .

Study of the variance
For the variance term, it is easy to see that

05,1(0) 8+ 0(1)
Var( 95; ’990> = Vi +Va,l,

with
1 i 2
0

and
2

Vg =B | (180,17) « K @) [ o (0ai(0)

In the same way

0S5,.1(6) 8+ o(1)
Var( i )Z no Vet Vadl,
with
T 1 2
Vay = B[ (3W) # K 00) [ R 0ol o)
0
and

T 2
Vij=E [(fﬁOW)*Kn,Cn(Ul)/O nﬁ)),j(t)le(t)] .

According to Lemma B.1],

i [ [|{atee s (82, 0) )

dzx

and
Vi < | [T o 2 [ (st £ (30 5 K)o

By applying the inequalities (7.1]) and (7.3) we get that

T 2
o< | [ el

K
X min {H fe lloo H <f;(3(1)?jfﬁ°w> %

2
9

<f(})),jf5°W>* KT%”

2

and
2

*

« K
2Zw) =
& ) fr

T 2 « K*
Vi < | [ R onea] xmm{u Il | (o0) 2

)
2

)
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Now, according to Lemma [B.1 we have

n < f ‘<w§(w,-)fx,z(x,->*fs,((f(é?jW)*Kn,cn)2> da

and
Vg = [ (P xste ) s o (W)« Kuc,)?)| o

where

2(X.2) = [ p0aN(©) and g1,(X.2) = [ " 0an ().

By applying the inequalities (7.1]) and (7.9) we get that

2

vy < B[ [Cnotant)

X min {H fe Nl H(f%L.W)* I;TC

2

2 <f(é)JW> * Kft?
and

2
I
1
*

T 2 i} K . K 2
vy < B[ [T 0an ) xmin 1l () S| gy Z2|
0 ’ fs fe 1
The result follows by combining the bounds on the Vj ;’s for £ = 1,...,4 and by applying
Lemma B.J to get that
0S5,.1(0)

J

2

*

)

2

The proof of 3) follows by choosing C,,, that realizes the trade-off between the squared
bias and the variance.

Proof of ii)
According to (B-3), S(Q% (6%) equals

n,

9*Sn1(6°) ((57(12,%)1,1 (Sn%%)1,2>
06> (5,(1&)?,2 (51(1&)2,2 7
with
2 n
522 = —= S URW) * K, 0) [0 )TN0
i=1

=1
51 = —2 S UHW) s K, @) [ n0(0aN:(0)
i=1
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and

)

(5222(6) = ~2 3 (W) * K (U3) [ 020N (0)
=1

O*ni(t)

1 n
+E ;(fEOW)*Kan(Ui)/O (T lo= ,90) Yi(t)dt.

Under ([Ayg), for C,, satisfying (B.6), E[Sr(ﬂ(é?o) - S( ) (00)] o(1). Hence ii) is proved.
Proof of iii)
The proof of iii) follows by using the smoothness of 3 — W fg and 3 — ng up to order 3,
the smoothness of v +— 1, and v — n% and by using the consistency of 51.
Proof of iv)

Let us introduce the random event E,, = N; 1 E, jx, where

8259 (9) OQSn,l(ﬂ,w)

Taek lo—go — 20,00, lg—go + (Rn)jk(w)

1 62Sgo 4(0
E,;r= {w such that < 3 M |990} .

06,00,

We first write that
Bl - 60°1% = E[6r — 0°1% 15, + E[6: — 0°)|% k]
E[I6: = 6l 1, ] + 25up 103 P(E,).
S

IN

According to (7.10) and (WI) we have
B[, - 0°%0s,) < E[(SHO) IS + Ra) T (ST0%) + )~ S (09 L, |

n,

9%Sgo 4(0) 1 1
< Clmp)sup| =P8 |y g0 E[(S010°) 7S]
Js J
—2
82540 . (6)
< 7g 2
< C(m,p)S}’l]f 90,00, lo—go| 5

It remains thus to show that P(ES) = o(¢?) with

2
9 (8n,1(0) — Sgo 4(0))
E n7 7g < 2.
S;,l'? K 0000y, lo=or =

We write

Jk

WM+

+
By Markov’s inequality, for ¢ > 2,
<82<Seo,g<e> )

-1
1 9%Spo () q
P(ES ) < (|5 pr lo- E _ Ry);
( n,],k) = ( 9 89336].;; ‘0_00 aa]aek ‘9—90 +( )]71"3
In other words, using that |a + b|? < 297 1(|a|? + |b|7), we get

1 825907g(9) q c
(‘5 90,06, lo—go | | P(E} k)

.
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M | _F M |
09;06), =" 00,00, 0=
0”5 (0) 925, 1(0)

E <W ‘9:90> - <W ’9:90> + (Rn)j,k

M | _F M | !

00,00, =" 00,00, 0=

) 925, 1(0) 925, 1(0) “
2¢—2 n, 2 EnV e l?

Now we apply the Rosenthal’s inequality (see (B.Z) recalled in Appendix), to the sum of
centered variables

%S (0) 928,1(0) e
<W |000> -k |:<W |990>:| = n ;Wn7z7j7k-
It follows that
of|(£50a0) | Y g (#Su@) P
090;06, =" 00,00, 7=

< C@) [ B W 1417+ 0 PR W4
Take ¢ = 4 to get that

825,,.1(0) | g ([P Sna(®) |
90,00, =" 90,00, 0=

Therefore under the conditions ensuring that

Sy, (0) 925,1(6). 12
[W‘GGO - W‘GGO} = o(1),

is less than
q
q—1

42071 [

]

291

4

E < C(4) [n°EBWy,1 k" + n B W1 54l] -

we have , )
0% Spo 4(0) 9%5,1(0) 4 o )
[760]6% lo=g0 — Wb:m} = 0(g,) = ol¢y).

Now, by using the definition of R,, and the smoothness properties of the derivatives of (W f3)
and (ng) up to order 3, we get that E((Rn);{k) = 0([|61 — 6°]|.), and we conclude that

02Sp (0)  \-11T /2Sp (6) -1
1) (g0 T 8%.g 8.9 (1) (g0
(Sn,l(a )) |:< 89j9k ‘9:90) ] ( aa]ak ’9:90> Sn,l(e )

+o(r,) + o(E[||6r — 6°]122])- =

E[61 —6°|7 < 4E

7.2. Proof of Theorem [B.3 : asymptotic normality. According to TheoArem B.1 and
its proof, under (IC1)-(C4q)), Vi ;j(6°) = O(1) and the asymptotic normality of 6; follows by
checking that

v) Vn ST(H(HO) £, N (0,%1), with 31 defined in Theorem B.3.
Let H,, ;, j-\lnﬂ-, G, and @n,i be the processes defined for all t € [0, 7] by

(W) % Ko, (U (5) )

7.19 ﬁnl s)=
(7.19) +5) (7;_<fﬁow>*Kn,cn<U@->n<”<s>

,YO
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=2 (%))W Z@ ’yo S
(7.20 EM$:<@U¢ I @J)»
72 (Fo W) (Zi)n' ()
(7.21) Goils) :< 2 (fso W) % Ko, (Una(s) )
’ Z (2 W) 5 Ko, (Ui ()50 (5)
o I3 W)(Zo)m m)
7.22 and Gni(s) = Vvn B .
" ”)<%woxmwmw>

According to ([7.19), since N;(s) = M;(s) 4+ Ai(s,0°, Z;) (see (R.3)), we get that

n(l)o = Y TA'S i\S TA‘S sS)as
N ;AmAWMH;A%AMM

= A1+ A+ Az + Ay

mzzz/ﬂmcm ) Aa= 2/ nal8) = Ho()ldMi(s),

= H,i(s) — (s (5,60°, Z;) an :" TA‘S— (8)]Y;(s)ds.
&——;AMM)EMWMﬂZJdM > [ Cnie) = Gusito

Study of Ay

The term A; is a linear combinations of stochastic integrals of locally bounded and pre-
dictable processes, H, ;, with respect to finite variation and local square integrable martin-
gales, M;(-). Consequently, E(A;) = 0. Denoting by < M > the predictable variation process
of M we have to verify the two following conditions for all ¢ in [0, 7] (see (Andersen, Borgan,
Gill, and Keiding 1993) page 68) :

L1) > ", f(f Hy,i(s)(Hpi(s))Td < M; > (s) RN 32(t), with 22(t) a positive covariance

n—oo

t (f/(gé)W)(Zi)mo(s)> <(f(1)W)( )7770(8)>T $)Y:(s)ds
<(fﬁ0W)(Zz‘)77§%)(8) (FoW)(Z)n'Y (s) n,0(8)Yi(s)d

L2) For all € > 0, Z?:l fg Hn,i(s)(Hn,i(s))T]IHHn,i(s)H[g26 d < M; > (8) = Op(l) .
Proof of L1)
Since < M; >= A;, we have to prove that for all ¢ € [0, 7],

matrix defined by

(7.23)23(t) = 4E /

0

—0Q0

(7.24) S [ ) (Has) Vi) o Zom s)s. - S
=1

We apply the following Lemma, which is a straightforward consequence of the fact that the
set of functions 7; = {x +— 1>} is a P-Glivenko Cantelli class (see van der Vaart and Wellner

([1996)).
Lemma 7.1. Forj=1,---

sup

0<t<r n—o00

ZY )30 j(Z) (50 W)(Zs) = EIY (1) fao(2) (£, W)(2)])| 2 0,
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1 — P.S.
sup oSSV f5(Z)W(Z) ~ Y 0 f5(2W(2)]| = 0
ST =1
1< P.S.
sup | S Vi) a0 (Zo)l(f56 ;W) Z0) P = EY (8) fao (D) (50, WP 22 o,
SeT i=1
1< P.S
and _ sup =~ _YiOlf(Z)W(Z)]P —E[Y ()| fp(2)W(2)F)| =5 0.
=T =1

Thus L1) is checked .
Proof of L2). We have to check that for all j =1,...,m

.
%E Z_;/o {ffg}’?a‘(zi)w(zi)w(s)r]I| @ (zow(z 0 () zeyid 8 (Zi) (8)Yi(s)ds | = o(1)

and that for all j =1,.

1

n

This is a straightforward consequence of Lemma by writing that for j =1,--- ,m

- ¢ (1) 2
—E Zlk/o |:f O,J(ZZ)W(ZZ)U’YO(S)} ‘f(l) ( ) (Zi)n,yo(S)‘Zeﬁfﬁo(zi)n'\/O(S)Yi(s)ds

noopt
B [ S ZOW 2 () o (251 i) | = o)
i=1
and for j=1,---,p
Z W e, o) 1 T (Zimyo()Yi(s)ds
w2 The.g 2020w (200 ()| zeymd OOV ETHORS) T
3 _
< =E / 3 (ZOW(Z)P Y () Fon (Zeymo(5)Yi(s)ds | = o(1)
Thus L2) is checked.
Study of A,
Since E(A3) = 0, we use the following lemma, analogous to Lemma [7.1].
Lemma 7.2. Under (A1d)-(A1d), for C, satisfying (3.4) thenfor j =1,--- ,m
1< P.S.
swp |- > Yilt) fao (Z)(F56,W) % K, (U3) = EIY (8) fan (Z2) (£, W)(2)]]| = 0,
=T =
and sup ZY ()50 (Z)) (W) % Ko, (U3) — E[Y (8) f2(2)W (2)]| £ 0.
o<t<r i—1 n—0o00

It follows that Az = op(1).
Study of As

29

7D ()] _
e Z/ T )W (Zi)o J(s)] Lo zowzon) (olzeval (Zime(s)Yi(s)ds| = o(l).
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It is noteworthy that the term As can be seen as triangular arrays of row-wise independent
centered random variables that is

n
A3 = Z Vn,i + E(Ag),
i=1
with > | Vi = A3 — E(A3). Consequently, the asymptotic normality follows by checking
that

v-a) E(43) = 0p(1)
v-b) 3L E[(Vai)?) — 33

v-c) For all € > 0, Z L E[(Vm)211||vm||l2>e] — 0 (Lindeberg Condition).
’ - n—oo
By definition, A3 equals

* Ko (U) = U0 W) (Zmo () o o0
¢‘ /<mmwKwA><mwx>”@>”m“”%”'
Let us start with the study of the variance (v-b). Under ([C4)-(C3))

. ]
wﬁjﬁgﬁu@ )% K, (Us) — (F x>w@mww@w@§=mm
and .
Var Z/ W) % K, (U3) — (oo W)(ZonS (8)Yi(s) fon (Zo)mo(s)ds | = O(1).

It follovvs that v-b) is checked.
‘We now come to the bias term and write that

M@—E{ > /'<%° ) > Knc (Ui )(%””(”“(vn@mmamw@}@

FooW) 5 K0, (U3) = (fpo W) (Zi)n's (s)
s E{ (/W) x K, (U) = (5 W)(2)] Jin(Z0) J5 ()Y (s}
E{ [(F0W) % K0, (U3) = (FoW)(Z0)] Fo(Z0) J§ n8 ()m,0(5)Y (s) s}
According to Lemma R.]]

E{[(FWW) * Ko, (2) = (59 W)(2)] fa0(2) J7 ¥, @}
E(43) = —2vn
E{[(fﬁow)*f(cn(z) (faoW)(2)] feo(2) [g Y Mo (s )ds}
Hﬂhﬁwnmmm—%t> )| o0 (2) J Y w}
= -2vn
E{ BOW *Kcn (fBOW) ]fﬁo fO ( )ds}
f< fﬁo)W *xKc, (fgo W) (z ),fﬁo(z)fX7Z(x,z)> (fOT ]IxZSvﬁfo(s)ds> dx
= —-2n
S {(faoW) 5 K (2) = (FoW)(2), f0 (2)) (J§ Tazens (s)mo (s)ds ) d
For j =1,.

‘/ f W) K¢, (z) — (f[(;%))’jW)(Z),fﬁO(Z)fX7z(:C,Z)> </OT ][mzsn?yo(S)ds> da
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is less than

<lrn$(ﬁmﬁL/‘«ﬂgzwq*kkhw)—(f%bWU@%jﬂmdfxzmu@>hm,
which is, according to (F.1)) and (F.9), less than

<Arﬁd$@>mm{/ngLW) —(Sw HHMOu&Z ), do

/Wﬂ&WﬂK@—U@j(]wW Vxz(x %M}

that is less than
(277)—1 </0T773{0(5)d8> X min{H(f(}))’jW) K(Jn -1) H /Hfﬁo ) fx.z(x H2
Josswrase, - o] [ Mw@xste o}

In the same way we obtain that for j =1,...,p

/<(f50W) * Ke, (2) = (fooW)(2), fa0(2)) (/OT Hstn,(y%))(s)n,yO(S)CtS) dx

is less than

</ 1,0 (s M0 ]( )]ds) XHHH{H faoW)" (K¢, —1) H /Hfﬁo ) fx.z(x H2

G, =Dl [ )., }-
Consequently, under ([A;g), E(43) = O(v/nCyp at(1=r)/2+(1=r)- /Zexp(= ) Under (Cy))-
(C4), Var(43) = O(1) and hence C, can be chosen such that E(Ag) = o(1). It follows

that v-a) is checked.
In order to check the Lindeberg condition we write that for j =1,--- ,m

1 " t (1) 2
—E Z 0 |:(f507jW)*Kn,Cn(Ui)T/’yO(S)] ]I‘(f(l) W)*K ¢, (Ui )77 0(3)\>e\/_f60( )777 ( )Y(S)ds
=1

=o(1)

n\/ne

nooet
B S [ 1500 % Ko 0o fpo (Zomo (1Y)
=1

and for j=1,---,p

1| [ 1 2
—E ZA [(féOW)*Kn,Cn(Ui)n,(y(){j(S)] ]I‘( EOW)*KTL (s )77 (s ‘>E\/—f6 ( ) (S)}/l(s)ds
i=1

E [Z /O |(F3W) % K (U PSS (5) Fao (Zi)mo (5)Yi(s)ds | = o(1).
i=1

1
<
~ eny/n
It follows that v-c) is checked.

Study of Ay
The study of A4, quite similar to the study of As is omitted. a

7.3. Proof of Theorem : The proof of Thorem [L.1], quite classical is omitted.
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8. APPENDIX

Lemma 8.1. Let ¢ be such that E(|p(X, Z)|) is finite and let ® such that E(|®(U)|) is finite.
Under the assumptions ([Ag) and (A4), then

Elp(X, Z)® * Ky c, (U)] = E[p(X, Z2)® * K¢, (Z)],
and

Elp(X,Z)® % K, c, (U /< Vx.z(, ) * for (2 % Ky ,)?) da.

Proof of Lemma B.1] : Set fxy 7 the joint distribution of (X, U, Z). Under (Ag) and
AY), fxuvz(z,u,2) = fxz(z,2)f-(u— 2). Hence by the Parseval’s formula

Be(X.2)0 K, 0)) = [[[ ol 2)0xKog, () z(o. ) fo(u ~ Hdudzds
_ // 22 fxz(e z)/q)*Kn,Cn(u)fE(u—z)dudmdz
= @0 [[ew e [ @K wE@e T dyd iz
- 1//<p 2, 2) fx 2 (e z)/@*(y)lz(())f*( Y= dy das d
_ (m)! / / o, 2) frz (@) / o (y) K2, (y)e " dy da d=
_ // 2, 2) fx g (e z)/q)(u)KCn(z—u)dudxdz
_ / / o, 2)® % Ko, (2) fx.z(, ) da dz.

In the same way,

E[p(X,Z)® x Knc,(U)? = /// 0 (2, 2)(® * Ko, (u)? fx.z(2, 2) fo(u — 2)dx dudz
= /// ©*(z,2)(® *Kn,Cn(u))QfX7Z(CC, 2)fe(u — z)dx dudz

= /< Vfxz(@, ) * for (@ x Kn,)?) da. O
Lemma 8.2. For a, r two nonnegative numbers, Then
1
8.1 I -\ g du < C v+1-§ )\05
SO [ e A g O e (AT,
Furthermore, if f. satisfies (A14), then
lu| =" exp(—)\\u]‘;) 1 el

du < 1, OO0 exp{-ACS + 6CL)).

/|u<C’n | £ (u)] U= C(a, 8, p,v, X, 0)C(F-) max[1, Cy exp{ > +0CrY]

Lemma 8.3. Rosenthal’s inequality (Rosenthal (1970), Petrov (1995)). For Uy,...,U,,
be n independent centered random variables, there exists a constant C(r) such that for r > 1,

(8.2) \ZU! J<Clr ZE\U\ (ZE[UZZ])”Z]-
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