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ABSTRACT. We achieve the topological classification of real parts of real reg-
ular elliptic surfaces with a real section.
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1. INTRODUCTION

By a real algebraic variety X, we mean a pair (X, o) where X is a complex
algebraic variety and ¢ an antiholomorphic involution acting on X. The involution
o is often called a real structure and the fixed point set X7 is called the real part
of X and is denoted by X (R). From now on, a surface will be assumed to be a
nonsingular surface and a topological type of real surfaces will be a class of surfaces
with homeomorphic real parts.

Our main purpose is to make a step towards the Enriques-Kodaira classification
of real algebraic surfaces. More precisely, we are interested in the classification
of the topological types of real algebraic surfaces in a given complex deformation
family. The case of real rational surfaces goes back to Comessatti, [ﬂ] as well as the
case of real abelian varieties ([, (see also [p3, Chap. IIT, IV]). For real ruled surfaces,
see , Chap. V]. The case of K3 surfaces is due to Nikulin and Kharlamov [E, B]
More recently, the classification of topological types of real Enriques surfaces has
been obtained by Degtyarev and Kharlamov @], while the classification for real
hyperelliptic surfaces has been achieved by Catanese and Frediani @

The remaining class of real algebraic surfaces of special type is made by the
so-called properly elliptic surfaces. In this direction there is the fundamental classi-
fication of the real singular fibres of an elliptic fibration by R. Silhol @] and some
partial results about the global classification in [l4] and [fi].

A real elliptic surface will be a morphism 7: X — P! defined over R, where X
is a real algebraic surface such that for all but finitely many points u € P!, the
fibre X,, = 7~ 1(u) is a nonsingular curve of genus one. When 7 admits at least
one singular fibre, the surface X is regular, which means that H!'(X,Ox) = {0}.
The elliptic fibration 7: X — P! will be called relatively minimal if no fibre of 7
contains an exceptional curve of the first kind. When a (real) relatively minimal
elliptic surface 7: X — P! admits a (real) section s: P! — X we call X a (real)
jacobian elliptic surface.

Over C, two regular relatively minimal elliptic surfaces with no multiple fibres
are deformation equivalent if and only if their holomorphic Euler characteristics are
equal, see [@]

The main goal of this paper is to achieve the classification of the topological
types of real regular jacobian elliptic surfaces in each complex deformation family
of regular jacobian elliptic surfaces.

In order to describe the topological types, we denote by S, the smooth orientable
surface of genus g, by S the two dimensional sphere (S = Sp) and by V; the non
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REAL ELLIPTIC SURFACES 2

orientable surface of Euler characteristic 2— ¢ (Vj is diffeomorphic to the connected
sum of ¢ copies of P2(R)). In what follows, the disjoint union of two surfaces A and
B is denoted by A U B while the disjoint union of ¢ homeomorphic copies of A is
denoted by a A.

An abstract Morse simplification on a topological type is a transformation which
decreases the total Betti number by 2. There are two kinds of Morse simplifications:

e removing one spherical component, S — (),
e contracting one handle Sg41 — Sy or Vo — V4.

A topological type of a real regular jacobian elliptic surface is called extremal if it
cannot be obtained by a Morse simplification from the topological type of another
real regular jacobian elliptic surface in the same complex deformation family (i.e.
with the same holomorphic Euler characteristic).

Theorem 1.1. Let k > 1 be an integer. The extremal topological types of real
reqular jacobian elliptic surfaces with holomorphic Euler characteristic k are:
(1) M-surfaces, a=k+4X—1,1=5k—4X\, A=0,1,...,k
e S;UasS, k even or
o V5 UaS, k odd.

(2) (M —2)-surfaces, a=k+4X, 1 =5k —4X—3, A=0,1,...,k—1
e S;UasS, k even or
e Vo UaS, k odd.

(3) e S;1US, k even or
o VoIV, k odd.

Any topological type of a real reqular jacobian elliptic surface with holomorphic
Euler characteristic k is the result of a sequence of Morse simplifications from one
of the previous extremal types.

Conversely, any topological type corresponding to a surface with first Betti num-
ber > 2 and which can be obtained by a sequence of Morse simplifications from one
of the previous extremal topological types is the topological type of a real regular
jacobian elliptic surface X with k = x(Ox).

Note that in the definition of a jacobian surface, we supposed that the elliptic
fibration was relatively minimal. In fact, the analogue of Theorem without
this hypothesis, that is, the classification of topological types of real regular elliptic
surfaces with a real section and contained in a given complex deformation family,
can be deduced directly from Theorem . Indeed, over C, two regular elliptic
surfaces with no multiple fibres are deformation equivalent if and only if their
holomorphic Euler characteristics are equal and their canonical classes have the
same degree. To realize a topological type in one complex family, say k = x(Ox) and
K% = —m < 0, take any real regular jacobian elliptic surface Y with holomorphic
Euler characteristic k, then by definition, K2 = 0. Let X be the blow-up of m
points which are globally fixed by the real structure. Then Kx = —m. Each blow-
up centered in a real point gives rise to a connected sum with a real projective
plane. Conversely, any topological type of a real regular elliptic surface with a real
section can be obtained in this way.

The rest of the paper is devoted to the proof of Theorem E (see Subsection @)

Let m: X — P! be a real regular jacobian elliptic surface. Denote by k =
X(Ox) the holomorphic Euler characteristic of X. The Betti numbers of X (R)
are subject to prohibitions. Classical inequalities and congruences on real regular
algebraic surfaces (see [LJ] for a survey) yield a finite list for the allowed pairs of
topological Euler characteristic x(X(R)) and total Betti number h,(X(R)) with



REAL ELLIPTIC SURFACES 3

coefficients in Z/2, see Section [J. The resulting list is shortened thanks to the
following inequalities which arise essentially because the surface is elliptic. Namely
the first mod 2 Betti number hy (X (R)) = rk (H1(X(R),Z/2)) and the number of
connected components are bounded by

(1.2) h(X(R)) <10k,  #X(R) < 5k.

The upper bound on the first Betti number is due to a more general result of
V. Kharlamov (see Theorem R.9). The upper bound on the number of connected
components is due to M. Akriche and the second author, see [m]

Using the general prohibitions on real algebraic surfaces and the two specific
inequalities (|L.9), we draw for each k, the diagram of the allowed pairs (x, h), see
Figure m The existence of a real section imposes strong conditions on the real part of
X. Namely, X (R) # (), one connected component of X (R) has Euler characteristic
< 0 and other components are diffeomorphic to a sphere, unless X (R) is the disjoint
union of two tori (if k& even) or two Klein bottles (if k odd), see Proposition .13
Hence, except for the pair (0,8), there is a one-to-one correspondence between
allowed pairs (x, h.) and allowed topological types. The list given in Theorem IE
is exactly the list of topological types obtained from the diagram in Figure [l| using
this correspondence.

Conversely, for each & > 1 and for each topological type listed in Theorem D,
we prove the existence of a real regular jacobian elliptic surface with the desired
topological type. These surfaces are obtained in the following way.

Fix an integer k£ > 1 and let R = Fo, be the Hirzebruch surface of degree 2k
endowed with the real ruling 7: R — P!. Let E be the unique nonsingular algebraic
curve of R with nonzero negative selfintersection. By unicity, F is defined over R.
Consider a nonsingular real algebraic curve C' of bidegree (3,0) on R (see Section
for the definition of bidegree). Such curves are often called trigonal curves. Let
p: X — R be the double covering ramified over the union C' U E which is of even
bidegree (4, —2k). Standard calculation on double coverings yields x(Ox) = k, and
it is an easy exercise to check that m = p o 7 is an elliptic fibration. In fact, X is a
jacobian elliptic surface.

Since the curve C' is real, the surface X becomes real with respect to the two com-
plex conjugations which lifts the one on R (they are interchanged by the covering
involution). The topological type of the elliptic surface with respect to either com-
plex conjugations is determined by the real scheme of C, i.e. the pair (F'(R), C(R))
up to homeomorphism, and the parity of k (see Lemma @) A Morse simplification
for either real elliptic surfaces corresponds then to collapsing one oval of the curve
C. Hence, the list in Theorem @ results in a list of real schemes of real trigonal
curves on R, where extremal ones are those which cannot be obtained from another
by collapsing one oval.

Trigonal curves which produce the exceptional topological types of two tori (if &
is even) or two Klein bottles (if k is odd) are easy to construct, see Example @ For
the other real schemes, we use two different tools: the combinatorial patchworking
and so-called dessins d’enfants.

The combinatorial patchworking is a combinatorial version of the Viro method,
which is a powerful construction method of real algebraic varieties with prescribed
topology, see [@, A . The appearance of dessins d’enfants in real algebraic
geometry is recent , (see also, for example, [E, E]) It was S. Orevkov [@]
who first discovered that dessins d’enfants can be used to construct trigonal curves.
Very recently, B. Bertrand and E. Brugallé [E] have explicitely given a way to
produce the dessin d’enfant corresponding to a trigonal curve constructed via the
combinatorial patchworking.
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We could have constructed all desired trigonal curves using either combinatorial
patchworking, or dessins d’enfants. Our strategy was to use both in order to give
a short proof for the existence of these curves. Namely, the combinatorial patch-
working is only used for the construction of the extremal real schemes. Moreover,
this is done in a way that allows us to collapse independently the ovals, by means
of a local deformation of dessins d’enfants. Hence, a small number of curves are
constructed via the combinatorial patchworking, and only local pictures of dessins
d’enfants are used.

Another advantage of our construction comes from the obvious observation that
a Morse simplification may not be obtained a priori in a continuous family of real
regular jacobian elliptic surfaces. Our construction shows that such a family does
exist in each case except possibly from the exceptional extremal pair of tori or Klein
bottles.

Let us finally point out that dessins d’enfants are currently used in the same
context by A. Degtyarev, I. Itenberg and V. Kharlamov.

We want to thank F. Catanese, A. Degtyarev, I. Itenberg and V. Kharlamov for
fruitful discussions. The second author thanks also F. Catanese for a stimulating
visit in Bayreuth.

2. RESTRICTIONS ON REAL REGULAR ELLIPTIC SURFACES

In this section, we collect some classical restrictions on the topology of a real
algebraic surface (X, o) in term of the numerical invariants of the complex surface
X. Next, we apply them to a real regular elliptic surface. For a complex regular
elliptic surface X, most of the numerical invariants can be deduced from the holo-
morphic Euler characteristic x(Ox). Recall that in fact, when X is jacobian, its
complex deformation class is determined by x(Ox), see [[L1].

Let (X,0) be a real algebraic manifold. Denote by B;(X) = rk (H'(X,Z/2) the
i-th mod 2 Betti number of X and by

hi(X(R)) = rk (Hi(X (R), Z/2))

the ¢-th mod 2 Betti number of X (R). Let h.(X(R)) = > hi(X(R)) and B.(X) =
> Bi(X). The first important prohibition is given by the Milnor-Smith-Thom
inequality.

Proposition 2.1. Let (X, 0) be a real algebraic manifold. Then
ho(X(R) < B.(X) ;
B.(X) — ho(X(R)) is even.
Proof. See e.g. [@, Chap. II] or , 3.1.1]. O

Let us denote by 7(X) the signature of the cup-product form on the real vector
space H%(X,R) and by 7 (X) = £(B2(X)—7(X)) its negative index. The following
inequality, often called Comessatti’s inequality, is well-known.

Proposition 2.2. Let (X,0) be a real algebraic surface, then
IX(X(R)) —1] <77(X)
Proof. See e.g. [[[d, 3.1.2]. O

An important class of restrictions on extremal real surfaces is given by the
Rokhlin congruences and their generalizations by Gudkov and Kharlamov. Recall
that B, (X) — h«(X(R)) is even and let 2d = B, (X) — h.(X(R)). A real algebraic
surface is an M -surface if d = 0 and an (M — d)-surface if d # 0.
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Proposition 2.3. If (X,0) is an M -surface (that is d = 0), then
X(X(R))=7(X) mod 16.
When (X, o) is an (M — 1)-surface (that is d = 1), then
X(X(R))=7(X)+2 mod 16.
Proof. See e.g. [@, Chap. II] or , 2.7.1]. O
Proposition 2.4. Let m: X — P! be a real reqular relatively minimal elliptic
surface with no multiple fibres
When (X, 0) is an M-surface, then
X(X(R)) =8x(0Ox) mod 16.
When (X, o) is an (M — 1)-surface, then
X(X(R)) =8x(0x)£2 mod 16 .
Proof.  The elliptic fibration has no multiple fibres thus the homology of the
complex surface X has no torsion. Whence we will not distinguish between the

Betti numbers of X and the mod 2 Betti numbers of X. As 7 is relatively minimal,
the first Chern number ¢?(X) is zero and the Noether’s formula yields

(2.5) Xtop(X) =12 x(Ox) .

For X a regular algebraic surface (i.e. with ¢(X) = dim H'(X,Ox) = 0), the
signature of the cup-product form is 7(X) = 4x(Ox) —2 — Ba(X), see e.g. [H,
Thm. 2.7]. Moreover, a regular surface has Betti numbers B;(X) = B3(X) = 0
whence 7(X) = —8 x(Ox). The conclusion follows from Proposition P.3. O

Remark 2.6. Let k = x(Ox). From the previous congruences, the Comessatti
inequality @, and the Theorems @ and below, we get the list of the k£ + 1
admissible pairs of Betti numbers for M-surfaces:

(#X(R),h1 (X (R))) = (k+4X\ 10k —8X), e {0,1,...,k}.
From the Betti numbers, we will deduce the jacobian topological type by Propo-

sition .

By Morse simplifications, any (M — 1)-jacobian topological type allowed by the
Proposition @ comes from an M-jacobian topological type, otherwise said, there
are no extremal (M — 1)-jacobian topological type. There are k extremal (M — 2)-
jacobian topological type, see Theorem E To prove that the extremal topological
types given in Theorem are the only ones, the former classical restrictions on real
algebraic surfaces applied to a real regular relatively minimal elliptic surface with
no multiple fibres are not sufficient. From them, we obtain the following bounds
on the Betti numbers.

(2.7) hi(X(R)) < 11x(Ox) —1;
(2.8) x(®) < MO 530 1 MO0

These bounds are not sharp. The inequality (@) has been improved by V. Khar-
lamov, namely, a real regular elliptic surface with no multiple fibres satisfy the
Ragsdale-Viro inequality. The second author showed that this inequality is sharp,
see [[L4].

Theorem 2.9. Let X — P! be a real regular relatively minimal elliptic surface
with no multiple fibres, then
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Proof. See [fl, Section 4]. O

The inequality (@) has been also recently improved by a sharp one, see [EI],
under the hypothesis that the fibration admits a real section.

Theorem 2.10. Let m: X — P! be a real reqular jacobian elliptic surface, then
#X(R) <5x(0x) -

Proposition 2.11. Let 7: X — P! be a real regular jacobian elliptic surface. We
have

4 < h.(X(R)) < 12x(Ox
2 —-10x(0x) < x(X(R)) <10 ( x) =2

Proof.
The inequality (EI) and the Noether formula for a relatively minimal elliptic
fibration (R.9) yield

h(X(R)) < 12x(0x) -

Furthermore, there is a connected component Ny of X (R) containing the real
part S(R) of the image of the real section s: P* — X. Let o € Hy1(No,Z/2) be the
fundamental class of S(R) and 8 € H;(No,7Z/2) the class of the restriction to Ny
of a smooth fibre, by hypothesis « N =1 mod 2 whence hq(Npy) > 2.

From B,(X) = 12 x(Ox), a regular relatively minimal elliptic surface with no
multiple fibres X has Ba(X) = 12 x(Ox) —2 and 77 (X) = 10 x(Ox) —1. We get
from Proposition @,

2-10x(0x) < x(X(R)) < 10x(Ox) .

We want to prove that, in fact, x(X(R)) < 10 x(Ox) —2. Suppose for a moment
that x(X(R)) = 10 x(Ox), that is #X (R) = 5 x(Ox) +3h1(X(R)). Now from the
Theorem R.10, we get the inequality #X(R) < 5x(Ox) thus #X(R) = 5 x(Ox)
and hy (X (R)) = 0. But we have seen previously that X (R) contains a component
No with hy(Ny) > 2; a contradiction.

For X a real relatively minimal elliptic surface, the Euler characteristic of X (R)
is even. Indeed, by Proposition .1}, x(X(R)) = xsop(X) mod 2 and by )
Xtop(X) is even. Thus x(X(R)) = 10 x(Ox)—1 does not occur and finally this
yields x(X(R)) <10 x(Ox) —2. O

The previous proof shows in particular that if X is a real regular jacobian elliptic
surface, then X (R) # 0 and h; (X (R)) > 2. This yields

4= x(X(R)) <h.(X(R)) and x(X(R)) < h.(X(R)) - 2.

We also know that y(X(R)) and h.(X(R)) are even integer numbers. To-
gether with Propositions @ and , Theorems @ and , the preceding anal-
ysis allows us to draw, for each k, the diagram of possible values for the pair
(x(X(R)), hs(X(R)) when X is a real regular jacobian elliptic surface.

From the diagram, we will infer the list of allowable topological types of real
regular jacobian elliptic surfaces. For that we use the following result.

Proposition 2.12. Let 7: X — P! be a real reqular jacobian elliptic surface.
Let k = x(Ox). Then X(R) is non empty and it is orientable if k is even or
non orientable if k is odd. Moreover, X(R) has one connected component of Euler
characteristic < 0 and other components are diffeomorphic to a sphere, unless X (R)
is the disjoint union of two tori (if k even) or two Klein bottles (if k odd).
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R (X (R)) h1(X(R)) = 10k #X(R) = 5k

1 2 3 k-1 k k+1

| X(X(R)

'
+ +
2 — 10k 10k — 2

FIGURE 1. Diagram of possible values for (x(X (R)), h.(X (R))

The diagram is the right one for k = 8. The black points correspond to the k + 1 M-surfaces (which
are automatically extremal) and the extremal (M — 2)-surfaces. The small circle surrounds the point
(0, 8) which is the only point in the diagram corresponding to two possible topological types
comprising an extremal one: Sy L .Sy if k is even or Vo L Vs if k is odd. Note that for any k the
diagram is symmetric with respect to the vertical axis x(X(R)) = 0 while this axis contains a point

corresponding to an M-surface (as it is the case in the picture) only when k is even.

Proof. From [@, Chap. VII], we get that when the elliptic fibration admits a real
section, any real singular fibre has connected real part except if the fibre is real
isomorphic to the real cubic curve with one isolated node. Recalling that the real
part of a smooth real curve of genus one has at most two connected components, the
result easily follows except for the assertion about orientability which is deduced
from the following Lemma. (|

Lemma 2.13. Let X — P! be a real reqular relatively minimal elliptic surface with
no multiple fibres.
If x(Ox) is even, X is a Spin-surface, and if X (R) # 0,

X (R) is orientable.

If x(Ox) is odd, X is a non Spin-surface, and if X — P! admits a real section
or if (X,0) is an M-surface,

X(R) # 0 and X (R) is non orientable.

Proof. By [E, p. 162], we have for a canonical divisor of X :

Kx =Kx(Ox)-2)F

where F is any fibre of X — P'. From ¢;(TX) = —¢1(Kx ) we obtain for the second
Stiefel-Whitney class of the tangent bundle of X

’LUQ(X) = X(Ox) mod 2.

We use [[4, 5.7] for the first two assertions. We use [0, 3.4.1(1)] for the last
assertion on M-surfaces. O



REAL ELLIPTIC SURFACES 8

Proposition implies that, with the only exception of the point (0, 8), each
point in the diagram depicted in Figureﬂl corresponds to at most one topological
type of a real regular jacobian elliptic surface.

Namely, if k is even the point (0,8) corresponds to Sz U.S (non extremal) and to
S1US; (extremal). If & is odd, the point (0, 8) corresponds to V4 LU.S (non extremal)
and to V4 U Vs (extremal). Any point (x, h«) # (0,8) of the diagram corresponds
to the topological type S; U aS if k is even, or to Vo L aS if k is odd, where a and
[ are determined by x = 2(a+ 1) — 2l and h, =2(a + 1) + 2I.

Collecting the results of this section, we thus obtain a list of non prohibited
topological types, which coincides with the one given in Theorem @

3. HIRZEBRUCH SURFACES AND REAL ELLIPTIC SURFACES

Let n > 1, denote by 7: F,, — P! the P!-bundle over P! associated with the
Hirzebruch surface F,,. Let (u,x) be affine coordinates on F,, so that 7 writes
locally as (u,z) — wu. Denote by B and F' the classes in the second homology
group Hs(F,,,Z) of the image of a section disjoint from the exceptional divisor E
and a fibre of 7, respectively. As it is well-known, the homology group Hy(F,,7Z) is
generated by B and F' with intersection numbers B-B =n, F-FF =0and B-F = 1.

A curve C on F,, is of bidegree (a,b) if [C] = aB + bF in Hy(F,,Z), or equiv-
alently, if a = [C]- F and b = [C] - E. The intersection number of two curves of
bidegree (a,b) and (¢, d) is then equal to acn + ad + be. The exceptional divisor E
has bidegree (1, —n) and self-intersection —n.

The Hirzebruch surface F,, inherits a real structure coming from the usual com-
plex conjugation on some affine chart of I,,. This is the standard real structure on
F,, and we will consider only this one. The real part F,,(R) of F,, is homeomorphic
to a two-dimensional torus if n is even, or to a Klein bottle if n is odd.

A trigonal curve is a curve of bidegree (3,0) on F,,. Let r € R[u, 2] be a polyno-
mial whose Newton polygon (the convex hull of the exponent vectors of the mono-
mials appearing with non zero coefficients) is the triangle with vertices (0, 0), (3n,0)
and (0,3). Such a polynomial defines (affinely) a trigonal curve C. A classical (non
linear) elimination process allows to eliminate the monomials u'z?, [ € {0,...,n},
from r in order to get a reduced affine equation for C'

(3.1) a® + p(u)z + q(u) =0,

where p and ¢ are polynomials of degrees 2n and 3n, respectively. The discriminant
of this polynomial, viewed as a polynomial in Rfu][z], is

A = 4p® +27¢* € R[u] .

The roots of A are those ug for which the vertical line u = ug is either tangent to,
or contains a singular point of, the curve C. We have A(ug) < 0 exactly when the
line u = wg intersects C(R) in three points.

Consider the Hirzebruch surface Fyi, of even degree 2k and let C' be a real nonsin-
gular trigonal curve on Foi. A connected component of C'(R) is called a pseudo-line
if it intersects each vertical line u = ug, otherwise it is called an oval. An oval sep-
arates For(R) into two connected components, one of them being homeomorphic
to a disk called interior of the oval. The image of a pseudo-line by the projection
Far(R) — P(R) induced by (u,z) — u is the whole P!(R), while the image of an
oval is an interval whose endpoints are real roots of the discriminant A.

With one exception, all but one connected components of C(R) are ovals, while
the remaining one is a pseudo-line. The exception arises when C'(R) consists of
three (non intersecting) pseudo-lines. This happens only if A < 0 on P*(R). We
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give here an explicit example which will be used for the construction of extremal
elliptic surfaces with topological type S1 U Sy (if k even) or Vo U V4 (if & is odd),
see Lemma below.

Example 3.2. Consider the non reduced polynomial

r(u,z) = (x = g1(u)) - (z — g2(u)) - (x — gs(u)),
where g1, g2 and g3 are real polynomials of degree 2k such that g2 — g1, g3 — g1 and
g3 — g2 have each 2k (simple) non real roots and the resulting 6k roots are pairwise
distinct. The polynomial r defines a trigonal curve having as singularities 6k non
real ordinary double points. A small perturbation gives a nonsingular trigonal curve
whose real part consists of three (non intersecting) pseudo-lines.

Let
H=0

be some bi-homogeneous polynomial equation for C U E. We have [C] - E = 0,
hence C' does not intersect £ and C' U E is a real nonsingular curve of bidegree
(3,0) + (1, —2k) = (4,—2k). Since this bidegree is even, the polynomial H has a
well-defined sign on Foi(R). Hence the ovals of C' can be divided into two groups
according to the sign of H in the interior of each oval. It follows that, with the
exception of C'(R) consisting of three pseudo-lines, the real scheme of C| that is the
pair (Fox(R), C(R)) up to homeomorphism, is uniquely determined by the numbers
a and b of ovals in each of these two groups and will be encoded by (a | b), see
Figure E Note that these two numbers are defined only up to permutation.

- E(R)
O 0

FIGURE 2. Real scheme (2 | 3)

Let p: X +— Fgi be the double covering of Fai ramified over C U E' (it is well-
defined since the bidegree of the ramification curve is even). The complex surface
X is a nonsingular jacobian elliptic surface, which can be equipped with two real
structures lifting that of Fox. According to the chosen real structure, the real part
of X projects via p onto the subset of Fai(R) where either H > 0, or H < 0.

Lemma 3.3. If C(R) consists of three pseudo-lines, then X (R) is homeomorphic
to S1 U ST if k even, or to Vo U V4 if k is odd.

If C has real scheme (a | b), then, up to permutation of a and b which corre-
sponds to a permutation between the two real structures for X, the surface X (R) is
homeomeomorphic to a S U Sy1 if k is even, or to a S U Vayyo if k is odd.

Proof. A direct computation shows that x(X(R)) = 0 if C(R) consists of three
pseudo-lines and x(X(R)) = 2(a — b) if C has real scheme (a | b). It suffices then
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to determine if each non spherical component is orientable or not. Let M be such
a component, and let S be a real section whose real part S(R) is contained in M.
The linear class of the effective divisor S is the (reduced part) of the pull-back of
the class B in Pic(Fay). The class B is a part of the branch class of the double
covering p. Hence [S]-[S] = 1B - B =k, see e.g. [RA. Thus, when k is odd, the
square o of the fundamental class of S(R) in Hy(M,Z/2) do not vanish whence
M is non orientable.

Conversely, suppose k even, the canonical class of X is given by Kx = p*(Kp,, +
L) where Kg,, = —2B+ (2k —2)F and 2L = [C'U E]. Thus we recover the formula
used in the proof of Lemma @ from Kx = p*((k — 2)F). We therefore conclude
that wi (X (R)) = 0 hence X (R) is orientable. O

4. CONSTRUCTIONS

4.1. Collapsing ovals of trigonal curves via dessins d’enfants. Let C be a
real nonsingular trigonal curve on Fyj, with affine reduced equation

(4.1) a® + p(u)z + q(u) =0

where degp = 4k and degq = 6k. We will assume that C is generic in the sense
that the discriminant A = 4p>+27¢? has only simple roots and p, ¢, A have distinct
roots. The roots of A being simple roots, the curve C is a nonsingular curve and
any root of A corresponds to a vertical line tangent to C.

Following Orevkov [[L], consider the real rational function P'(C) — P'(C) de-
fined by

A 4p?
f== q% 27,

This a rational function of degree 12k. The roots of A, p and ¢ are mapped to 0,27
and oo, respectively. These roots as well as the values 0,27 and co will be called
special.

Remark 4.2. Recall that the functional invariant J : P1(C) — P!(C) associated
with the elliptic surface given by the affine equation y? = 2 + p(u)z + q(u) is
g
A
The real rational functions f and J are related via J = yo f, where 7 is the real
automorphism of P1(C) sending 0, 27, and co to oo, 0, and 1, respectively.

Color the real line on the target space in three distinct colors as shown in Figureﬂ
(one color for each interval delimited by two special values, and special symbols for
special values) and define a colored graph on the source space P!(C) as the graph
I' = f~}(PY(R)) colored via the pull-back of the previous coloring of P!(R). Such
a graph is sometimes called a dessin d’enfant. The graph I' is invariant under the
complex conjugation and contains P!(R). Each vertex of I' has even valency and
corresponds to a critical point of f with multiplicity half the valency (if the valency
is 2 then the point is in fact not a critical point of f). Due to the special form
of the rational function f, the vertices given by the roots of A, p and ¢ should
have valencies which are multiple of 2, 6 and 4, respectively. In fact, since we have
assumed that A has only simple roots, the roots of A are not critical points of f
and have valency 2.

Hence, to a real trigonal curve C' corresponds a colored graph on P*(C) verifying
the above properties. Conversely, drawing dessins d’enfants allows to construct
real trigonal curves with a given real scheme (see, for example, , [E]) Here
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FicURE 3. Coloring of P*(R)

we will only use a local description of the graph I' that will allow us to collapse
independently the ovals.

From now on, we will denote by € the affine complex curve defined by ([.1)).

Proposition 4.3. Suppose that each oval of C(R) is a compact connected compo-
nent of C(R) and does not intersect the line x = 0. Then, the ovals of C(R) can
be collapsed independently. More precisely, if C' has real scheme (a | by, then for
any pair of integers (a’,b') such that 0 < a’ < a and 0 < b < b there exists a real
nonsingular trigonal curve C' on Foy, with real scheme (a’ | ).

Proof. Consider one oval of the curve (if the curve has no oval, there is nothing
to prove). Its image under the ruling 7: (u,z) — wu is a closed interval whose
endpoints are roots of A. Denote by I the interior of this interval.

We first show that f = ;% = %”2—3 + 27 is negative and bounded on I. This means
that, as a part of I', the interval I is uniquely colored like (00, 0) on the target space
P'(R) (see Figure fl). We have A = 4p® + 27¢> < 0 on I since for each ug € I the
vertical line u = wg intersects C'(R) in three distinct points: two points on the oval
and the third one on the pseudo-line. In particular, this implies that p < 0 on I.
It remains to see that due to our assumptions the polynomial ¢ has no roots in I.
Suppose on the contrary that ug is such a root of g. Then the line u = u( intersects
C(R) in the three points (ug,0), (uo,£+v/—p(uo)). Now, since the oval does not
intersect the line 2 = 0, the point (ug, 0) belongs to the pseudo-line, and this forces
the oval to be unbounded which is in contradiction with our assumptions.

Conversely, any interval on P*(R) C I" uniquely colored like (0o, 0) corresponds
to an oval of the curve.

Since f is bounded on I and vanishes at its endpoints, the interval I contains
critical points of f by Rolle’s theorem. These critical points are non special by the
previous discussion. Denote by m the sum of their multiplicities as roots of the
derivative f’ of f. The product of the values of f’ at the enpoints of I is negative
since A has only simple roots and f does not vanish in I. It follows that m is an
odd integer number.

Let U be a small neighbourhood of I € P!(C) which is invariant under the com-
plex conjugation and which does not contain other special points that the endpoints
of I. The part of " contained in U is entirely colored like (0o, 0), with the exception
of (P*(R) NU) \ I which is colored in black. Recall that the valency of a vertex
of T" is twice its multiplicity as a critical point of f. It follows that the multiplic-
ity as a root of f’ of a real critical point of f is exactly the number of branches
of I' starting from this point and contained in one given connected component of
P!(C) \ P!(R). Hence the total number of branches of I' N U contained in a given
connected component of P1(C) \ P!(R) is exactly the odd number m.

We perform a continuous deformation of colored graphs (I') teiop I = To,
which is concentrated in the neighbourhood U, as it is shown in Figure 4. Here, the
neighbourhood U is represented by a disk invariant under complex conjugation and
whose real part is the horizontal segment containing I (the complex conjugation
corresponds to the symmetry with respect to this segment).

It remains to show that this deformation satisfies the following properties:
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e Any graph I'; corresponds to a real trigonal curve Cy on Foy.

e The only singular curve along this deformation occurs when ¢ = 3/4 and
C3/4 has only one singular point which is isolated in Fy(R) (intersection
of pairs of complex conjugate branches of C').

e The real scheme of C is obtained from that of Cy by collapsing the oval
we started with.

First note that as a topological map f is a branched covering P!(C) — P*(C)
of degree 12k, which is symmetric (in the sense that complex conjugate points
are mapped to complex conjugate points) and respects the colorings. It is not
difficult to see that the deformation (I't),¢ (o ) comes from a continous deformation
(ft)tejo], with fo = f, of symmetric branched coverings f; : P*(C) — P'(C) of
degree 12k such that I'; = f, ' (P'(R)) and f; respects the colorings. Indeed, there
exists a continuous map G : P*(C) x [0, 1] — P(C) such that I'; = G (T, t) for each
t and the restriction of G to I'g x {0} is given by the identity map. Moreover, there
is a continous family (‘Pt)te[o,l] of maps ¢y : I'y — P}(R) starting at the restriction
wo of f toI' = I'g and which respect the colorings. Consider now one connected
component Dy of P1(C)\ Ty and let D; = G(Dy,t) be the corresponding connected
component of P}(C)\T;. Denote by D; and Dy their closures. Looking at Figure
shows that D, and Dy are homeomorphic for each t. Moreover, one can choose
homeomorphisms ¥p ; : D, — Dy coming into a continuous family such that ¢,
and g 0¥ p coincide on the boundary of D,. This allows to extend the restriction
of ¢; to the boundary of D, into a continuous map fp;: Dy — fo(Do) by setting
fpt = foovp,. Doing that for each Dy in one given connected component of
P(C)\P}(R), and extending the resulting map into a symmetric map, one obtains
a continuous family of symmetric continuous maps f; : P1(C) — P(C). It is then
easy to see that each f; has the desired properties.

By the Riemann’s uniformization Theorem, each map f; becomes a real rational
map of degree 12k for the standard complex structure on the target space and its
pull-back by f; on the source space. For any ¢ € [0, 1] the (special) points of T'
where f; take values 0, co and 27 have all a valency which is a multiple of 2, 4 and
6, respectively. This gives the existence of real polynomials p; and ¢; of degree 4k

and 6k, respectively!, such that f, = % +27 = ﬁ_?t where A 1= 4p3 + 27¢?.

Let C; denotes the associated trigonal curve with affine equation 2 + p;(u)x +
gt(u) = 0. If t # 3/4 then the curve C} is a nonsingular curve since all roots of A;
have valency 2 in I'y. The curve C3 /4 has an unique singular point which corresponds
to the real root of Az, contained in U whose valency is 4. This singular point is an
ordinary double point which is isolated in Fax(R) since f3,4, hence As 4, is positive
around it. To finish, it suffices to note that the number of intervals uniquely colored
like (0,00) on the target space decreases by 1 along the deformation. This shows
that C; has one oval less than C = Cy, and it follows that C; can be obtained from
C = Cy by collapsing the oval we started with. O

4.2. Combinatorial patchworking of trigonal curves. We first recall how the
combinatorial patchworking works for the construction of real trigonal curves on
Foy.

Let k be any positive integer and denote by T' the triangle with vertices (0, 0),
(6k,0) and (0,3). The input of the combinatorial patchworking are

e A triangulation of T" whose vertices have integer coordinates,
N priori we can only conclude that degp: < 4k and degq: < 6k with at least one equality

occuring, but Figure H shows that p; and pg = p (resp., ¢: and go) have the same number of roots,
counted with multiplicities, hence the same degree.
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=)

FIGURE 4. The continous deformation (Ft)te[o,l] and the corre-
sponding deformation for the graph of f; restricted to U N1

e a distribution of signs 1 at the vertices of this triangulation.

Assume that there exists a convex piecewise-linear function v : T'— R linear on
each triangle of the triangulation, but not linear on the union of any two triangles.
Such a triangulation is called convex (or sometimes coherent).

The so-called T-polynomial associated with these data is the polynomial r, €
Rlu, z] defined by

re(u,x) = Z 5(iy,dg)tV i)yt gz
where the sum is taken over all the vertices (i1, i2) of the triangulation and s(i1,i2)
is the sign of (i1, i2).

Consider now the quadrangle @ with vertices (+£6k,0) and (0,+3). Extend the
triangulation of T" to a triangulation of () which is symmetric with respect to the
coordinate axes. Extend also the initial sign distribution to a sign distribution at
the vertices of the triangulation of @ following the rule

s(eriy, €2da) := ezf . ezf - s(i1,12)
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(0, 3) (0, 3)

(6 +1,00 ¢ € (6£ 4 5, 0) (6¢ — 1, 0) (6£ 4+ 1,0)

FiGure 5. Triangulation and signs For Ty and t,.

Points with integer coordinates are represented by black points.

for any (e, e2) € {+1}2

We are now able to perform the combinatorial patchworking. For any triangle of
the triangulation of () whose vertices have not all the same sign, select the segment
joigning the middle points of the two edges whose endpoints have different signs.
Denote by C the piecewise linear curve in @) obtained by taking the union of all
these selected segments. We will use the following version of the combinatorial

patchworking theorem, see @, @, @]

Proposition 4.4. There exists tg > 0 such that for any positive t < tg the poly-
nomial ¢ defines a real nonsingular trigonal curve C. Moreover, there exists an
homeomorphism from R? to the interior of Q sending the affine curve C(R) to C
and the coordinate axis {x = 0} (resp. uw = 0) to the open interval with vertices
(£6k,0) (resp. (0,+£3)).

We recall the Harnack’s theorem for real curves, which is a particular case of
Proposition @ If C is a real nonsingular algebraic curve, then the number of
connected components of C'(R) is no more than g(C') + 1, where ¢(C) is the genus
of C. If C(R) has g(C) + 1 connected components, then C is called an M-curve,
while it is called an (M — d)-curve if C(R) has g(C') + 1 — d connected components.

Proposition 4.5. For any integer A such that 0 < A < k, there exists a real
nonsingular trigonal curve C' on Foi defined by an affine reduced equation @)
and which satisfies the following properties
e C is an M-curve with real scheme (k — 144X\ | 5k — 1 —4\).
e Fach oval of C(R) is a compact connected component of the corresponding
affine curve C(R) and do not intersect the line x = 0.

Proof. Use the segments [(0,3), (6¢ £ 1)] in order to triangulate T into the two
triangles [(0,0), (1,0), (0,3)], [(6k — 1,0), (6%, 0), (0,3)] and the triangles

T, = [(60+1,0),(6¢(+5,0),(0,3)], £=0,....,k—1

te = [(6¢—1,0),(6¢+1,0),(0,3)], (=1,...,k—1.
Then triangulate each Ty and ¢, as depicted in Figure E It is easy to see that the
resulting triangulation of 7" is convex, see Remark @

Let us now choose a sign distribution at the vertices of this triangulation. Put
the sign —1 to the points (0,0), (6k,0) and take the sign distribution shown in
Figure E for the vertices of the triangulation which are contained in triangles t;.
For the vertices of the triangulation which are contained in triangles Ty, take the
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FIGURE 6. Modification of the triangulation and sign distribution

sign distribution shown in Figure E with € = 4 for A\ triangles among Tp, ..., Tk_1
and with ¢ = — for the remaining k& — X\ triangles.

Let r; € R[u,z] be a T-polynomial associated with these data. Note that r; is
reduced since the triangulation has no vertex with second coordinate equal to 2.
Let C' be the trigonal curve on Foy, defined by r; for ¢ > 0 sufficiently small and let
C C @ be the piecewise linear curve constructed via the combinatorial patchworking
from the previous triangulation and sign distribution. Proposition @ implies that
C' is a nonsingular curve whose desired properties can be read off the picture of
CCQ.

One can easily check that the union of the four symmetric copies of the interior
of each triangle t; contains two ovals of C, one of them surrounding a vertex (and no
other) with the sign + while the other surrounds a vertex with the sign —. It is also
easy to see that the union of the four symmetric copies of the interior of each triangle
T, contains four ovals of C, all of them surrounding a vertex with the sign € (see
Figure [ for e = —1). This gives 2(k — 1) +4k = 6k — 2 ovals of the affine curve C(R)
which do not intersect the line x = 0. Note that C has one connected component
more which intersects the segment with vertices (0, £3). This gives an account of
6k — 1 connected components of C'(R). But 6k —2 is the genus of the complex curve
C. Hence C(R) has exactly 6k — 1 connected components by Harnack’s theorem,
that is C' is an M-curve, and the last component we have obtained is the pseudo
line. Finally, it remains to compute the real scheme (a | b) of C. Clearly, up to
permutation of @ and b, the number a is the number of ovals of C which surround
a vertex with the sign +, while b is the number of ovals of C which surround a
vertex with the sign —. Since we have choosen the sign € = + for \ triangles among
To,...,Tk—1, we obtaina =k —1+4 and b=k —1+4(k—\)=5k—1—4)\. O

We adapt the previous construction of (extremal) M-curves to obtain the desired
extremal (M — 2)-curves.
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Proposition 4.6. For any integer A such that 0 < A < k — 1, there exists a real
nonsingular trigonal curve C on Foy, defined by an affine reduced equation (@) and
which verifies the following properties

e Cis an (M — 2)-curve with real scheme (k + 4\ | 5k — 4 — 4\).
e Each oval of C(R) is a compact connected component of the corresponding
affine curve C(R) and do not intersect the line x = 0.

Proof. We modify slightly the triangulation and sign distribution used in the proof
of Proposition @ Recall that the corresponding trigonal curve has real scheme
(k — 144X\ | bk — 1 — 4)) and that a = k — 1 + 4\ (resp., b = 5k — 1 — 4))
is the number of ovals of C which surround a vertex with the sign + (resp., —).
Consider one triangle among those kK — A > 0 triangles Ty for which the sign e = —1
has been choosen and modify its triangulation and corresponding sign distribution
as depicted in Figure E Note that the resulting triangulation of T is still convex
(see Remark Q) and has still no vertices with second coordinate equal to 2. The
corresponding modification for the curve C is shown in Figure E It follows that this
modification increases by 1 the number a and decreases by 3 the number b. (]

Remark 4.7. Both triangulations used in Propositions @ and @ can be obtained
by successive refinements of the following type, and are thus convex. Consider
a triangulation of T' by segments starting from (0,3) and ending to points of
[(0,0), (6k,0)]. Such a triangulation is evidently convex. Now subdivide one its
triangles into three triangles using an interior point. One can construct a function
V' certifying the convexity of the resulting triangulation from such a function for the
intial triangulation in the following way. Define v/ as the function which coincides
with v at the vertices of the initial triangulation, takes the same value than v but
diminished by ¢ with 0 < ¢ << 1 at the new vertex, and which is linear on each
triangles of the new triangulation.

4.3. Proof of Theorem m We organize all the results obtained so far to give a
proof of Theorem . The fact that the topological types of real jacobian elliptic
surfaces of given holomorphic characteristic k belong to the list in Theorem @ has
been proven in Section E

By Lemma E, the extremal topological type S7 LISy if k is even, or Vo U V5 if k
is odd, is obtained via a double covering starting with a trigonal curve constructed
in Example B.3.

Applying Lemma @ to the curves in Proposition @ (resp., Proposition @)
produce via a double covering real jacobian elliptic surfaces whose topological types
form the list (1) (resp., (2)) in Theorem D Now, Proposition @ applies to each
of these curves, which in turn implies via Lemma E that all desired topological
types can be realized by real jacobian elliptic surfaces with holomorphic Euler
characteristic k.
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