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Spectral properties of chaotic processes

Bernard Bercu® and Clémentine Prieur |

May 4, 2006

Abstract

We investigate the spectral asymptotic properties of the stationary dynamical
system & = ¢(T%(Xp)). This process is given by the iterations of a piecewise
expanding map 7T of the interval [0,1], invariant for an ergodic probability
p. The initial state X is distributed over [0, 1] according to p and ¢ is a
function taking values in R. We establish a strong law of large numbers and
a central limit theorem for the integrated periodogram as well as for Fourier
transforms associated with (). Several examples of expanding maps 7' are
also provided.

AMS subject classifications. Primay 37A50; secondary 60F05, 60F15.
Key words and phrases. Integrated periodogram, Fourier transforms,
strong law, central limit theorem, dynamical systems.

1 Introduction.

Over the last decade, the statistical properties of chaotic processes have been deeply
investigated in order to modalize complex systems [1], [2], [15]. More precisely,
chaotic dynamical systems such as expanding maps of the interval have been sug-
gested to capture the complexity of packet traffic [15] or to analyse the measurements
of communication traffic from a wide variety of sources [2]. Chaos is the phenomenon
by which low order nonlinear dynamical systems exhibit complex, seemingly random
behavior. One can notice that trajectories of chaotic systems are very often fractal
in nature, hence they can be used as convenient generators of fractal structures. In
this paper, we shall focus our attention on the strictly stationary dynamical system
given, for all t € N, by

& =o(T'(Xo)) = ¢(Xy) (1)
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where T is a piecewise expanding map [6] of the interval [0, 1], invariant for an
ergodic probability u. The initial state X is distributed over [0, 1] according to u
and ¢ is a function from [0, 1] to R. Under suitable assumptions on 7" and ¢, we shall
establish a strong law of large numbers and a central limit theorem for the integrated
periodogram associated with (§;). We shall also prove similar results for Fourier
transforms of (&;). We will apply our results to several parametric Lasota-Yorke
maps [18] which are piecewise expanding maps of the interval [0, 1]. It is well known
6, 8, 17, 19, 20] that such maps admit a unique absolutely continuous invariant
measure. One can find few papers dealing with the problem of the nonparametric
estimation of the invariant density [7, 9, 24]. Our purpose is now to analyse the
spectral asymptotic properties of such chaotic processes. We shall assume that the
process (&) is zero mean and we denote by (y(t)) its covariogram defined, for all
t >0, by

A1) = B, 6. 2)

The spectral density of (&) is given, for all A in the torus T = [—7, 7[, by

FO) = o S Allhe ™ )

teZ

If the maps ¢ and T are both continuous and (+y(t)) goes to zero at a polynomial rate
of order > 2, Lopes and Lopes [21] have proven the convergence in distribution sense
of the empirical periodogram to the spectral density f. One can observe that the
periodogram is evaluated on the discrete Fourier frequencies. More recently, Cha-
zottes, Collet and Schmitt 7] studied the convergence in L% of the empirical spectral
distribution for a wide class of dynamical systems, including piecewise expanding
maps of the interval [0, 1] satisfying Devroye’s inequality.

Our approach is totally different. We first propose central limit theorem for the
integrated periodogram of (&), in the spirit of the original work of Rosenblatt [25].
This result only holds under several conditions on the stationary process and on its
covariogram. We propose projective criteria, expressed with projective coefficients
in the style of Gordin, under which assumptions for the central limit theorem are
satisfied. We next introduce the time reversal process (Y;) associated with the
underlying process (X;). The process (Y;) is a Markov chain [4]. One can check that
(Xo, X1, -+, X;) shares the same distribution as (Y;,Y;_1,---,Ys). Via Markov
arguments, we show that the projective criteria are fulfilled for our reversed process
(p(Y;)). Finally, by use of similar techniques, we deduce from [29] the asymptotic
behavior of Fourier transforms of (&) defined, for a given real-valued function g and
for all § € R, by

Sn(e) = Z g(ft)eite'



The paper is organized as follows. In Section 2, we give the central limit theorem
for the integrated periodogram of (&;). Section 3 is devoted to the time reversal
Markov chain (Y;) associated with (X;). Coefficients of dependence, very useful
to measure the dependence structure of the underlying process (X;), are given in
Section 4. We also propose projective criteria under which the assumptions of the
central limit theorem are satisfied. By use of (Y;), we show that the projective
criteria are fulfilled so that we get the central limit theorem for the integrated
periodogram of (§). Several examples of expanding maps 7" whose reversed process
satisfies the projective criteria are provided in Section 5. Section 6 is devoted to
the asymptotic results concerning the Fourier transforms of (&) while Section 7
deals with the nonstationary case. Finally, all the technical proofs are postponed to
Section 8.

2 Integrated periodogram

We shall now define the integrated periodogram associated with (&;) given by
(1) and investigate its asymptotic properties. Assume in all the sequel that E,[¢g]
is finite. The fourth cumulants of (&;) are given, for all (r,s,t) € Z3, by

Ii(ﬁ S, t) - E,LL [5067’58515} - E#[&O&r]E# [gsgt] - Eu [fofs]]Eu [&"gt] - E,LL [£O€t]Eu {57’68]

By stationarity of the process (&), those cumulants may be defined over Z3. It is
natural [25] to assume that

v = Zv(t)Q < 400 and K= Z |k(r, s, t)] < +o0. (4)

teN (r,s,t)€Z3

The empirical periodogram associated with (&) is defined, for all A € T, by

n
Z gte—itk
t=1

Let (y,(t)) be the empirical covariances given, for all 0 <t <n — 1, by

2

1
In(A\) = =

1 n—t
Tn(t) = - > Gbirn
k=1
and 7, (t) = 0 if ¢ > n. One can easily see from (5) that, for all A € T

1) = 5 S llie ™ ©

teZ

It is well known that I,,(\) is not a good estimator of f(\). It is more appropriate
to make use of the integrated periodogram

T.(g) = / GV (A) A (7)



where g belongs to the set of functions
g = {g : T — R, 2m-periodic and continuous with g € IL,Q(']I‘)}.

We shall prove the almost sure convergence of Z,,(g) to

7(g)= | gV an

—T

together with a central limit theorem which makes use of the bispectral density

function ] |
memw:(%ngéf@@@ewﬂwmx
Theorem 1 For all t € N,
Tim 7, (2) = 7(2) a.s.
In addition, assume that (4) holds and, for allt € N,
S (EIEIGE. 6] — 1(0))M < o0 ©)
and .
o2(8) = Bl — 1(0)] + 23 Bl — 1) (66— 1()] > 0. (9)
Then, for allt € N, -
Vi) = 7()) 255 N (0,0%(). (10)

Furthermore, for all s,t € N, set

o (s, t) = E[(&o&s — 1() (€& = v(E)] +2 D El(&&err — (1)) (€06 —(9))]:

Then, for all d > 1 and for arbitrary distinct integers ti,ts,- -+ ,tq € N, we have

(VA(n(t) = (1) hica -5 N(0,T) (11)

where T is the positive definite covariance matriz given by I' = (o(t;,t;))1<i j<d-
Theorem 2 For all g € G,

lim Z,(g) =Z(g) a.s. (12)

n—oo

In addition, under assumptions (4), (8) and (9), we have the finite dimensional
convergence of {v/n(Z,(9) — Z(g)), g € G} to the zero mean Gaussian process
{Z(g), g € G} with covariance given, for all g1, g, € G by

Nigr.g2) = an [

™

meWFWM+%/i[mOMWMMrMMQW-

Proof. The proof of Theorems 1 and 2 are postponed to Section 8. [
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3 The associated Markov chain

For the process (&), the randomness only enters when setting the initial state.
The analogy with classical process is therefore clearer when considering the reversed
process, for which randomness enters progressively at each step. Starting from this
remark of Barbour & al. [4], we introduce the time reversal process (Y;) associated
with the underlying process (X;) given by (1). First of all, let £ be the operator
from IL'([0,1]) to L'([0, 1]) given, for all functions h € L'([0,1]) and k € ([0, 1]),
by the identity

/ C(h)(2)k(x) do — /0 BT () d.

The operator L is called the Perron-Frobenius operator of T'. Assume that the prob-
ability distribution p is absolutely continuous with respect to the lebesgue measure.
Denote by f, the density function associated with p. Let I* C [0, 1] be the support
of ;1 and choose a version of f, such that f, > 0 on I* and f, = 0 otherwise. One
can observe that it is possible to choose £ such that L(f.h)(x) = L(fuh)(2)1},@)>0
Let K be the Markov kernel associated to T given, for all = € [0, 1], by

R RN L (13
()
The time reversal process (Y;) associated with (X;) is a stationary Markov chain
with invariant distribution p and transition kernel K. It is easy to check [4] that
(Xo, X1, -+, X;) shares the same distribution as (Y, Y;—1,-- -, Yy). Hence, to prove
Theorem 1, we study the asymptotic behavior of

( Z@Yk (Yisr) — (ﬂ)

Consequently, it is necessary to go further in the study of the reversed process (Y;).
Denote by BV (][0, 1]) the set of functions

BV([0,1]) = {h :[0,1] — R such that h € L([0,1]), | Dh|| < +oo}

where || Dh|| = |Dh|([0, 1]) stands for the total variation of the distributional deriva-
tive of h on [0,1]. Of course, if h is absolutely continuous, Dh is a function which
coincides with the pointwise derivative A’ of h. The set BV (|0, 1]) is a Banach space
endowed with the norm ||h|, = ||h||1+||Dh||. In many interesting cases, the spectral
analysis of the Perron-Frobenius operator £ in the Banach space BV ([0, 1]) can be
achieved by use of Ionescu-Tulcea and Marinescu theorem [6], [18]. Assume that 1
is a simple eigenvalue of £ and that the rest of the spectrum is contained in a closed
disk of radius strictly smaller than one. Then, one can find an unique T-invariant
absolutely continuous probability distribution p whose density function f, belongs



to BV([0,1]), such that all the powers of the Kernel K can be decomposed for all
z € [0,1], as

K (h)(x) = %nw»o () s (14)
with ¥(f,) =0 and
1 () < o]l (15)

for some 0 < p < 1 and ¢ > 0. In addition, assume that

< 00 (16)

v

i~

1
Bl
f# Ju>

It was proven by Dedecker and Prieur [10] that, for any functions h € BV([0, 1])
and k € L'(]0, 1]),

|[Cov(h(Xo), k(X)) < anllk(Xn) 2[R, (17)

where a, = ap” with a = 2cd(||Df,|| +1). We refer to the paper of Broise [6]
for examples of dynamics T satisfying assumption (15) and to the paper of Morita
[23] for sufficient conditions implying assumption (16). Two examples of piecewise
expanding maps are detailed in Section 5.

4 Coefficients of dependence

In order to check that the assumptions of Theorem 1 are satisfied, we introduce
coefficients of dependence which allow us to measure the dependence structure of
the reversed process (¢(Y;)). For dynamical systems, and in particular for piecewise
expanding maps of the interval, such coefficients of dependence are closely related
to covariance inequalities.

Definition 1 Let (Z;) be a stationary sequence of zero mean real-valued random
variables. Let F = (F;) be the filtration given by Fy = o(Zy, Z1,--- Z:) and denote
by E; the conditional expectation with respect to F;. For any integers 0 < i < 7 and
k>0, let T'; ;i be the set of multiintegers (t1,ta,---t;) such that 0 < t; < --- <,
and t; +k <ty <---<t;. Form e {1,2}, set

eivjvm(k:) = sup HZtl U ZtiEti [Zti+1 U th - E[Zti+1 U Zt]“Hm (18)

In the case where m = 1, these coefficients have been first introduced [11] to derive
Esseen’s mean central limit theorems for dependent sequences.

We now give projective criteria using these dependence coefficients under which
the central limit theorem for the integrated periodogram of a stationary process
with mean zero holds.



Theorem 3 Assume that the reversed process (p(Y;)) associated to the process (&)
given by (1) satisfies the three following conditions (a), (b) and (¢). Then, (4) and
(8) hold true for (&).

(Cl) 2917271(16) < +OO,
k=0

(b) For any 1 <i < j <4, ij*QHi,j,l(k) < 400,
k=0

(¢) Y boaa(k) < +o0.
k=1

Proof. The proof of Theorem 3 is postponed to Section 8. ([l

Theorem 4 Assume (15) and (16) hold. Moreover, suppose that ¢ is in BV ([0, 1]).
Then, assumptions (a), (b) and (c) of Theorem 3 are satisfied.

Proof. The proof is given in Section 8. |

Remark. Under assumptions (15) and (16), we know from Theorems 3 and 4 that
(4) and (8) hold true for (&). But we didn’t say anything about assumption (9) of
Theorem 1. The case

o (t) = El(o& — 1)) + 23 El(€ers — (D) (€& — 7(1)] = 0

is a degenerate case. The result of Theorem 1 still holds but the limit is a Gaussian
law with variance zero. Let us give a simple situation under which we can prove
that we are not in the degenerate case. We know from [25, Chapter III] that the
limiting variance in Theorem 1 satisfies

n

o%(t) = lim 1 D) Cov(&rbire, &it)- (19)

n—-+oo N,
k=0 [=0

Let us endow BV([0, 1]) with the scalar product defined, for all h, k in BV (|0, 1]),
by

<h,k >u:/0 h(z)k(x) f.(x)dx.

For all z € [0,1] and ¢t > 0, set hy(z) = p(x)(T"(z)) — ~v(t). Relation (19) can be

rewritten as
n

2 1 - k l k
o*(t) = lim ;; <ho(T"), (T >, % <he(T"), hy>,, .
Hence, it follows from Proposition 7.1 of [6] that, for a piecewise expanding map T,
if the associated partition is countably infinite, and if assumption (16) is satisfied,
then the limit o%(¢) is strictly positive as soon as the function ¢ is not a constant.
The proof relies on Ionescu-Tulcea and Marinescu Theorem on the spectral decom-
position of the Perron-Frobenius operator £ associated to T'.
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5 Piecewise expanding maps

Several examples of expanding maps 7T satisfying conditions (15) and (16) are
given in [6, page 11]. We shall now focuse our attention on two specific transforma-
tions. On the one hand, for some integer a > 2 and for all z € [0, 1], let

T.(x) = ax — [ax]. (20)

This map is commonly called a-transformation. The invariant probability pu is the
Lebesgue measure on [0, 1]. A straightforward calculation leads to

1 1
E[Xo] = B and Var(Xy) = o
Consequently, for all € [0, 1], we choose p(x) = x —1/2. It is not hard to see that

forallt >0

1
t) = .
Hence, if we set
, a*—1
o° = )
12

we deduce via (3) that the spectral density associated with (20) is given, for all
AET, by

0.2

A) = :
S 27(1 4 a? — 2acos(N))
We can estimate the unknown parameter a by the Yule-Walker estimator
ORI 2
W) R0 Gl

It immediately follows from Theorem 1 that @, — a a.s. Furthermore, we have the

decomposition

~ vn 7(0)
Vil = @) = X5 (3(0) = 7(0) = T 0m(1) = (1))

Consequently, we infer from (11) together with Slutsky’s lemma that
Vi, — a) £ N0, 7)

where
7% = (12a)*(0*(0) + a®c*(1) — 2a0(0,1)).

On the other hand, consider the transformation given, for some 0 < a < 1 and for
all z € [0, 1], by
if 0<zx<a,

Ta(x) = (21)

if a<z<l.



As before, the invariant probability p is the Lebesgue measure on [0, 1] so that we
also take, for all x € [0, 1], ¢(x) = z — 1/2. One can easily see [22, page 26] that for
allt >0

3(1) = 520 - 1"
If
o2 — a(l —a)

6
the spectral density associated with (21) is given, for all A € T, by

0.2

T = e 20l —a) + (@a— Dycos(V))’

We can estimate the unknown parameter a by the Yule-Walker estimator

n—1
w5 (e ) = (e )

We immediately deduce from Theorem 1 that @, — a a.s. In addition, one can
observe that

Vil — a) = gies

\/ﬁ
3o 0n() =91 = 255 0a(0) = (0))).

Hence, we derive from (11) together with Slutsky’s lemma that

Vn(a, — a) £> N(0,7%)

where

72 =36(c”(1) + (2a — 1)?0%(0) — 2(2a — 1)0(0, 1)).

6 Fourier transforms

In this section, we investigate the asymptotic behavior of Fourier transforms of
(&) given, for all g € BV(]0,1]) and all § € R, by

5.(6) = " (€)™,

We shall assume that the function ¢ belongs to BV ([0,1]) and that the expanding
map T satisfies (15) and (16). In addition, we suppose that E,[g({)] = 0 and
E,[¢*(&)] is finite. It is obvious to realize that S, () shares the same distribution
as

Sa(0) =D glep(¥e))e™

where (Y;) is the associated Markov chain of the underlying process (X;). Conse-
quently, we can deduce from [29], which deals with Fourier transforms of stationary
and ergodic Markov chains, the asymptotic behavior of S, (#).

9



Corollary 1 Assume that (15) and (16) are satisfied. Assume moreover that g is
in BV ([0,1]) and satisfies E,[9()] = 0 and E,[g*(&)] is finite. Then, for almost
all 0 € R, there exists 0 < o(f) < oo such that

S"J(ﬁe ) £, N0, 02(0)Idy) (22)

In addition, for almost all pairs (0, \) € R%, S,(0)/v/n and S, (\)/\/n are asymptot-
ically independent. Finally, for almost all 8 € R, the spectral density of the process

(g(&)) is given by f,(0) = o*(0) /.

Corollary 2 Assume that (15) and (16) are satisfied. Assume moreover that g
is in BV ([0,1]) and satisfies E,[g(&)] = 0 and E,[g*(&)] is finite. Then, for all
0 € [0, 2n[ there exists ho(&o,&1) € L2([0,1]) such that

n

> ¢ (Elg(&)la] - Elg(&)ls)) (23)

t=1

converges in 1L2([0, 1]) to he(&o,&1), as n goes to infinity. In addition, we also have
E[|E[S.(0)|%]] = o(n). Moreover,

(i) if 0 #0,m,

L, N©,6%(0)1dy) (24)
where o*(6) = BlI3(6o, £))/2;

(11) if 0 =0 orm,

with 7(0) = 202(6).

Proof. The proofs of Corollaries 1 and 2 are postponed to Section 8. U

Remark. In the last case § = 0 or 7, the result is the central limit theorem stated
for example in [6] with limiting variance given by

72(0) =) < glp(T*)), gle) >y -

7 On the nonstationary case

We shall now focuse our attention on the asymptotic behavior of the nonstation-
ary process (&) given, for all ¢t € N, by

& = o(T"(X)) = (X)) (25)

10



where T' is a piecewise expanding map of the interval [0, 1] and ¢ € BV ([0, 1]). The
initial state X{ is not distributed over [0, 1] according to x but X/, has a probability
density function p € BV ([0,1]). From a statistical point of view, it is indeed inter-
esting to carry out the asymptotic analysis of functionals which do not depend on
the unknown invariant density density function f,,. In many situations, it is possi-
ble to prove the convergence of the nonstationary case to the stationary one. To be
more precise, let us recall the following inequality [8, 19, 28] on the Perron-Frobenius
operator L in the case where the dynamical system is generated by a Lasota-Yorke
map 7. One can find some 0 < § < 1 and ¢ > 0 such that, for any n > 0

1£"D = fulloo < co™ (26)

This result allows us to start from any initial state X with probability density
function p € BV([0,1]). Let us explain in details what happens in the case of the
periodogram. We know from Section 2 that for any ¢t > 0

Sult) = Vi (% 3 i - v(t)) £ N (0,00, (27)
We want to show that
Si(t) = Vi (% S ek - v(t)) £ N (0.0(0). (28)
k=1

Denote by H the set of bounded differentiable functions h : R — R with continuous
and bounded derivative. The set H is dense in C,(R). Hence, it is only necessary to
prove that, for any h € H and ¢t > 0, the difference

An(hst) = E[h(Sa(t)) = A(S,(0))]

goes to zero as n tends to infinity. Let h € H and denote 6 = ||h]|o and ¥ = ||A/]| -
For any 1 <1 <n—t, set

! l
Sna(t) = % PR and na(t) = % > G
k=1 k=1

As ¢ € BV([0,1]), ¢ is bounded by some constant A/ > 0. Hence, both |S,, ()]
and |S; ,(t)| are bounded by M?1/+/n. Furthermore, if Ry;(t) = S, (t) — Snu(t) and
R, () = S(t) = S},,(t), we can deduce from the mean-value theorem that

I M3
T

(S (0) = h(Rua(0)] < 21

Consequently, for any 1 <[ < n — t, we obtain that

and  |R(S,(1)) = h(R,, ()] <

n,l

20M?1

8o 1)] < [BIR(R() — BB ()] + =

n,l

11



However,

E[h(Ro(t)) — h(R.,(£))] = / B(Zos (2, ) (fulr) — Lp(x)) de

where
Zoal,1) ( S (T )T (a) — v(t)) .

Therefore, we infer from (26) that, for any 1 <1 <n —t

20 M?
|A,(h,t)] < 0cd + oML

Finally, as 0 < § < 1, we can conclude that, for [ large enough, A, (h,t) goes to zero
as n tends to infinity. O

8 Proofs

8.1 Proof of Theorems 1 and 2

For all ¢t € N, we immediately deduce from the ergodic theorem that -, (¢)
converges almost surely to (¢). Then, the strong law (12) clearly follows from
Lévy theorem [3, Theorem 2.2. page 106]. The finite dimensional central limit of
Theorem 1 is a direct application of [25, Theorem 3 page 58] applied to the reversed
process (p(Y;)) which is an ergodic strictly stationary sequence with mean zero.
Assume that the process (&) satisfies assumptions (4), (8) and (9). For all t € N,
(Xo, X1, , X;) shares the same distribution as (Y3, Y;_1,---,Yp). Consequently,
assumptions (4) and (9) hold for the process (&), they also hold for the reversed
process (p(Y;)). Moreover assumption (8) yields

o0

> (EBIELe(Ya)e(Yigs) (Vo) = ()" < +00.

s=1

Hence, assumptions in [25, Theorem 3 page 58] are satisfied for the reversed pro-
cess (¢(Y;)), which implies the finite dimensional central limit theorem for (¢ (Y;))
and therefore for (§;). Finally, we complete the proof of Theorem 2 by use of [25,
Corollary 2 page 61]. O

8.2 Proof of Theorem 3

First of all, we shall prove that the projective criterion (a) implies that ~ is finite.
For all t > 0, we have

V(B = [El&o&]| = [Elp(Yo) (YD)l -

12



Moreover,

[Ele(Yo)p(Yo)]| = [E[o(Yo)Eo[p (Y]] < llo(Yo)Eo[p(Yo)llr < b1,2.1(F).

Therefore, if (a) holds,

Z ()] < 291,2,1(t) < +0oo
t=0 =0

which immediately implies that 7 is finite. Next, let us prove that (a) and (b) lead
to k finite. To prove that the sum & of the fourth cumulants of the process (&)
is finite, we prove that the sum 7 of the fourth cumulants of the reversed process
(p(Yy)) is finite. For this, we shall proceed by induction as in [12] for strong mixing
processes. It is necessary to introduce some notations. For n > 1 and n real valued

random variables A, ..., A,, define
cum(Ay, ..., Ay) =Y (=1 (k= 1)E[ie,, Ai] - - E[iey, Al (29)
where 11, ..., v is a partition of (1,2,...,n) and one sums over all these partitions.

Moreover, let v be a subset of {1,...,n} and define C, = cum(A;,i € v). We have
from [25, Chapter II] that

E[A; ... A=Y C,...C (30)

where one sums over all partitions vy,...1; of (1,2,....,n). As (p(Y;)) is centered,
we get that for all (r,s,t) € N3 7(r,s,t) = cum(o(Y0), p(Y;), o(Ys), p(Y;)). For
2<p<4,let

Co=" > lelti,... 1)l

Oztlg---gtp

where c(ty,...,t,) = cum(p(Yy,), ..., 0(Y:,)). We already saw that

Cy =) |y(t)] < +oo.
t=0

Our purpose is to show by induction that, under (a) and (b), Cj is finite. For p > 3
and 0 =t < ... <t,, let r =t,,41 —t,, where

m = inf{l <m<p/tmr —tm =max(te —t1,...,t, — tp_l)}.
One can observe that |c(t1, ..., t,)| is bounded by

Elp(Ye) ... o(Y,)] = Elp(Ya) .. o(Yy, ) E[p(Ye,ar) - - 0(Y5)]| + R (31)

with

R <Y 7 Bl o)) [ElMicno(¥0)]
k#£1

13



where vy, ..., v is a partition of (f1,...,t,) with £ # 1. By use of (30), one can find
some constant M (p) > 0 such that

1
R<M(p)) - max|Cy, ... Cy (32)
k#1
where the maximum is taken over all partitions vy, ...,y of (t1,...,t,) with k # 1.

It follows from (18) that

[Elp(Ye) - o(Yy,)] = Elp(Ye) - (Yo, )IE[p(Yeys) - (V)| < Ompa(r). (33)

Hence, we can deduce from (31) to (33) that

Cp <Y 1700 (r) + M(p) Z% Y Gl Gy
r=0

k#1  p1t+..+pr=p

The first right hand term is finite because of (b). In addition, the second right hand
term is also finite by induction as all p; < p. We can conclude that C4 and 7 are
finite. It remains to prove that (¢) implies condition (8). This implication clearly
follows from the fact that for all s,z > 0

E[&0&s|6t1s] = Elo(Ye)o(Yirs)lo(Y0)]
and
(E[(E[p(Ys)e(Yers)o(Yo)] = v(£))*])'? < bo,2(s)

which completes the proof of Theorem 3. 0]

8.3 Proof of Theorem 4

In order to prove Theorem 4, assume that ¢ € BV([0,1]) and let C' = || Dyl||.
Denote by BVi([0,1]) the subset of all functions h € BV([0,1]) whose bounded
variation norm is smaller than 1, that is ||[Dh| < 1. As ¢ is bounded by some
constant M > 0, it follows from (18) that for any integers 0 < i < j, k > 0 and for
any t = (t1,te,---t;) € ' =1, and m € {1, 2},

9i1j1m<k) = Ssup HQD(Ytl) U @(Ytz)Etz [@(Ytz-u) e 90()/75]) - ]E[QOO/Q-H) e 90<Yt])“||m

< sup lp(Yer) - (Vi) Er fo(Yeih) - 0(Y,) — Elo(Yeiy) - (Vi) oo
< M ig? ”Etz [90<Ki+1> e (p(Y;fj> - E[@Oftm) e SO(YI%J)]]HOO
< MiCj’iCI)j,i(k) (34)

with El = U(W(YED? T 790(}/;2)) - gti = O-(YE)?' o 7Y;f‘)7

K3

®;_;(k) = max sup &G, Yeyrs - Ve

A i+l)’
ISIST—1 44 k<t 1 <<ty
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¢(gti7}/ti+l7 s 7Y;i+z) = HAllHoo
l

Eg, | [J(p:(Ya.) — Elpu(¥i,.))| —E [ﬁws(m) ~ Elpy(%.,.))]

s=1 s=1

Aj = sup

where one takes the supremum over all functions ¢, ..., ¢, € BVi([0,1]) and where
Eg, is the conditional expectation with respect to G,. Under assumptions (15) and
(16), we have for any h € BV([0,1]),

IDE™(h)|[ = |DE"(h = h(0))]] 2d[|9" (fu(h = h(0))) |,

<
< dap"||Dh||

where o = 2cd(||Df,|| + 1). Hence, we find using exactly the same lines as [10,
Lemma 1] that for all £ >0

O3(k) < 2a(1+ 3+ 5%)p" (35)

with 8 = 4. For any integers 0 < ¢ < j, one can deduce from the definition of ®;_;
that, for all £ € N,
@1 (k) < alk) < By(k).

Therefore, under assumptions (15) and (16) of Theorem 4, it clearly follows from
(34) and (35) that for 0 < i < j <4, m € {1,2}, the coefficients 0, ;,(k) decrease
exponentially fast to zero as k tends to infinity. Hence the three conditions of The-
orem 3 are satisfied, which concludes the proof of Theorem 4. U

8.4 Proof of Corollary 1

Corollary 1 immediately follows from Theorem 1 and Proposition 2 of [29]. More
precisely, we have to check that condition (2) in [29] is satisfied, so that

p(Y2))o(Y0)])?] < oo

H-Il—

For all ¢ > 0, we have

E [(Elg(¢(Y2))le(Yo)])?] < 05.12(t)-

In addition, under (15) and (16), #y12(t) goes exponentially fast to zero as ¢ tends
to infinity. Hence, condition (2) in [29] is satisfied. O
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8.5 Proof of Corollary 2

For ¢ = 0,7, Corollary 2 follows from the classical central limit theorem for
partial sums. It is stated for example in [6]. For 6 # 0,7, Corollary 2 can be proven
by use of Theorem 2 of [29]. More precisely, we have to check that condition (7) in
[29] is satisfied, so that

> IE[g(e(¥a)le(Y1)] = Elg(e(¥a)le(Yo)lll2 < +o0 .

By the triangular inequality, [|E[g(¢(Y?))|e(Y1)] — E[g(0(Y2))|¢(Yo)]ll2 is bounded
by
IElg(e(¥Y)le(Y1)]ll2 + [IE[g(e(Ye)le(Yo)lll2 - (36)

Both terms in (36) decrease exponentially fast to zero as t tends to infinity, which
concludes the proof of Corollary 2. U
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