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Abstract

Spline quasi-interpolants (QIs) are practical and effective approximation operators.
In this paper, we construct QIs with optimal approximation orders and small infinity
norms called near-best discrete and integral quasi-interpolants which are based on €2-
splines, i.e. B-splines with regular lozenge supports on the uniform four directional
mesh of the plane. These quasi-interpolants are obtained so as to be exact on some
space of polynomials and to minimize an upper bound of their infinity norms which
depend on a finite number of free parameters. We show that this problem has
always a solution, which is not unique in general. Concrete examples of these types
of quasi-interpolants are given in the last section.

Key words: )-splines, discrete quasi-interpolants, integral quasi-interpolants,
near-best quasi-interpolants

PACS: 41A05, 41A15, 65D05, 65D07

1 Introduction

2
Let 7 be the uniform triangulation of R? whose set of vertices is Z*U (Z + %) ,
and whose edges are parallel to the four directions e; = (1,0), e2 = (0,1),
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es = (1,1) and ey = (—1,1). Let P, be the space of bivariate polynomials of
total degree at most n, and let P%(7) be the space of piecewise polynomial
functions of total degree n and class C* defined on .

In this paper, we are interested in the construction of quasi-interpolants based
on (2-splines, i.e. B-splines with regular lozenge supports. The family of €2-
splines contains the classical box-splines in P31 (1), k > 1 (see [4], [6]),
together with new families of B-splines defined and studied in [9], [10] and
[13].

For a given Q-spline ¢, we denote S (¢) = {>aezzc(a)d (- —a), c(a) € R}
the space of splines generated by the family of integer translates B(¢) =
{¢p(-— ), a € Z*}, and by P(¢) the space of polynomials of maximal total
degree included in S(¢). We study new families of discrete or integral quasi-
interpolants in the space S(¢) which are exact on P(¢), and minimize a
simple upper bound of their uniform norms. These quasi-interpolants are the
natural extensions to the bivariate case of those introduced in [2] and are
similar to those given in [3] (see also [7]). They are written in the form Qf =
YaczzAa (f) ¢ (- — a), where A, (f) is a linear combination of values f () or
of mean values < f,¢ (- — 3) >= [g2 [ (z) ¢ (x — ) dz, with 3 € Z? lying in
some lozenge centered at o € Z2. Many authors have already considered these
types of operators (see [6], [4]), but the idea to minimize the norm is original
and gives raise to new families of quasi-interpolants which seem interesting.

The paper is organized as follows. In Section 2, we recall some results on {2-
splines and lozenge sequences. Then, in Section 3, we introduce discrete and
integral quasi-interpolants (QIs) based on some Q-spline ¢ and exact on P (¢).
Starting from these Qls, we study in Section 4 new families of QIs. They are
obtained by solving a minimization problem that admits always a solution
which is not unique in general. Finally, in Section 5, we give two examples of
each type of these operators.

2 ()-splines, symmetrical lozenge sequences and difference opera-
tors

2.1 Q-splines

For k,l € N we denote by €2;; the octagon whose sides parallel to e; and e
(resp. e3 and e4) are composed of k (resp. [) edges of 7. For k = = 0, we put
Qoo = {0}.

Starting from simple (2-splines of class C", r > —1, supported respectively
on 0 and 1, the authors in [9], and [12] have constructed composed -
splines with supports €2 ;, £k, > 1. The classical box-splines in 7 are important



examples of such splines. The simple (2-splines are noted o, and \,, and are
characterized by the following theorem (see [10] and [11]).

Theorem 1 Up to a multiplicative constant, there exist unique 2-splines o,
and N\, of class C", of minimal degree d. = 2r + 1 for r even and d,. = 2r + 2
for r odd. Moreover, the integer translates of the two functions do not form a
partition of unity.

Now, by convolution of these simple B-splines with convolution powers of the
characteristic functions o of €215 and A of 2, we can construct different
families of Q-splines on 7. Indeed, let o® (resp. \!) be the k — th (resp. [ —th)
convolution power of o (resp. \), and define the box-splines w*? = g%, WO = \!
and w™ = o* x X for k,1 > 1. Then the composed Q-splines that we consider
here are defined as follows: 620 = o,, \%0 = X\, and for (k,1) # (0,0), o®! =
o, x WP AR = )\ % WPl For r = —1, these Q-splines are classical box-splines.
Their principal properties are summarized in the following theorem, for more
details see [9] and [12].

Theorem 2 (i) The support of a®! (resp. A1) is the octagon Q. 1, (resp.
Q1)

(ii) ot and NF! are positive B-splines of degree 2(k + 1+ 1) + 1 for r even
and 2(k+1+7r)+2 forr odd. They are of class 2k + 1+ forl > k and
k+2l4r fork >1.

(iii) For r = —1, P(a*w’”) = IP’(/\*wkvl) = Pory. Forr >0, ]P’(aff’l) =
P(X1) = P () = Pacsroa.

(iv) For ¢ = a® or ¢ = N0 v k > 0, the family B(¢) is globally linearly
independent, i.e. Y ez2c (@) ¢ (- —a) = 0 implies ¢ (a) = 0 for all a €
72,

(v) For ¢ = of! or ¢ = N\BL vk > 0 and | > 1, B(9¢) is globally linearly
dependent. The dependence relation is given by Y cz2(—1)%¢(- —a) = 0.

In what follows, we denote by ¢ one of the previous 2-splines. Property (iii)
gives the approximation order of a smooth function in the space S (¢). Then
it is natural to construct spline operators which achieve this order of approxi-
mation. In the literature, there exist many methods to do this. For example, in
[4] and [6] are described quasi-interpolants using Appell sequences, Neumann
series or Fourier transform. In [9] and [13] (see also [14]), discrete and integral
quasi-interpolants are defined from the values of an (2-spline on a four direc-
tion mesh by exploiting the relation between lozenge sequences and central
difference operators. It seems that this latter method is best adapted for the
study proposed here. So, we recall in the following subsections some proper-
ties of lozenge sequences and of the associated algebra of difference operators
introduced in [13].



2.2 Lozenge sequences

Let Q be the support of a given Q-spline ¢, and A,, p € N, a largest lozenge
contained in €2. We denote by L, the vector space of real sequences a =

2
{a (a),a € Z* U (Z + %) } having their support in A, i.e., satisfying a (o) =

Oforalla ¢ Ay = A,N (ZQ U (Z + ;)2>, and which are invariant by the group

of symmetries and rotations of the lozenge A,. It is easy to prove the following
result.

Theorem 3 It holds

. (¢+1)° if p=2q,
dim £, =
(g+1)(g+2) ifp=2q+ 1.
Consequently, with any sequence a €L, we associate a list @ = [aq,, " , Ga,, ],

where n = dim £,,. The correspondence between the list a and the sequence a
is described in Figure 1 for p = 3, so n = 4.

@30
ag1 Q20 21
Q21 Q11 A10 A11 G21

@30 G20 A10 Qoo 20 a3 a = [GOO,a10>a20,a30,a11,a21]

Q
=
Q

21 A11 A10 A11 G21
21 Q20 A21

a30

Fig. 1. The relationship between the list @ and the sequence a for p = 3.

Let 6, € £y and 5 € L5 be two lozenge sequences associated respectively
with the lists §; = [—4,1] and by = [—4,0,0,1]. We denote by I € L,
the sequence associated with the list reduced to [1]. For p > 0, let T, =
{(m,n) e N?, 0 <m+2n<p} and B, = {6763, (m,n) € T,}, where the
products are convolution products, i.e., the elements 07", 07 and 6705 of the
spaces L,,, L, and L,, 2, respectively are given by

P ={07 () 61 () =01 (4), j €L =Y 01 ()07 (j—1i), jEeLL},
(ST

= {05 (j) : 05 (j) = 02 (4), j € Ly; )= 6(1)057" (j—1), j €L},
€Ly



and
07" 0y = {8™" () : 0™ () = D 07" (4) 95 ( — i)}
€L},
Then, it is easy to check that dim £, = card B, and, by induction on p, one
can prove that By, is a basis for the space £,.

Remark 4 There exist other bases for the space L, similar to B,. Indeed,
if we denote by 03, 04, 05 the lozenge sequences in Lo associated respectively
with the lists 03 = [—4,0,1,0], 64 = [—60, 16,0, —1], 5 = [20, —4, —1,0], then
it is easy to verify that each one of the families B;,, 3 < 1 < 5, defined by
B, = {07!, (m,n) € T,,} forms a basis for the space L,.

2.8 The algebra of difference operators

To the above lozenge sequences 6, and d, we associate the difference operators
A; and A, defined, for k =1 or 2, by

(Arf) (z) = f(z+key) + f(x+ kes) —4f (x) + f(x — key) + f (z — kea),

which stands for the discrete schemes of the Laplacian operator A = 59—;2 + 8‘9—;2.
More precisely, the relation between these two lozenge sequences and the dif-
ference operators A; and Aj is given by the following identity

(Arf) (@) = (0 + ) () ,

where f denotes here the sequence {f (a),« € Z?}. Furthermore, if we denote
by KC,, p > 0, the space with basis {AT*AZ, (m,n) € T,}, then it is clear that
the two spaces K, and £, are isomorphic. On the other hand, it is simple to
see that each element D of X)), p > 0, has a lozenge support. Then, its inverse
D! in the convolution algebra I! (Z?) has a non bounded support. However,
we show in the following lemma that D~ is finite when restricted to some
space of polynomials.

Lemma 5 Let k € N* and D = X, pyer,o (m,n) ATAL € K. Then the
inverse D1 of D restricted to the space Poyyq is given by

D_l = Z 6<T78) A;A;,

r+s<k

where B(r,s) are solutions of the following linear system

1 v) = (0,0),
S amwps =] @ =00
r+m<u,s+n<v 0 f07” (U, U) 7é (O, O) .



PROOF. It derives from the fact that AT"Ap = 0 for all p € Py,._; such
that m +n =17 > 1, and the degree 2r — 1 is maximal. [J

3 Quasi-interpolants based on ()-splines

Let ¢ be a Q-spline. In this section we introduce new families of discrete
and integral quasi-interpolants based on ¢. They are constructed by solving
minimization problems under some linear constraints. In order to give the
explicit formulae of these linear constraints, it is necessary to express all the
monomials of P (¢) as linear combinations of integer translates of ¢. To do
this, we need some results concerning differential quasi-interpolants (see [5]).

3.1 Differential quasi-interpolants (DQIs)

For a given 2-spline ¢ of support €2, we denote by é its Fourier transform. As
¢(0) = 1, we have in some neighbourhood of the origin

1 (07
S 2

Let d be the integer such that Py = P (¢) and m, (z) = 2 are the monomials
of P (¢). The differential operator associated with ¢ is defined by

Df= Y ()" a,Df, with i the complex such that i* = —1.

lo<d

Let Sf = Y,cz2f (i) ¢ (- — i) be the classical Schoenberg operator. It is well
known (see e.g. [9] and [13]) that S is an automorphism on P (¢) and satisfies

! n
Sme = Zg, (_iD)ﬂ¢(0) DPmy, and S7'm, =g, forall acT,,
B<al”s

where Ty = {a € N?, m,, € P(¢)} and g, is the recursive family of polynomi-
als defined by

a—0 al

go = My, ga:ma_z¢(j) Z L

-93- (1)
jez? B<a, B (a—p5)!

Moreover, we have the following result.

Lemma 6 The operator D coincides on P (¢) with S™'. Therefore D is also
an automorphism on P (¢).



PROOF. Consider the power series expansion ¢(y) = > gen: éDﬁé(O)yﬂ.
Thus, ¢¢~' = 1 implies that

52 1 when v =0,
Z *,D ¢ (0) = doy =
a+6:76 : 0 when~y # 0.

On the other hand, for all o € I'y we have

Ma =3 (=iD) madoy = 3 (=iD) ma S 22D (0)

Ysa Yo B+0= 0!
. 0 7
= Y D m D (0) = Y ( > ay (-iD)’ <D9ma>) SR
LN 0 <o \Ber(9) o!
(-iD)" 6 (0) (—iD)’$(0)
— GSE:QD (Dema) — =D (egz:oéDemam>
=DSm,.

Then, we deduce that D = S~! on P(¢) and consequently D is an automor-
phism on that space. [

Now, using the operator D, we define the following differential quasi-interpolant
Df=SDf =Y ( > () anD"f (j)) (=)
JEZ? \|a|<d

Thus, it is clear that D is exact on Py.

According to Section 2, the space P; coincides with Py y; when ¢ is a box-

spline in ]P’;Eii)l) (1), where

% +1—1ifl >k,
kol —1ifk > L.

s(k,l) =

In this case, the Fourier transform é is well known and the computation of
the coefficients ¢, can be done directly. Therefore, as

Dmg,, = m, for all a € Py,

we easily deduce the needed expressions of my,.

For a €2-spline ¢ which is not a box-spline, we have not in general the explicit
formula of its Fourier transform. However, as shown in the following result,
the associated coefficients a,, are determined only in terms of the values ¢ (j),
j € supp (¢) NZ?, which can be computed by standard convolution algorithms

(see e.g. [9]).



Lemma 7 For any o € I'y, we have

o = i'o“ga (0).

PROOF. It derives from the fact that g, = S~ 'my, = Dmy, for all a €
Iy, O

3.2 Discrete quasi-interpolants (dQIs)

Let ® = {¢ (o), € Af = Ay, NZ?} be the lozenge sequence of L associated
with the (2-spline ¢, and let D € IC; be its corresponding difference operator.
As the above Schoenberg operator S is an automorphism on IP (¢), there exists
for each p € P(¢) a unique ¢ € P (¢) such that p = Sq. Then, according to
the definition of S, we obtain

Sp=>_Sq@)o(-—i)= (ZQ(a)cb(i—a)) ¢ (- —1)

i€Z2 i€Z? \a€cZ?

= (Z¢(a)q(z'+a)) ¢(-—i)=)_ Dq(i)¢(-—1).

i€Z2 \a€A;, i€Z?

On the other hand, using the fact that

DA o(—i) =D q(@) Avd (- —d),r =12,

i€Z? i€Z2

we deduce that

Sq= Y Dg()é(-~i) = Y (i) Do (- — i) = DSq = Dp.

i€Z2 i€Z2

Hence, S coincides with D on P (¢).
Now, if we set D! the inverse of D on P (¢), then the discrete quasi-interpolant
defined by

Qf=SD7' f=YD'f()o(—i)=3 f(i)(D'¢) (- —i)=D'Sf

€72 1€Z2

is exact on P ().
According to Lemma 5, the restriction to P (¢) of D! is finite, and it can be
written in the form

D_lf: Zaaf('—"a)'

a€A}



Therefore, the above expression of () f becomes
Qf =3 (Zaaf(i+@)) ¢(-—1),
i€2? \a€A}
which is equivalent to

Qf = fE)L(-—1),

1€72

where L denotes the fundamental function defined by

L= Z aad((- — a)).

aEAZ

It is easy to verify that

IRl < v(a)= > laal.

a€A}

3.3 Integral quasi-interpolants (iQIs)

It was shown in [9] and [12], that each 2-spline ¢ considered in this paper
satisfies [ ¢(z)dxr = 1. Then, we can introduce the following integral form of

the Schoenberg operator

Sf=> <f(+i),6>0(—1),

1€Z2

where < f,¢ >= [z [¢.

Like S, the operator S is also an automorphism on P (¢) and coincides with a
difference operator. Indeed, according to Section 3.2, for any p € P(¢) there

exists a unique ¢ € P (¢) such that Sq = p. Then,

Sp=> <Sq(-+i),¢>¢(—i)=Y (Zvaq(fwri)

i€72 1€7Z2 \«a€Z?

) ¢('_'O>

where v, = [g2 ¢ (z) ¢ (r — a) dx. It is easy to see that v, = 0 for all a ¢ Aj.

Then, if we put Dq (z) = YacHVaq (x 4+ «), we easily verify that we have

Sp=>"Dq(i)¢(-—1i) = q(i) D¢ (- —i) = DSq = Dp.

i€72 1€Z2?

Consequently, S coincides on P (¢) with D, and D! has a finite expression

on P (o).



We now consider the following integral quasi-interpolant based on D!

Tf=5D"f=3 <D 'f(+i).6>¢( i)

i€Z2
= Z (Zba<f(-+i+a),¢>)¢(-—i).
i€Z? \ €A}

We notice that for all p € P(¢), we have Tp = SD~'p = DD~'p = p. Thus,
the iQI 7" is exact on P (o).
Once again, as we obtained above for the dQI @),

Il < w(b) = > [bal.

a€N]

The study of these iQls, illustrated by examples, is given in [9], [8] and [14].

Let us denote by Q one of the above dQI @) or iQI T'. It is well known that
the infinity norm of Q appears in the approximation error of f by Qf. More
specifically, we have

1f = Qflloo < (1 +[[Qllec) dist (f, 5 (¢)) -

Then, it is interesting to construct a quasi-interpolant Q@ with a small norm.
In general, it is difficult to minimize the true norm. To remedy partially this
problem, a method for defining discrete quasi-interpolant with minimal infin-
ity norm has been proposed in [14]. It consists in constructing bases of the
algebras of lozenge sequences in order to get smaller infinity norms for the cor-
responding discrete quasi-interpolants. In the next section, we present another
method which seems more interesting.

4 Near-best dQIs and iQIs based on {2-splines

The proposed method consists in choosing a priori a sequence a (resp. b)
with a larger support than the biggest lozenge contained in the support of ¢
and afterwards in minimizing v (a) (resp. v (b)) under the linear constraints
consisting in reproducing all monomials in P (¢). More specifically, for s > k,
we construct families of discrete or integral quasi-interpolants

Qrisf =D (Z o f (i + Oé)) ¢(-—1) (2)

1€Z2 \aEA¥

Tk:,l,sfzz(Zba<f('+i+a)a¢>>¢('_i) (3>

i€72 \oeA}

10



which satisfy the two following properties:

i) Qkus and Ty s are exact on P (¢).

ii) The coefficients a,, (resp. by ), @ € A%, are those that minimize the [;-norm
v (a) (resp. v (b)) of a (resp. b) under the linear constraints consisting in
reproducing all monomials in P (¢).

As a sequence a (resp. b) is fully determined by a list @ = [aa,, " ,Ga,)
(resp. b= [bays s bay]), it is clear that the exactness of Qs (resp. Tkis)
on P (¢) implies that there exist a p x n matrix A of rank p < n and a vector
dy (resp. dy) in R? such that Aa = d; (resp. Ab = d,). For i = 1,2, set
Vi ={% € R": AT =d;,i = 1,2}. Then the construction of Qs or Ty, s is
equivalent to solving the following minimization problem

Problem (i) Solve  min{||z||,,Z € Vi}.

Definition 8 If a (resp. b) is a solution of Problem (1) (resp. Problem (2)),
then the associated dQI (resp. iQI) defined by 2 (resp. 3) is called a near-best
dQI (resp. near-best iQI).

Proposition 9 Fori =1 or 2, the minimization Problem (i) has at least one
solution.

PROOF. Since the rank of A is p, the above system Az = d;,i = 1 or 2, can
be solved and each x,;,1 < j < n, is an affine function of n — p parameters
of . Moreover, the sequence z is an element of L. On the other hand, by
substituting the affine functions z,, in the expression of ||z||;, we obtain a
n x (n — p) matrix A and a vector d; such that ||z|; = ||d; — AZ||;. Thus,
solving Problem (i) is equivalent to determine the best linear /;-approximation
of d; using the elements of A%, and the existence of at least one solution is
guaranteed. [J

Before giving examples of such quasi-interpolants, note that the exactness
equations of Tj; s on P (¢) need the moments p, (¢) = [mq (z) ¢ (x)de, o €
Ty, of ¢. It was shown in [9] that . (¢) = (=1)l*D%¢(0), |a| = g + as.
Then, when ¢ is a box-spline, we know explicitly its Fourier transform qg and
therefore the computation of p, (¢) can be easily done. But, for ¢ which is
not a box-spline, we can determine its corresponding moments by using only
the values ¢ (), j € Ay NZ*. Indeed, if we put to = > jcz2ma (j) ¢ (j), then
we have the following result.

11



Lemma 10 For any o € I'y we have

a(d) = {ta if |a] is even,

0 otherwise.

PROOF. According to (1), we get the following connection between t, and
Go:

_1 Ia_ﬁla'
o = Mgy — Z ( )

ta—p9s- (4)
<oprta AP

On the other hand (see e.g. [6]) the sequence (ga),cn2 Mmay be written in the
form

al

(=iD)*" (0) 5. (5)

Jo = My, ga:ma_z Z

jez? papra® ~ 0
Hence, by comparing (4) and (5), we obtain
ta = (=1D)*776(0) = pa(9).

Using the symmetries of ¢, we easily verify that t, = (—1)%lt,, i.e., t, = 0 for
all v such that || is odd. Then, the announced result holds. [

5 Examples of near-best dQIs and iQls
5.1 Near-best dQIs based on quartic box-splines.

Let ¢ be one of the two classical C? quartic box-splines ¢; = o * wb!' and
¢o = A xwb!. The differential quasi-interpolants based on these B-splines are
given by

7= ((F6) -5 (D01 )+ D25 (i)
+7;o (11D@O £ (i) 4 23D f (i) + 11DOY f (@))) ¢1 (- — i)
Df = 5 ((£) = 35(D05 () + D21 ()

1 . | | |
+%(135D(4»0)f (i) + 298D f (i) + 135D § (Z))) bo (- — ).

12



In both cases D is exact on IP3. Then we have the following expressions

c—1), mip = Yier2t19 (- — 1),
Mmoo = ZiEZZ (Z% - ,u) ¢ ( - Z) , Mg = Ziezﬂliﬂb ( - Z) )
Povin) @ (- — 1), may = Yiege (iTia — pia) ¢ (- — i),

Mo, = ZieW o

Mo = Y ezz (i

where

L for ¢ = ¢, 1, for = ¢,
i ¢ ¢1 and ¢ ¢1

UV =

15, for @& = ¢, 2, for ¢ = ¢o.

From the above expressions, we deduce by symmetry those of mg 1, mg 2, m12
and my 3.

Now, by using the properties of the lozenge sequences a = (aq)acas, it is easy
to verify that the quasi-interpolant

Ql,l,sf: Z (Zaaf(i"i_a)) ¢( _i)a s>1, (6>

i1€72 \ €A}

is exact on P53 if and only if the sequence a satisfies the following equations

— 2 —
ZaeAzaa =1 and ZaeA;al Qo = — -

Remark 11 For s =1, the dimension of L1 coincides with the number of the
exactness conditions of Q11,1 on P3. Therefore, (11,1 1s unique and it is given

by

Sieze (3F (1) — A f(ike)) o (-—i) , if 6=0,

Quirf =
T S (B ) - FTL S ) 0 — 1), if 6=

In this case, an upper bound of ||Q111|lco is 2.3333 when ¢ = ¢1 and 2.6666
when ¢ = ¢o. Thus, in order to have parameters in the minimization problem,
it is necessary to take s > 1. Fig. 2 shows the fundamental functions of the

dQIs Q1,1,1-

For s > 1, we distinguish two cases: s = 2t and s = 2t + 1,¢ > 1. Assume that
s = 2t and consider the decomposition of A% given by

t t—1
AN=IJUl; UL U (UI;].) U (U15j+1) :
j=2

Jj=2

where

r={1ez”: |h+bl=r}.

13



Fig. 2 Fundamental functions of Q11,1 based on ¢1 and ¢».

Let a be the lozenge sequence corresponding to the dQI defined by 6. In order
to minimize v (a), we get together the components of a following that r is odd
or even in . Indeed, this regrouping is given by

Q250 QA25-1,1 A25—22 **° Aj41,5 Qj j Qj—145+1 - 2272 1,251

Qo2 A-12j-1 @—22j-2 " G_jpi141 CG—jj; A—j-15-1 " @_25j422 A_2j411
a_250 A—2j41,—-1 @—2j42, -2 ** G_j_1,—j41 Q—j—5 QG_j41,—j—-1 ~*° @—2 242 A1, —2j41
Qo,—25 Qa1,-2j+1 A2,-2j42 ~*° Gj-1,—j-1 Qj—j Aj41,—j+1 "~ A25-2,-2 «A2j-1,-1

(r1) (r2) (r3) (T4) (75) (76) (r7) (r8)

for 13;,j > 2, and by

A25+1,0 G251 a2j—-1,2 Q41,5 Aji41 - A225-1 1,25
@o,2j+1 @-12; Q—22j-1 " Q—jjt+1 G—j-15 *°° A-254+12 A-2j1
a-25-1,0 A—25-1 A—2j41,—2 *** A—j1,—5 Q—j -1 "+ G2 2541 A-1,-2j
ap,—2j—1 A1,—25 G2,-2j41 "~ Aj—j-1 Qjp1,—5 *°° A25j-1,-2 0A25-1

(7))  (T2) (73) (74) (75) (7%6) (77)

for I§j+17j > 2.

Using the properties of symmetry of A*, the coefficients in (r;) (resp. (71)),
(re) and (rg) (resp. (2) and (77)), (r3) and (r7) (resp. (73) and (7)), (r4) and
(r¢) (resp. (74) and (75)), and in (r5) are equal.

When s =2t +1,¢t > 1, A% can be decomposed in the form

25+1 | »

t t
No=purnunulUL vl UL
j=2 =2

and a similar technique can be used for regrouping the components of the
sequence a.

14



Proposition 12 Let a5y =1+ (2252 and a3, o = —gpz- Then

(@50,0,- -+ ,0,a%,0,0,---,0)T € REHD?
7T N\ e’ 7T N e’

t24t—1 t

1s a solution of Problem 1 fork=1=1 and s =2t,t > 1.

PROOF. For k =1=1and s = 2t,t > 1, the expression of ||a|, is
lall, = |a00’ +4layo| + 4 (Jagol + |a1 1l) +4|a30! + 8az,|

+4Z (Jagjol + laj 1) +8ZZ|G2J ll|+42|%+10|

7j=21=1
t—1 J
+8> > lagjr1u
j=2i=1
t—1
= |ag,o| + 4 a0l +4Z |agjol + lajil) + 4 lag;i10l
Jj=1 j=1
t j—1 t—1 7
+ SZZ |azj—11] + 822 lag;+1-1,]

j=2i=1 j=1i1=1

and the associated linear constraints in Problem 1 are
t j—1 t—1 J
1=apo+ 4aq o+ 42 a250 + a” + 4ZCL23+1 o+ 822&23 1+ 822@234_1 1l
Jj=1 j=1 j=2i=1 j=1li=1
t—1
Oé—2(110—|—42] 2(12]0—|—(1]] —FQZ 2]+1) a2541,0 (7)
Jj=1 j=1
t j—1 t—1 J 2
HAYS (P4 (25— ) azj 11+ A (P4 (25 +1-1)) azjya1s.
j=21=1 j=1i1=1
If we put
||a||1 = w(ao,(), cr,A2t—-1,0, A2t—1,15 " 5 A2t—1,t—1, A2t,0, A2¢,1, * * 5 A2t t—1, a2t,t>7

then, by using equations (7), we can express ago and as; o in terms of the other
coefficients of the lozenge sequence a. Therefore, minimizing |la||, under the
linear constraints given in 7 becomes equivalent to minimizing in R¢+1°~2 the
polyhedral convex function w of the following variables

41,0,02,0,021,a30,A3,15+ -+, A2t—1,0, A2t—1,15++ -, A2—1t—1, A2 15 - - -, A2t t—1, A2t ¢+
(8)
Let a; ; be any variable in (8). Denote by @ (a,,,) the restriction of w obtained
by replacing its variables by zero except a, ,. We will prove that this univariate
function @ (a,,) admits a minimum at 0 € R. Indeed, assume for example

15



Apq = G250, 1 < j <t—1. Then, by annulling the other variables in (7), these
equations become

Qo0 + 4612]',0 + 4&2,5,0 = 1, o = 4]2 (2&23‘70) +4 (2t2) a2t0-

Then, the expressions of apo and ag: o in terms of as;o are given by

:2 :2

* j *
ap,0 = g — 4 (1 - t2> (2j0, G260 = g0 ~ (g 0250-

Thus, w(agj) takes the following expression

w(azjpo) = |aop| + 4|azjol + 4|az.ol
<2

-2
CLS’O — 4 (1 — l;) ’ + 4|ng70| + 4

.3
a2t,0 - t2 a2]70 .

In a neighborhood of ay;o = 0, the function @ (c;0) becomes

<2 <2
. \ j . ]
w (azjo) = agg — 4 <1 - t2> azjo + 4 lazjol +4 (1) <a2t,0 - a2j,0>

2

2
—wr—14 (1 — ‘;) 24,0 +4 |a2j70| +4

J
§a2j,07
where w* =1+ 5.
When a1 > 0 (resp. a1 < 0), we easily verify that w(ag;o) = w* + Sf—fagj,o >
—, * 2 *

w* (resp. w(azjpo) = w* — 8(1 — 43 )ag;o > w*).
A similar technique can be applied for each of the other variables in (8).
Consequently, we conclude that the convex function w without constraints
attains its global minimum at 0 € RETD*-2 In other words, we have w* =
w(a80707" : a07a;t070a T 70) = min{Ha”l? a € VVl} O

7T N—— 7 N——

t24t—1 t

Remark 13 An analogous result can be obtained when s is odd, i.e., s =

2t+1,t > 1. More precisely, if we put agoy = 14+ =2 and A5 410 =

Bk
(2t+1)? 2(2t+1)%’

then the vector
T
o = (aS,O’ 0,... 7a§t+170’ 0,... 70) c REHD(E+2)
is asolution of Problem 1 for k =1 and s = 2t + 1.

According to Proposition 12 and Remark 13, the near minimally normed dQls
associated with A¥ s > 2, and exact on P are given by

2

Qe =X (14 %) 100 - fo3 stz s ot -0 ©

1€Z2 =1

16



Proposition 14 For all s > 1 we have
1Quusll < 1+4%5.
S

Moreover, the sequence (Q1,1,5),~, converges in the infinity norm to the Schoen-
berg’s operator S. -

PROOF. Let f € C (R?) such that || f||, < 1. Then, from (9) we get

Quisf] < ) <(1 + 28'[;) 'MQEZ: (1 £ se ) o (-—1)

i€Z2

e (o2} e

i€Z2

<144
S

Hence, [|Q11ll,, <1+4%4.

On the other hand, by using the expression of S given in Section 3.1 , we
obtain

Qrpsf —Sf= Z < iZf (i £ 561)) 0 ( - @) .

2€Z2 =1

Therefore 4

24 . u

Quisf =S <=5 Cllflleo) (9. —9)) < -
s A s
iE€EZ

Then, we conclude that ||Q11., — S| < 52, i.e., @11, converges to S when
§ — +00.

Fig. 3 (resp. 4) shows the fundamental functions of the dQIs @11 s based on
¢1 (resp. ¢o) for s = 2, 3.

Remark 15 Using the Bernstein-Bézier forms of ¢ = ¢ or ¢q, we can easily
compute the exact infinity norms of Q11,5 for the first values of s. For example,
if s =2, we get

475
1Q1,1.21l., %9 1.23698  for ¢ = ¢
[Quaalle = Tr35 = 1-3079 for 6=

On the other hand, from Proposition 14, we have

4 17
Q1,12 = 1.3333 for ¢ = ¢1 and ||Q112] < ITh 1.4166 for ¢ = ¢,.
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Fig. 3 Fundamental functions of Q1,1 s based on ¢ for s = 2, 3.

Fig. 4 Fundamental functions of Q1,1+ based on ¢y for s = 2, 3.

Therefore, the bounds of ||Q1,12]|,, are smaller than those of Q111 given in
Remark 11. Moreover, these bounds are close to the exact values of the infinity
norms of these new dQlIs.

5.2 Near-best iQI based on the Q2-spline U}’l

According to Section 2, the composed Q-spline o1 is of class C*, degree 8 and
support €291. As S 0%71 contains polynomials of total degree < 2, one can
define quasi-interpolants which are exact on P,. For instance, by using only
the values of o1’ on A3 (see Figure 5), we have got the following expression
of its associated differential quasi-interpolant

Df = 3 (1) =2 (D1 + DO (@) ) o (- = ).

i€Z2
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Then we deduce the following formulae

mo,o = ZiEZQU%’l (- —1), mio = Ez’eZ?ilU%’l (- —1)

. 4 1,1 . .11 .
Moo = Xicz2 (@% - 7) oy (- —1), mig = Yigppirisoy (- — 1)

and by symmetry we get the expressions of mg; and mg .

Q20
11 aip A11
N 52 14 1
Qg0 G109 Ao G109 A20 a = [E’ 112’ 75]
11 A10 A11
Q20

Fig. 5. The values of O'i’l on A3.

The near-best iQI based on O'i’l is given by

lelvsf: Z (Zba<f(-+i+oz),ai’l >) O'%’l('—'l').

€72 \ €A}

From Lemma 10 we deduce the moments p, = jiq (O’%J) = [p2 maai’l, la | <

2, of o;"". Their values are the following

2
H0,0) = L, H(1,0) = H(1,0) = K(1,1) = 0, H(2,0) = K(0,2) = ?

Then, we easily verify that T is exact on Py if and only if the coefficients
b, satisty
ZaeA;ba =1 and ZaeAquZba _ _g‘

In particular, for s = 1, these coefficients are unique and the corresponding
iQI is given by

19 3 .
Tiaaf = Z (7 < f, U%’l > —§Z <f(=*e) 70%’1 >> U%’l (-—1).
i€Z2 =1

Now, assume that s > 1, then by using a similar technique as in Proposition12,
one can show the following result.

Proposition 16 Let bg, =1+ 12 and b5, 0 = —2. Then

752

(65,0, -+, 0,b5,4,0,---,0)T € ROV
T ————— T N —

t24t—1 t
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is a solution of Problem (2) for k =1 and s > 1.

Hence, the near minimally normed iQI based on o, and exact on P, takes
the following form

Tiasf = Z<(1+><f 72222: <f(=xe), 11>)0%1(—i).

i€Z2 =1

It is simple to check that [T, < 1+ 7 24 and therefore the sequence

(Th1,5),5, converges in the infinity norm to the operator S.
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