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DECOMPOSITION THEOREMS FOR HARDY SPACES ON
CONVEX DOMAINS OF FINITE TYPE

SANDRINE GRELLIER AND MARCO M. PELOSO

ABSTRACT. In this paper we study the holomorphic Hardy spaces HP(2), where
Q is a convex domain of finite type in C™. We show that for 0 < p < 1, the
space HP(€)) admits an atomic decomposition. More precisely, we prove that each
f € HP(Q) can be written as f = Ps(3272,v5a;) = Y52, v Ps(a;), where Ps is
the Szegd projection and the a;’s are real variable p-atoms on the boundary 0
and 2% 137 < £, .

Moreover, we prove the following factorization theorem. Each f € HP(Q2) can be
written as f = 3277 f;g;, where f; € H?, g; € H*, and 3277 || fillnze |1l 220

S N fllaer@)-
Finally, we extend these theorems to a class of domains of finite type that
includes the strongly pseudoconvex domains and the convex domains of finite

type.

INTRODUCTION

Let © be a smoothly bounded domain in C". For 0 < p < oo, let LP(Q2) denote
the Lebesgue space with respect to the volume form, L”(0€2) be the Lebesgue spaces
on 0f2 with respect to the induced surface measure do and, for 0 < p < 1, H?(092)
be the real-variable Hardy spaces on 0.

We let HP(2) denote the Hardy space of holomorphic functions on 2, with norm
given by

0<e<eop

oy = s [ LG do.tu)

where 0(w) is the distance from w to 02 and do. denotes the surface measure on the
manifold {6(w) = ¢}. To any f € HP(Q2) corresponds a unique boundary function
in LP(012), that we still denote by f, obtained as normal almost everywhere limit,
[St1]. Thus, we may identify HP(§2) with a closed subspace of LP(0€2).

1991 Mathematics Subject Classification. 32A37 47TB35 47B10 46E22.
Key words and phrases. Hardy spaces, atomic decomposition, finite type domains, convex
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European Commission and the mentioned Network for the support provided.
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2 S. GRELLIER AND M. M. PELOSO

The Hilbert space orthogonal projection Ps of L*(99) onto H?(2) is given by the
Szegb projection

Psf(z) = o F(€)Sa(z, ()da(Q),

where Sq(z, () is the Szegd kernel.

When (2 is a smoothly bounded convex domain of finite type, there exists a natural
pseudo-distance d, on 02 (see [Mc]) which makes 0f2 into a space of homogenous
type. The real-variable Hardy space H?(0f2), 0 < p < 1, is defined as a space of
distributions on 02, in terms of atoms, in the following sense. Each distribution
f € HP(0R) can be written as f = 3 °° v;ja;, where {v;} € (7, the a;’s are p-atoms
and the series is assumed to converge in the sense of distributions (see Section 1 for
the precise definition).

In this paper we prove that, for 0 < p < 1, the Hardy space H?(2) continuously
embeds into HP(02). In other words, every f € HP(§2) has boundary values that
belong to HP(0S2), so that it admits an atomic decomposition.

To be more precise, for g a distribution on 92, Ps(g) is the holomorphic function

in  defined for z € Q by

Ps(g9)(z) = (g, 5a(z,))
where Sq(z,() denotes the Szegd kernel, which is C*°(0€2) in the second variable
whenever z € .

We prove that any f € HP(Q2) can be written as Ps() v;a;) where > v;a; is
a distribution that belongs to HP(0S2). Moreover, it holds that Ps()_ va;) =
> vjPs(aj), with equality in the HP(2)-sense, that is, the series converges to f
in the H?(Q2)-norm.

On the other hand, we prove that the Szego projection Ps maps continuously
HP(092) into HP(S2), for 0 < p < 1.

Moreover, we prove that on HP(€2) a (weak) factorization theorem holds true.
More precisely, we prove that, given any f € HP(Q) there exist f;, g; € H*?(2) such
that f =370 fig; and > 27 | fillner |9 |l wze < el o (), With ¢ independent of f.

Finally, in Section 8 we extend the above results to the H-domains, a class of
smooth, bounded domains of finite type that includes the strongly pseudoconvex
domains and the convex domains. Such domains are a natural extension of the
mentioned domains, and were studied in [BPS3].

These results extend classical results to the case of convex domains of finite type,
and more generally to the case of H-domains. The atomic decomposition of the
(holomorphic) Hardy spaces was first proved in the case of the unit ball by Garnett
and Latter [GL], and later extended to strongly pseudoconvex domains and domains
of finite type in C? by Krantz and Li [KL2], and independently by Dafni [D]. Related
results about duality between H! and BMO appear in [KL1] for strongly pseudo-
convex domains and domains of finite type in C? and in [KL3] for convex domains
of finite type. The factorization theorem is classical in dimension 1, while in several
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variables it was first proved by Coifman, Rochberg and Weiss [CRW], in the case
of the unit ball, for the space H!(£2). This theorem was extended to the case of
strongly pseudoconvex domains in [KL2] for all HP(§2), 0 < p < 1 and to convex
domains of finite type in [BPS2| for H! ().

Applications of these results to the regularity properties of small Hankel operators
appear, to name a few, in [CRW], [KL2] and [BPS2]. Another classical characteriza-
tion of Hardy spaces, the area integral one, is proved to hold true in [KL4] in convex
domains of finite type in C”. Finally, we mentioned that the optimal approach re-
gions for a Fatou-type theorem for H? functions are described in [DFi], in the case
of a convex domain of finite type.

The geometry of convex domains of finite type was first described by McNeal
[Mc]. Those results were later applied to the analysis of the mapping properties of
the Bergman projection [McS1] and Szegd projection [McS2] by McNeal and Stein.
In the case of strongly pseudoconvex domains and finite type domains in C? the
geometry was determined by canonical vector fields. The natural quasi-distance
on 0f) was the control distance determined by these vector fields, i.e. the Carnot
metric. The situation of convex domains of finite type is essentially more general.
The “weight” of each vector field may vary from point to point, and one needs to
take into consideration the different order of contact of complex lines with 9f2. For
these reasons it is natural to consider a diameter function 7(¢, A, ), which gives the
diameter of the largest one-dimensional disc in the direction of A, that fits inside
the region {2’ : o(z') < r}. Here o denotes a fixed smooth defining function for .

As a consequence, in order to define the cancellation property for p-atoms for
small values of p, we need to consider the pairing between f € HP({2) and smooth
bump functions whose derivatives in all tangential directions can be controled in
terms of the diameter function.

We remark that, althought the main lines of the proof of the atomic decomposition
are standard, some of arguments have been greatly simplified with respect to the
classical ones. On the other hand in order to prove the factorization theorem we
adapt an idea from [BPS2|, where the result was proved in the case p = 1. The
proof does neither rely on the explicit expression of the Szego kernel, as in [CRW],
nor its asyptotic expansion, [KL4]. Instead, it based on a recent result by Diederich
and Fornaess on the existence of support functions on convex domains of finite type.

We use the notation A < B to indicate that A < c¢- B where the constant ¢ does
not depend on the important parameters on which the functions A and B depend.
(Tipically, the constant ¢ will only depend on the geometry of the domain 2.) We
use the symbols > and ~ analogously.



4 S. GRELLIER AND M. M. PELOSO

1. BASIC FACTS AND NOTATION

Let ©2 be a smoothly bounded convex domain in C"™. A point ( € 01 is said to be
of finite type if the order of contact of complex lines with 92 at this point is finite,
see [BS] and references therein. The type of the point is the least upper bound of
the various orders of contact. We say that €2 is of finite type Mg if every point on
0f) is of finite type < M.

Let Q@ ={z € C": p(z) < 0}. There exists €g > 0 such that for |¢| < g the sets
Q. = {2 € C": p(z) < &} are all convex, and the normal projection 7 : U — 95 is
well defined and smooth, where U = {z € C" : §(z) < &o}.

The basic geometric facts about convex domains of finite type were first proved
by McNeal [Mc], see also [McS1], [McS2] and [DFo]. By recalling the results that are
involved in the present work we take the opportunity to review the main elements
of the construction and set some notation.

For z € U and A € C" a unit vector, we denote by 7(z, A, r) the distance from z
to the surface {2’ : o(2') = o(2) + r} along the complex line determined by A.

For each z € U and r < g, there exists a special set of coordinates {wi”, ..., w>"},
that we call r-extremal. The first vector vV is given by the direction transversal to
the boundary, in the sense that the shortest distance from z to the set {2’ : o(2') =
0(z) +r} is realized in the complex line determined by vV).

The vector v® is chosen among the vectors orthogonal to v") in such a way
that T(z,v@),r) is maximal. We repeat the same process until we determine an
orthonormal basis {v("), ..., v™}. We denote by (wy, ..., w,) the coordinates with
respect to this basis. Notice that these coordinates (wy,...,w,) = (wi", ..., w2")
depend on z and r. However, the transversal direction w; does not depend on r.

For k =1,...,n we set

(1) Tk(za T) = T(Z,U(k),r),
and define the polydisc Q(z,r)
(2) Q(Z,T’):{w |wk| <Tk(Z,T), ]{5:1,,’/1}

Basic relations among these quantities are the following, see [McS2] Prop. 1.1 and
also [BPS2] Lemma 2.1.

Proposition 1.1. There exists a constant C' > 0 depending only on ) such that for
any unit vector A € C", 0 <r <eg, z € U, and 0 <n < 1 we have:

(ii) n'2Q(z,C~'r) € Q(z,1r) € n'MeQ(z,Cr);
(iii) if w € Q(z,0) then T(z,\, 1) = T(w, A\, 7).
We define the quasi-distance dy, : U x U by setting
(3) dp(z,w) =inf{d: w € Q(z,0)},
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and the function d
(4) d(z,w) = dy(z, w) + §(z) + 0(w).
Notice that d is initially defined on U x U and we extend it to C"* x C™ by setting

d(z,w) = (e(z))(e(w))d(z, w) + (1 = P(e(2)))(1 — (e(w)))]z — wl,
where 1 is a smooth cut-off function on R such that ¥(t) = 1 for |t| < g7/2 and
Y(t) = 0 for |t| > eo.
On the boundary we will use a family of “balls” centered at ( € 02 of radius ¢
defined as
B(,8) = Q(¢,6) N 69,

For any unit vector A we introduce the differential operator
(5> Ly= (8A9)6x1 - (amQ)a)\’

where wy = x1+1y; is the transversal direction fixed earlier. Here, d, is the standard
vector field defined by A as 0y f = (A, df), for a smooth function f, its real differential
df, and where (,) denotes the usual pairing between a one-form and a vector.
Notice that Ly is always a tangential vector field. If A € S?"! is itself tangent to
0f), then L, is the directional derivative in the direction A.
For A = (A1,...,\,) a ¢-list of vectors in S?"~! and pu = (p1,. .., p4y) & g-index we
set || = p1 + -+ fin,

(6) Ly =L LY,
and
(7) TH(2, A\, 0) = 7(2, A1, 0)" - - T(2, Ay, 0)"9.

Finally we recall the fundamental estimates for the Szego kernel and its derivatives
[McS2] (called interior estimates of S-type, see [McS2] Def. 4 and Thm. 3.6)

, “H(z, N, 6)TH (2 N, 6)
8 L LK, So(z,2)| < =2 2
< ) ‘ ANzN 2 Q(’Z Z)| ~ U(B(T('(Z),(s))

where § = d(z,2'), 2,2 € Q x Q\ Agq, Asq denotes the diagonal on 9.

We conclude this section with the definition of the real-variable Hardy spaces.
We need first to introduce the notion of p-atoms. Let (4 € 0€2, 7o < g9 and N be a
positive integer. On C*(B((y, 7)) we introduce the norm

(9) [llsw (B(Goro)) = sup > LA e (Bcoron ™ (Gos As o).
lul=N
Definition 1.2. We set
lo=[(1-1/p)(Mo+2n—-2)], and N,=/{y+1,

where [z] denotes the integral part of z. A measurable function a on 052 is called a
p-atom if either it is the constant function on 9Q equal to o(9)~/?, or if:



6 S. GRELLIER AND M. M. PELOSO

(i) suppa C B(Co,70);
(i) [a(C)| <c( <<o,ro>)‘””;
(i) [y af = 0;
) for all qb € C°°( (¢o,70)) we have

| -~ a(¢)¢(¢)da(¢)] < ||¢||5Np(3(go,r0))a(B(CO’TO))l—l/p'

Notice that the above condition (iv) replaces the classical higher moment condi-
tion. It is in the same spirit as the analog condition in [KL2]. The difference here
is given by the choice of the norm || - s, -

(iv

Real-variable Hardy spaces. Let 0 < p < 1. The real Hardy space H?(0f) is
the space of distributions f on 02 which can be written as

(10) f= i viay,
=0

where ) |v;|P < oo, the a;’s are p-atoms and the series is assumed to converge in
the sense of distributions.

With a standard abuse of notation, the “norm” on H?(99) is defined as || f||%» =
inf{>; [P+ f=>_,va;}. Setting d(f,g) = [|f — gll}» We see that HP(0C) is a
complete metric space. This implies that the series in (10) converges in norm. This
is in fact obvious since || 37 via;l5, < D772, [v;[P which tends to 0 as m; — oc.
This implies that 2 =1 Vja; converges in norm, hence in the sense of distributions,

necessarly to fL.

We point out that this definition of HP(0€2) is consistent with the definition given
in [CW] in the case of a space of homogenous type for values of p close to 1, see also
[KL5].

2. STATEMENT OF THE MAIN RESULTS

The main results of the present work are the following.

Theorem 2.1. Let 2 be a smoothly bounded domain of finite type. Let 0 < p < 1.
Then there exists a constant ¢ depending only on p and € such that the following

holds. Given any f € HP(Q) there exist constants v; and p-atoms a; such that
> imovia; € HP(0) and

f=Ps (Z Vj%’) = v Ps(ay),
=0 =0

n order to clarify one point on which there is a little bit of confusion in the litterature, we
remark that, in [MTW] p. 513 it is shown that a generic HP-function f infinite sum of atoms
cannot be written as finite sum of atoms Zfr vjb;, with Z L|vi? = || fII%,- This fact does not
of course contradicts the norm convergence of the series in (10).
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and moreover
o0
Z v < C||f||17?-[p(9)-
=0

Theorem 2.2. Let ) be a smoothly bounded domain of finite type. Let 0 < p < 1
and HP(0Q) be the real-variable Hardy space on 0S2. Then

Ps : HP(0Q2) — HP(Q)
15 bounded.
Finally, we have the factorization theorem.

Theorem 2.3. Let 2 be a smoothly bounded domain of finite type. Let 0 < p <1,
1 < g < oo and ¢ be its conjugate exponent. There exists a constant ¢ depending
only on p,q and Q such that the following holds. Given any f € HP(QQ) there exist
fi €N, g; € HPY | j=1,2,... such that

o0
F=>Ffig
j=0
and -
S il 95l < el F s
j=0

We remark that this theorem was proved in [BPS2] for p = 1, by a different,
more indirect, method. Our proof relies on the atomic decomposition obtained in
Theorem 2.1.

The above theorems are valid on a class of smoothly bounded finite type domains
which includes the convex domains as well as the strongly pseudoconvex domains.
These domains are introduced in [BPS3] and are called H-domains. We will discuss
the extension of these theorems to the H-domains in the last section.

3. PROOF OF THEOREM 2.2
Let f =32 vja; € H?(0Q). By definition,

Py (i 0y )(2) = <i S )

= Z@j%sﬂ(%'»

= ZVjPS(aj)(Z)a

since the serie converges in the sense of distributions. It remains to prove that this
last term belongs to HP(€2), with norm controlled by || f|| i a0)-
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We claim that there exists C' > 0 such that || Ps(a)||y»@) < C for any p-atom a.
From this it then follows that, for any mq, mo € N, my < myg,

ma m2
1> " viPs(a;)fe < CP Y P
mi mi

so that, by the assumption on {v;} and the completeness of HP(£2), one gets that
Ps(f) = 32724 vjPs(a;) belongs to HP(Q2). Moreover, ||Ps(f)|[5» < >, [v4]P when-
ever f =) ; Vja;, which gives the desired estimate.

Thus, we only need to estimate ||Ps(a)||#» for any p-atom a. Let £ > 0. Then,

/ |Ps(a)(Q)Pdor.(¢) = / Ps(a)(¢ — v(Q))Pdo(C)
00

(/4025 /4026)|PS a)(¢:)[Pda(Q)

—I+1I,

where v(() denotes the outward unit normal at ¢ € 992 and we write (. = ( —ev/(().
Since p < 2,

p/2
9 o ) 1-p/2
/< ( / B da(C)) (B(Co,26))

Scnanm o (B(Go.26)) "
<c

since ||al| 20y < o (B (¢, 25))1/2_1/p and Ps maps L?(9€).) into L*(99) with norm
independent of ¢, as a consequence of the T'(1)-theorem of David and Journé and of
the results in [McS2].

Next, set By, = {¢ € 9Q : 286 < d(¢, ) < 27716}, Then,

11__j£: yf@ (¢ —ev(())|Pdo-(C),
and

[Ps(a)(C)l =1 [ SalC,w)a(w)do(w)]

o0
1-1/
< [150(Ges lsw, oy - o (B0, 26))
Recall that the Szego kernel satisfies the estimate (8), so that

T M(w, A, d(G, w))
o(B(w,d(¢,w)))

| LiSa(Cew)] S
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and notice that for ¢ € Ej and w € B((y, ),

d(Ce,w) = €+ dp(¢,w) > €+ dy(C, Co) — db(Co, w)
> e 4285 — 5 > 52k L,

Therefore, for ¢ € E},
[Sa(Ce, )HSNP(B(CO 5)) —Sup Z HLNSQ(Cea )||L°°(B (C0,0) " T #(Co, A, 6)

|ul=Np

T M (w, A d(G,w))
= sup sup - T C7A75
P2 B ) )
T”(C@,A 5) 1
< su su .
~ Ap |u|2:;v weg(g 5 TH(w, A, 6281) o (B(w, 62F1))
T“(Co,A (5) 1
< .
iy E #(Go, A,0257) " o(B(w, 0251
1
< 92— klul/MQ
Going back to the estimation of I7,
=% [ |Ps(a))fdo-(C)
k=1 " Ew

S D 1Sa(6 IS, (0o (BG:8)" o(E)
k

<Y 3 2 kphﬂ/ﬂkz o (ifbézzi)

k=N,

S Z Z 2"“[(Iu|/Mg)p+(1+<2n—2)/Mn>(p—1>]
k |ul=Np

<cg,

since the term in brackets in the exponent is positive, due to our choice of N,. O

4. MAXIMAL FUNCTIONS AND A PARTITION OF UNITY

In the proof of the atomic decomposition of HP(2) we are going to use some
maximal operators, that now we introduce. These operators are standard variants
of classical ones, see [FS], [St2], and also [KL2].

Given ¢ € 02 we define the approach region A, (C) as the subset of Q given by

A (Q) = {z € Q= d(¢, m(2)) < 7o(2)}
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We define the non-tangential mazimal function f7

(11) f3(Q) = sup [f(2)],

z€A(¢)

and the tangential variant

- 6(w) )N
12 = )
(12) G0 = s () 1)
We consider a space of smooth bump functions at (:
/C,]YW(C) ={g € C™(09) : suppg C B({p, to), with ¢y € A,(¢) and ||g|arcoto < 1},
where

(13) 19llatcoto = sup 7(Go, A o) o (B(Co, to)) |1 L3 gl Lo (B(co ko) -
A, lpl<M

Following [McS2] Def. 2, we say that a function 1 is a smooth bump function of
order N on B((p,tg) C 0Q if ¢ € C*(B({o,tp)) and

sSup | L (2)|7(Co, Ay to) < Cy,

for all z € B((p,to) and |u| < N. If Cy =1, 9 is called a normalized smooth bump
function of order N.
The grand maximal function is defined as

(14) Eom()(Q) = sup | [ fw)g(w)do(w)|.

g€kt (o) Jon

Lemma 4.1. With the definitions above, there exist ¢ = ¢(2) and N = N(y, M)
such that

Ky f(Q) S 150 + fa (€.

Proof. We wish to estimate | [,, f(w)g(w)do(w)] for g € K2(¢). Given such a g,
there exist (o and ¢y such that supp g C B((o, to) and d((, () < vto, 1.e. {o—tor({p) €
A,(¢). Using the holomorphicity of f by integration by parts, see Lemma 6.5 in
[BPS1], we see that there exists a differential operator Y, ; with smooth coefficients,
of order k + 1 such that

[ twigido) = | [ f)Ving(w)w)av(w),
o0 Q

where ¢ is a smooth extension of g, say

§(w) = {9(71'<w))91(9(w)) if |o(w)| < 2to

0 otherwise,

and g1 € C3°([—2to, 2t0]), g1(t) = 1 if [t| < to/2. Here k is a positive integer to be
selected later.
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Notice that \ggj) (t)| < ¢;ty” and hence

k1
Yiergw)l < )< sup  [ILiglle(B(coto))
j=0 to Alul=k+1—j
3 B4 ] 1
< —  sup :
=5 10 Alul=k+1-j (o, Ay to) (B (o, to))
1 1

< . .
~ ettt o(B(Co, o))

Now we write,

| f(w)g(w)da(w)lé/ |f () Yir1g(w)]8* (w)dV (w)
o0N Q

to
[ Vi) 8- )av )
O\,
=1+ 1.
Notice that w € supp g implies that d(7(w),() < eyto. So, if w € Q N supp g

then w € A (¢). Hence,
dtd
/ Beoto / o )

Moreover, since

we have

(%) tk
I dtd
5 /B(Co,to) /to |f(w)|tl(§+1a(B(<0at0)) ! U(w)
o) tO N tk
N fﬁ(C)(l + 7) tkﬁdt
to 0
< N0,

itk—N<—-1. O

The next two lemmas are classical, and they hold on any smoothly bounded
domain. The first one is due to Stein, see [St1], Sec. 9. The second one is a version
of a result of Fefferman and Stein, [F'S] Lemma VI.1.
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Lemma 4.2. Let € be any smoothly bounded domain, 0 < p < co. Then

15 e 00y S N f [l -
Lemma 4.3. Let Q be any smoothly bounded domain, 0 < p < oo. Then, for N
large enough,
13 e @0y S (1)
We now introduce a smooth partition of unity on any open set O C 0.

Lemma 4.4. Let O C 0f) be an open set. Then there exist a collection of balls
B; = B((;, 1), functions ¢; € C*(0), 1 =0,1,2,..., and constants « > 1 > [ > 0,
depending only on €2, such that the following conditions hold:

) supp ¢; C By;

) ;=1 on éBi;
('V; Do $i = Xos

€ KN(&), for some cx = ¢(N, Q).

Proof. By [McS2] Prop. 1.9, given any (y,0 > 0 and C > 1, there exist normalized
smooth bump functions of order NV on B((p, C'§), that are identically equal to 1 on
B(C()v 5)
Given this, the proof now proceeds as the proof of Lemma 4.3 in [KL2]. We give
the details for sake of completeness.
Let {B(¢;,r:)} be a sequence of balls satisfying:
(a) UiBB(Gi, 1) = O;
(b) B(Q,TJ - O, O[B(Ci,Ti) N <O 7é @,
(¢) LB(¢, ;) are pairwise disjoint;
(d) no point in O lies in more than Ng of the balls B((;, ;),
for some 0 < 3 < 1 < a. Such a sequence exists, being a Whitney covering for O.
Given B; = B((;,r;) let ¥; be a normalized smooth bump function supported in
B;, that equals 1 on éBi. By (d) above,

1<) 4i(¢) < Na for all ¢ € O.

Now set

6i(Q) = vi(Q)/ Y_v3(©).

Then, (i)-(iv) are clearly satisfied. We only need to check (v).
By (b) above, let & € aB((;, ;) N °O. Then ¢ — riv(§) € Ay (&), supp ¢; C B,
with v > 1, and

sup (&, A, ri)o (B(&, i) |1 LA il o o0) < eno (B(&,7:))
Apl<N

< enl|@illpron)- O
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5. BEGINNING OF THE PROOF OF THEOREM 2.1

We let kg to be the least integer such that

(15) K00 (f) + £ | er o) < 2k,
For a positive integer k define
(16) Or={2€0Q: K,nmf(2)+ f(z) > gko+kY.

For each k we fix a Whitney covering and a partition of yo,, {¢#¥}, as in Lemma
4.4.

Let ¢y € 092 and B((y,ro) be fixed. The ball B((y, o) is contained in the polydisc
Q(Co,70). By the results in [Mc| there exists an rg-extremal (orthonormal) basis

v 0™} on Q(y, 7o), where vV is transversal to the boundary. We denote
by (wy, ..., w,) the coordinates with respect to this basis and we define V,((y,70) to
be the space of polynomials of degree < ¢ in Imwq, wy, w5, . . ., Wy, W,.

We remark that V;((y, ) does not depend on ry since v® does not depend on 7.
Hence, we simply write V;((p).

Let ¢ be a smooth bump function supported on B((p, ). We denote by Lio (do)
the L?-space with respect to the probability measure (¢o/||¢ol|z1)do. We let Py, de-
note the orthogonal projection of L7 (do) onto Vi(¢o) (which is obviously contained
in L3 (do)).

In what follows, we will write w = s +it, s = (s1,5), t = (t1,t'), s1,t1 € R,
st € R" 1 so that V,((p) is the set of polynomials in §',;,t, of degree < /.

Let {m;} be an orthonormal basis for V;,, where ¢, = [(1 — 1/p)(Mq — 2n — 2)]
and J = (]la.]) = (Ovjéa s 7.j7/zaj17 e 7jn7)7 |J| :]é +- +]7/z +ia+ 0+ e
Lemma 5.1. Let ; be as above. Then,

(i) |ms(2)| < ¢y on the support of ¢o;
(ii) [LAms(2)] < cqum (o, A, o) on the support of ¢o.

Proof. We begin with (i). Recall that {y and ry are fixed. Then B := B((y,70) =
Q (o, m0) NI, where Q((p, o) is the polydisc centered at (y and polyradius 7 ((o, 7o)
=10, 72(C0,70); - - - s Tu(Cos T0)-

Let
/
my(w) = E A 2
I 1+1vI<to

where v = (0,7, .- .,7), ¥ = (71,72, - - -, Yn)- Then,

v 1y
1]l oo () < Sup | § : Uy 87 17|
B
(SDEB 4 yI<to

_ E Ay
Sl}p~ | Ay’ S t't (CO?TO)‘a
o/
GDEB |y ppy|<to



14 S. GRELLIER AND M. M. PELOSO

where § = (0,85/72,...,8,/m), t = (t1/71,t2/T2s . tn/T0), T = Ti(Co,70), and
B=(-1,1)""1

Hence, using the equivalence of all norms on finite dimensional vector spaces, we
have

Hﬂ-JHLOO(B)S sup | Z a’y/,’ys’y’t’y‘
("DEB iy 1<t
ST avam™ 6 Pl s
[+ I<to

:0<B)_1/2” Z a’Y'v’YSFy,t’YHLQ(B)

I [+vI<bo

v v
a~ ~S't ||
I Z V' L3 (B)

1Y [+IvI<bo
= 1.

Q

Here we use the fact that, since ¢9 = 1 on B((o, 70) and supp ¢g C aB, ||¢ol/r ~
o(B(Cp,70)). This proves (i).
It remains to prove the estimates on the derivatives of 7;. We are going to show
that, for any (7/,7) such that |7/| + |y| < £, there exists Ci’ry so that
J

C./
(17) |ayA| < —TT
7 T +’Y(<07r0)

Assuming this estimate for the moment, it follows that, for any &', 5 with |5'| +
18] < 4o,

}a? 6?7Tj(w)| = | Z Cp 3A~/ ~ S’Y - " B|
Y28 2B, [+IvI<lo
Cin'y A —BHr—B
>~ T’y,+7(<0,7’0) T (C()’TO)
CIn' vy

< —
— 7o, 70)

The estimate for any derivative L follows from the fact that any L, is a linear
combination fo the d,,’s and 0y, ’s, say Ly = Z;‘L:Q a;0s, + Y r—y bkOy,, and that

1 laj| + 165
(Cb?)\ 7“0 jz Tj Coﬂ“o)

(here a; = 0), see [McS2] Prop. 1.1.
It remains to prove (17). Since the 7;’s are real-analytic they satisfy the mean-
value property. In particular,

7 (Co,70)[07 07w (Go)| <

Cc

e R
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so that

/ Cjy
= |ar oy <——1
|a'y 7'Y| | s 7t 7TJ<C0)| — T’Y/+’Y(CO, ro) )

which proves (17) and finishes the proof. O

Lemma 5.2. With the notation fixed above, there exists ¢ > 0 such that for f €
HP(Y)

Py (F)(2)05 (2)] < 2%,
Furthermore,

P (7 = P ()0 ) (o2 < 24

Proof. We use Lemma 5.1 with ¢F = (o, ¢F = ¢g, and B¥(¢*,r¥) = By. Then

RS

Py(F)2) = Y es(f)mal2),

[J]<£o

where
)=/ fw)m(w)gi (w)do(w).
The estimate on the 7;’s and ¢F imply that 7; - ¢F € /ny(gf) so that

les ()] < Kyam(£)(¢F) < 2.
This estimate, together with Lemma 5.1 again, imply the bound on Pdﬂ“ (f )gbf

Next we prove the second estimate in the statement. Set h = (f — Py (f ) k.
J
Then,

0 = [ (7= Py D))ot oo (w)

[ ()¢ )T ()t ) 42
. P
0 - d
- /a P (D)ol ()™ (™ w) o, Jf“{f

=TI+ 1.

By condition (v) in Lemma 4.4, for some {f“ € “Okt1,

1] < Ko ()& < 254,
by construction. On the other hand, by the previous majorization,
P (D)o w)] < 2+,

while |W5k+1)(w)| < ¢, so that the desired conclusion follows. O
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6. ATOMIC DECOMPOSITION

In this section we define the atomic decomposition of a given function f € H?(Q2),
and finish the proof of Theorem 2.1. As noticed before, f admits boundary values
defined a.e. on 0f, that we still denote by f.

We write,

f = (f—f%fcbfﬂfgfqﬁf
= fr+ f;fcbf
et i%(f)cb? " 20 D)t
. hﬁi(f—%;(f))qﬁf,

where h, = fi, + ZZ«OZO 73¢§(f)¢f'
Notice that,

(18) > PuNEE)] < w2,

since no point in “O lies in more than Ng of the B((F, rF)’s. Moreover, notice that

supp <Z(f — 7’¢§(f))¢f) C O,
=0

so that the function on the left hand-side above tends to 0 pointwise as k£ — oc.
This implies that h;, — f pointwise a.e., so that the following equality holds a.e.

(19) f=ho+ Z(hk—l—l — hy).
k=0
Now notice that
(20) f=te=> (f=Pu(f)of
i=0

and that

(21) §P¢§+l ((f - 7’¢§+1(f))¢f) = Py ((f = 7’¢5+1(f))) = 0.
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Then, using (20) and (21) we write

Piq1r — hy = Z(f - qu;v(f))éﬁ? - Z(f - P¢§+1<f))¢§+1
=S 0= Pt = (7= Py}
- P¢k+1 ((f - P¢k+1 (f)) f))gbﬁ—H}
_S o

i.e. we have set

(22) b = (f—7’¢;s(f))¢f—z((f—P¢§+1(f))¢?—7’¢§+l ((f—P¢§+1(f))¢f)>¢§“~

=0

Hence,
& Fehr S

k=0 i=0
Now we let
1 k Loy

(24) ap = V—Oho, a; = V_fb“
where

v = ||hollz(o0)a (0Q)P and  vf = 2RotEHlg(BE/P,

Then, equation (23) becomes

o0 [e.9]
k_k
fzyoa(ﬁ—g E via;.

k=0 i=0
The remaining of this section is devoted to proving that the above is the desired
atomic decomposition of f.

Estimate for hy. By definition,
ho = fo + fjmg(fw?-
=0
By (18) we have N
1> Pa(Hel] <
=0

and, by definition,
COO S 2k0

|fol < f7
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Then, ||hg||r~ < c2%, so that ag is an atom supported in 9.

Size estimates for the b’s. We have,

o)

b7 = ‘(f — Py ()¢5 — Z((f = Pyeri (£)) 85 — Py (f — 77¢§+1(f))¢f> Pt

Jj=0

o0

= ‘<f =P = D (f = Pyens(f)) 5™

J=0

o0

5 (P (= Py (n)et ok

J=0

+

The second term on the right hand-side above is bounded by cyc2**! by Lemma 5.2,
while the first one is bounded by

> ((f —Pyelf)) = (f - P¢§+1(f))¢§“> o+ (f = P () X0k |
j=0
< |2 (Pyni(f) = P () S | +[(f = Por(£)) X000
Jj=0
< | Do P (DO + [P (NOF + 1 X0u0nys| + [Py (£
7=0

< 92" + f*X00\Op 1
< coc2k,

where we have used Lemma 5.2.

Support of the b¥’s. The first term in (22) is supported in B¥. To unsure that
the terms in the series not to be identically 0, the condition Bf N BJI?Jrl # () must be
satisfied for some j.

We claim that if B¥ N B! # 0, then #i*! < carf. For, let w € B¥ N BI*'. Since
Ok+1 C Oy,
Critt <d(BI,00,41) < d(BIH,00,)
< d(w,004) < d(BF,004) + 2d(w, ¢F)
< carf,
since, by the Whitney property, one has Cr¥ < d(BF,00;) < ark.

Moment condition. We wish to estimate
[ twistwidotw),
a0
for ¢ € Sy, (BF).
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On B we work in local coordinates and write the Taylor expansion of ¢ around
% up to order £;. We denote by Sﬁo(g“f) the corresponding Taylor polynomial.

Notice that Sf)o({’f) € Vi, (¢F).
By definition of Sy, (BF) we have

| — Séo (C,"C)HLW(aﬁ) < H¢HSNP(B(CO,7"O))'

By construction, the first term in b¥ is orthogonal to V;,(¢¥) and each non-vanishing
term in the series is orthogonal to some Vy,(CF*), so that BF N BI*! # () or when
ri*t < Carf and Bi*' C C'aBF. In that case it follows that Vi, (CF™) C Vi, (¢F),
since the same coordinate system works, and that

| ttwiotwydotw)] = | [ vitw)(ow) - 55()dotw)

S H¢||SNP(B§) -o(Bf) - 28,

by the size estimate of the bf’s.

Coefficients in (7. It remains to prove that {v*} € /7. We have

DDITIELD D) DERTHIED

k=0 i=0 k=0 i=0

<) 2o (0y)
k=0

<o [Teo((c e 00 K Q)+ £2(0) 2 1))
1
< f I

Convergence in H?(Q2)-norm. We proved that the boundary value of f € HP(Q),
that we still denote by f, admits a decomposition f =" V4, for p-atoms a; and
constants v; such that »_ |v;|P < oo.

Such equality, that stems from (23), holds a.e., see (19). We now show that it
also valid in the distribution sense.

¢ From this fact and Theorem 2.2, it converges to f in H?({2)-norm.

We now show that the equality

f:h0+zhk+1 — hy,
=0

that holds a.e., also holds in the distribution sense.
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Recall that hgy1 — by = >0 bF, so it suffices to show that Yoo k1 — hy,

=0 "1
converges in the sense of distributions. We show that

(25) |/m(§hk+1—hk) 2)do (- \—\Z/M;b’“
= | i/mb% )do ()|

Ms:Ms

oo (B)[Y sy, 54)

k=l i

Ms

k=l i

)
)

R0 G (BE) ([0l etor1 (aay (rf) /P DE D),

2.2

)

22k+k0 Bk HwHCZO“ 69( )[(1/1) 1)(Ma+2n—2)]+1
22

A
Ms

T

¢ =0

since [(1/p—1)(Mg+2n—2)]+1> (1/p—1)(Mg+2n—1) > (1/p—1)(2n —1).
Hence, using the fact that 1/p > 1 twice, the left hand-side in (25) is less or equal
to a constant times

m o0

m o0 1/p
ZZ2k+k°U(Bf)l/pH1/1|’cfo+l(ag) ZQ <Z Bk 1/p)
k=t

k=¢ i=0 =

m 1/p
Z 2kp0' Ok )

A
N

k=/¢
oo ok 1/p
(Z / Pl ({f + KN > t})dt)
k=¢
00 1/p
< (/ dadt)
2[ 1 f*+K]VIf>t}

1/p
< (/ £ Kfffl”do> ,
Op—1
which tends to 0 as ¢ — oo.

This finishes the proof of the atomic decomposition. O

7. PROOF OF THEOREM 2.3

The method used in the proof of the atomic decomposition allows one to prove
the same result using atoms with order of cancellation arbitrarly high. Hence, we
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call an atom a (k, p)-atom if £ > N, a is a p-atom and moreover

| [ a(Qd(O)do (O] < 18llse(Bicorone (B(Go o)) 7,
o0

for all ¢ € C*((B(¢o,70)), B(Co,70) being the support of a.

Lemma 7.1. Let a be a (k,p)-atom, having support in B = B((o, 7o),

A = Ps(a). Then A satisfies the estimates:

(i) [|Allpze < co(B)~1/?P;
(ii) for C > 1 and d(¢,{y) > Cry,

401 < o 7 r(B(Gor))

(iii) for C' > 1, { a positive integer and d(C, (o) > Cry,

) 14+ (k—2+2n)/Mq

ol (E=2+2n) /Mo

CA(C, Co) 1t t—2r2ny /Mg 7 o(B(Go,r0)) 7.

VAl <

In the following we will denote by # =1+ (k — 2+ 2n) /M.

Proof. The proof follows the same lines as the ones in [BPS2] Lemma 4.7.
The estimate in (i) is the same as the estimate for || A||ye.

21

and let

Denote by Sk the Taylor polynomial of w +— Sq(¢, w) around ¢, of order k. Then

150(C, w) = Sk(w)llzee < 15 (S )llsicoro)-

Hence,
rﬂ/ )SalC. w)do(w)|

| w) (Sa(¢, w) = Si(w))do(w)|

SHSQ(C,)Hsk B(Cosr0)) (B(CO,TU))I_I/I’.

Using the estimate (8) we have

150, M lsuacoron = D SipHL Sa(C )l Lo )7 (G0, A 70)
lul=k

(G0, A, 7o) 1

< Z sup sup
=k

Recall that, when d(¢, (o) > Cro, for w € B((o,r0) € B((p,d(¢p,¢)/C),
d(¢,w). Then,

To k/Mgq .
06 e 5 (705) 0Bl d(6.)

wep & TH(w, A, d(C,w)) o(B(w,d(¢ w)))’
d(CmC) ~
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so that

To 7 —1/p
4015 (785) o (BGm) ™

The estimates for the the derivatives of A follow in the same fashion. O

End of the proof of Theorem 2.3. By the atomic decomposition, it suffices to
factorize each holomorphic atom A = Pg(a), for a (k, p)-atom with k large enough,
a having support in some ball B((y, 7).

For this factorization, we rely on a recent result of Diederich and Forngess [DFo| on
the existence of support functions on convex domains of finite type. More precisely,
there exists a neighborhood U of 0f) and a function H : 2 x U — C such that
H e C>®(Q xU), H(-,w) is holomorphic for each w € U, and

d(z,w) < [H(z,w)| < d(z,w),

on Q x U. This function H was used in [BPS2] to prove the factorization theorem
for H?.

We set Hy = H(-, (), where (o = (o — rov((p). We write A = AHSH ", with £ to
be selected later.

We prove the result for ¢ = ¢’ = 2, the general case being completely analogous.
Writing ¢, = ¢ — v, we now have

15 135 < sup [ dice o) o)
e>0 Jon
< o o(B),

by a standard integration result, see [BPS2] Lemma 2.2.
On the other hand, for a fixed constant C' > 1,

JABEZ, < sup / AP, G0 do (O)
B(¢0,Cro)

eo>e>0

L ﬂ > \2pl

o(B) ¢, o)

C 2pl 2pf d y 2
SO+ S [ ()
<
~ o(B)’

for k large enough, where we have used a standard integral estimate, see Lemma 2.2
in [BPS2].
This finishes the proof of the factorization theorem. O
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8. FINAL REMARKS

We now introduce the class of H-domains.

Definition 8.1. We say that €2 is an H-domain if it is a smooth bounded domain
of finite type and the following condition hold: For each € 0S) there exist a neigh-
borhood V; and a biholomorphic map ®. defined on V; such that ®(Q N V) is
geometrically convex.

Such class of domains, that obviously includes the strongly pseudoconvex domains
and the convex domains of finite type, has been analyzed in [BPS3]. In that paper
it is proved that the Szego and Bergman kernel satisfy the same local estimates (8),
as in the case of the convex domains of finite type (or, more in particular, of the
strongly convex domains). Therefore, Theorems 2.1-2.3 immediately extend to the

case of H-domains, since all the arguments are based on the local estimates for the
kernels, see [BPS3].
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