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Abstract

We consider a mixed stochastic control problem that arises in Mathematical Finance
literature with the study of interactions between dividend policy and investment. This
problem combines features of both optimal switching and singular control. We prove
that our mixed problem can be decoupled in two pure optimal stopping and singu-
lar control problems. Furthermore, we describe the form of the optimal strategy by
means of viscosity solution techniques and smooth-fit properties on the corresponding
system of variational inequalities. Our results are of a quasi-explicit nature. From a
financial viewpoint, we characterize situations where a firm manager decides optimally
to postpone dividend distribution in order to invest in a reversible growth opportu-
nity corresponding to a modern technology. In this paper, a reversible opportunity
means that the firm may disinvest from the modern technology and return back to its
old technology by receiving some gain compensation. The results of our analysis take
qualitatively different forms depending on the parameters values.
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property, system of variational inequalities.
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1 Introduction

Stochastic optimization problems that involve both bounded variation control and/or opti-
mal switching are becoming timely problems in the applied probability literature and more
particulary in Mathematical Finance. On one hand, the study of singular stochastic control
problems in corporate Finance originates with the research on optimal dividend policy for
a firm whose cash reserve follows a diffusion model, see Jeanblanc and Shiryaev [11] and
Choulli, Taksar and Zhou [3]. On the other hand, the combined singular / stopping control
problems have emerged in target tracking models, see Davis and Zervos [6] and Karatzas,
Ocone, Wang and Zervos [12] as well as in Mathematical Finance from firm investment
theory. For instance, Guo and Pham [10] have studied the optimal time to activate produc-
tion and to control it by buying or selling capital while Zervos [18] has applied this type of
mixed problems in the field of real options theory. Finally, the theory of investment under
uncertainty for a firm that can operate a production activity in different modes has led to
optimal switching problems which have received a lot of attention in recent years from the
applied mathematics community, see Brekke and Oksendal [2], Duckworth and Zervos [8],
Ly Vath and Pham [13].

In this paper, we consider a combined stochastic control problem that has emerged in a
recent paper by Décamps and Villeneuve [5] with the study of the interactions between div-
idend policy and investment under uncertainty. These authors have studied the interaction
between dividend policy and irreversible investment decision in a growth opportunity. Our
aim is to extend this work by relaxing the irreversible feature of the growth opportunity. In
other words, we shall consider a firm with a technology in place that has the opportunity to
invest in a new technology that increases its profitability. The firm self-finances the oppor-
tunity cost on its cash reserve. Once installed, the manager can decide to return back to
the old technology by receiving some cash compensation. The mathematical formulation of
this problem leads to a combined singular control/switching control for a one dimensional
diffusion process. The diffusion process may take two regimes old or new that are switched
at stopping times decisions. Within a regime, the manager has to choose a dividend policy
that maximizes the expected value of all payouts until bankruptcy or regime transition.
The transition from one regime to another incurs a cost or a benefit. The problem is to
find the optimal mixed strategy that maximizes the expected returns.

Our analysis is rich enough to address several important questions that have arisen
recently in the real option literature . What is the effect of financing constraints on
investment decision? When is it optimal to postpone dividends distribution in order to
invest? Basically, two assumptions in the real option theory are that the investment decision
is made independently of the financial structure of the investment firm and also that the cash
process generated by the investment is independent of any managerial decision. In contrast,
our model studies the investment under uncertainty with the following set of assumptions.
The firm is cash constrained and must finance its investments on its cash benefits, and the
cash process generated by the investment depends only on the managerial decision to pay
or not dividends, to quit or not the project. Our major finding is to characterize the natural

'See the book of Dixit and Pyndick [7] for an overview of this literature.



intuition that the manager will delay dividend payments if the investment is sufficiently
valuable.

As usual in stochastic control theory, the problem developed in this paper leads via the
dynamic programming principle to a Hamilton Jacobi Bellman equation which forms in this
paper a system of coupled variational inequalities. Therefore, a classical approach based
on a verification theorem fails since it is very difficult to guess the shape of both the value
function and optimal strategy. To circumvent this difficulty, we use a viscosity solution
approach and uniqueness result combined with smooth-fit properties for determining the
solution to the HJB system. As by product, we also determine the shape of switching
regions. Our findings take qualitatively different forms depending on both the profit rates
of each technology and transition costs.

The paper is organized as follows. We formulate the combined stochastic control prob-
lem in Section 2. In Section 3, we characterize by means of viscosity solutions, the system
of variational inequalities satisfied by the value function, and we also state some regularity
properties. Section 4 is devoted to qualitative results concerning the switching regions and
in Section 5 we give the quasi-explicit computation and description of the value function
and the optimal strategies.

2 Model formulation : a mixed switching/singular control
problem

We consider a firm whose activities generate cash process. The manager of the firm acts in
the best interest of its shareholders and maximizes the expected present value of dividends
up to bankruptcy when the cash reserve becomes negative. The firm has at any time the
possibility to invest in a modern technology that increases the drift of the cash from pg to
p1 without affecting the volatility . This growth opportunity requires a fixed cost g > 0
self-financed by the cash reserve. Moreover, we consider a reversible investment opportunity
for the firm : the manager can decide to return back to the old technology by receiving
some fixed gain compensation (1 — \)g, with 0 < A < 1.

The mathematical formulation of this mixed singular/switching control problem is as
follows. Let W be a Brownian motion on a filtered probability space (Q, F,F = (F;)t>0, P)
satisfying the usual conditions.

- A strategy decision for the firm is a singular/switching control o = (Z, (7,)n>1) € A
where Z € Z, the set of F-adapted cadlag nondecreasing processes, Zy- = 0, (7,)n is an
increasing sequence of stopping times, 7, — 00. Z represents the total amount of dividends
paid until time ¢, (7,) the switching technology (regimes) time decisions. By convention
regime ¢ = 0 represents the old technology and ¢ = 1 the modern technology.

- Starting from an initial state (z,7) € R x {0,1} for the cash-regime value, and given a
control o € A, the dynamics of the cash reserve process of a firm is governed by :

ClXt = M]tdt—’_Uth_dZt_th’ Xo— = T, (21)



where :

I, = E (i]‘TQnSt<7_2n+l +(1 _i>1T2n+1§t<T2n+2)v IO* =1 (2'2)
n>0

K = Z (Qi,l—i1¢2n+1§t<mn+2 + gl—i,i172n+2§t<7-2n+3) )
n>0

with

O0<po<mpr o>0
go1r = 9g>0, gio = —-(1-XNg<0, 0<A<L1.
(Here we used the convention 79 = 0). We denote by (X%, I*) the solution to (2.1)-(2.2)

(as usual, we omit the dependance in the control o when there is no ambiguity). The time
of strict bankruptcy is defined as

T = 7% = inf{tzo LX< 0},

and we set by convention Xf’i = X%’i for t > T. Thus, for t € [T ATopn, T ATon+1), the cash
reserve X% is in technology i (its drift term is j;), while for ¢ € [T A7op41, T ATonta), X%
is in technology 1 — 4 (its drift term is u1—;). Moreover,

T, x,i
T/\72n+1 - X(T/\T2n+1)7 - gi71_i on {T2n+1 < T}

T, o x,i N o
TATop+2 (TATon4+2)~ 91—iyi

i
/ e_ptdZt
0

Notice that v; is nonnegative, and v;(z) = 0 for x < 0. Since T = T%“* is obviously

on {72n+2 < T}.

The optimal firm value is

vi(x) = supE , re€R,i=0,1. (2.3)

acA

nondecreasing in x, the value functions v; are clearly nondecreasing.

Remark 2.1 For any > 0, i = 0,1, and given an arbitrary control o = (Z, (7,)n>1) €
A, let us consider the control & = (Z, (7,)n>1) € A with Z; = Z; +n, for t > 0, and 0 < 7
< x. Then, by stressing the dependence of the state process on the control, we have X"

= X7 for 0 < t < T%H& = T*11%  We deduce

(Tz,i,&)f N (Tzfn,i,a)f
vi(x) > E / e Pdz,| = E / e Ptdz,
0 0

which implies from the arbitrariness of « :

i

vi(z) > wvi(z—m), 0<n<uz.

This shows in particular that v is strictly increasing on (0, 00).



3 Dynamic programming and general properties on the value
functions

We first introduce some notations. We denote by R®® the cash reserve in absence of
dividends distribution and in regime 4, i.e. the solution to

th == ,ul-dt + O'th, R[) = . (31)
The associated second order differential operator is denoted L; :

1
Lip(z) = ui<p’(w)+§02<ﬁ”($)-

In view of the dynamic programming principle, recalled below (see (3.20)), we formally
expect that the value functions v;, ¢ = 0, 1, satisfy the system of variational inequalities :

min [p’uz-(x) — Livi(x),vi(z) — 1, v(x) —v1_i(z — gi,l_i)] =0, z>0,:=0,1.(3.2)

2

This statement will be proved rigorously later by means of viscosity solutions. For the
moment, we first state a standard comparison principle for this system of PDE.

Proposition 3.1 Suppose that @;, i = 0,1, are two smooth functions on (0,00) s.t. ©;(07)
= hmxlo gol(l‘) > 0, and

min [ptpi(x) - [’igpi(m)v 90;(‘7:) -1, Qpl(m) - ‘Plfi(x - gi,l*i)] > 0, 2>0,:=0, 17(3'3)
where we set by convention p;(x) = 0 for x < 0. Then, we have v; < @;, 1 = 0, 1.

Proof. Given an initial state-regime value (z,7) € R4 x {0, 1}, take an arbitrary control
a=(Z,(ry),n>1) € A, and set for m > 0, b, , = inf{t > T A1y, : X" >m} /oo as.
when m goes to infinity. Apply then Itd’s formula to e *'p;(X"') between the stopping
times T'A o, and Ty 2041 : = T A Tapt1 A O . Notice that for T'A 1o, <t < Tipont1, th,i

stays in regime ¢. Then, we have

) . Tm,2n+1 .
e PTm 2t o (X ) = eiP(TATZ")goZ-(X%’/Z\TQW) + / e P (—ppi + Lipi) (X[ dt

7 TNATon

m,2n

Tm,2n+1 3 Tm,2n+1 3
o [ erogahaw— [ ez
T NTon TNATon
D DR P U B i) B (3.4)
T/\TZnSt<Tm,2n+l
where Z¢ is the continuous part of Z. We make the convention that when 7' < 7,,, (T A6)~
= T for all stopping time 6 > 7, a.s., so that (3.4) holds true a.s. for all n,m (recall

that ¢;(X3") = 0). Since ¢} > 1, we have by the mean-value theorem ¢;(X;"") — goi(th_’i)
< X' =X = —(Z — Z-) for T A7 <t < Tipnt1. By using also the supersolution



inequality of ;, taking expectation in the above Itd’s formula, and noting that the integrand
in the stochastic integral term is bounded by a constant (depending on m), we have

' X Tm,2n+1

TAT
Tm,2n+l 2n T/\TQn

- E > e P Zy— Z-) |,

TAT2n <t<Tm,2n+1

and so

E[e—p(TAmn)%(Xx,i )} > E

TATon

Tn:,2n+l ot Cr .y
e PdZy + e PTm2ntlp (X7
T/\7'2n Tm,2n+1

By sending m to infinity, with Fatou’s lemma, we obtain :

E e, )

(T/\T2n+1)7 .
> E / e_ptdZt + e—P(T/\TQn-&-l)(pi(XZCj’}AT )7) . (35)
T NTon Zntl
Now, as @;(z) > ¢1—i(x — gi 1—i) and recalling X;?Aimnﬂ = Xécfimgn“)— —gii—ion {Topq1 <
T}, we have
i X Tam i) 2 P1=i X (fary ) — Git—i)
= o1l Xnryyy) o0 {Ton1 < T} (3.6)

x,0
‘ (TMan))
= pi—1(X7") = 0 on {T < 79541}, we see that inequality (3.6) also holds on {T' < 7,41}

and so a.s. Therefore, plugging into (3.5), we have

Moreover, notice that ¢; is nonnegative as ;(07) > 0 and ¢; > 1. Hence, since ¢1_;(X

]E{efp(T/\Tzn)gOi(Xa:,i )] > E

T ATon

(T/\T2n+1)_ . T "y

TATon

Similarly, we have from the supersolution inequality of ¢q_; :

E |:6_p(T/\T2n+1)801*i (X:E,z )] > E

TATon+1

(T/\T2n+2)7 .
/ e_ptdZt _|_ e_p(T/\T2n+2)(,0i (Xx,l ) .

TATont2
TATon+1

By iterating these two previous inequalities for all n, we then obtain

pi(z) > E

(T/\Tgn ) - .

(T/\Tgn)7
/ 6_ptdZt
0

since ¢; is nonnegative. By sending n to infinity, we obtain the required result from the

Y

E , Vn >0,

arbitrariness of the control a. O

As a corollary, we show a linear growth condition on the value functions.



Corollary 3.1 We have,

vo(z) < 1‘4—%, vi(z) < a:+%+(1—)\)g, x> 0. (3.7)

Proof. We set po(z) = 2+ £, p1(z) = 2+ L1 + (1 = A)g, on (0,00), and ¢;(z) = 0 for z
< 0. A straightforward computation shows that we have the supersolution properties for
i, 1 =0,1:

min [ppo(z) — Lowo(r), po(x) — 1, eo(x) — 1z —g)] > 0, x>0,
min [pp1(z) — L1p1(2), ¥1 () = Lp1(z) —po(z + (1= N)g)] > 0, >0

We then conclude from Proposition 3.1. O

The next result states the initial-boundary data for the value functions.

Proposition 3.2 1) The value function vy is continuous on (0,00) and satisfies

vo(07) = liﬁ)wo(x) = 0. (3.8)

2) The value function vy satisfies

v1(07) = lgfrolvl(x) = v((1—N)g). (3.9)

Proof. 1) a) We first state (3.8). For # > 0, let us consider the drifted Brownian R®!,
defined in (3.1), and denote 6y = inf{t >0 : R{"" = 0}. It is well-known that :

E| sup R — 0, as 2]0. (3.10)
0<t<6p
We also have
sup Rf’l 1l 0, as. as z]|0. (3.11)
0<t<6p

Fix some 7 > 0, and denote 6, = inf{t >0 : R"' =r}. It is also well-known that
P0y>6,] — 0, as x|0. (3.12)

Let o = (Z, (T)n>1) be an arbitrary policy in A, and denote n = T A6, = T%*Af,.. Since
po < g1 and gop + g0 > 0, we notice that X° < R — Z, < R™! for all t > 0. Hence T
< by, Z; < Rf’l for t < T, and in particular Z,- < Rf’;’l. We then write :

T n-
/ eiptdZt / eiptdZt
0 0

E[Z, | +E

E = E +E

i
1T>77 / eiptdZt
n

i
/ e*"’t dZt
n

< E[RM']+E [1T>9Te—%0(x1j;°)} , (3.13)

IN

1T>77E ‘Fﬂ

7



where we also used in the last inequality the definition of the value function vg. Now, since
T < 6y, we have n < 6y. Moreover, since vg is nondecreasing and 1 < 6,., we have ’U()(X:;’_O)
< vp(r). Thus, inequality (3.13) yields

sup Rf’l
0<t<6o

0 < w(zx) < E +vo(r)Pl6p >60,] — 0, as z [0, (3.14)

from (3.10)-(3.12). This proves vy(07) = 0.

b) We next prove the continuity of vy at any y > 0. Let a = (Z, (7)n>1) € A, X¥? be the
corresponding process and T' = T%%¢ its bankruptcy time. According to (3.10) and (3.12),
given a fixed r > 0, for any arbitrary small £ > 0, one can find 0 < § < y s.t. for 0 < z < 9,

E

sup R{H| +vo(r)Pl0o > 6,] < e,

0<t<60o

Then, following the same lines of proof as for (3.13)-(3.14), we show

T
/ B_ptdZt
0

for any 0 < z < ¢ and stopping time 6 s.t. Xg’o < z. Given 0 < x < 4, consider the

E < e (3.15)

state process XY~%0 starting from y — x in regime 0, and controlled by . Denote 6 its
bankruptcy time, i.e. 6 = T¥ @0 — inf{t > 0 : X/ < 0}. Notice that X! " =
Xf’o—a:fortg 0 < T, and so

Xg’o = Xgix’o—f—x < .

0—
= E [/ e_ptdZt
0

< wly—1z)+e.

From (3.15), we then have
T T
/ 6_ptdZt / e_ptdZt
0 6

From the arbitrariness of «, and recalling that vy is nondecreasing, this implies

E +E

0 < v(y) —voly —x) < &,

which shows the continuity of vyg.

2) Given an arbitrary control a = (Z,(7y)n>1) € A, let us consider the control & =
(Z, (Tn)n>1) € A defined by Z=2,7=0,7, = Tn1, n > 2. Then, for all z >
and by stressing the dependence of the state process on the control, we have X} la
X;H(l*)‘)g’o’a for 0 < t < T®La = Tet(1-Xg.0.2  We deduce

(Tz,l,&)f ~ (Tz+(1fk)g’0,a)*
vi(z) > E / e PldZ,| = E / e PtdZ,
0 0
which implies from the arbitrariness of « :
vi(z) > wvolz+(1—N)g), z>0. (3.16)



On the other hand, starting in the regime ¢ = 1, for z > 0, let & = (Z, (75)n>1) be an
arbitrary control in A. We denote T} = T A1 = T%H® A 1, and we write :

T- T T~
E / e Pldz, / e Ptdz; l7sr, / e Ptz
0 0

T1
The first term in the r.h.s. of (3.17) is dealt similarly as in (3.13)-(3.14) : we set m;
T1 A0, with 0, = inf{t > 0 : Rf’l = r} for some fixed r > 0, and we notice that Xf’l
R — 2, < Ry for t < 7. Hence Tt < 0 = inf{t > 0 : R} =0}, and Z,_ < Ry}’
supg<i<g, B'. Then, as in (3.13)-(3.14), we have :

T
/ €_ptdZt
0

For the second term in the r.h.s. of (3.17), since there is a change of regime at 7, from i =

|

= E +E (3.17)

IN I

E < E| sup R[4+ v1(r)Plly > 6,]. (3.18)

0<t<6o

1 to i = 0, and by definition of the value function vy, we have :

T T
E (175, / e Ptdz, / e Ptdz,
T1 T1

E 1T>T1]E

Fr

< E [1T>Tle—p7'1v0(X79_cl,l)]
< E|lgsn (X" 4 (1= N)g)|
< E |vg ( sup Rf’l +(1- A)g)] . (3.19)

0<t<6o

. . . 1 1
Here, we used in the second inequality the fact that X;;" = Xfl, +(1—=XNgon{r <T},

and in the last one the observation that th’l < Rf’1 fort < 7, and 14 = T1 < 0y on

{m1 < T}. Hence, by combining (3.16)-(3.17)-(3.18)-(3.19), we obtain :
vo(z + (1= A)g)

< w(z) < E| sup R[4+ 01 ()Pl > 0,] +E

0<t<60o

vo ( sup RV (1— A)g)] .
0<t<60o

Finally, by using the continuity of vg, the limits (3.10)-(3.11)-(3.12), as well as the linear
growth condition (3.7) of v, which allows to apply dominated convergence theorem, we
conclude that v1(0") = vo((1 — X)g). 0

Remark 3.1 There is some asymmetry between the two value functions vy and vy. Ac-
tually, vg is continuous at 0 : v9(0") = vo(0~) = 0, while it is not the case for vy, since
v1(0%) = vo((1 — X)g) > 0 = v1(07) : When the reserve process in regime 0 approaches
zero, we are ineluctably absorbed by this threshold. On the contrary, in regime 1, when the
reserve process approaches zero, we have the possibility to change of regime, which pushes
us above the bankruptcy threshold by receiving (1 — A)g. In particular, at this stage, we
do not know yet the continuity of v; on (0,00). This will be proved in Theorem 3.1 as a
consequence of the dynamic programming principle. In the sequel, we set by convention
v;(0) = v;(0F) for i = 0, 1.



The following dynamic programming principle holds : for any (z,i) € Ry x {0,1}, we
have

(DP) vi(z) = supE

(T/\Q/\Tl ) -
/ €_ptdZt
acA 0

+ ePTA0AT) <Ui(X’iIE“>i6)1TA0<T1 + ”14(X$17i)1715m9>}(’3'20)

where 6 is any stopping time, possibly depending on o € A in (3.20).

We then have the PDE characterization of the value functions v;.

Theorem 3.1 The value functions v;, i = 0,1, are continuous on (0,00), and are the
unique viscosity solutions with linear growth condition on (0,00) and boundary data vy(0)
=0, v1(0) = vo((1 — X)g) to the system of variational inequalities :

min [pvi(z) — Livi(z),vj(x) — 1, vi(z) —vi—i(z — gin—)] = 0, x>0, i=0,13.21)
Actually, we prove some more regularity results on the value functions.

Proposition 3.3 The value functions v;, i = 0,1, are C* on (0,00). Moreover, if we set
fori=0,1:

Si = {220 :vi(x) = vii(x —gi1-i)}
D; = {z>0 :vj(z) =1},

()

Ci = (0, OO) \ (SZ U 'Di),
then v; is C2 on the open set C; U D; of (0,00), and we have in the classical sense
pvi(x) — Livi(x) = 0, z€C;.

The proofs of Theorem 3.1 and Proposition 3.3 follow and combine essentially arguments
from [10] for singular control, and [14] for switching control, and are postponed to Appendix
A and B.

S; is the switching region from technology i to 1 — i, D; is the dividend region in
technology 4, and C; is the continuation region in technology ¢. Notice from the boundary
conditions on v; that S; contains 0. We denote S} = S; \ {0}.

4 Qualitative results on the switching regions

4.1 Benchmarks

We consider the firm value without investment/disinvestment in technology i = 0 :

, (4.1)

)
o) = | [ et

10



where Ty = inf{t > 0 : X; <0} is the time bankruptcy of the cash reserve in regime 0 :
dXy = podt+ odWy—dzZ;, Xo- = .

It is known that Vo, as the value function of a pure singular control problem, is characterized
as the unique continuous viscosity solution on (0, 00), with linear growth condition to the

variational inequality :
min |pVp — LoVo, Vi —1| = 0, x>0, (4.2)
and boundary data
Vo(0) = 0.

Actually, VO is C2 on (0,00) and explicit computations of this standard singular control
problem are developed in Shreve, Lehoczky and Gaver [16], Jeanblanc and Shiryaev [11],
or Radner and Shepp [15] :

fo(z) -
Volz) = 74 (#0) 0 @< o
I—i“o+“707 x > 2o,
where
B 1 +\2
fO(x) — M0 _ €m0x7 -%0 _ — In <(m(1)2> 7
mgy — My (mg)

and my; <0< mar are roots of the characteristic equation :

1
p — om — 502m2 = 0.

In other words, this means that the optimal cash reserve process is given by the reflected
diffusion process at the threshold Zy with an optimal dividend process given by the local
time at this boundary. When the firm starts with a cash reserve x > &, the optimal
dividend policy is to distribute immediately the amount x—2Z( and then follows the dividend
policy characterized by the local time.

As a second benchmark, we consider the firm value problem in technology i = 1 with
nonnegative constant liquidation value L to be fixed later :

e
wh(z) = supE / e Ptz + e PIAL| | (4.3)
ZeZ 0
Ty = inf{t >0 : X; <0} is the time bankruptcy of the cash reserve in regime 1 :
dXt == ,U,ldt—i—O'th - dZt, Xo— = X.

Again, as value function of a pure singular control problem, w! is characterized as the
unique continuous viscosity solution on (0, 00), with linear growth condition to the varia-

tional inequality :

min [pwf — Liwl | (wh) — 1] =0, >0, (4.4)

11



and boundary data
wh(0) = L. (4.5)

Actually, w§ is C2 on (0, 00) and explicit computations of this singular control problem are
developed in Boguslavskaya [1] :
o If L > ’“ , then :

wh(z) = z+L, >0

The optimal strategy is to distribute the initial cash reserve immediately, and so to liquidate
the firm at X; = 0 by changing of technology to regime ¢ = 0 and receiving L.
o If L < %, then

L G £ (o) + Lhy(2) 0 < <af
wy(@) = L m L
T — I + 7 Z Xy,
with
fl(x) _ emi"m _eml_m’ hl(ﬂf) — eml_x’
m; < 0 < m], the roots of the characteristic equation :
_ Ll s 5
p— Him 20 m - Oa
and z¥ the solution to
@) - W@A@) | A m
fi(z) fi(z) p
The optimal cash reserve process is given by the reflected diffusion process at the threshold

a:f with an optimal dividend process given by the local time at this boundary. When

the firm starts with a cash reserve z > a:f , the optimal dividend policy is to distribute
immediately the amount x — z¥ and then follows the dividend policy characterized by the
local time. In the sequel, we shall denote

Vi = wk and & = 2 when L =Vy((1—-\)yg).

L = Vp((1 — \)g) is the minimal received liquidation value when one switches to regime 0
at x = 0 and do not switch anymore.

Remark 4.1 Tt is known (see e.g.[1]) that V and wF are concave on (0,00). As a conse-
quence, Vp and w¥ are globally Lipschitz since their first derivatives are bounded near zero.
By convention, we set Vo(z) = wk(z) = 0 for 2 < 0.

Remark 4.2 We have vy > Vo and vy > Vl on (0,00). This is rather clear since the class
of controls over which maximization is taken in VO and Vl is included in the class of controls
of vg and v;. This may be justified more rigorously by a maximum principle argument and
by noting that vy and vy are (viscosity) supersolution to the variational inequality satisfied
respectively by vy and Vl, with the same boundary data.

12



We first show the intuitive result that the value function for the dividend policy problem
is nondecreasing in the rate of return of the cash reserve.

Lemma 4.1
Vi(z) > Vo(z+(1—Ng), Yz>0.

Proof. We set wi(z) = Vi(z — (1 — \)g) for > (1 — A)g. From (4.4), we see that
satisfies on [(1 — \)g,00) :

wi(w) = V(z—(1-XNg) > 1
(pw1 — Lowr)(z) = (p—L1Vi+ (1 — po)Vi)(z — (1= N)g) > 0,
since g1 > po and V; is increasing. Moreover, w1((1—=XN)g) = Vl(O) = ‘7()((1 —A)g). By

standard maximum principle on the variational inequality (4.2), we deduce that w; > Vo
on [(1 — X)g,00), which implies the required result. |

The next result precises conditions under which the value function in the old technology
is larger than the value function in the modern technology after paying the switching cost
from the old to the modern regimes.

Lemma 4.2 Suppose that Vo((1 — \)g) < %. Then,

Vo(z) > Vi(z —g), Yz >0, ifand onlyif ‘“;““ < #1449 .

Proof. Similar arguments as in Lemma 2.1 in Decamps and Villeneuve [5]. O

Remark 4.3 Recalling that Vo and V; are increasing and concave, the above Lemma shows
also that if @ > I1 + g — %o, then there exists Zg; > ¢ s.t.

Vo(z), x<in
Vl(x — g), T > i‘(n

max (Vo(2), Ta(w — 9)) = {

4.2 Preliminary results on the switching regions

In this section, we shall state some preliminary qualitative results concerning the switching

regions.

Lemma 4.3 Ifx € S; then x — gj1-; ¢ S1-i.

Proof. Since v;(z) > v;(z — Ag) for every = > 0 and i € {0, 1}, we have for x € §;,
vi—i(® — gii—i) = vi(x) > vi(r —Ag) = vi(T — gi1—i — G1—is)-

Therefore, z — g;1—; ¢ S1—; for x € S;. O

Let us recall the notation S} = S; \ {0}. We have the following inclusion :

13



Lemma 4.4 §7 C D;.

Proof. We make a proof by contradiction by assuming that there exists some z € S\ D;.
According to Proposition 3.3, we have v((z + (1 — X)g) = v{(z) > 1, and so z + (1 — \)g
¢ Dy. Applying Lemma 4.3 with ¢ = 1 implies  + (1 — \)g € Cy. Therefore,
pui(z) — Livi(x) = poi(x) — Lovi(x) + (ko — p1)vy ()
= puo(z + (1= X)g) = Lovo(z + (1 = A)g) + (o — p1)vi(x)
= (o —p1)vi(z) since x+ (1—N)geC
< 0,
which contradicts Theorem 3.1. O
We now introduce the following definition.

Definition 4.1 y is a left boundary of the closed set D; if there is some § > 0 such that
y — € does not belong to D; for every 0 < e < 4.

Lemma 4.5 Let y > 0 be a left boundary of D;.

- If there is some € > 0 such that (y —e,y) C C;, then v;(y) = Hi
p
- If not, vi(y) = =i
p

Proof. Since y is a left boundary of D;, there is some £ > 0 such that (y —e,y) C C; U S,;.
Therefore, two cases have to be considered.

* Case 1. If (y—e,y) C C;. Then, according to Proposition 3.3, v; is twice differentiable at
z, for y — e < x < y and satisfies v}(y) = 1 and v/(y) = 0. Therefore, we have

0 = pui(a) = Livilw) = pui(a) — i) — ol (a).

By sending z to y, we obtain that v;(y) = %
* Case 2 : If not, there is an increasing sequence (y,), valued in S;, and converging to y
which therefore belongs to S;. We then have v;(y,) = vi—i(yn — gi1—i) and also v;(yn) >1
for n great enough since y is a left boundary of D;. Thus, y, — ¢i1—i ¢ Di—i. Moreover,
according to Lemma 4.3, we also have y,, — g;1—; ¢ S1—; and therefore, y, — ¢gi1—i € C1—;
or equivalently
pv1—i(Yn — Gin—i) — L1-iv1—i(Yn — gi1—i) = 0.
H1—i

By letting n tends to oo, we obtain vj_;j(y — ¢i,1—i) = ——. Since y € &;, this implies
p
H1—q
vi(y) = vi—i(y — gi,1—i) = ; -

O

The next result shows that the switching region from modern technology 7 = 1 to the

old technology ¢ = 0 is either reduced to the zero threshold or to the entire state reserve
domain R, depending on the gain (1 — \)g for switching from regime 1 to regime 0.
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Proposition 4.1 The two following cases arise :

M1

(i) If vo((1 —N)g) < " then S; = {0}.

M1

(i) If vo((1 — N)g) > — then S = D1 = R,

Proof. (i) Assume vg((1 —N)g) < e

P
M1

We shall make a proof by contradiction by considering the existence of some z¢ € S7. By

Lemma 4.4, one can introduce the finite nonnegative number

x=inf{y >0 :[y,xz0] C D1}
M1 Ho

Hence, x is a left boundary of D;. Moreover, Lemma 4.5 gives v1(x) = — or —.

1.

2.

3.

P

We first check that x > 0. If not, we would have: v1(y) = y + vo((1 — A)g) for any
0 < y < xg. But, in this case, we have for 0 < y < xg,

pv1(y) — Livi(y) = p(y +vo((1 — A)g)) — pa.

Therefore, under the assumption (i), pv1(y) — L1vi(y) < 0 for y small enough which
is a contradiction.

We now prove that vy (x) = HL 7o see this, we shall show that the closed set Dy is
p

an interval of R,. Let a,b € D; with a < b, we want to show that (a,b) C D;. If not,
from Lemma 4.4, we can find a subinterval (¢, d) with ¢,d € Dy and (¢,d) C C;. But,
for ¢ < x < d, we have

o
0 = pule) = Liv(z) = poi(z) - mvi(e) - Fvi(@).
By sending z to ¢ and d, we obtain that vi(c) = v1(d) = M1 Shich contradicts the

fact that v; is strictly increasing. Since Dj is an interval of R, we have x = inf D;.
Thus, recalling that x > 0, we can find from Lemma 4.4, some ¢ > 0 such that
(x — e,x) C C1, and deduce from Lemma 4.5 that vy (x) = il
We now introduce

z=1inf{y > x|y € Si1}.

Observe that Z+ (1 —\)g € Dy. Moreover, according to Lemma 4.3, Z+ (1 —X)g ¢ Sp
and thus a left neighbourhood of Z 4+ (1 — A)g belongs to Cy. We first prove that
Z 4 (1 — \)g cannot be a left boundary of Dy. On the contrary, we would have from
Lemma 4.5,

vi(7) = w@E+(1-Ng) = — < — = v(x),
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o
which contradicts the fact that vy is increasing. Therefore, Z 4+ (1 — \)g €Dy, and we
can find y < Z such that y + (1 — \)g is a left boundary of Dy. Hence,

vi(Z) = vw(@+(1-XNg) = T—-y+vy+(1-Ng) < z—y+u(y).

Since the reverse inequality is always true, we obtain that y € S; which contradicts the
definition of Z. We conclude that Z cannot be strictly positive, which is a contradiction
with the first step. This proves finally that xg € S7.

(ii) Assume that vo((1 — A)g) > HL et y be a left boundary of D;. We shall prove that
p

y necessarily equals zero. If not, according to Lemma 4.5, vi(y) < il < v1(0) where the

second inequality comes from the hypothesis and (3.9). Since the function v; is strictly
increasing, we get the desired contradiction. Therefore, D; = [0,a]. It remains to prove
that @ is infinite. From Lemma 4.4, the open set (a,00) belongs to C; if a < oo. Using

the regularity of v; on C1, we get by the same reasoning as in the proof of Lemma 4.5 that

vi(a) = &, which gives the same contradiction as before. Hence, D; = [0,00). We then

have for any x > 0,
vi(z) = z+uv((l-A)g) < volz+(1—-A)g).
Since the reverse inequality is always true by definition, we conclude that S; = [0,00). O

The next proposition describes the structure of the switching region from technology
= 0to ¢ =1, in the case where the growth rate p; in the modern technology ¢ = 1, is large
enough.

Proposition 4.2 Suppose that

B S 4 4 g—do, and Vo((1-X)g) < 2

P P

Then, there exists x; € [g,00) s.t.
SS = [3331700)-

Proof. We first notice that S§ # (. On the contrary, we would have vy = Vo, and so Vo(x)
>v(zr—g) > Vl(:v — g) for all z, which is in contradiction with Lemma 4.2. Moreover,
since vi(x — g) = vo(x) > 0 for all x € S, we deduce that S§ C [g,00) and so

x5 = InfS) € [g,00).
Let us now consider the function

w (:II) _ UO(‘T)7 .CC<3381
’ n(z—g), =>ap.

We claim that wq is a viscosity solution, with linear growth condition and boundary data
wo(0T) =0, to

min [pwo(z) — Lowo (), wy(z) — 1, wo(z) —vi(z —g)] = 0, z>0.
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For x < xf;, this is clear since wg = vg on (0, zf;). For > x;, we see that w > 1 and

pwo — Lowg = (pv1 — L1v1 + (1 — po)vy)(z — g)
(11 — po)vy(z —g) > 0.

v

Hence, the viscosity property is also satisfied for x > ;. It remains to check the viscosity
property for = zf;;. The viscosity subsolution property at x{j; is trivial since wog(xf;) =
v1(x§; — g). For the viscosity supersolution property, take some C? test function ¢ s.t. x5
is a local minimum of wp — . From the smooth-fit condition of the value function vg at the
switching boundary, it follows that wg is C1 at zj;. Hence w)(z};) = ¢'(xf;). Moreover,
since wy = vo is C? for & < xf;, we also have " (x5;) < wg(xg) = limg e w”(z). Since
pwo(z) — Lowp(z) > 0 for = < zf;, we deduce by sending x to xf; :

pwo(xy) — Lop(z) = 0.

This implies the required viscosity supersolution inequality at x = x{j;. By uniqueness, we
conclude that wy = vp, which proves that S§ = [z;, c0). O

5 DMain result and description of the solution

We give an explicit description of the structure of the solution to our control problem,
which depends crucially on parameter values.

5.1 The case : Vy((1 —\)g) > "

Theorem 5.1 Suppose that Vo((1 — \)g) > %. Then, we have vo(z) = Vo(z) and vy (x) =
Volz+(1=Ng)=x+(1—Ng—x0+ %. It is optimal to never switch from regime 0 to
regime 1. In regime 1, it is optimal to distribute all the surplus as dividends and to switch
to regime 0.

Proof. Under the condition of the theorem, and since vy > Vo, we have vo((1— \)g) > %.
By Proposition 4.1, this implies S = D; = R. Recalling also the boundary data v1(0) =
vo((1 —X)g), we get v1(z) =z + vo((1 — N)g) for x > 0. We next prove that the region S;
is empty. To see this, we have to prove that for z > g, vo(x) > vi(x — g). Let us consider
for z > g the function 0(z) = vo(x) — (x —g+vo((1 — A)g)). Since A > 0, we have 6(g) > 0.
Moreover, ¢'(xz) = vj(x) —1 > 0. Thus, 6(z) > 0 for x > g which is equivalent to S§ = 0.
As a consequence, vg is a smooth solution of the variational inequality

min [pv(z) — Lov(z),v'(z) — 1] =0,

with initial condition v(0) = 0. By uniqueness, we deduce that vy = VO. To close the proof,
it suffices to note that Vo((1—\)g) > % implies that (1—X)g > &¢. Therefore, vo((1—A)g)
:(1—/\)g—xo+%. o

17



5.2 The case : V((1—\)g) < =
First observe that in this case, we have

M1
v((L=XA)g) < —.
p
Indeed, on the contrary, from Theorem 5.1, we would get vy = Vg, and so an obvious
contradiction Vo((1 — \)g) > “—pl with the considered case. From Proposition 4.1, we then

have S§; = {0} so that v; is the unique viscosity solution to
min [,01)1 — Livg,v] — 1] = 0, z>0,

with the boundary data v1(0) = vo((1 — A)g). Therefore, v; is the firm value problem in
technology i = 1 with liquidation value vo((1 — \)g) :

vi(z) = supE

-
/ 1 e Ptdz, 4+ e PTiyg((1 = Ng) |, (5.1)
zZez 0

The form of v; is described in (4.3) with liquidation value L = vo((1 — A)g) : we denote z
= ¥ the corresponding threshold.

Remark 5.1 Since v; and Vj are increasing with vy (z1) = Vl(il) = %, we have z1 < 7.

Notice that the expression of vy is not completely explicit since we do not know at this
stage the liquidation value vo((1 — A)g). The next result give an explicit solution when

H1— o < &1 49— 0.
p
Theorem 5.2 Suppose that
Vo((1 = N)g) < % < %—i—:ﬁl—i—g—io. (5.2)

Then vy = Vi and vi = V4. It is never optimal, once in regime i = 0, to switch to regime
1 = 1. In regime 1, it is optimal to switch to regime O at the threshold x = 0.

Proof. From Lemma 4.1 and Lemma 4.2, and recalling the variational inequalities (4.2)
and (4.4), we see that Vp and V; are viscosity solutions to

min [pVo(z) - LoVh(2) , Vi(2) — 1, Vo(a) = Viz —g)] = 0, @>0,
min [pVi(e) = £1Vi(2) , Vi(2) = 1, Va(@) = Vole + (1= Ng)| = 0, z>0,

together with the boundary data V5(01) = 0 and V;(01) = Vo((1 — A)g). By uniqueness to
this system of variational inequalities, we conclude that (vo,v1) = (Vo, V1). O

In the sequel, we suppose that

H1 — Ho
P

> 1+ g — Zo. (53)
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From Proposition 4.2, the switching region from regime 0 to regime 1 has the form :
S = {2>0 :w(r) = vnlz-g)} = [z5,0),

for some x§j; € [g,00). Moreover, since 1 < #; (see Remark 5.1), the above condition (5.3)
implies % > x1 4+ g — 9. By same arguments as in Remark 4.3, there exists some Zg;
> g s.t.

max (Vg(ﬂf), vi(z — g)) =

‘70(1‘), x < To1
vi(z —g), > T

Following [5], we introduce the pure stopping time problem

(@) = supE [e—p(T/\TO) max (%(RﬁfTo),ul(RffTO - g))} , (5.4)

where 7 denotes the set of stopping times valued in [0, co]. We also denote & the exercice
region for 7y :

& = {x >0 :7p(x) = max (Vo(x),vl(x — g))} .

The next result shows that the original mixed singular/switching control problems may
be reformulated as a coupled pure optimal stopping time and pure singular problem.

Theorem 5.3 Suppose that

Vo((1 - \)g) < % and ‘“;“0 > &1+ g — 0. (5.5)

Then, we have

and vy given by (5.1). Moreover,

~

& = {O <z <Tor :ve(x) = Vo(:n)} U [zg1, 00)-

Proof. The proof follows along the lines of those of Theorem 3.1 in [5]. We will give only
the road map of it in our context and omit the details.

Let us first note that the process (e‘p(t/\Tﬂ)vo(RonTo))tzo is a supermartingale that dom-
inates the function max(Vp,v1(. — g)). Therefore, according to Snell envelope theory, we
have vy > 0.

To prove the reverse inequality, it is enough to show that o), > 1 (see Proposition 3.4 in [5])
and to use the uniqueness result of Theorem 3.1. To this end, we will precise the shape of
the exercise region &. According to Lemma 4.3 by Villeneuve [17], Zo; does not belong to
&o. Thus, the exercise region can be decomposed into two subregions

o0 = {x < Fo1 2 vo(x) = Vo(x)}
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and
o1 ={x > Zp1:vo(x) =v1(x—9)}.
Two cases have to be considered :

Case (i). If the subregion £y is empty, the optimal stopping problem defined by 7y can be
solved explicitely, and we have, see [5] Lemma 3.3,

vi(zg —9) T <
vi(z — g) x> xhy.
The smooth-fit principle allows us to conclude that o, > 1 since v} > 1.

Case (ii). If the subregion £y is non empty, we can prove using the arguments of Proposition
3.5 and Lemma 3.4 in [5] that

& = [0, a] U [zg;, 00),
with a > Zg and the value function 7y satisfies
vo(x) = Ae™0T £ Be™0® for g € (a,x5;)-

The smooth fit principle gives y(a) = V; (a) > 1 and @)(zf,) = v} (zf, —g) > 1. Clearly, 5y
is convex in a right neighbourhood of a since V; is linear at a. Therefore, if 7y remains convex
on (a,zf;), the proof is over. If not, the second derivative of vy given by A(mg >2€m3r T+
B(mg )%e™0 ® vanishes at most one time on (a,zf,;), say in d. Hence,

/

1 = 5h(a) < (70) () < Th(d) for @ € (a,d),
and

1< 5h(ay) < w(a) < h(d) for @ € (d, ),
which completes the proof. O

Notice that the representation (5.1)-(5.4) of pure optimal singular and stopping prob-
lems for v and vg is coupled, and so not easily computable. We decouple this representation
by considering the sequence of pure optimal stopping and singular control problems, start-
ing from ‘71(0) =V, and VO(O) = Vp:

VO(k) (x) = sggE [efp(T/\TO) max (%(Rf}?ﬂ]), ‘A/l(kfl)(Rf’/?TO — g))} , k>1,

-

Vl(k)(w) — supE [/ 1 e~Ptdz, _i_e*pTl‘/b(k')((l _ )\)g)] k>
Zez 0

The next result shows the convergence of this procedure.

Proposition 5.1 Under the conditions (5.5) of Theorem 5.3, we have for all z > 0 :

lim f/()(k)(x) = wvo(z), lim Vl(k)(x) = vi(z).

k—o00 k—o0
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Proof. We will first prove that the increasing sequence (f/o(k), Vl(k)) converges uniformly
on every compact subsets of R,. To see this, we will apply Arzela-Ascoli Theorem by first
proving the equi-continuity of the functions Vi(k). Let us first remark that the functions Vl(k)
are Lipschitz continuous uniformly in k since they are concave with bounded first derivative
(see Remark 4.2) independently of k. Let us also check that the functions Vo(k) are Lipschitz
continuous uniformly in k. Using the inequality max(a,b) — max(c,d) < max(a — ¢,b — d),
and by setting

k—1 T k—1
A,y) = max (Vo(RE0r,) = Vo(RE, ), iV (R, —9) = VD (RED, — )
we get by recalling also that Vj is Lipschitz (see Remark 4.2) :

737@) - W) < swpE e A y)|

TeT
’T/\T ’
— KO fg};E [6 ol b) |RT/\T0 - Rg/\To|]
< Kolzr —y|supE [e_p(TATO)’MOT NTo + O—W’T/\TO‘]
T€T
< Kilz -yl

According to Corollary 3.7, the set {(VO( (x), V(k)( )), k € N} is bounded for every z > 0.
Therefore, Arzela-Ascoli Theorem gives that the increasing sequence (Vo(k), ‘A/l(k)) converges
uniformly on every compact subset of Ry to some (VO(OO), Vl OO)).

On the other hand, for a fixed k, (VO( ) Vl(k)) is the unique viscosity solution with linear
growth to the system of variational inequalities

Fo(k) (ug, ug, ug) = min (puo — Loug, ug — maX(VO, Vl(kfl)(. — g))) =0,

Fl(ulvulhu/l/) = min (pul - Elulaull - 1) = 07

with initial condition u(0) = 0, u;(0) = V¥ (1 = A)g).
Since f/l(kfl) converges uniformly on every compact subset of R, the Hamiltonian Fo(k)
converges to Fy on every compact subset of R x R x R, with

Fo(u,v',u") = min (pu — Lou,u — max(Vp, V(. — g))) = 0.

According to standard stability results for viscosity solution, see for instance Lemma 6.2

page 73 in Fleming and Soner [9], the couple (VO(OO), Vl(oo)) is a viscosity solution of the
system of variational inequalities

min (V5 — LoV5, V5 — max(Vo. Vi*(. = 9))) = 0. (5.6)

min (pVIOO — LV, (V) — 1> = 0, (5.7)

with initial conditions V°(0) = V°((1—A)g) and VOOO( 0) = 0. By uniqueness to the system

(5.6)-(5.7), we conclude that Vi = 5y = vy and V®° = vy. O
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We will close this section by describing the optimal strategy. According to Proposition
5.1, the value functions can be constructed recursively starting from (VO, ‘71) Two cases
have to be considered :

Case A : ‘7()(1)((1 —A)g) = Vo((1 = X)g). Then we have

.
Vl(l)(ac) = ;ugE /0 ' e Ptdz, + e_pTlvo(l)((l — )\)g)]
€
T R
= supE / e PtdZ; + e PV (1 — N)g)
ZeZ 0
= Vi(x).

Therefore, we deduce by a straightforward induction that the sequence ( Ao(k))k is constant

for £ > 1 and the sequence (Vl(k))k is constant for £ > 0. Therefore, we deduce from
Proposition 5.1 that vg = ‘70(1) and v] = Vl.

In regime 0, the optimal strategy consists in computing the optimal thresholds a and x{);
associated to the optimal stopping problem ‘70(1). It is optimal to switch from regime 0 to
regime 1 if the state process R” crosses the threshold z{; while it is optimal to pay dividends
and therefore abandon the growth opportunity forever if R® falls below the threshold a. At
the level a, it is too costly to wait reaching the threshold z{j; even if the growth option is
valuable. The shareholders prefer to receive today dividends than waiting a more profitable
payment in the future.

In regime 1, the optimal strategy consists in paying dividends above z; and switching
to regime 0 only when the manager is being forced by its cash constraints.

Case B : Ao(l)((l —\)g) > Vo((1 = A)g). Let us introduce the sequence

009 (@) = supE [ EDREY —g)], k21,
T€T

(k) n )

6;"(z) = supE / e PdZ; + e PG (1 - Ng) |, k> 1.
ASYA 0

starting from égo) =1} and ééo) = 1. Proceeding analogously as in the proof of Proposition

5 0r)

5.1, we can prove that the sequence (Gék),Hgk)) converges to (6 solution of the

system of variational inequalities :
min (p05° — Lol3°, 057 — 07°(. — 9)) = 0,
min (pf5° — £107,(67) —1) =0,

with initial conditions 85°(0) = 65°((1 — A)g) and 63°(0) = 0.
Note that the function égo corresponds to the managerial decision to accumulate cash
reserve at the expense of shareholder’s dividend payment in order to invest in the modern
technology.

The key feature of our model in case B, which has to be viewed as the analogue of
Proposition 3.5 in [5], can be summarized as follows :
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* If the net expected value evaluated at the threshold Zy dominates the firm value
running under the old technology that is égo (Z0) > Vo(&o) then the manager postpones
dividend distribution in order to invest in the modern technology and thus vy = 980
Moreover, in regime 1, the manager always prefers to run under the modern technology
until the cash process X/ reaches zero forcing the manager to return back in regime 0 with
the value 3°((1 — \)g), that is v; = 65°.

* If, on the contrary égo(ﬁvo) < \70(530) then the manager optimally ignores the strategy
05°. Several situations can occur. For small values of the cash process (X? < a), the
manager optimally runs the firm under the old technology and pays out any surplus above
%o as dividends. For high values of the cash process (Xy > x), the manager switches
optimally to regime one. For intermediary values of the cash process (a < X} < x3,), there
is an inaction region where the manager has not enough information to decide whether or
not the investment is valuable.

We summarize all the results in Synthetic Table 1 and Figure 1.

Synthetic table 1

£L<V,(0-2)¢) V(- g)< e ot g g%, ﬂ>ma{%((l—i)g)ﬂ+f. +g—£oj
p p_p P P
Vo(x)z Vn(x) Vo(x): \A/U(x) Vo(x):v(;c(x)
vl(x>=x+<1—ﬁ)g—fo+“p—° vi(x) = V,(x) vi(x) = V7 (x)
Switch continue <« dividends
1 »x(] 1 >
5&]
Switch Switch
See figure 1
continue <+—dividends continue «dividends
0 L L > () L >X
% (1-2)g %
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Figure 1

1 continue ‘ dividends N
switch X
continue dividends continue switch
-—
0 I I | ¥
(1-A)g %, a x(*)l

CASE A:V"((1- D)g)=V"((1-A)g)

| continue dividends - continue dividends N
switch X shitch X
continue switch dividends coptinue switch
0 > X 0 1 1 1 > X
N Contin. R
- . Xol Xo a 1-Mg Xo
X7 1 R
CASE B *.Vé)((lfﬂ)g)>Vé)((lfi)g) CASE B:0(3,)< V" (%)

05 (%) > V" (%))

Appendix A : Proof of Theorem 3.1

We divide the proof in several steps.

Proof of the continuity of v; on (0, c0).

We prove that v; is continuous at any y > 0. We fix an arbitrary small € > 0. Applying the
dynamic programming principle (DP) to v;, there exists a control o = (Z, (7)n>1) € A
s.t.

v(y) —5 < E

€ (Tl/\T)_ " AT 1 1
3 / e Ptdz, + e P(MAT) (Ul (X5 per, + vo (XY )1T1§T> )
0

(7‘1/\T)_
_ E / e PtdZ, + e~ PNy (XYL, op | | (A1)
0

with 7' = T% 1% the bankruptcy time of the process X% and since v, (Xiyp’l) = 0 for X%’l
< 0.

For any 0 < = < y, let § = TY~%19 be the bankruptcy time of the process X¥~%1 We
notice that § < T and XY~®1@ = X¥1Le _ g for all 0 < t < §# < T. Applying the dynamic
programming principle (DP), we then have

(OAT1) ™
vy—z) > E [/ e Ptz + e PN (vl(ngx’l)lgql + UO(X£1_$’1)171<9)]
0

(9/\7’1)7
> E / e_ptdZt + e_p(g/\ﬁ)’L)Q(X%_w’l)lngg
0

24



(T1 /\T)_ (T/\Tl)_
> E / efptdZt + eip(Tl/\T)’UQ(X%’l)lﬁgT —E / €7ptdZt
0 ONT1
+ E [6—0(0/\71)@0(qul—x,l)lﬁga _ e—ﬂ(T/\Tl)vO(X%l)lTIST} (A.2)

Notice that 6 — T as x goes to zero. Hence, by the continuity of vg and the dominated
convergence theorem, one can find 0 < §; <y s.t. for 0 <z < § :

E [0 g (X271 <o — e T up (X1 <r| > <. (A.3)

We also have

(T/\Tl)_ .
—E / €_p dZt Z —E [Z(T/\Tl)_ — Z@/\TJ
ONT1

From the dominated convergence theorem, one can find 0 < o < y s.t. for 0 < z < dg :

(T/\7'1 ) -
/ €_ptdZt
0

AT

€
o) > Z A4

Plugging inequalities (A.3) and (A.4) into (A.2), we obtain for 0 < z < min{d, d2}

(mAT)~ 2
[ i A | - %
0

vi(y—z) > E 3

Using the inequality (A.1), and recalling that v; is nondecreasing, this implies
0<vi(y) —vi(y —z) <e,

which shows the left-continuity of v;. By proceeding exactly in the same manner, we may
obtain for a given y > 0 and any arbitrary € > 0, the existence of 0 < § < y such that for
all 0 < x < 9,

O<uvi(y+z)—vi(y) <e

which shows the right-continuity of v;. O

Proof of supersolution property.

Fix i € {0,1}. Consider any T € (0,00) and ¢ € C?(0,00) s.t. T is a minimum of v; — ¢
in a neighbourhood B.(T) = (T —e,T+¢) of T, T > ¢ > 0, and v;(T) = ¢(z). First, by
considering the admissible control @ = (Z,7,,n > 1) where we decide to take immediate
switching control, i.e. 7; = 0, while deciding not to distribute any dividend Z = 0, we
obtain

Vg (E) > 'Ui—l(i - gi,lfl)' (A5)
On the other hand, let us consider the admissible control & = (Z ,Tn,m > 1) where we

decide to never switch regime, while the dividend policy is defined by Zy = n for t > 0,
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with 0 < ) < e. Define the exit time 7. = inf{t > 0, X' ¢ B.(Z)}. We notice that 7. < T.
From the dynamic programming principle (DP), we have

TeAh . .
o =olm) 2 | [T i )
0

TeAh . .
> E[ /0 e PtdZ, + e P (X T )]. (A.6)

T Nh

Applying Ito’s formula to the process e*ptcp(Xf Z) between 0 and 7. A h, and taking the
expectation, we obtain

o Te Ah _ .
o [e—p(faAh)gO(ijh)} = ¢(@) +E [ /0 e P (—pp + Lip)(X{ ”)dt]
+E| > e X - (A
0<t<TeAh

Combining relations (A.6) and (A.7), we have
TeNh . TeNh .
B[ oo ipxiar] | [T eraz)
0 0

“E| Y e fp(X) —e(X]| = 0. (A.8)
0<t<rAh

* Take first n = 0. We then observe that X is continuous on [0, 7. A h] and only the first
term of the relation (A.8) is non zero. By dividing the above inequality by h with h — 0,
we conclude that

(pp — Lip)(T) > 0. (A.9)

* Take now 1 > 0 in (A.8). We see that Z jumps only at t = 0 with size 7, so that

¢ U;Ah e P (pp = Lip) (X[t | = — (o(@ = 1) = (@) = 0. (A.10)
By sending h — 0, and then dividing by n and letting n — 0, we obtain
o'(Z) —1>0. (A.11)
This proves the required supersolution property

min [(pp — Lip)(@), ¢'(T) = Lvi(T) — v1-4(T — gi1-4)] > 0. (A12)

Proof of the subsolution property.

We prove the subsolution property by contradiction. Suppose that the claim is not true.
Then, there exists T > 0 and a neighbourhood B:(Z) = (T —&,Z+¢) of T, T > ¢ > 0, a C?
function ¢ with (¢ —v,)(Z) = 0 and ¢ > v; on B.(Z), and > 0, s.t. for all x € B.(T) :

pp(x) — Lip(x) >, (A.13)
¢(z) =1 >, (A.14)
vl(x) - vi,1($ - gi,lﬂ') > 1. (A'15)
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For any admissible control a = (Z, 7,,n > 1), consider the exit time 7, = inf{t > 0, X" ¢
B.(z)}. We notice that 7. < T. Applying Itd’s formula to the process e ”'o(X") between
0 and (7. A71)~, and by noting that before (7. A71)~, X** stays in regime i and in the ball
B.(T), we obtain

fenon s, )] = e

(TeNT1)™

(TenT1)™ _ _
/0 e P (—pp(X") + CiSO(th’l))dt]

(TeAT1)™ .
E /0 eI (X dZg

+E| > e Pp(X) —p(X2)]| (A.16)

0<t<T:AT1

From Taylor’s formula and (A.14), and noting that AXf’i =—-AZ; forall 0 <t <71 AT,
we have

(X — (X7 = AXPT (X + 2AX]Y)
< —(1+n)AZ (A.17)

w(@ = p(@) > E

Plugging the relations (A.13), (A.14), and (A.17) into (A.16), we obtain
(TeNT1)™ o p(renm)- iy

/0 e Pz + e” PN SD(X(;S/\TI)_)

(TeNT1)™

+n | E / e Pdt

0

(TeNT1)™
/ €7ptdZt .
0
E

(TeAT1)™ _ . _ _
[ iz e (X L+ T (X e
O Te Tl -

(TeNT1)™ (TeNT1)™
+n|E / e Pldt / e Ptz | | . (A.18)
0 0

Notice that while Xff € B.(z), X" is either on the boundary dB.(Z) or out of B.(T).
However, there is some random variable ~ valued in [0,1] s.t.

+E

Vv

+E

X0 = Xff + fyAij
= X" —yAZ. € 9B.(%).
Then similarly as in (A.17), we have
p(XO) —p(XT) < —y(1+0)AZ. (A.19)

Noting that X = X&' 4+ (1 — 4)AZ,., we have

(X)) > p(XEN 4+ (1 —7)AZ,. (A.20)
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Recalling that (X)) > v;(X ™), inequalities (A.19) and (A.20) imply
P(X ) > vi(XP) + (1 +n)AZ,,

Plugging into (A.18) and using (A.15), we have

(TeNT1)™ o .
vi(z) > E [/ e PtdZ, + e_pTEvi(Xfa’z)l.rsQ-1 + e_”Tlvl,i(Xfl’z)lTlgfs
0

+nE

TeAT1 (TeAT1)™
/ et 4 / ATy + eI, e PNAZ L o,
0 0
+E[e " AZ 1 cr]. (A.21)

We now claim that there exists a constant ¢, > 0 such that for any admissible control

E

TeANT1 (TenT1)™
/ e Pt + / e PdZy + e P < + vepTEATlAZTslqull > c,. (A.22)
0 0

The C? function ¥ (z) = ¢, [1 — (x_E)Z}, with

2

0 < ¢, <min —i—g‘—f—iQili
0 = p Eu’b 820 ) 92 .
satisfies
mln{_pw—i_ﬁld]_‘_lal _’(7[],’ _d}—l_l} Z 07 on Es(j)a (A 23)
Y = 0, ondB.(%),. )
Applying [t6’s formula, we then obtain
0<c,=0@ < E[c = pxpt, )
TeAT1 (TeNT1)™
+E [ / eptdt] + E / e Ptdz, (A.24)
0 0
Noting that ¢'(z) < 1, we have
PXT) = (X)) < (X - XO)) =9AZ,
Plugging into (A.24), we obtain
. Te ANT1
0<c¢, < E [e_"le(Xxf)lTKTE} +E [/ e_”tdt]
Tl - 0
(TeNT1)™
+E / e PdZ,| +E[yve P AZ 1, 7] (A.25)
0

Since ¥ (x) < 1 for all x € B.(T), this proves the claim (A.22).
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Finally, by taking the supremum over all admissible control «, and using the dynamic
programming principle (DP), (A.21) implies v;(Z) > v;(Z) + nc,, which is a contradiction.
Thus we obtain the required viscosity subsolution property :

min [(pp — Lip)(@), @' (F) — L0i(F) — vy (T — gia—1)] < 0. (A.26)
O

Proof of the uniqueness property.

Suppose u;, ¢ = 0,1, are continuous viscosity subsolutions to the system of variational
inequalities on (0, 00), and w;, ¢ = 0,1, continuous viscosity supersolutions to the system
of variational inequalities on (0, c0), satisfying the boundary conditions u;(0") < w;(0"),
1 = 0,1, and the linear growth condition :

|ui(z)| + |wi(z)| < C1 + Cox, VYx € (0,00), i = 1,2, (A.27)
for some positive constants C7 and Cy. We want to prove that
u; <w;, on (0,00), 1=0,1,

Step 1. We first construct strict supersolutions to the system with suitable perturbations
of w;, 1 =0,1. We set

hi(x) = A; + Bix + Cx?, x>0,

where
Bi+Co?+1 C (B _m\  C(By o . N
Ay = = 2= — (= -2
0 ; +5 ¢ . +71l ¢ + wo(0™) + w1 (07),
3 g
A = Ag+-g+2
1 O+2g+)\7
2
By = 3’31:2+X’
1
c = —.
Ag

We then define for all v € (0, 1), the continuous functions on (0, 00) by :
w] = (1= y)w; +vh;, i=0,L

We then see that for all v € (0,1),7i =0, 1:

w:(x) - w’ly—i(x - gi,l—i) = (1 - 7) [w2(37) - wl—i(x - gmﬂ')] + [hl(x) - hl—i(‘r - gi,l—i)] )
> [(2Cgi,1_i +B;—Bi_j)v+ A — A1 — Cgil,i + Bl—z‘gi,l_l} 7
> ’yg, i=0,1. (A.28)

Furthermore, we also easily obtain

Pi(z)—1 = Bj+20z—1>1. (A.29)
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A straight calculation will also provide us with the last required inequality, i.e.
phz(.%') — Ezhl(x) > 1. (A.?)O)

Combining (A.28), (A.29), and (A.30), this shows that w] is a strict supersolution of the
system : for ¢ = 0,1, we have on (0, 00)
min |pw] (z) — Liw] (), w]'(z) — 1, w](z) —w] | (z — giylﬂ.)] > ~ymin{1, %} = 0.(A.31)

]

Step 2. In order to prove the comparison principle, it suffices to show that for all v € (0, 1):

max  sup (u; —w;) <0,
i€{0,1} (0,+00) ‘ ¢

since the required result is obtained by letting v to 0. We argue by contradiction and
suppose that there exist some v € (0,1) and i € {0,1}, s.t.

0 := max sup (u; —w]))= sup ui—wz > 0. A.32
je{ovl}(o,m)( i~ wy) ((HOO)( ) (A.32)

Notice that u;(z) — w; (z) goes to —oo when x goes to infinity. We also have lim+ ui(z) —
z—0

lim+ w] (z) < ( lim+ wi(x) — A;) < 0. Hence, by continuity of the functions u; and w;,
z—0 z—0

there exists zg € (0,00) s.t.
0 = u;(zo) — w; ().
For any € > 0, we consider the functions
bo(z,y) = wilz) —wi(y) = de(z,9),
beley) = Fho—zol'+ole— P

for all z,y € (0,00). By standard arguments in comparison principle, the function ®.
attains a maximum in (z.,y.) € (0,00)2, which converges (up to a subsequence) to (o, zo)
when € goes to zero. Moreover,

=0. (A.33)
Applying Theorem 3.2 in [4], we get the existence of M., N. € R such that:

(p67M6) e J2’+Ui<$5),
(QE7N€) S J27_wz(ys),

and

(ME 0 ) < D2¢€(x€,y5) + 5(D2¢(x5,y5))2, (A.34)
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where

1
Pe = D$¢E(w67y6) = g(wa - ye) + (CCE - x0)37
1
e = _Dy¢e($eyye) = g(me - ye)a
3(ze —x0)2+ L -1
D2¢e(xe’ya) — ( ( € _f) € la .
€

)

By writing the viscosity subsolution property of u; and the viscosity supersolution property
(A.31) of w], we have the following inequalities:

1

. 1
min < pui(ze) — | = (e — ye) + (w2 — 20)* | s — s0* M,
€ 2

<i<m€_y5>+<x€—mo>3)—1, ui<<xe>—uu<xs—gi,”>} <0 (A3)

min {7 ) = (o2 = e = 0% N L =) - 1
w)(ye) —wl (@ —g,,)} = 0. (A36)
We then distinguish the following three cases :
x Case 1: ui(x:) —ur—i(xe —g,,_;) < 0in (A.35).
From the continuity of u; and by sending € — 0, this implies
ui(wo) < ur—i(wo —g,,_,;)- (A.37)
On the other hand, from (A.36), we also have
w] (ye) — w1 (we — g,,-;) 20,
which implies, by sending € — 0 and using the continuity of w; :
w] (zg) > w] | (zo — 9i1_i) T 0. (A.38)

Combining (A.37) and (A.38), we obtain

0= UZ(xO) - w;y(xﬂ) ul—i(ajo - gmﬂ') - wZ—l(xO - gi,lfi) -9,

<
< 0-96

)

which is a contradiction.
* Case 21 ((zc —ye) + (- — 20)®) — 1 < 0 in (A.35)
Notice that by (A.36), we have

1
—(ze —ye) =120,
€

which implies in this case

(2 — z0)® < —0.
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By sending ¢ to zero, we obtain again a contradiction.

* Case 31 pui(ze) — (@ — ye) + (we — 20)%) pi — 30° M. < 0 in (A.35)

From (A.36), we have

1 1
pw] (ye) — (e —yo)pi = 502N5 > 6,

which implies in this case
1
p (uiire) — 0] (42)) — iz — 0)® — J0*(M. — N.) < 5 (A.39)
From (A.34), we have

1 3
iaz(ME —N;) < 502(% — x0)? [1 4 3e(xe — 20)] -

Plugging it into (A.39) yields
3

p(ui(ze) = w](Ye)) < piwe — 20)* + 5™ (we — w0) [1 + 3e(we — 20)] = 0.

By sending ¢ to zero and using the continuity of u; and w;, we obtain the required contra-
diction : pf < —3§ < 0. This ends the proof. O

Appendix B : Proof of Proposition 3.3

C'! property

We prove in three steps that for a given i € 0,1, v; is a C! function on (0,00). Notice
first that since v; is a strictly nondecreasing continuous function on (0,00), it admits a
nonnegative left and right derivative v, (z) and v, (z) for all z > 0.

Step 1. We start by proving that v} (z) > v/t (z) for all z € (0, c0).
Suppose on the contrary that there exists some xy such that v) (zg) < Ufr(xo). Take then

some g € (v, (2),v,"(2)), and consider the function
1
p(2) = vi(wo) + gz — 20) + (2 — 0)%,

m |

with € > 0. Then zg is a local minimum of v; — ¢;, with ¢'(xg) = ¢ and ¢"(xg) =
Therefore, we get the required contradiction by writing the supersolution inequality :

o? o?

0 < pui(zo) — i’ (z0) — 3%0"(560) = pvi(To) — piq — 50

and choosing € small enough.

Step 2. We now prove that for i = 0,1, v; is C* on (0, 00)\S;.

Suppose there exists some zg ¢ S; s.t. v} (w0) > v} (v0). We then fix some ¢ €

(vi " (20), v} (w0)) and consider the function

() = vilao) + ala — 0) — 5 (&~ 70",
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with € > 0. Then g is a local maximum of v; — ¢, with ¢/(z¢) = ¢ > 1, ¢"(z¢) = —1.
Since z¢ ¢ S;, the subsolution inequality property implies :
: a2 <0
poi(wo) = piq + 5 <0,
which leads to a contradiction, by choosing ¢ sufficiently small. By combining the results
from step 1 and step 2, we obtain that v; is C! on the open set (0,00)\S;.

Step 3. We now prove that v; is C* on (0, 00).

From Step 2, we have to prove the C! property of v; on ;. Fix then some xg € S} so that
vi(zo) = vi—i(zo — gi1—i). Hence, xo is a minimum of v; — v1—;(. — gi1—i), and so

71—

v} (20) — vy (20 — gin—si) < 0L (w0) — vy (w0 — gini)- (B.1)

Now, from Lemma 4.3, o — gi,1—; belongs to the open set (0,00)\S1—;. From step 2, v;_; is
C! on (0,00)\S1_4, and so vifi(:vo —Gii—i) = v/lji(azo —gin—i). From (B.1), we thus obtain
- +
Ug ($0) < fU'g (:I:U)a
which is the required result, since the reverse inequality is already satisfied from Step 1.

C? property

We now turn to the proof of the C? property of v; on the open set C; U D; of (0, 00).

Step 1. First, we prove that v; is C? on C;. By standard arguments, we check that v; is a
viscosity solution to

pvi(x) — Livi(x) =0, x€C;. (B.2)

Indeed, let T € C; and ¢ a C? function on C; s.t. T is a local maximum of v; —p, with v;(Z) =
©(T). Then, ¢'(T) = vj(T) > 1. By definition of C;, we also have v;(ZT) > vi_i(x — gi1-4)
and so from the subsolution viscosity property (A.26) of v;, we have

pp(T) — Lip(T) < 0.

The supersolution inequality for (B.2) is immediate from (A.12).
Now, for any arbitrary bounded interval (x1,x2) C C;, consider the Dirichlet boundary
linear problem:

pw(z) — Liw(x) =0, on (x1,z2) (B.3)
w(zy) =vi(x1), w(xe) =vi(x2). (B.4)

Classical results provide the existence and uniqueness of a smooth C? function w solution
on (x1,z2) to (B.3)-(B.4). In particular, this smooth function w is a viscosity solution
to (B.2) on (x1,x2). From standard uniqueness results for (B.3)-(B.4), we get v; = w on
(21, 72). From the arbitrariness of (x1,2) C C;, this proves that v; is smooth C? on C;.

Step 2. Tt is clear that v; is C? on D;. We now prove that v; is C? on C; UD;, i.e. v; is also

C? on any point 79 € C; N D;. We need to prove that lim v”;(x) = lirr}r v"i(z) = 0. We set
zlxy zlxg

xq = inf {zx <z, (z,20) CC; UD;},  xp =sup{x > zo, (x0,z) C C;UD;},
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and we distinguish the three following cases :

* Case 1: (x4,70) C C; and [z9,xp) C D;.

By definition of D;, we then have for all x € [xg, ), vi(x) = x — 2o + vi(xg). From the
viscosity supersolution property of v;, this implies

p(z — o) + pvi(zo) — pi 2 0, Va € (zo, ).
Hence, by sending x | :):g , we obtain
pvi(xo) — p; > 0. (B.5)

On the other hand, from the above step 1, we also know that v; is a classical C? solution
to the equation (B.2), and so

pvi(z) — Livi(z) =0, V€ (x4,20). (B.6)

By sending = 1 zj, and using the fact that v; is C! on (0,00), in particular, v}(zy) =
vi(zg) = 1, we obtain the existence of v//(z;) s.t.

0.2

pvi(xo) — pi — ?v"i(aza) =0. (B.7)

Plugging it into (B.5), we obtain v/ (zy) > 0 = v/(xd). Suppose now that v/(x;) > 0.
This leads to a contradiction since it would mean that v} is strictly non decreasing in a left
neighbourhood of o, i.e. v} < v(z9) = 1, which is impossible given the viscosity superso-

lution property. Therefore, v”(x() exists and v” is continuous on .

* Case 2: (xzq,20] C D; NS; and (g, zp) C C;.
We show actually that this case is impossible. Indeed, we would have

vi(z) = vi—i(x — gin—i) = — xo + vi(xo), VY € (zq,x0],

and so (24 — gi,1—i, ©o — gi1—i] C D1—;. Hence, from the viscosity supersolution property of
v; and v1_y, this would imply

pui—i(xo — Gin—i) — p1—i > 0, B.g)

pvi(zo) — p; > 0. B.9)

—~~

We then consider the functions w; and wq_; :

x —xg+vi(zo), x>
wi(x) =
vi(x), z < o,
wy (m) _ T — (JU() - gi,l—i) + U1_i($o - gi,l—i), T > T~ Gil—is
- 'Ul—i(x)v r < xg— Gi1—-

We now claim that (w;);ec;,1—4) are viscosity solutions on (0, 00) to

min [pw;(z) — Lijw;(x), w)(z) = 1,wj(z) — wi—j(z — 9,._,)] =0, x>0, (B.10)
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Let us check the viscosity solution property of w;. Take some Z € (0,00) and ¢ a C?
function s.t T is local minimum of w; — ¢ with w;(Z) = ¢(Z). If T < x¢, given the definition
of w; and noting that w; < v;, we obtain that T is also a local minimum of v; — ¢ with
v;(T) = ¢(T). From the viscosity supersolution of v; and observing that v1_; > wq_;, this
yields

min [pp(T) — Lip(T), ¢'(T) = 1,0(T) —w1-i(T — g;,_,)] > 0.

If 7 > xg, we have

'@ = wi@ =1, (B.11)
'@ < (@) =0, (B.12)
wz(f) = wl_i(f). (B13)

From (B.11)-(B.12), we have after straightforward calculation :

pp(T) — Lip(T) > pp(T) — i = pui(T) — pi > 0, (B.14)

by (B.9). Hence, from (B.11), (B.13), and (B.14), we obtain

min [IO(P(E) - ‘Ci(tp(f)a (P/(E) -1, QO(T) - wl—i(f - gi,l—i)] > 0,

which proves the viscosity supersolution property of w; to (B.10).

We now turn to the viscosity subsolution property of w;. Let Z € (0,00) and ¢ a C? s.t
T is a local maximum of w; — ¢. If T < x¢ and using the definition of w;, we obtain the
required desired subsolution property. If T > z, we have ¢'(T) = w}(Z) = 1, and so the
desired subsolution property.

By proceeding in the same manner, we also obtain that wj_; is a viscosity solution
to (B.10). Hence, wj, j = 0,1, satisfy the same boundary constraints and linear growth
as v, j = 0,1, which proves, by uniqueness property, that w; = v;, j = 0,1. This is a
contradiction given the definition of w;.

x Case 3: (x4, 0] C D; with (z4,20] NS; =0, and (xg,xp) C C;.
In this case, we distinguish two separate possibilities:

- (i) mo+g1-ii € S1

Let x € (x4, 0], we have

vi(z) = x—xo+vi(zo),
vi—i(zo + g1-ii) > xo—x +vi—i(T + gi—ii), (B.15)
N (B.16)

But we also have v;j(zg) = vi—i(xo + g1—is). As such, the inequalities in (B.15)-(B.16)
become equalities, and

Vi4i(@ + g1—ii) = — xo + vi—i(To + g1-i,i)

ie. (x4 + g1-i4, %0 + g1—is) C D1y
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We now consider the following functions:

wilz) = x — o+ vi(zg), = > x0

’ vi(x), z < w0,
wi_i(z) = x — (2o + g1—is) + vi—i(zo + 91-ii), T > o+ gi—is,
- vi—i(z), x < 2o+ g1—i-

By the same arguments as above, we obtain that (w;);—o,1 are viscosity solutions to
min [pu;(z) — Liug(x), wy(x) — 1, uj(x) —u—j(x — 9._,)] =0, Vx>0,

and due to the uniqueness property, w; = v; for ¢ = 0, 1, which is a contradiction given the
definition of w;.

- (i) 20 + 9140 & S1—i

Let z1 = inf{z > 29 + g1—ii,® ¢ Si—i}. By the continuity of (v;)i=0,1, we have z; >
xo + gi1—i;. Recall that v;(z) = z — zo + vi(xo) for all x € (x4, x0] C D;. Moreover, since
xo ¢ S;, we have v;(zg) > vi—i(zo — gi;1—i). Consider the function h(z) = x — xo + vi(xo) —
vi—i(z — gi1—s) so that h(xg) > 0. Let xo = sup{x > x, h(xz) > 0}. Given the continuity
of h, we have x5 > zg. We fix . = min{x; — g1—;;,z2}. We now consider the following

functions:
wilz) = x —xzo + vi(zo), € (xo,xc),
! Ui(x)) X ¢ (anl‘C))
Wl—3 = VUl—q, on (0, OO)

We may easily prove that (wj)j—o,1 are viscosity solutions to (3.21), which implies from
uniqueness property that w; = v;, j = 0,1, a contradiction.

We therefore conclude that v; is C? on C; U D;, which ends the proof. O
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