N
N

N

HAL

open science

Approximating partial derivatives of first and second
order by quadratic spline quasi-interpolants

Francoise Foucher, Paul Sablonniere

» To cite this version:

Frangoise Foucher, Paul Sablonniére. Approximating partial derivatives of first and second order
by quadratic spline quasi-interpolants. Mathematics and Computers in Simulation, 2008, 77 (2-3),

pp.202—-208. 10.1016/j.matcom.2007.08.021 . hal-00071295

HAL Id: hal-00071295
https://hal.science/hal-00071295
Submitted on 23 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00071295
https://hal.archives-ouvertes.fr

Approximating partial derivatives of first and
second order by quadratic spline
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Abstract

Given a bivariate function f defined in a rectangular domain €2, we approximate it
by a C'! quadratic spline quasi-interpolant (abbr. QI) and we take partial derivatives
of this QI as approximations to those of f. We give error estimates and asymptotic
expansions for these approximations. We also propose a simple algorithm for the
determination of stationary points, illustrated by a numerical example.

Key words: Quadratic spline quasi-interpolant; Partial derivative approximation;
Stationary points detection.

1 Introduction and notations

Let Q =1 x J = [a,b] X [c,d] be a rectangular domain. For a given steplength
h > 0, we assume that b = a+mh and d = ¢+nh and we consider the uniform
partitions X,,, = {x; =a+ih,0 <i<m} and Y, = {y; = c+jh,0<j <n},
respectively in I and J. We also need the midpoints s; = %(xi,l + z;) and
t; = 3(yj—1 +y;) of subintervals defined by the two partitions. For the sake of
simplicity, and in order to avoid the use of boundary B-splines and functionals,
we add two points at each end of intervals (see Figure 1) , denoted respectively
by x_ 9,2 1, Tmi1, Tmao and Y_o,Y_1, Yni1, Ynio. In the same way, we have two
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Figure 1. Domains ) and

more midpoints at each end: s_1, s, S;t1, Smae and t_q,tg, tyi1, tnio. Then
we define Qp, = [a — 2h, b+ 2h] X [¢c — 2h,d + 2h] = [_9, Tpmyia] X [Y—2, Ynia].
We assume in the following that f is defined in the bigger domain €2j. This
domain is endowed with the so-called criss-cross (or type 2) triangulation 7,
consisting in drawing diagonals in each subsquare €;; = [;, Tiv1] X [y;, Yj+1]
of Q. The centres of these subsquares are the points M, = (s;,t;), and their
vertices are the points N, = (z;,y;). Let A={a=(4,j),0<i<m+1,0<
j<n+1},e = (1,0) and g5 = (0,1). Then the C' quadratic spline quasi-
interpolant considered in this paper is defined by

Qf = Z :ua(f)Ba

acA

where the coeflicient functionals are

1

palf) = S F(M) = 5 (F M) (M) + FOo ) + F(Moy))

and the B,’s are the classical C'-quadratic B-splines (or box-splines). For
their properties, see e.g. [2, 3]. Note that the family {B,,a € A} of B-splines
whose support intersect €2 is only a spanning system, not a basis, of the space
So(Q, Trun) of quadratic splines defined in 2 endowed with the triangulation
T,nn. However, this has no effect on the definitions and results given below.
Note also that for the construction of @) f, we need values of f at points of



{M, € Qp,y €T} where I' = {y = (i,j), -1 <i<m+2,-1<j<n+2}
except the four pairs (—1,—1),(m +2,—-1),(=1,n+2),(m+2,n + 2).

By introducing the fundamental splines

_ 3 1
B, = 537 8 (By—ei + Byiey + By—ey + Byiea)

it is also very convenient and useful to write () f in the ”quasi-Lagrange” form

Qf =Y f(M,)B,.

yel’

In particular, the Lebesgue function A of (), defined by

A= Z|BW|

yel’

allows us to evaluate its infinity norm (see Section 3.1 below)

1Qloe = |A|oo = max{A(z,y), (z,y) € Q} = 1.5.

The operator @) is constructed in order to be exact on the space II, of bivariate
quadratic polynomials (i.e. of total degree at most 2). In other words, it satisfies
Qp = p for all p € Tl,.

There exist other types of quadratic spline approximants on the same trian-
gulation (see e.g.[9] with applications to contour plotting) and on other types
of triangulations, e.g. the Powell-Sabin one ([8]).

Here is an outline of the paper. In Section 2, for the sake of completeness,
we give the full equations of fundamental splines Bv and of their first and
second order partial derivatives, in each of the 68 subtriangles of its support.
In Section 3, we give error estimates for infinity norms of f —@Q f and its p.d. In
Section 4, we give a general algorithm for the exact computation of stationary
points of @) f. Finally, in Section 5, we give a numerical example in order to
illustrate this algorithm.

Partial derivatives are be denoted by one of the following forms :
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Figure 2. Centres My, of the 21 supports of fundamental splines BE7 covering the
subsquare €2;; centered at M;; = M

k!

In Taylor’s formulas, we use Ciarlet’s notations [5], with C{ = IR

DFF(M).(MoM)* = 3" il — 20) (y — o).

Jj=0

For norms of derivatives, we set, for £ > 1 :

ID" fllsc.0 = max{|D*floc,0. laf =k},

where | for a = (a1, ) and o] = a3 + ay =k :

| D floo.o = max{|D*f(M)|, M € Q}.

Often, we use the simpler notation |.|o instead of |.|oq, without explicit
reference to the domain (2.

2 Equations of fundamental splines and of their partial derivatives

The local representation of B-splines and fundamental splines in the Bernstein
basis of bivariate quadratic polynomials in each triangle of their support has
been given in the technical reports [13b] and [13c]. For the sake of simplicity, we
now give the equations of fundamental splines w.r.t. local cartesian cordinates
(u,v) € [—3, 3]% with (z,y) = (s;+uh, t;+vh), associated with each subsquare
Q2;; of the partition, the origin being taken at its centre M;;. We consider only

the 21 fundamental splines B., for which the support cover (at least partly)



Table 1 )
Equations of 165,

k N S E W

1 —p3 0 0 —pt

2 —3(1+4q) —5p3 Pt — 3P} Pt — 303

3 —p? 0 —p? 0

1 —p 0 0 —P;

5 13pi +2p — 1 —(1—p)? —(1—p1)? 13p3 + 2p1 — 1
6 4(1 + 6q2) 2¢3 13p% + 4(1 4+ 6q2)  13p? + 4(1 + 642)
7 13p2—2p —1 —(14p1)? 13p2 — 2p; — 1 —(1+p1)?

8 —p? 0 —p? 0

9 i — 3P} ri — 355 — 3P} —3(1-4q)
10 13p? +4(1 — 6q1) 13p? +4(1 — 6q1) 244 4(1 — 6q1)
11 D4 D4 D4 D4

12 13p2 +4(1+6q1) 13p? + 4(1 + 641) 4(1 +6q1) 2q4

13 Pt — 303 Pt — 303 —5(1+4q) — 503

14 0 —p% 0 —p%

15 —(1—p1)? 13p? +2py — 1 —(1—p1)? 13p? +2p; — 1
16 243 4(1 — 6q2) 13p? +4(1 — 6g2) 13p2 + 4(1 — 642)
17 —(1+p1)? 1392 —2p1 — 1 13p% —2py — 1 ~(1+m)?
18 0 —p? —p? 0

19 0 —p? 0 —p?

20 —1p3 —5(1 — 4qy) Pi — 503 P} — 5bp3
21 —p? —p? 0

the subsquare €2;;. We number them by indices k& from 1 to 21, associated
to their support centres My, as given Figure 2 Table 1 gives the equations
of fundamental splines Bv- Tables 2 and 3 give the equations of their first
partial derivatives. Finally, Table 4 gives the equations of their second partial

derivatives. In Table 1, we use the following abbreviations:

pp=u+v, pr=u—v, py=14+2u p=1-—2u,
ps=1+2v, p3=1-2v, py=22—24(u?+0?),
Q1:U+U2, ql:u—v27 (]2:U+U2, €72:U—U2>

@ =u+ 130" + 120+ 2, G =u®+13v* — 120+ 2,



Table 2

Equations of 16h8137

k N S E W

1 —u—+v 0 0 U+ v

2 2u 0 U+ uU—v

3 —(u+v) 0 —(u+v) 0

4 —u—+v 0 0 —u+v

5 13(u—wv)+1 l1—u+wv l—u+w 13(u —v) +1
6 —24u 2u —11u —13v —11u + 13v
7 Bu+v)-1 —-(1Q+u+v) BBu+v)—1 —(1+u+v)
8 —(u+v) 0 —(u+v) 0

9 l—u—-w l—u+wv 1—-2u 1

10 13u+v)—12 13u—v)—12  26u— 12 ~12

11 —24u —24u —24u —24u

12 13(u—v) +12  13(u+v) + 12 12 26u + 12
13 —-1—-u+vw —-1+u+v) -1 —(1+2u)
14 0 —(u+wv) 0 —(u+wv)
15 l—u—wv 13(u+v)+1 l—u—w 13(u+v)+1
16 2u —24u —11u + 13v —11u — 13v
17 —1—-u+vw Bu—v)—1 1Bu—-v)—1 —-1—-u+v
18 0 —u+ v —u+v 0

19 0 —(u+w) 0 —(u+w)
20 0 2u U — v U+

21 0 —u+v —u+v 0

qa = 13u® + 0% + 12u + 2,

Gs = 13u? + 0% — 12u + 2.

3 Global error estimates for smooth functions

In this section, we assume that f € C*(£2,): in [13a], error bounds have been
already computed in the case of a non-uniform triangulation. In the specific
case of uniform triangulations, the constants can be substantially reduced.



Table 3

Equations of 16Ads BE7

k N S E W

1 U —v 0 0 U —v

2 -1 —(1+ 2v) —1+u—w —(14+u+v)
3 —(u+v) 0 —(u+w) 0

4 U—v 0 0 u—v

5 —13(u—wv)—1 —14+u—v —1+u—w —13(u—wv)—1
6 12 26v+12 —13u—v)+12 12+ 13(u+0)
7 13(u+4wv)—-1 —(I+u+v) 13(u+v)—1 —(1+u+v)
8 —(u+v) 0 —(u+wv) 0

9 —u—+v u+v 0 2v

10 13u — 11v —(13u + 11v) 2v —24v

11 —24v —24v —24v —24v

12 —(13u+ 11v) 13u — 11v —24v 2v

13 u—+v uU— v 2v 0

14 0 —(u+wv) 0 —(u+v)
15 l—u—w 13(u+v)+1 l—u—v 13(u+v)+1
16 26012 ~12 13(u+v) —12  —13(u —v) — 12
17 l1+u—w —13(u—v)+1 —13(u—v)+1 l+u—wv
18 0 U —v uU—v 0

19 0 —(u+w) 0 —(u+v)
20 1-2v 1 l—-u—-w 1+u—-w
21 0 U —v uU—v 0

Theorem 1 The following error estimates are valid, for constants Cy <
Cl S 2 and CQ S

41
4

respectively:

IDP(f — Qf)|oo < C1R2||D? f| o, for || =1,

IDP(f = Qf) oo < Coh|| D*f|lsc, for |3] =2, and for all T € Ty,

5
967



Table 4

Values of second derivatives of 16h2J§7

02 0104 02
k N S E W N S E W N S E W
1 -1 0 0 -1 1 0 0 1 -1 0 0 -1
2 2 0 1 1 0 0 1 —1 0 —2 —1 —1
3 -1 0 -1 0 -1 0 —1 0 —1 0 —1 0
4 -1 0 0 -1 1 0 0 1 -1 0 0 -1
5 13 -1 -1 13 —13 1 1 —-13 13 —1 —1 13
6 —24 2 —-11 -11 0 0 -—13 13 0 26 13 13
7 13 -1 13 -1 13 -1 13 —1 13 —1 13 —1
8 -1 0 -1 0 -1 0 -1 0 -1 0 -1 0
9 -1 —1 —2 0 -1 1 0 0 1 1 0 2
10 13 13 26 0 13 -13 0 0 —11 11 2 =24
11 —24 —-24 —-24 -24 0 0 0 0 —24 —-24 -24 -24
12 13 13 0 26 —13 13 0 0 —-11 —-11 —-24 2
13 -1 —1 0 —2 1 -1 0 0 1 1 2 0
14 0 -1 0 -1 0 -1 0 -1 0 -1 0 -1
15 -1 13 -1 13 -1 13 —1 13 —1 13 —1 13
16 2 =24 -11 -11 0 0 13 —-13 26 0 13 13
17 -1 13 13 -1 1 —-13 -13 1 —1 13 13 —1
18 0 —1 -1 0 0 1 1 0 0 -1 —1 0
19 0 —1 0 -1 0 -1 0 -1 0 -1 0 —1
20 0 2 1 1 0 0 —1 1 —2 0 —1 —1
21 0 —1 -1 0 0 1 1 0 0 -1 —1 0

Proof Let us choose a triangle T" of type N(North) and the midpoint My = (xo, yo)
of its upper edge. By Taylor’s formula, we obtain, for all M = (z,y) € T,

f(M) = pa(M) + r2(M),

where py and ¢o are respectively the quadratic Taylor polynomial and the

associated remainder



po(M) = F(Mo) + D (Mo)-(MoM) + 3 D*F(M) (MM,
o (M) :%/D?’f((l — )M + tMy).(MoM)? dt.

As | MoM|; = |z — xo| + |y — yo| < h/2, we get

1
[ra(M)] < SID° flloo| Mo My < 4—HD3fHoo

On the other hand, Qf = Qps + Qroa = py + Qry since Q) is exact on Il,.
Therefore, using the above majoration

h3
[f = Qfloo = Ir2 = @ra| = [(I = Q)ra| < (14 [|Q|c0)|72] = |r2| < 5—||D3f||oo

For 01(f — Qf), we can use the following technique. We do not go into details
and we only give a sketch of the computations. We start from the expression
of the derivative 0,Qf = > f(M )alB and from Taylor’s formula of order
2:

F(My) = F(M) + DF(M).(MM;) + D F(M). (MM, )
%/ (1 — t)M, + tM).(MM,)? dt.

Replacing f(M,,) by its expansion in the formula of 0,Q f, we obtain

1

HQF(M) = F(M) + % 3L DP (0~ M, + M), (MM, ] 9, B, (M)

70

This is a consequence of the following facts. We use the notation M, =
(2, yy) and the property of Q to be exact on Hg As 3, B =13, 9c7

r, Y, y,By =y, then 3 0B, = 0,2, 2,008, = 1, and }_ y,015, 0

Therefore we get

Zalév[Df(M)-(MMw)] = Zaléw[(xw — )01 f (M) + (yy — )02 f (M) = 01 f(M

),



In a similar way, as >, xiéy = 2% >y yiB7 = yz,z7 :Ewywéw = xy, then
>, x?yalév =2z, Y, 2y, B, =y, ¥, yi@léy = 0. and we get

S 0B, D*f(M).[(MM,)*] =0,

We deduce from the above expression that

0.QS (M) — F(M)] < 2D flloo 3 ML [0, B,

Now, setting ¢ (M) = |MM,|3|0,B,|, we use Table 2 to compute the exact
maximum of ¢, in the triangle 7. We obtain the following bounds: ¢, < 9
for k =1,3,4,8,9,13,15,17; ¢, < 19 for k = 5,7,10,12; ¢, < 8 for k = 2, 16;
oy <12 for k = 6,11, from which we deduce >, ¢, < 2 and finally

01Qf = floo < 20%| D’ fl.

A similar method is used for second order derivatives. O

4 An algorithm for computing stationary points

In view of the results of the preceding sections, we propose the following
algorithm for the detection of stationary points of Qf:

(i) compute m and x at centres M;; and vertices IV;; of subsquares of the par-
tition.

(ii) select the subset 7' C 7, of triangles in which the sum of signs of 7 at the
three vertices is +1.

(iii) select the subset 7”7 C 7" of those triangles in which the sum of signs of y
at the three vertices is £1.

(iv) in each triangle of 7", solve the system of equations m = y = 0, i.e. compute
the exact intersection point of the two corresponding segments. We thus
obtain the set of stationary points of Qf.

(v) study locally the sign of H = 0% — p7: if H < 0, then if p > 0 and 7 > 0,
then there is a local minimum, else if p < 0 and 7 < 0, then there is a local
maximum. Finally, if H > 0, we have a saddle point or a degenerate point

(see e.g. [7]).

Remark 2 Of course, one can exchange the roles of m and x in the above
algorithm.

10



5 Numerical example

We test the previous algorithm with a Scilab ([12]) program and obtain the
following results.

Example 3 Franke’s function (see e.g. [1], p. 144):
folz,y) = .75exp(—i((9x —2)2+(9y—2)%) + .75exp(—$(9x+ 1)%— %(Qy%— 1))
+.5exp(—1((92 — 7)? + (9y — 3)?) — 2eap(—(9z — 4)? — (9y — 7)?).

Figure 3. Surface z = f(z,y) and its level lines

We compute five stationary points (z; 5, Yin, ¢ = 1,...,5 : one local minimum,
two local maxima and two saddle points or degenerate points. For the sake
of comparison, we have found with Matlab the following stationary points :
(x1,11) = (0.456,0.784), (x9,y2) = (0.206,0.208), (z3,y3) = (0.755,0.326),
(x4,y4) = (0.556,0.277), (x5,y5) = (0.616,0.857). Table 5 gives the error
Ei(h) = ((zig — 2:)* + (win — v:)*)V%, i = 1,...,5, for a few values of h.

Table 5
Approximation errors for the computed stationary points

h Eq(h) Es(h) Es(h) Ey(h) E5(h)
1/5 1.03E-01 2.55E-03 4.20E-02 1.22E-02 3.82E-02
1/10 5.38E-03 1.48E-03 2.74E-03 5.39E-03 1.50E-02
1/20 8.26E-04 1.91E-04 2.69E-04 4.32E-04 1.14E-02
1/40 2.52E-04 6.62E-05 7.42E-05 6.53E-05 1.59E-03
1/80 5.51E-05 4.86E-05 1.46E-05 4.74E-05 2.97E-04
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